Formal and Foundational Study
of Programs and Programming

Languages

Amin Timany

Dec 6th, 2024,
Aarhus University, Aarhus, Denmark



Why Study Programs?

Software correctness is essential for security

 Bugs, compromising security can occur in implementations, even if the high-level

A bug in OpenSSL’s implementati the heartbeat feature:

11111
> One side sends a heartbeat request message m together with a number [
> The other side sends the first [ characters of m back to signal that it is alive
- u A simplified version implementation:
. void answer_heartbeat(SSL *req, unsigned int 1){
[ if(l > reg->length){return;} ¢———— T} fix
se ly(1, reg->data);
¥ is is a memory violation and would have been
if | > length(m)? ified.

A memory safety bug

Secure Algorithms,
Models, Protocols, etc.

e The entire stack should be secure

Formal and foundational techniques [

apply to the entire stack Software Correctness

Hardware Security

 February 2024: the White House issued a memorandum
recommending memory safety and using formal methods



Why Study Programs?

Not just security: robustness of infrastructural software

« Some companies, notably AWS, have
embraced formal reasoning

* The formal guarantees give them a
competitive edge in the market

amazon | science Research ar

RESEARCH AREA

Automated reasoning

Focusing on the automation of formal logical reasoning to raise the b

durability, availability, and guality of Amazon'’s products and services.

Explore more

ion Model checking

Provable security

ar on the security,




Why Study Programs?

Not just security: robustness of infrastructural software

¢« Some companies have not

Blue screens of death at LGA airport from

* | eading to data corruption, service unavailability, etc. the CrowdStrike 2024 July outage

* Can incur to a hefty cost
o Catastrophic example: the CrowdStrike outage

» Affected the operation of airports, hospitals, etc.

e £ |

* Another memory safety bug

Photo by the user Smishral on wikimedia.org under under the Creative
Commons Attribution-Share Alike 4.0 International license.



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, i=1, f =1
while(i <= n){
f =1 x 1,
1 =1+ 1:
}
// T = n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1

[ a>OAf=(-DIAi<n+]1

while(i <= n){

[ n>0Af=G-—DIAi<n

)

F=f i :
m—y |
)

Key Insight:
For each statement C, [ n>0AF=i'Ai<n
if the condition above C holds, f=1 —
then after running C the condition below it holds 1 =1+ 1;

[ a>OAf=(-DIAi<n+]1

}
n>O0Af=@G-D!'Ai<n+1Ai>n)

// f =n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1 Generalized
[ a>OAf=(-DIAi<n+]1 i

while(i <= n){

[ n>0Af=G-—DIAi<n ]

Key Insight: Foo f o i
For each statement C, [ n>0ANATf=iAN1<n ]
if the condition above C holds, / —
then after running C the condition below it holds 1 =1+ 1;
[ n>O0Af=(-D'Ai<n+1

}
n>O0Af=@G-D!'Ai<n+1Ai>n)

// f =n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1

 a>O0Af=(-D'Ai<n+1 |
while(i <= n){
[ n>0Af=G-—DIAi<n ]
Key Insight: f=f % i: Loop Invariant
For each statement C, [ n>0 —i1'ANI<n ]
if the condition above C holds, >ONf=tiALS
then after running C the condition below it holds 1 =1+ 1;

[ a>OAf=(-DIAi<n+]1

}
n>O0Af=@G-D!'Ai<n+1Ai>n)

// f =n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1

[ a>OAf=(-DIAi<n+]1

while(i <= n){ Same as before the loop +
the condition holds
[ n>0Af=G-—DIAiZn
Key Insight: Foo f o i

For each statement C, [ n —7IATI < ]

if the condition above C holds, >0Af=tlAisn

then after running C the condition below it holds i=1+ 1;
[ n>O0Af=G-D'Ai<n+1 |

}
n>O0Af=@G-D!'Ai<n+1Ai>n)

// f =n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1
[ a>OAf=(-DIAi<n+]1
while(i <= n){

[ n>0Af=G-—DIAi<n

— N N

Key Insight: Foo f o i
For each statement C, [ >0 AP <n
if the condition above C holds, >0Af AL S
then after running C the condition below it holds i=1i+ 1; $ame as before the loop +
[ n>0Af=G-D!'Ai<n+1 the condition doesn’t hold

}
n>O0Af=@G-D!'Ai<n+1Ai>n)

// f =n!



How Do We Prove a Program Correct?

This program should compute n!

// assume n >0, 1 =1, f =1

[ a>OAf=(-DIAi<n+]1

while(i <= n){

[ n>0Af=G-—DIAi<n

)

F=f i :
m—y |
)

Key Insight:
For each statement C, [ n>0AF=i'Ai<n
if the condition above C holds, f=1 —
then after running C the condition below it holds 1 =1+ 1;

[ a>OAf=(-DIAi<n+]1
}

n>O0Af=(-DIAi<n+1Ai>n implies
// T = n!




Factorial: The First Program Verified
[Turing 1949]: Checking a Large Routine

* \erifies a factorial program with two nested loops

 Uses a “flow diagram” to write the program
O,

> STOP

®

©, ® ©

— =115 sl y=y |l TESTr—-n|s’'=1pppH{u' =u+v|>—-s' =s+1
u' =1
b,
AN
N
+| TESTs —r
< r=r+1 < <

Unfortunately there is no coding system suf_ﬁci.ently gener-
ally known to justify giving the routine for this process in
full, but the flow diagram given in Fig. 1 will be sufficient

for 1llustration.

e Juring’s work goes unnoticed for decades

b Frid 24th June, |
Checking a large routine. by Dr, A, Turing.

".’3 How can one check a routine in the sense of making sure that it is right?

In order that the man who checks may not have too difficult a task the
prograsoer should muke a number of definite assertions which can be checked
individually, and from which the corroctncss of the whole programue easily
follows,

Conaider the analogy of checking an addition. If it is given as;

17,
5906
6719
L337
7768
26104

one must check the whole at one aitting, because of the carrics,

But 17 the totala for the various ocolumns are glven, as below:

137,
5906
6719
L337
3 7768
1
3 397,
S 3 2213
A
_:3 2610,
. :
F the chscker's work is much easior being split up into the checking of the
'_,. various assertions 3 ¢+ 3+ 7 + 3 ¢+ 7 = 29 oto, and the small addition
% 37
I‘ A 2213
3 26104
E This prinoiple can be applied to the process of checking a large routine
.4g but wo will {llustrate the method by means of a smnall routine viz. one to
‘% z obtein’ n without the use orf a multiplier, multiplication being carried cut
.j by ropeated addition,
s
A ;
;z At a typiocal moment of the process wo have recorded r end & r for same
Y T, s We can change s r to (s+1) =r, by sddition of r, Whon 8 = ret
S w9 can change r to r+1 by a transfor, Unfortunately there is no coding -
".4 systeu sufiiclently gonerally known to Justity giving the routine for this
o process in full, but the flow diagram given in Fig.1 will be sufficient
;ﬁ} for illustration,

\.“‘:._._,

Each 'box of the flow diagram reprosents a straight sequence of
iastructions without changes of coatrol, The following convention is used;

2

(1) & dashed letter indicates the value at the ond of the proccss
ropresonted by the bax:

-

"; (11) an undashed lotter represents the initial value of a quantity,

1

3 One cannot equate similar lettors appearing in dirferent boxes, but it
4 is intended that the following identifications be valid throughout :
de

gt 67.

e

L

&

AT
R, W

rory
%

LT Y

o
-

Sl

R———

8 AL 3o e g v b IR NT

-

A

i P PR Y

s

ol

oyt L -
T R A S B B VAT

VR R

x

PER B R S e




Floyd Independently Rediscovers Turing’s Ideas
[Floyd 1967]: Assighing Meaning to Programs

» Introduces verification conditions: V.(P, Q)

ASSIGNING MEANINGS OF PROGRAMS 67

‘ START )

* Describes how to massage verification conditions
so that they match (can be laid on a flowchart) | [

i-1 n

———n€J*Ai=n+1AS= Y aj ie, S=

IEI j=1 j=
i—1

———————— nE€JtAIEIJYAISnAS=Y q

Jj=1

)
1

i
———————— nEJtAIEJ ANisnAS= T q
j=1

l—i+41 i1
———————— ncJtAi€dtA2sisn+1IAS= T g

j=1

Fig. 1. Flowchart of program to compute § =X7_, a; (n 2 0).

statement is entered, the tag of the exit selected will be true after
execution of the statement.

A counterexample to a particular interpretation of a single command
is an assignment of values (e.g., numbers in most programming lan-
guages) to the free variables of the interpretation, and a choice of
entrance, such that on entry to the command, the tag of the entrance is
true, but on exit, the tag of the exit is false for the (possibly altered)
values of the free variables. A semantic definition is consistent if there
is no counterexample to any interpretation of any command which
satisfies its verification condition. A semantic definition is complete if
there is a counterexample to any interpretation of any command which




Hoare Builds on Floyd’s work

[Hoare 1969]: An Axiomatic Basis for Computer Programming

e Abandons flow charts

 An axiomatic system based on “Hoare triples™ { P}e{ O}

PretQ] 190} R) A Bjel]

{Ple;; e,{R) (I\While(B)do e{I A =B}

 Hoare emphasizes modularity
 Decompose the problem into smaller, more manageable parts

* Proof reuse



Separation Logic: Reasoning About Aliasing

[Reynolds 2002]: Separation Logic: A Logic for Shared Mutable Data Structures
[O’Hearn 2004]: Resources, Concurrency and Local Reasoning

// assume n >0, 1 =1, f =1

e QOur earlier argument was not very rigorous , ,
[ n>O0Af=(-D!Ai<n+]1
 We are implicitly relying on non-aliasing while(i <= n){
. [ n>0Af=G-—DIAi<n
« Memory storing n, f, and i are disjoint f oo i

1 =1+ 1;

)
)
T asoajmitniga
)

 n>O0Af=(-DIAi<n+]
}
n>O0Af=@G—-D!Ai<n+1Ai>n)

// T = nl

10



Separation Logic: Reasoning About Aliasing

[Reynolds 2002]: Separation Logic: A Logic for Shared Mutable Data Structures
[O’Hearn 2004]: Resources, Concurrency and Local Reasoning

// assume n >0, 1 =1, T =1

> O0Af=(-D'Ai<n+1 |

while(i <= n){

[ n>0Af=G—-—D!Ai<n ]
f =1 % 1;

[ n>0Af=ilANi<ln ]
1 =1+ 1;

> O0Af=(-D'Ai<n+1 |

}
n>O0Af=@G-DIAi<n+1Ai>n)

// T =n!
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Separation Logic: Reasoning About Aliasing

[Reynolds 2002]: Separation Logic: A Logic for Shared Mutable Data Structures
[O’Hearn 2004]: Resources, Concurrency and Local Reasoning

// assume n >0, 1 =1, f =1

[ e KxK>O0xf (L-D!%imLxL<K+1 |
while(i <= n){
( N> KxK>0%fs (L= xim LxL<K )
Key Points: £ o f ok i
Disti iIsh bet
e ( N KxK>0xfoL!xie Lxl <K )
S ; — N 1 =1+ 1;
eparatin njun n.
e ; e KxK>0kfo Llxio L+l *kL<K |

}
(e KAK>Oxf (L—D!kim LakL<K+1xL>K]

// f =n!

11



Verification of Concurrent and Distributed Programs

Owicki-Gries (1976)

RSL (2013)
Rely-Guarantee (1983) CSL (2004)
Concurrent RGRefs (2017) Bornat-al (2005) FSL (2016)

RGSep (2007)

SAGL (2007) Bell-al (2010) .

Hobor-al (2008
( ) Deny-Guarantee (2009) Gotsman-al (2007) (2017)
Hobor-Gherghina LRG (2009)
2011) CAP (2010)

Jacobs-Piessens (201 1)

HLRG (2010) RGSim (2012)
HOCAP (2013)

SCSL (2013)
Liang-Feng (2013) TaDA (2014)
CaReSL (2013) ICAP (2014) FTCSL (2015)
_ ColoSL (2015) FCSL (2014)
GPS (2014) Iris (2015)
Ins 2.0 (2016) IFis 3.0 (2017) Disel (2019)

iGPS (2017)

Aneris (2020)

Taken from wikimedia.org, by llya Sergey
Description by the author: This image depicts the "flow of ideas" that have been implemented in various logical frameworks for proving correctness of concurrent
and distributed programs.

12



My Work

Investigating and developing the logical foundations of program verification




Verification of Distributed Systems



The Aneris Program Logic

[Krogh-Jespersen, Timany, Ohlenbusch, Gregersen, and Birkedal 2020]: Aneris: A Mechanised Logic for Modular Reasoning about
Distributed Systems.

* The key to Aneris’s modularity (in addition to Hoare triples, separation logic, etc.):

* so-called “socket protocols”™

The socket protocol, a

The address predicate on messages
Ned

» Sending message m to address a: we should prove ®(m)

» Receiving message m on a socket bound to a: we know ®(m)

15



The Aneris Program Logic

[Krogh-Jespersen, Timany, Ohlenbusch, Gregersen, and Birkedal 2020]: Aneris: A Mechanised Logic for Modular Reasoning about
Distributed Systems.

A verified load balancer

Clients Load balancer Servers

Qs

Q socket node

£ > communication ~~ thread

 What is a good specification for a general-purpose load balancer?

 Should act exactly as the server does

16



The Aneris Program Logic

[Krogh-Jespersen, Timany, Ohlenbusch, Gregersen, and Birkedal 2020]: Aneris: A Mechanised Logic for Modular Reasoning about
Distributed Systems.

How do we state this formally??

Accepts any message m accepted by ~ As long as the sender's socket
the server behind the load balancer protocol W accepts server’s response

/ /

D, z(m) = Opy(m) x AY . sender(m)=¥ x Vm'. server_response(m,m’) —> ¥Y(m')

N

Higher-order: quantifies over protocols to define a protocol

Necessary for modularity: no need to specify upfront who can contact a node

17



Refinement-Based Reasoning to
Strengthen Program Logics




Limitation of Higher-Order Program Logics

[Timany, Gregersen, Stefanesco, Hinrichsen, Gondelman, Nieto, and Birkedal 2024]: Trillium: Higher-Order Concurrent and Distributed
Separation Logic for Intensional Refinement.

o Safety versus liveness properties
o Safety properties: nothing “bad” ever happens
 Example: the program does not crash
* Liveness properties: something “good” will eventually happen
 Example: the server will eventually respond to all requests
* Trillium: a higher-order program logic capable of liveness reasoning

* This was thought to be impossible prior to Trillium

19



Limitation of Higher-Order Program Logics

[Timany, Gregersen, Stefanesco, Hinrichsen, Gondelman, Nieto, and Birkedal 2024]: Trillium: Higher-Order Concurrent and Distributed
Separation Logic for Intensional Refinement.

* Recall the inherent circularity in high-order specs:
D, o(m) = Opy(m) *x AY . sender(m)="F *x Vm'. server_response(m,m’) — Y(m’)
o State-of-the-art program logics use the so-called “step-indexing” technique:

* Break the cycle by stratifying the program logic along program execution

P
P, 2 :
When proving P, we prove Vn. P, . .—> €1 — €y — -

This works for safety properties but not liveness.

20



Limitation of Higher-Order Program Logics

[Timany, Gregersen, Stefanesco, Hinrichsen, Gondelman, Nieto, and Birkedal 2024]: Trillium: Higher-Order Concurrent and Distributed
Separation Logic for Intensional Refinement.

Trillium: a novel higher-order (based on step-indexing) program logic
* Jo establish refinements between programs and a high-level models (LTSs)

* Properties (including liveness) satisfied by the LTS are also satisfied by the
program

e Supports both safety and liveness properties

Refinement

void incr_Tloop(unsigned int *p)d /\‘
while(1) @ | @ |
(xp)++; <= — Q @

}
Visits every number arbitrarily many times without skipping

21



Formal and Foundational Proofs



Formal and Foundational Proofs

All proofs we develop are mechanized in the proof assistant Coq

e Why?

 Both the programs we study, and the program logics we use to study them are
complex and not always intuitive!

23



Formal and Foundational Proofs

All proofs we develop are mechanized in the proof assistant Coq

e Why?

 Both the programs we study, and the program logics we use to study them are
complex and not always intuitive!

* Advantage of using proof assistants:

 You do not need to rely on intuition

23



Formal and Foundational Proofs

All proofs we develop are mechanized in the proof assistant Coq

e Why?

 Both the programs we study, and the program logics we use to study them are
complex and not always intuitive!

Theorem add comnm : n + m = m + n.

* Advantage of using proof assistants: T revert m.

in@uizignm? as [|n IHn].
* You do not need to rely on intuition induction n as [ln Tom).
f simgl: rewrite.<— THm. reflexivity.
e Disadvantage of using proof assistants: P egron e m
rewrite IHn. simpl. reflexivity.
+ simpl.

* You cannot rely on intuition simpl.

rewrite <- IHm.

simpl.

rewrite IHn.

reflexivity.
Qed.

23



Rigor,
the Foundations of Mathematics,
and Computer Science



Conception of Set Theory

[Cantor 1874]: Ueber eine Eigenschaft des Inbegriffes aller reellen algebraischen Zahlen

* Proves that there are different magnitudes of infinity

+ |Alg| =N

- |Alg] < |1

* This is the beginning of set theory

Ueber eine Eigenschaft des Inbegriffes aller reellen
algebraischen Zahlen.
(Von Herrn Cantor in Halle a. S.)

Unter einer reellen algebraischen Zahl wird allgemein eine reelle
Zahlgrosse w verstanden, welche einer nicht identischen Gleichung von der
Form gentigt:

1) "+ a0+ +a=0

WO %, Gy @y, -+ - @, ganze Zahlen sind; wir konnen uns hierbei die Zahlen
n und @, positiv, die Coefficienten ag ay, - - - @, ohne gemeinschaftlichen
Theiler und die Gleichung (1.) irreductibel denken; mit diesen Festsetzungen
wird erreicht, dass nach den bek Grundsitzen der Arithmetik und
Algebra die Gleichung (1.), welcher eine reelle algebraische Zahl genigt,
eine vollig bestimmte ist; umgekehrt gehdren bekanntlich zu einer Gleichung
von der Form (1.) hochstens soviel reelle algebraische Zahlen w, welche
ihr gentigen, als ibr Grad n angiebt. Die reellen algebraischen Zahlen
bilden in ihrer Gesammtheit einen Inbegriff von Zahlgrossen, welcher mit (w)
bezeichnet werde; es hat derselbe, wie aus einfachen Betrachtungen hervor-
geht, eine solche Beschaffenheit, dass in jeder Nahe irgend einer ge-
dachten Zahl « unendlich viele Zahlen aus (w) liegen; um so euffallen-
der durfte daher fir den ersten -Anblick die Bemerkung sein, dass man
den Inbegriff (w) dem Inbegriffe aller ganzen positiven Zahlen », welcher
durch das Zeichen (») angedeutet werde, eindeutig zuordnen kann, so dass
zu jeder algebraischen Zahl w eine bestimmte ganze positive Zahl » und

kehrt zu jeder positi ganzen Zahl v eine vollig bestimmte reelle
algebraische Zahl w gehort, dass also, um mit anderen Worten dasselbe
zu bezeichnen, der Inbegriff (w) in der Form einer unendlichen gesetz-
migsigen Reibe:

(2) wpwy-w,--

Cantor, zur Theoris der algebraischen Zahlen. 259

gedacht werden kann, in welcher simmtliche Individuen von (w) vor-
kommen und ein jedes von ihnen sich an einer bestimmten Stelle in (2.);
welche durch den zugehorigen Index gegeben ist, befindet. Sobald man
ein Gesetz gefunden hat, nach welchem eine solche Zuordnung gedacht
werden kann, lisst sich dasselbe nach Willkiir modificiren; es wird daher

genligen, wenn ich in §. 1 denjenigen Anordnungsmod ittheile, welcher,.

wie mir scheint, die wenigsten Umstiinde in Anspruch nimmt.

Um von dieser Eigenschaft des Inbegriffes aller reellen algebraischen
Zahlen eine Anwendung zu geben, fige ich zu dem §. 1 den §. 2 hinzu,
in welchem ich zeige, dass, wenn eine beliebige Reihe reeller Zahlgrossen
von der Form (2.) vorliegt, man in jedem vorgegebenen Intervalle (a - - - 3)
Zahlen 7 bestimmen kann, welche nicht in (2.) enthalten sind; combinirt
man die Inhalte dieser beiden Paragraphen, so ist damit ein neuer Beweis
des zuerst von Liouville bewiesenen Satzes gegeben, dass es in jedem vor-
gegebenen Intervalle (¢ -+ 3) unendlich viele transcendente, d. h. nicht alge-
braische reelle Zahlen giebt. Ferner stellt sich der Satz in §. 2 als der
Grund dar, warum Inbegriffe reeller Zahlgrossen, die ein sogenanntes Con-
tinuum bilden (etwa die simmtlichen reellen Zahlen, welche = 0 und << 1
sind) sich nicht eindeutig auf den Inbegriff (») beziehen lassen; so fand ich
den deutlichen Unterschied zwischen einem sogenannten Continuum und einem
Inbegriffe von der-Art der Gesammtheit aller reellen algebraischen Zahlen.

§ 1.
Gehen wir suf die Gleichung (1.), welcher eine algebraische Zahl
genligt und welche nach den gedachten F\ eine yollig b

ist, zurlick, so moge die Summe der absoluten Betrige ihrer Coefficienten,
vermehrt um die Zahl n—1, wo n den Grad von w angiebt, die Hohe
der Zahl w genannt und mit N bezeichnet werden; es ist also, unter An-
wendung einer Giblich gewordenen Bezeichnungsweise:

(3) N=n—1+[a] + [a] + - - +[a].

Die Hohe N ist darnach fur jede reelle algebraische Zahl w eine
bestimmte positive ganze Zahl; umgekehrt giebt es zu jedem positiven
ganazahligen Werthe von N nur eine endliche Anzahl algebraischer reeller
Zahlen mit der Hohe N; die Anzahl derselben sei g(N); es ist beispiels-

33*

260 Cantor, zur Theorie der algebraischen. Zahlen.

weise (1) = 1; ¢(2) = 25 ¢(8)=4. Es lassen sich alsdann die Zahlen
des Inbegriffes (w), d. h. sammtliche algebraischen reellen Zahlen folgender-
massen anordnen; man nehme als erste Zahl w, die eine Zahl mit der
Hohe N = 1; lasse auf sie, der Grosse nach steigend, die ¢(2) = 2 alge-
braischen reellen Zahlen mit der Hohe N = 2 folgen, bezeichne sie mit
wy w3 an diese mogen sich die ¢(3).= 4 Zahlen mit der Hohe N = 3,
ihrer Grosse nach igend hli 1) in mdgen, nachdem in
dieser Weise simmtliche Zahlen aus () bis zu einer gewissen Hohe N = N,
abgezéhlt und an einen bestimmten Platz gewiesen sind, die reellen alge-
braischen Zahlen mit. der Hohe N = N, + 1 auf sie folgen und zwar der
Grosse nach aufsteigend; so erhilt man den Inbegriff () aller reellen alge-
braischen Zahlen in der Form:

Wiy Wy v r Wy
und kann mit Ricksicht auf diese Anordnung von der »ten reellen alge-
braischen Zahl reden, wobei keine einzige aus dem Inbegriffe (w) ver-
gessen ist. —

§ 2.
Wenn eine nach irgend einem Gesetze gegebene unendliche Reihe
von einander verschied reeller Zahlg :
&) o, 0w,

vorliegt, so lasst sich in jedem vorgegebenen Intervalle (a - - - 3) eine Zahl 4
(und folglich unendlich viele solcher Zahlen) bestimmen, welche in der
Reihe (4.) nicht vorkommt; dies soll nun bewiesen werden.

Wir gehep zu dem Ende von dem Intervalle. (o - - - 3) aus, welches
ups beliebig vorgegeben sei, und es sei o << 3; die ersten beiden Zahlen
unserer Reihe (4.), welche im Innern dieses Intervalles (mit Ausschluss der
Grenzen)liegen, mogen mit o', 3" bezeichnet werden, und es sei o <<f';

ebenso bezeichne man. in unserer Reihe die ersten beiden Zahlen, welche.

im Innern von (¢ - - - 3') liegen, mit o”, 3, und. es sei o” < 3", und nach
demselben Gesetze bilde man ein folgendes Intervall (¢" --- 8") u. 8. w.
Hier sind alsp o, o - -+ der Definition nach bestimmte. Zahlen . unserer
Reibe (4.), deren Indices im fortwihrenden Steigen. sich befinden, und das
Gleiche gilt von den Zahlen f, 8" - - - -; ferner nehmen .die Zahlen o',a”,--+

Cantor, sur Theorie der algebraischen Zahlen. 261

ibrer Grosse nach fortwahrend zu, die Zahlen ', ",... nehmen- ihrer
Grosse nach fortwihrend ab; von den Intervallen (a---3), (o --- /),
(e" -+ 3"), - - - schliesst eir jedes alle auf dasselbe folgenden ein. — Hier-
bei sind nun zwei Fille denkbar.

Entweder die Anzahl der so gebildeten Intervalle ist endlich; das
letzte von ihnen sei (¢ --.3%); da im Innern desselben hochstens eine
Zahl der Reihe (4.) liegen kann, so kann eine Zahl 7 in diesem Intervalle
angenommen werden, welche nicht in (4.) enthalten ist, und es ist somit
der Satz fur diesen Fall bewiesen. —

Oder die Anzahl der gebildeten Intervalle ist unendlich gross; dann
haben die Gréssen o, ', o, - - -, weil sie fortwahrend ihrer Grosse nach
zunehmen, ohne ins Unendliche zu b einen besti G tha®;
ein gleiches gilt fur die Grossen f3, 3, 3,---, weil sie fortwihrend ihrer
Grosse nach abnehmen, ihr Grenzwerth sei 3%; ist ¢®=p3% (ein Fall,
der bei dem Inbegriffe (w) aller reellen algebraischen Zahlen stets eintritt),
so fiberzeugt man sich leicht, wenn man nur auf die Definition der Inter-
valle zuriickblickt, dass die Zahl 7= ¢® == /3% nicht in unserer Reihe ent-
halten sein kann®); ist aber «® << 3%, so geniigt jede Zahl  im Innern
des Intervalles (¢®--- /3”) oder auch an den Grenzen desselben der ge-
stellten Forderung, nicht in der Reihe (4.) enthalten zu sein. —

Die in diesem Aufsatze bewiesenen Sitze lassen Erweiterungen nach
verschiedenen Richtungen zu, von welchen hier nur eine erwihnt sei:

»Ist @;, wy, +* - w,, - -- eine endliche oder unendliche Reihe von
einander linear unabhingiger Zahlen (so dass keine Gleichung von der Form
a, 0y + @3 w; + - - - + a, w, = 0 mit ganzzahligen Coefficienten, die nicht
simmtlich verschwinden, moglich ist) und denkt man sich den Inbegriff (2)
aller derjenigen Zahlen (2, welche sich als rationale Functionen mit ganz-

hligen Coeffici aus den gegeb Zahlen w d llen lassen, so
giebt es in jedem Intervalle (.- /3) unendlich viele Zahlen, die nicht in

(4£2) enthalten sind.“
In der That berzeugt man sich durch eine &hnliche Schlussweise,

*) Wire die Zahl 7 in unserer Reihe enthalten, so hétte man 7=w,, wo p
ein bestimmter Index ist; dies ist aber nicht moglich, denn w, liegt nicht im Innern
des Intervalles (a‘i)...ﬂ(’)), wiahrend die Zahl 7 ihrer Definition nach im Innern die-
ses Intervalles liegt.

262 Cantor, sur Theoris der algebrasschon Zahlon.
wie in §. 1, dass der Inbegriff (£2) sich in der Reihenform:
Qo 824+ 2, - -

auffassen lasst, woraus, mit Rucksicht auf diesen §. 2, die Richtigkeit des
Satzes folgt.

Ein ganz specieller Fall des hier angefihrten Satzes (in welchem
die Reihe wy, ws,-- o, -- eine endliche und der Grad der rationalen
Functionen, welche den Inbegriff ({2) Liefern, ein vorgegebener ist) ist,
unter Zuriickfihrung auf Galotssche Principien, von Herrn B. Minnigerode
bewiesen worden. (Sieche Math. Annalen von Clebsch und Neumann,
Bd. IV. §. 497.)

Berlin, den 23. December 1873.
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“From the paradise that Cantor created for us
no-one Sha" be able tO expel us.!! David Hilbert

David Hilbert (1926), about set theory

|||||||||||||
File:Hilbert.jpg
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Frege Logicizes Arithmetic

[Frege 1884]: Die Grundlagen der Arithmetik
[Frege 1893, 1902]: Grundgesetze der Arithmetik

* Bases all of arithmetic on set theory and logic

' i | Gottlob F
* Allows unrestricted comprehension: Bertrand Russel _ ottiob Frege
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« {x|P(x)} where P can be any logical formula

Taken from https:// Taken from https://
commons.wikimedia.org/wiki/ commons.wikimedia.org/wiki/
File:Bertrand_Russell_in_1924.jpg File:Young_frege.jpg
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Frege Logicizes Arithmetic

[Frege 1884]: Die Grundlagen der Arithmetik
[Frege 1893, 1902]: Grundgesetze der Arithmetik

* Bases all of arithmetic on set theory and logic

' i | Gottlob F
* Allows unrestricted comprehension: Bertrand Russel _ ottiob Frege

. e
’ P ,\\4 \\-'.; » n
. Ry

« {x|P(x)} where P can be any logical formula

* |In 1902, Russel writes to Frege about a paradox

» Russel’s paradox: define a set S as

¢ § = &
* { x ‘ x x Taken from https:// Taken from https://
commons.wikimedia.org/wiki/ commons.wikimedia.org/wiki/

File:Bertrand_Russell_in_1924.jpg File:Young_frege.jpg

* Joday, set theory, e.q., ZF(C), restricts comprehension
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Types to Avoid Paradoxes

[Whitehead and Russel 1910-1913] Principia Mathematica

o Introduce an infinite hierarchy of types: 1p,, Iip¢, Ip>, ...

o Individual elements at ip,,

 Allows quantifying over all objects at 7p, to define a
collection which then is at 7p,

* This is the first explicit, formal use of types in mathematics
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The Entscheidungsproblem (Decision Problem)
[Hilbert and Ackermann 1928]: Grundzuge der Theoretischen Logik

* Propose that there should be a system for deciding problems

e Axiomatic version:

an axiomatic system that for any P can prove
P, or can prove =P

Wilhelm Ackermann David Hilbert

« Computational version :
a “program” that for any P, can determine
truth of P, e.g., a program that
returns 1 if P holds, returns 0 if =P holds

Taken from https://commons.wikimedia.org/ Taken from https://
wiki/File:Ackermann_Wilhelm.jpg commons.wikimedia.org/wiki/
File:Hilbert.jpg
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Godel’s Incompleteness Theorems

[GHdel 1931]: Uber Formal Unentscheidbare Satze der “Pincipia Mathematica” und Verwandter Systeme |

* A negative answer to the axiomatic version of the Entscheidungsproblem

: : : : Kurt Godel
* Proves that no axiomatic system, expressive enough to include

arithmetic, can decide all propositions

Taken from https://commons.wikimedia.org/wiki/
File:Kurt_gddel.jpg
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Church Proposes a System
[Church 1932]: A Set of Postulates for the Foundation of Logic

 Axioms (postulates) were intended as a sound, but not complete system

« A terms are included for succinct expression of formulas

Alonzo Church

Photograph by Paul Halmos, taken
from https://mathshistory.st-
andrews.ac.uk/Biographies/Church/
pictdisplay/
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Church Proposes a System
[Church 1932]: A Set of Postulates for the Foundation of Logic

 Axioms (postulates) were intended as a sound, but not complete system

« A terms are included for succinct expression of formulas

Stephen C. Kleene Alonzo Church

* |n 1935, Kleene and Rosser found an inconsistency

e |In 1935-1936, Church removes the logical parts

« Uses /A terms as a model of computation to refute
Entscheidungsproblem

Photo by Konrad Jacobs, Photograph by Paul Halmos, taken
Erlangen, taken from https:// from https://mathshistory.st-
commons.wikimedia.org/wiki/ andrews.ac.uk/Biographies/Church/
File:Georg_Cantor3.jpg pictdisplay/
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Church Proposes a System
[Church 1932]: A Set of Postulates for the Foundation of Logic

 Axioms (postulates) were intended as a sound, but not complete system

« A terms are included for succinct expression of formulas

Stephen C. Kleene Alonzo Church

* |n 1935, Kleene and Rosser found an inconsistency

e |In 1935-1936, Church removes the logical parts

« Uses /A terms as a model of computation to refute
Entscheidungsproblem

* |In 1940, Church introduces typed lambda calculus

Photo by Konrad Jacobs, Photograph by Paul Halmos, taken
Erlangen, taken from https:// from https://mathshistory.st-
commons.wikimedia.org/wiki/ andrews.ac.uk/Biographies/Church/

* As a logical system based on “type theory”
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Models of Computation and the Entscheidungsproblem

[Church 1936]: An Unsolvable Problem of Elementary Number Theory
[Turing 1936]: On Computable Numbers, with an Application to the Entscheidungsproblem

o (GOdel (1939): Herbrand—-Godel general recursive functions

e Church (1935-1936): A-calculus

* The first negative answer to computation Entscheidungsproblem

* Turing (1936): Turing machines

* [he second negative answer to computation Entscheidungsproblem
 Turing immediately recognizes that his machines are equivalent to A-calculus

» Kleene (1936): general recursive functions are equivalent to A-calculus

32



Curry-Howard Correspondence
[Curry and Howard, 1934-1969]

« Observed that typed A-calculus does not need logical principles added on top of it
* Propositions are types Haskell Brooks Curry  William Alvin Howard
 Proofs are programs

 (QObserved for propositional logic at first

 Has been extended to a myriad of other systems

Taken from https://mathshistory.st- Photo by Andrej Bauer, taken from
andrews.ac.uk/Biographies/Curry/ https://commons.wikimedia.org/wiki/
File:William_Alvin_Howard_May_2004.jpg
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Calculus of Constructions (CoC)
[Coquand, Huet 1986]: The Calculus of Constructions

» A typed A-calculus with a very expressive type system (the core of the Coq proof assistant)

« CoC features a single universes (types of types): *

Thierry Coquand Gérard Huet

* Terms (programs) have types

e 0.1,2,... : nat, add : nat - nat — nat, ...

* Jypes are also terms, the universe is the type of types

e nat ;. *;nat - nat - nat : *

o True : *; False : *;

Picture by Andrej Bauer, taken from Taken from https://

https://commons.wikimedia.org/ awards.acm.org/award-
wiki/ recipients/huet_1246701

o (V(n . nat) . Even(l’l) N Odd(n 4 1)) . k File:Thierry Coquand_(cropped).jp

g

 CoC is a very strong system for proofs but it has limitations for programming
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Extended Calculus of Constructions (ECC)

[Luo, 1990]: An Extended Calculus of Construction

« Keeps the sort *, renamed to Prop only for propositions

» Features a hierarchy of universes : Zhaohui Luo

» Iypey: Type, : Type, : ...

* The hierarchy is predicative (like in Principia)

e (Vx:Type;.A): Type,,
if A itself is a valid type in Type;

* The hierarchy is cumulative

Taken from https://www.cs.rhul.ac.uk/
home/zhaohui/

» ifA: Type;andi < jthen A : Type;
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Predicative Calculus of Inductive Constructions (pCIC)

[Pfenning and Paulin-Moring 1990]: Inductively defined types in the Calculus of Constructions
[Paulin-Moring 1996]: Définitions Inductives en Théorie des Types d'Ordre Supérieur

* Add inductive types to Coq (CoC; ECC)

Frank Pfenning Christine Paulin-Mohring

» list A : Type; whenever A : Type;

* First, only for the impredicative system (CoC)

» Using Church encoding

o | ater, added as primitives in all universes

=
=g

Photo by Andrej Bauer, taken from https:// Taken from https://www.lIri.fr/~paulin/
commons.wikimedia.org/wiki/
File:Frank_Pfenning.jpg

36


https://www.lri.fr/~paulin/
https://commons.wikimedia.org/wiki/File:Frank_Pfenning.jpg
https://commons.wikimedia.org/wiki/File:Frank_Pfenning.jpg
https://commons.wikimedia.org/wiki/File:Frank_Pfenning.jpg
https://commons.wikimedia.org/wiki/File:Frank_Pfenning.jpg

Predicative Calculus of Cumulative Inductive Constructions (pCulC)

[Timany and Jacobs 2015]: First Steps Towards Cumulative Inductive Types in CIC
[Timany and Sozeau 2017-2018]: Cumulative Inductive Types In Coqg

Bart Jacobs Matthieu Sozeau

- Recall cumulativity: if A : Type;and i < jthen A : Type;

Taken from https:// Taken from https://
distrinet.cs.kuleuven.be/people/ sozeau.gitlabpages.inria.fr/
BartJacobs www/
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Predicative Calculus of Cumulative Inductive Constructions (pCulC)

[Timany and Jacobs 2015]: First Steps Towards Cumulative Inductive Types in CIC
[Timany and Sozeau 2017-2018]: Cumulative Inductive Types In Coqg

Bart Jacobs Matthieu Sozeau

- Recall cumulativity: if A : Type;and i < jthen A : Type;
. Two versions of list A, one in Type; and one in Typej

 What is the relationship between them?

Taken from https:// Taken from https://
distrinet.cs.kuleuven.be/people/ sozeau.gitlabpages.inria.fr/
BartJacobs www/
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Predicative Calculus of Cumulative Inductive Constructions (pCulC)

[Timany and Jacobs 2015]: First Steps Towards Cumulative Inductive Types in CIC
[Timany and Sozeau 2017-2018]: Cumulative Inductive Types In Coqg

Bart Jacobs Matthieu Sozeau

- Recall cumulativity: if A : Type;and i < jthen A : Type;
. Two versions of list A, one in Type; and one in Typej

 What is the relationship between them?

Taken from https:// Taken from https://

* More interesting, we can use inductive types to define the  comicuseepene soevaipeges ey
type Grp, : Type; of groups whose carrier set (type) is in Type;

» Fori < j, what is the relationship between Grp; and Grp;?
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Predicative Calculus of Cumulative Inductive Constructions (pCulC)

[Timany and Jacobs 2015]: First Steps Towards Cumulative Inductive Types in CIC
[Timany and Sozeau 2017-2018]: Cumulative Inductive Types In Coqg

Bart Jacobs Matthieu Sozeau

- Recall cumulativity: if A : Type;and i < jthen A : Type;
. Two versions of list A, one in Type; and one in Typej

 What is the relationship between them?

They are equal!

Taken from https:// Taken from https://

* More interesting, we can use inductive types to define the  comicuseepene soevaipeges ey
type Grp, : Type; of groups whose carrier set (type) is in Type;

» Fori < j, what is the relationship between Grp; and Grp;?

Grp; is included in Grp;!
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