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Abstract

The Voter model is a well-studied stochastic process that
models the invasion of a novel trait A (e.g., a new opinion,
social meme, genetic mutation, magnetic spin) in a network
of individuals (agents, people, genes, particles) carrying an
existing resident trait B. Individuals change traits by occa-
sionally sampling the trait of a neighbor, while an invasion
bias 6§ > 0 expresses the stochastic preference to adopt the
novel trait A over the resident trait B. The strength of an
invasion is measured by the probability that eventually the
whole population adopts trait A, i.e., the fixation probabil-
ity. In more realistic settings, however, the invasion bias is
not ubiquitous, but rather manifested only in parts of the net-
work. For instance, when modeling the spread of a social
trait, the invasion bias represents localized incentives. In this
paper, we generalize the standard biased Voter model to the
positional Voter model, in which the invasion bias is effectu-
ated only on an arbitrary subset of the network nodes, called
biased nodes. We study the ensuing optimization problem,
which is, given a budget £, to choose k biased nodes so as
to maximize the fixation probability of a randomly occur-
ring invasion. We show that the problem is NP-hard both
for finite 0 and when § — oo (strong bias), while the objec-
tive function is not submodular in either setting, indicating
strong computational hardness. On the other hand, we show
that, when § — 0 (weak bias), we can obtain a tight approxi-
mation in O(n*) time, where w is the matrix-multiplication
exponent. We complement our theoretical results with an ex-
perimental evaluation of some proposed heuristics.

Introduction

Several real-world phenomena involve the emergence and
spread of novel traits in populations of interacting individu-
als of various kinds. For example, such phenomena may con-
cern the propagation of new information in a social network,
the sweep of a novel mutation in a genetically homogeneous
population, the rise and resolution of spatial conflict, and
the diffusion of atomic properties in interacting particle sys-
tems. Network science collectively studies such phenom-
ena as diffusion processes, whereby the system of interact-
ing individuals is represented as a network and the corre-
sponding process defines the (stochastic, in general) dynam-
ics of local trait spread, from an individual to its neighbors.
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These dynamics can vary drastically from one application
domain to another, and have been studied extensively, e.g.,
in the cases of influence and information cascades in social
networks (Domingos and Richardson 2001; Kempe, Klein-
berg, and Tardos 2003; Mossel and Roch 2007; Zhang et al.
2020), epidemic spread (Kermack, McKendrick, and Walker
1927; Newman 2002), genetic variation in structured popu-
lations (Moran 1958; Lieberman, Hauert, and Nowak 2005;
Pavlogiannis et al. 2018; Tkadlec et al. 2021), and game-
theoretic models of antagonistic interaction (Ohtsuki et al.
2006; Ibsen-Jensen, Chatterjee, and Nowak 2015).

One of the most fundamental diffusion processes is the
Voter model. While introduced to study particle interac-
tions (Liggett and Liggett 1985) and territorial conflict (Clif-
ford and Sudbury 1973), its elegance and simplicity have
rendered it applicable to a wide variety of other domains (of-
ten under other names, such as imitation updating or death-
birth dynamics), including the spread of social traits (Even-
Dar and Shapira 2011; Castellano, Fortunato, and Loreto
2009; Bhat and Redner 2019; Durocher et al. 2022), robot
coordination and swarm intelligence (Talamali et al. 2021),
and evolutionary dynamics (Antal, Redner, and Sood 2006;
Ohtsuki et al. 2006; Hindersin and Traulsen 2015; Allen
et al. 2017; Tkadlec et al. 2020; Allen et al. 2020).

The voter process starts with a homogeneous population
of agents (aka voters) scattered over an interaction network
and carrying a resident trait B. A novel trait A invades the
population by initially appearing on some random agent(s),
and gets diffused in the network by local stochastic updates:
each agent occasionally wakes up and updates its own trait
by randomly sampling the trait of a neighbor. In general, the
trait A is associated with an invasion bias § > 0, which
quantifies the stochastic preference of an agent to choose A
over B while sampling the traits of its neighbors. The pro-
cess eventually reaches an absorption state (aka consensus
state (Even-Dar and Shapira 2011)), in which A either fix-
ates in the population or goes extinct. The key quantity of
interest is the probability of fixation, which depends on the
network structure and the bias J. A key difference with stan-
dard cascade models (Kempe, Kleinberg, and Tardos 2005)
is that the Voter process is non-progressive, meaning that
the spread of A can both increase and shrink over time. It
can thus express settings such as switching of opinions.

In realistic situations, the invasion bias is not ubiquitous



throughout the network, but rather present only in parts. For
instance, in the spread of social traits, the invasion bias rep-
resents incentives that are naturally local to certain members
of the population. Similarly, in the diffusion of magnetic
spins, the invasion bias typically stands for the presence of
a magnetic field that is felt locally in certain areas. In this
paper, we generalize the standard Voter model to faithfully
express the locality of such effects, leading to the positional
Voter model, in which the invasion bias is only present in
a (arbitrary) subset of network nodes, called biased nodes,
and analyze the computational properties thereof.

The positional Voter model gives rise to the following
optimization problem: given a budget k, which &k nodes
should we bias to maximize the fixation probability of the
novel trait? This problem has a natural modeling motivation.
For instance, ad placement can tune consumers more recep-
tive to viral (word-of-mouth) marketing (Barbieri, Bonchi,
and Manco 2013; Barbieri and Bonchi 2014; Zhang et al.
2020). Feature selection of a product can increase its ap-
peal to strategic agents and hence maximize its dissemina-
tion (Ivanov et al. 2017). Expert placement can strengthen
the robustness of a social network under adversarial at-
tacks (Alon et al. 2015). Nutrient placement can be utilized
to increase the territorial spread of a certain organism in eco-
logical networks (Brendborg et al. 2022). In all these set-
tings, optimization can be modeled as selecting a biased set
of network nodes/agents, on which one trait has a propaga-
tion advantage over the other.

Our contributions. In this paper we introduce the positional
Voter model, and studied the associated optimization prob-
lem. Our main results are as follows.

1. We show that computing the fixation probability on undi-
rected networks admits a fully-polynomial-time approxi-
mation scheme (FPRAS, Theorem 1).

On the negative side, we show that the optimization prob-
lem is NP-hard both for finite § (general setting) and as
0 — oo (strong bias, Theorem 2), while the objective
function is not submodular in either setting (Theorem 3).
We show that, when the network has self-loops (captur-
ing the effect that an individual might choose to remain
to their trait), the objective function becomes submodular
as & — 0o, hence the optimization problem can be effi-
ciently approximated within a factor 1 —1/e (Theorem 4).
We show that, as § — 0 (weak bias), we can obtain a tight
approximation in O(n?*) time, where w is the matrix-
multiplication exponent (Theorem 5).

Lastly, we propose and experimentally evaluate a number
of heuristics for maximizing the fixation probability.
Due to limited space, some proofs appear in the full version
of this paper (Petsinis, Pavlogiannis, and Karras 2022).

S.

Preliminaries

Network structures. We consider a population of n agents
spread over the nodes of a (generally, directed and weighted)
graph G = (V, E,w), where V is a set of n nodes, £ C
V x V is a set of edges capturing interactions between
the agents, and w: E — Ry is a weight function map-
ping each edge (u,v) to a real number w(u, v) denoting the
strength of interaction of u with v. We denote by in(u) =
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{v € V: (v,u) € E} the set of incoming neighbors of
node u. The (in)-degree of node u is d(u) = 1/|in(u)|. For
the Voter process to be well-defined on G, G should be
strongly connected. In some cases, we consider undirected
and unweighted graphs, meaning that (i) E is symmetric;
and (ii) for all (u,v) € E, w(u,v) = 1; this setting cap-
tures networks in which interactions are bidirectional and
each node v is equally influenced by each neighbor.

The standard Voter model. A configuration X C V rep-
resents the set of agents that carry the trait A. The trait A is
associated with an invasion bias 6 > 0 (with § = 0 denoting
no bias, or the neutral setting). Given a configuration X, the
influence strength of node v is defined as

Fx(v) 149, ifveX
v =
X 1, otherwise.

Let &y C V be a random variable representing the con-
figuration at time ¢. The Voter (or death-birth) process is a
discrete-time stochastic process {X; }, t > 0 that models the
invasion of a novel trait A on a homogeneous population of
agents carrying a resident trait B, scattered over the nodes
of a graph G = (V, E/, w). Initially, the trait A appears uni-
formly at random on one agent, i.e., P[Xy = {u}] = 1/n
Vu € V. Given the configuration X; = X at time ¢, the next
configuration X} 1 at time ¢+ 1 is determined by a sequence
of two stochastic events:
1. Death: an agent u dies with probability 1/n.
2. Birth: aneighbor v € in(u) sets u’s trait with probability
fx@) - w(v,u)
2

erin(u) fX (.’L‘) ' w(x, u)
In effect, the set of agents carrying A may grow or shrink
at any given step. In general, we may have (u,u) € F, ex-
pressing the event that agent u stays at its current trait.
The positional Voter model. To capture cases where the
bias is manifested in parts of the population, we extend the
standard Voter model to its positional variant as follows:
1. The network structure comprises a component S C V,
the subset of agents that are biased to the invasion of A.
The influence strength of agent v is conditioned on
whether the neighbor w that v is attempting to influence
is biased. Formally, we replace fx (v) with:

1446, ifveXandueS
S _ )
Fx(vlu) = {1, otherwise.

We retrieve the standard Voter model by setting S =V, i.e.,
uniformly present invasion bias. Fig. 1 shows the process.

Fixation. In the long run, the Voter process reaches a homo-
geneous state almost surely; that is, with probability 1, there
exists a time ¢ such that X; € {0, V}. If X, = V, the novel
trait has fixated in G, otherwise it has gone extinct. Given a
configuration X, a biased set S and a bias J, we denote the
probability that A fixates when starting from nodes X as:

fp(G%,0,X) =P3Ft > 0: X, =V | Xo=X]

As the invasion starts on a random node, the fixation prob-
ability of A in G is the average fixation probability over V:

b(G%,6) = = 3 1b(G%.6. {u})

ueV

)

2.

3)



Figure 1: Two steps of the positional Voter process. Red
(resp., green) nodes carry the mutant trait A (resp., resident
trait B); orange circles mark biased nodes.

When 6 = 0, the set S is inconsequential, hence the
positional Voter model reduces to the standard model, for
which fp(G*®, §) = 1/n (McAvoy and Allen 2021). When G
is undirected and S V (.e., in the standard Voter
model), fp(G*°,§) admits a fully polynomial randomized
approximation scheme (FPRAS) via Monte-Carlo simula-
tions (Durocher et al. 2022). For arbitrary graphs, however
(that may have directed edges or non-uniform edge weights),
the complexity of computing fp(G*,§) is open. We later
show that fp(G°, §) admits an FPRAS for undirected graphs
even under the positional Voter model (i.e., for arbitrary S).

k=4 k=5

5=4

1000

o=

Figure 2: Optimal biased node sets .S (in orange) on a cy-
cle graph for different values of bias § and budget k; for
small ¢ (top), the optimal biased nodes are consecutive, yet
for large 0 (bottom), they are spaced apart. For intermediate
values (middle), the optimal strategy varies depending on k.

Optimization. In the positional Voter model, fp(G*, §) de-
pends not only on the network structure G and invasion
bias ¢, but also on the set of biased nodes S. As Fig. 2 illus-
trates, this dependency can be quite intricate, as the optimal
strategy for choosing .S may vary depending on its size and
the value of 9. In effect, the positional Voter model naturally
gives rise to the following optimization problem: Given a
budget £ € N, which subset S C V of at most k£ nodes
should we bias, to maximize the fixation probability? For-
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mally, we seek a set S* C V such that
S*

argmax fp(G°,4) .
SCV,|S|<k

= 4)
As we will show, fp(G*, §) is monotonic on S for all §, thus
the condition |S| < k reduces to |S| = k. We also consider
the two extreme cases of & — oo (strong bias) and § — 0
(weak bias). In the case of strong bias, we define

fp>°(G®) = lim fp(G*, ),
d—00
thus the optimization objective of Eq. (4) becomes

S* =

argmax fp™(G7) .
SCV,|S|=k

In the case of weak bias, if § = 0, we have fp(GS, 0) = 1/n,
hence the fixation probability is independent of S. However,
as § — 0 but remains positive, different biased sets will yield
different fixation probability. In this case we work with the
Taylor expansion of fp(G°, §) around 0, and write

1

(&)

fp(G*,9) +6-1p'(G%,0) + O(6?), (6)

n
where fp'(G¥,0)= |  p(G%,6). As § — 0, the lower-
5=0

order terms O(§?) appro;ch 0 faster than the second term.
Hence, for sufficiently small positive bias J, the optimal
placement of bias in the network is the one maximizing the
derivative fp’(G*®,0). In effect, the optimization objective
for weak invasion bias becomes
S* = argmax fp'(G*,0) .
SCV,|S|=k
Fig. 3 illustrates the behavior of fp(G*®,§) for k = 2 and
various values of § on a small graph.
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Figure 3: Fixation probabilities for different biased sets of
size k = 2; when & € [0,0.1] the fixation probability is
roughly linearly dependent on §; the set {2, 6} is worst for
small § but best for large 6.

Computing the Fixation Probability

In this section we compute the fixation probability fp(G*, §)
for undirected G. In a key step, we show that the expected
time T(G*,§) until the positional Voter process reaches a
homogeneous state is polynomial in n. In particular, we ob-
tain the following lemma that generalizes a similar result for
the standard Voter model (Durocher et al. 2022).



Lemma 1. Given an undirected graph G with n nodes, a set
S C V and some § > 1, we have T(G®,6) < n®.

In effect, we obtain an FPRAS by simulating the process
sufficiently many times, and reporting the empirical average
number of fixation occurrences as the fixation probability.
We thus arrive at the following theorem.

Theorem 1. Given a connected undirected graph G =
(V,E), aset S C V and a real number § > 0, the func-
tion fp(G*, §) admits a FPRAS.

Hardness of Optimization

We now study the optimization problem for the positional
Voter model, and show that it is NP-hard. We first exam-
ine the process with strong bias, § — oo, running on undi-
rected, regular graphs where nodes have self-loops. Our first
observation is that, due to self-loops, if the process reaches a
configuration X with X NS # (), then fixation is guaranteed.

Lemma 2. Consider an undirected graph G with self-loops
and biased set S, and let X be an arbitrary configuration.
IfFX NS #0, then fp>™(G°, X) = 1.

Proof. Consider any node © = X N S. For any two config-
urations X7 and X5 with u € X; and u € X5, we have

11
<= =0 as §d— o0

no

On the other hand, with probability at least (1/n)™ > 0,
the process reaches fixation within n steps when starting
from any non-empty configuration. Indeed, while ) C X C
V, with probability at least 1/n, a B-node u with an A-
neighbor is chosen for replacement, and such A-neighbor
propagates its trait to v with probability 1 as § — oo. Thus,
the probability that we reach fixation before we reach a con-
figuration X, with XoN.S = () approaches 1 as 6 — co. [

P[X, 11 = Xo| X = X4]

Our second observation relies on Lemma 2 to argue that,
for an undirected, regular graph G with self-loops, when the
budget k is sufficiently large, the optimal choice for the bi-
ased set S forms a vertex cover of G.

Lemma 3. Ler G (V,E) be an undirected, d-
regular graph with self-loops, and S C V' a biased set.
Then fp™(G®) > ‘S‘l/# iff S is a vertex cover of G.

Proof. Since G is connected and has self-loops, we
have d > 2. Due to the uniform initial placement of trait
A, the probability that it lands on a biased node is |S|/n.
Let Y be the set of nodes in V' \ S that have at least one
neighbor not in S. By Lemma 2 we have

151

fp>(G%) = "

n—|S|-Y| 1 s
- = =1 - fp>®
+ " p+”u§ey P (G, {u}),

where p is the probability that a node uw € V' \ S with ini-
tial trait A and whose neighbors are all in S propagates A to
any of those neighbors before replacing its own trait. Let p;
and ps be the probabilities that u propagates to, and gets re-
placed by, any of its d — 1 neighbors, respectively, and we

have p = plﬁ_lpz. Moreover, p; d,;nll (once a neighbor
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v dies, u propagates its trait to v with probability 1), and
Do Ld=1 leading to p = 4. If S is a vertex cover

d+1

of G, then Y = (), hence fp>°(G®) = qull/#. On the
other hand, if S is not a vertex cover of G, then |Y| > 1.
Consider a node v € Y and let v € in(u) \ S. Ob-
serve that fp>° (G, {u,v}) < 1, since with probability at

least (% 5)2 the traits on u and v get successively replaced by

: o0 (1S [S]/n+d
trait B. It follows that fp™ (G*°) < =5

,as desired. [

Since vertex cover is INP-hard on regular graphs (Feige
2003), Lemma 3 implies NP-hardness for maximizing
fp>(G*): given a budget k, G has a vertex cover of size k
Bliag
iFd
nuity of fp(G*¥,4) as a function of § implies hardness for
finite § too. We thus arrive at the following theorem.

iff maxgcy, s)=x fp™ (G%) = . Moreover, the conti-

Theorem 2. The problem of maximizing fp(G®,0)
and fp™ (G*®) in the positional Voter model is NP-hard.

Monotonicity and Submodularity

We now turn our attention to the monotonicity and (condi-
tional) submodularity properties of the fixation probability.
Our first lemma formally establishes the intuition that, as we
increase the set of biased nodes .S or the invasion bias ¢, the
chances that the novel trait A fixates do not worsen.

Lemma 4. For a graph G, biased sets S1,S; C V
with S1 C Ss and biases 61,05 > 0 with 61 < 09, we
have fp(G°1(81)) < fp(G*2(52)).

Proof. Consider the two respective Voter processes M, =
XL, XL ... and My = X2, X2, .... We establish a cou-
pling between M; and M, that guarantees X;' C X2, for
all £, which proves the lemma.

Indeed, assume that the two processes are in configura-
tions th = X! and XE = X5, with X; C X5. We choose
the same node w to be replaced in the two processes, uni-
formly at random. Observe that, since S; C Ss and §; <
02, the probability po that v is replaced by an A-neighbor
in M is at least as large as the corresponding probability p;
in M. Thus, with probability po — p; > 0, we replace u
in My with one of its A-neighbors, leading to a configura-
tion X}, O X5 D X;. With probability p;, we replace u
in both M and M5 with one of its A-neighbors, leading
to configurations X and X} with X} D X]. Lastly, with
probability 1 — py, we replace u in both M7 and My with
one of its B-neighbors, again leading to configurations X
and X with X}, D X]. The desired result follows. O

Submodularity. A real-valued set function f is called sub-
modular if for any two sets .S1, S5, we have

f(S1) + f(S2) = f(S1US2) + f(S1NS2) . (8)

Submodularity captures a property of diminishing returns,
whereby the contribution of a node v € S; to the value
of f(S1) decreases as S; increases. The maximization of
monotone submodular functions is efficiently approximable,
even though it might be intractable to achieve the maxi-
mum value. In light of Theorem 2 Lemma 4, it is natural



to hope for the submodularity of the fixation probability as
a means to at least approximate our maximization problem
efficiently. Unfortunately, as the next theorem shows, nei-
ther fp(G*, §) nor fp™ (G¥) exhibit submodularity.

Theorem 3. The following assertions hold:

1. fp(G%,6) is not submodular, and this holds also on
graphs with self loops.

2. p°(G?®) is not submodular in general.

Proof. Our proof is via counterexamples, shown in Fig. 4.
1. Consider the cycle graph of four nodes (Fig. 4, left),
with §; = {0,2} and Sy = {1, 3}. We calculate

fp(G51,0.1) = fp(G2,0.1) < 0.26194, while
fp(GS1992 0.1) > 0.274 and fp(G°17°2,0.1) > 0.25

Now consider the same graph with additional self-loops
(Fig. 4, middle). We calculate

fp(G1,0.1) = fp(G2,0.1) < 0.2702, while
fp(G51Y92 0.1) > 0.2909 and fp(G>17%2,0.1) > 0.25

2. Consider the wheel graph of 9 nodes (Fig. 4, right),
with S; = {1} and So = {5}. We calculate

fp>°(G51) = p>(G°?) < 0.19, while
fp>°(GS1Y52) > 0.27 and fp™(G51M%2) > 0.111

All three aforementioned examples violate Eq. (8). O

Figure 4: Counterexamples to submodularity.

Theorem 3 distinguishes the positional Voter and Moran
models, as for the latter, fp>°(G*®) is submodular on arbi-
trary graphs (Brendborg et al. 2022). Also, note the asym-
metry between fp(G*°,9) and fp™(G*) in Theorem 3 with
regards to graphs having self loops. As we show next,
fp>(G*) becomes submodular on graphs with self loops.

Lemma 5. For any undirected graph G with self-loops,
fp>(G®) is submodular.

Proof. A finite trajectory T is either a node 7 = ug or a

sequence T = Uo, (ula Ul)v (’LL27 ’02), ceey (um7 ’Um), Um+1,

representing that

1. trait A starts from wug,

2. foreach timet € {1,...,
its neighbor v, and

3. U1 1s chosen for death at time m + 1.

A prefix 7' of T is T' = wug, if T = wugp, or T’

g,y (U1,01)y - oy (Up—1, Ve 1) ug, for some ¢t € [m + 1].

Thus 7’ follows 7' until the death-step of the (¢4-1)-th event.

We say that 7 is minimal and fixating for S if either 7 = uyg

with ug € S, or

m}, node u; adopts the trait of
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ug € S5

for each t € {1,...,m}, we have that either u; ¢
S, or all neighbors of u; are B-nodes after executing
ug, (u1,v1), . .- (g, v¢); and

Um+1 € S and u,, 41 has at least one A-neighbor after
executing ug, (u1,v1), (u2,v2), ..., (Um, Vm).

In other words, the last step of T is the first that makes a bi-
ased node adopt the novel trait A. Every trajectory that leads
to the fixation of A in G has a minimal and fixating prefix.
By Lemma 2, the opposite is also true: every minimal and
fixating trajectory eventually leads to fixation. Thus, we can
compute fp™(G*) by summing the probabilities of occur-
rence of each minimal and fixating trajectory 7.

Moreover, the probability of a minimal and fixating 7 oc-
curring is independent of S: the steps ug and u,,4+1 have
probability of 1/n (since the initial placement of A is uni-
form, and each node is chosen for death also uniformly),
while each step (ug, vf) fort € {1,...,m} has probabil-
ity — (u 7- Thus, to arrive at the submodularlty of fp™(G*),
it suffices to argue that, for any two biased sets S1, So,

1. if 7 is minimal and fixating for 57U S5, then it is minimal
and fixating for at least one of .57, S5, and

2. if T is minimal and fixating for S7 N Sy, then it has pre-
fixes that are minimal and fixating for both S7 and Ss.

Indeed, for Item 1, if T up, then wug €
S1 U Sy thus clearly 7 is minimal and fixating for
at least one of S; and Sp. Similarly, if T
uo, (u17 Ul), (’U/Q, UQ)) s (Um, Um), Um+1, then Um+1 has
an A-neighbor in S; U S5. Thus 7 is minimal and fixating
for at least one of S; and S5, as further, no earlier node u;,
for ¢ € [m] could have an A-neighbor in S7 U Ss.

Similarly for Item 2, if T ug, then wug €
S1 N Sy, and thus 7 is also minimal and fixating
for both S; and S;. On the other hand, if T
Ug, (ulv Ul)) (’LLQ, U2)7 R (Um, Um), Um+1, then Um+1 has
an A-neighbor in S;N.S5. Hence, foreachset Y € {57, 52},
either some earlier node u; has an A-neighbor in Y (and thus
the preﬁx T/ = Ug, (’U,l, U1)7 ey (’U,t,h ’Ut,1>7 Ut is mini-
mal and fixating for V'), or 7 is fixating for Y at w,,, 1. The
desired result follows.

3.

The monotonicity and submodularity properties
of Lemma 4 and Lemma 5 lead to the following theo-
rem (Nembhauser, Wolsey, and Fisher 1978).

Theorem 4. Given an undirected graph G with self
loops and integer k, let S* be the biased set that maxi-
mizes fp™(G*), and S' the biased set constructed by a
greedy algorithm opting for maximal gains in each step.
Then fp™(G%') > (1 — 1) p>(G").

Optimization for Weak Bias

In this section we turn our attention to the case of weak bias.
Recall that our goal in this setting is to maximize fp’(G*°, 0),
i.e., the derivative of the fixation probability evaluated at § =
0. We show that the problem can be solved efficiently on
the class of graphs that have symmetric edge weights (i.e.,
w(u,v) = w(v,u) for all u,v € V). We arrive at our result
by extending the weak-selection method that was developed



recently for the basic Voter model in the context of evolu-
tionary dynamics (Allen et al. 2020, 2021).

Consider a symmetric graph G = (V, E) and a biased
set S. Given a node i € V, we write \; = 1 to de-
note that © € S, and \; = 0 otherwise. Given two nodes
i,j €V, weletp;; = % be the probability that
a 1-step random walk starting in ¢ ends in j. We also let
bgjz-) =D v NiDil Zjev pi; be the probability that a 2-step
random walk that starts in ¢, goes through a biased node [ and
ends in j. The following is the key result in this section.

Lemma 6. Consider a symmetric graph G = (V,E),
and arbitrary biased set S. We have fp'(G°,0)
%ZMGV mbg)wij, where {m;|i € V'} is the solution to
the linear system

T, = 1_iji 7Ti+zpij7rj7 VieV

JjeEV JEV
> omi=1 )
eV
and {1;;|(i, j) € E} is the solution to the linear system
14+3 " v (Patry +pjithar) . .
hij = 2 J#I ' (10)
0 otherwise

Although Lemma 6 might look somewhat arbitrary at
first, the expressions in it have a natural interpretation. We
provide this interpretation here, while we refer to the full
version of the paper (Petsinis, Pavlogiannis, and Karras
2022) for the detailed proof.

The quantities 7; express the probability that the novel
trait A fixates when 0 = 0 and the invasion starts from
node ¢, and are known to follow Eq. (9) (Allen et al. 2021).
Since § = 0, the two traits A and B are indistinguishable by
the Voter process. Note that, eventually, the whole popula-
tion will adopt the initial trait of some node ¢, which leads
to Y, m; = 1. The first part of Eq. (9) expresses the fact that
the current trait of node ¢ can fixate by either (i) node ¢ not
adopting a new trait in the current round, and having its trait
fixating from the next round on (first term), or (ii) node ¢
propagating its trait to some neighbor j in the current round,
and having j’s trait fixate from that round on.

The quantities 1);; express the average time throughout
the Voter process that nodes ¢ and j spend carrying traits A
and B, respectively. First, note that if ¢ = j (second case
of Eq. (10)), then clearly %;; = 0, as 7 and j always have
the same trait. Now, focusing on the first case of Eq. (10),
the term 1 in the numerator captures the case that the in-
vasion starts at node %, in which case indeed ¢ and j carry
traits A and B respectively. The second term in the numera-
tor captures the evolution of v;; throughout the process, and
is obtained similarly to the m;’s above. Indeed, given a cur-
rent configuration X, in the next round ¢ and j carry traits A
and B, respectively, if either (i) node ¢ adopts the trait of
some node [, while [ and j have traits A and B, respectively
(term p;3y4), or (ii) node j adopts the trait of some node I,
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while 4 and [ have traits A and B, respectively (term p;;1;;).
The denominator 2 in Eq. (10) is a normalizing term.
Now we turn our attention to the expression

LS Y b

i€V jeV

n

1
fp/(GS,O) = g Z 7T1b532)'l/)”
i,jev
Operationally, this expression can be interpreted as fol-
lows: with probability 1/», the invasion of A starts at node i.
Then the contribution of the bias § to the fixation of i’s
trait A is multiplicative to the baseline fixation probability 7;

of i under § = 0. The multiplicative factor ., bg?)'(/)ij

. 2(2) .
can be understood by expanding b;;”, thereby rewriting as

bij = > Npa Y Pt

lev JjEV

2
>0y
jev
Node i benefits by carrying the resident trait A whenever a
neighbor thereof, [, is chosen for death. Still, the bias § has
an effect if and only if [ € S (hence the factor \;). Moreover,
even when [ € S, the benefit of ¢ is further proportional to
the chance 1);; that 7 carries trait A while j carries trait B
(summed over all neighbors j of [), since, when 7 also carries
trait A, it cancels the advantage that ¢ has due to the bias §.

We can now obtain our main result under the weak bias.

Theorem 5. Given a symmetric graph G of n nodes, the
maximization of fp'(G®,0) can be done in O(n*) time,
where w is the matrix-multiplication exponent.

Proof. We use standard algorithms to solve the linear sys-
tems of Lemma 6 and compute the quantities 7; and 1);;. In
particular, Eq. (9) contains n unknowns and can be solved
in O(n“) time, while Eq. (10) contains n? unknowns and
can be solved in O(n?*). Then, by Lemma 6, we have

1 1
fp'(G%,0) = - > i bl(?) Wi = Somy bg—)%l =

1,JEV i€V jeV
1 1 )
= S Y Appgnta = > NhG). (D
eV jeviev JjeV

where h(j) = >, ;o mipijpj1%a. Hence, the optimal bi-
ased set S is consisted of the top-k nodes by h(-) value. [

Experiments

We present experimental results for the proposed algorithms
and additional heuristics, on 100 randomly-selected strongly
connected components of real-life social and community
networks (Peixoto 2020), with varying the number of nodes
in the range [20, 130]. For each graph we use a budget k cor-
responding to the 10%, 30% and 50% of the graph’s size. We
evaluate 7 algorithms that are often used in network analysis.
Random: k nodes uniformly at random.

Closeness: Top-k nodes by closeness centrality.
Betweenness: Top-k nodes by betweenness centrality.
Harmonic: Top-k nodes by harmonic centrality.

Degree: Top-k nodes by degree.

A
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Figure 6: Performance under weak bias (6 — 0)

Vertex Cover: A greedy algorithm that seeks the set .S
maximizing covered edges, motivated by Lemma 3, by
which vertex cover yields an optimal set under strong
bias on regular graphs with self-loops; it sequentially se-
lects the node with the maximum marginal gain wrt the
number of edges having at least one endpoint in S.
Greedy: A greedy algorithm that seeks the set S that max-
imizes the fixation probability. The algorithm sequen-
tially selects the node with the maximal marginal gain wrt
fixation probability. To evaluate the gain in each iteration
we simulate the process many times to achieve high pre-
cision. This algorithm is motivated by Theorem 1, which
indicates that the greedy algorithm provides an (1 — 1/e)-
approximation guarantee on graphs with self-loops.
While Random places the nodes uniformly all over the net-
work, Closeness and Harmonic centralities consider the dis-
tance of a node to all other nodes. Betweenness Centrality
indicates the importance of a node as a bridge, while De-
gree only considers the 1-hop neighbors. Vertex Cover con-
siders edge coverage rather than an individual score. Lastly,
the Greedy approach is informed of the positional Voter pro-
cess. We report relative performance, dividing each fixation
probability by the maximum achieved in a given network.
Strong bias (§ — 00). Fig. 5 illustrates the distribution of
the normalized results over all graphs. We first observe that
Greedy and Vertex Cover perform best for all size con-
straints and have similar behavior. This high performance
of Greedy and Vertex Cover is expected given the theoreti-
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cal guarantees from Theorem 4 and Lemma 3, respectively.
For small k, the problem is more challenging, as Random
performs poorly. As k increases, Random is likely to cover
all the graph, and the precise selection is less important.

Weak bias (0 — 0). By Theorem 5, to maximize the fixation
probability, we need to maximize its derivative fp’(G*,0).
We find the optimal value by solving the linear equation sys-
tem described in Lemma 6. Fig. 6 presents the normalized
results over all graphs. We see that Degree and Vertex Cover
perform better than centrality algorithms. Our intuition is
that nodes with many neighbors provide good invasion hubs,
as they propagate their trait more frequently. Lastly, the Ran-
dom algorithm under weak selection is ineffective.

Conclusion

We introduced the positional Voter model, which generalizes
the standard Voter model to express localized effects that
bias the invasion of novel traits. The new model raises the
optimization problem of maximizing the fixation probability
by distributing such effects in the network. A number of the-
oretical questions remain open with respect to this problem.
Can we achieve efficient approximations, despite the lack of
submodularity with finite bias J, or for the case of strong
bias, under which submodularity holds for graphs with self-
loops? Does the tractability under weak bias extend to non-
symmetric graphs (i.e., when generally w(u, v) # w(v,u)?
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