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Abstract

We prove the first margin-based generalization bound for voting classifiers, that is asymptotically tight in the
tradeoff between the size of the hypothesis set, the margin, the fraction of training points with the given margin, the
number of training samples and the failure probability.

1 Introduction

Ensemble learning is a powerful machine learning tool; it enables us to transform weak learners; hypothesis classes
that are barely better than guessing, into learners with state-of-the-art performance.

In essence, ensemble methods take a set of base classifiers, weigh those classifiers according to performance on
the training set and retrieve the final prediction by aggregating according to those weights. An important historical
example is AdaBoost (Freund and Schapire [1997]), a type of voting classifier, which builds the ensemble classifier
sequentially; new base classifiers are added to the ensemble to correct the mistakes of the current ensemble. AdaBoost
was the first efficient and practical implementation of a boosting algorithm, and hence the relevance of ensemble
learners is often attributed to AdaBoost.

Much theoretical research has been done to explain the impressive practical performance of AdaBoost and other
ensemble methods. In the groundbreaking work of Schapire et al. [1998], it was first demonstrated experimentally
that the accuracy of the voting classifier produced by AdaBoost sometimes keeps improving even when training past
the point of perfectly classifying the training data. This goes against the conventional wisdom that simple models
generalize better. In an attempt to explain this phenomenon, the authors first observed that the so-called margins of
the produced voting classifier kept improving when training past the point of perfect training accuracy. This led the
authors to introduce the currently most prominent framework for analyzing the generalization performance of voting
classifiers. This framework is called margin theory, named after the notion of margins, which can be interpreted as
how confident the classifier is in its prediction.

In this paper we consider voting classifiers, i.e. ensemble learners in the setting of binary classification over a
domain X with labels {—1, +1}. Formally, we model a voting classifier f as a convex combination of base classifiers
h € H. The set of voting classifiers C(#) over a base hypothesis set  is defined as:

C(”H,):{f: Zahh ‘ Zahzl,ahzO Vhe?—t},
heH heH

where the constant ay, is the weight describing the impact of & in the voting classifier. A voting classifier f € C(H)
makes a prediction on a point z € X’ by computing sign(f(z)). For every voting classifier f € C(#), the margin of a
data point (x,y) € X x {—1,+1} is defined as

yf(@) =y Y aph(z)= > an— Y an
heH h

heH € €H
h(x)=y h(z)#y



The margin thus lies in [—1, +1]. If a voting classifier’s prediction is wrong on a data point (x,y), y and f(x) will
have different signs, making the margin negative. For a voting classifier, the magnitude of the margin depends on the
consensus among the base classifiers; when base classifiers disagree their weights «, will partially cancel out, making
the margin smaller. In a nutshell, margin theory now says that if a voting classifier has large (positive) margins on its
training data, then it generalized well to new data.

When studying generalization bounds for voting classifiers, one makes the standard assumption that the training
data S is obtained as n i.i.d. samples from an unknown distribution D over X x {—1,+1}. The goal is to bound the
probability of miss-classifying a new data point (x,y) ~ D, i.e. to show that Lp(f) = Px y)~p[y f(x) < 0] is small.
In margin theory, the loss Lp(f) is related to the margins on the training data. For any margin 0 < 6 < 1, we define
LEf) =Pry)slyfx) <0 =1 > icfn) Ly f(xi)<oy as the fraction of training points (x,y) € S where f has a
margin of at most 6. Here the notation (x,y) ~ S denotes a uniform random point from S.

The first margin-based generalization bound for voting classifiers was proved by Schapire et al. [1998]. They
showed that for any distribution D over X x {—1,+1}, any training set S ~ D™ of size n, any finite set of base
classifiers H, any 0 < § < 1 and any margin 0 < 6 < 1, it holds with probability at least 1 — ¢ (over the random
choice of S) that every voting classifier f € C(H) satisfies

Lo(f) < L&(f) +c <\/ 1“(”3212 Ml 1n<;/6)> |

where ¢ > 0 is a universal constant. Since then, much research has gone into understanding the behavior and impact
of margins on voting classifiers. We discuss many of these research directions below and for now focus on the main
topic of this work, namely margin-based generalization bounds in the simplest setup where the base hypothesis set H
is finite.

Following the seminal work of Schapire et al. [1998], Breiman [1999] studied the special case where Eg (f)=0,
i.e. when voting classifiers f have margins at least 6 on all training points. There, he showed that the bound in (1)
improves to
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for all voting classifiers f with Lg( f) = 0. The current best upper bound on the generalization error, due to Gao and
Zhou [2013], interpolates between two above bounds and gives that with probability 1 — 4, it holds for every voting
classifier f € C(H) that

o) < 28 f)+c< \/ o0 (m@)m(%) +1n(€/5)>+ln(n)1n(7'l) +1n<e/5>>. o
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A natural question is whether the bound of Gao and Zhou [2013] is tight for finite 7. This question was studied in
two subsequent works Grgnlund et al. [2019a, 2020] on generalization lower bounds. The latter of these gives the
currently tightest lower bound, stating that for any cardinality N, parameters 1/N < 7,0 < ¢, and number of samples
¢ 10721In(N) < n < 2N°, for a small constant ¢ > 0, there exists a data distribution D over X x {—1,+1} and
a finite hypothesis class H with |H| = N such that with constant probability over a training set S ~ D", there is a
voting classifier f € C(H) such that £(f) < 7 and

Lo(f)>T+e <\/T  In(e/7) In(N) _ In(6°n/In N) m(N))
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Note that the parameter 7 is used to yield a lower bound for the entire tradeoff of possible values of Eg (f)- Let us also
mention that the J-dependency in (2) can be shown to be tight following classic work, e.g. see Chapter 14 in Devroye




et al. [1996]. Finally, the original work of Grgnlund et al. [2020] states the lower bound only for (=2 In(N))!*t¢ < n
but instead with In(62n/In(|H|)) replaced by In(n). A careful examination of their proof reveals the above more
general form.

Comparing the best upper and lower bounds, an intriguing gap of \/ In(n)/In(e/L%(f)) remains. In particular,

for voting classifiers f where a constant fraction of training points have margin less than 6, the gap is a 1/In(n) factor.

Our Contribution

In this paper, we finally settle the generalization performance of voting classifiers over finite base hypothesis sets H
by proving an improved generalization upper bound. Our new upper bound matches the lower bound in (3) across the
range of the parameters 6, E(’S( f),n and ¢ and is as follows

Theorem 1. There exists a constant ¢ > 0 such that the following holds. Let D be a distribution over X x {—1,+1}
and let H C {—1,+1}* be a finite base hypothesis set. Then for n > c and 0 < § < 1, it holds with probability at
least 1 — 0 over a sample S ~ D™, that for all voting classifiers f € C(H) and margins 0 € (\/eln(|’;'-[|)/n7 1} we

have:

Loth) < C(F) + ¢ ¢ gy (CLBUNIHD | Wef0)) | InOn/ W) ) | e

While it is reasonable to argue that the gap between the previous tightest upper and lower bound is small in
magnitude, our result finally settles the generalization performance of one of the most influential learning techniques,
except potentially in the extreme case of n > 2/%|° not covered by the lower bound in (3). Additionally, our proof
technique elegantly extends a recent novel framework by Larsen and Schalburg [2025] for proving generalization of
large-margin halfspaces, demonstrating that the framework can be more broadly applied and hopefully paving the way
for further tight generalization bounds.

We now conclude the introduction by a brief discussion of other related work. Following that, we present the
high-level ideas of our proof, focusing on the significant new contributions in Section 2. After the proof overview, the
fully detailed proof is given in Section 3.

Other Related Work

Closest to our work is a sequence of results on margin-based generalization bounds for voting classifiers when H is
not finite, but instead has finite VC-dimension d. The works Schapire et al. [1998], Breiman [1999], Gao and Zhou
[2013] discussed above also present generalization bounds based on the VC-dimension of H. These were all recently
improved by Hggsgaard and Larsen [2025], who gave the currently tightest generalization bound of

Colf) < L) + ¢ <\//3§(f) (”92”/ dd | In(e/ ‘”) L D(@n/d)d | In(e/ ‘”) |
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where T'(x) = In(z) In*(Inz). In terms of lower bounds, one may take the bound from the finite H case in (3) and
replace In(|#|) by d. This shows that the latter ['(2n/d) term is tight if we replace I'(z) = In(z)In?(Inz) by
['(x) = Inz. For the former I'(§?n/d) term however, it is conceivable that an improvement to In(e/L£%(f)), like our
improvement in the finite # case, is possible. We have not been able to extend our techniques to this setting, but leave
it as an interesting direction for future work.

Since large margins imply generalization, much effort has gone into developing algorithms explicitly focusing on
maximizing margins. The sequence of works Breiman [1999], Grove and Schuurmans [1998], Bennet et al. [2000],
Ritsch and Warmuth [2002], Ritsch et al. [2005], Grgnlund et al. [2019b] for instance focuses on maximizing the
smallest margin.

Finally, let us mention that AdaBoost was originally introduced to address a theoretical question on so-called weak-
to-strong learning by Kearns [1988], Kearns and Valiant [1994]. Informally, a y-weak learner, is a learning algorithm



that for any distribution D, when given enough samples from D, guarantees to produce a classifier with accuracy at
least 1/2 + . If a y-weak learner is used to obtain each base classifier used by AdaBoost, then it is possible to show
that AdaBoost eventually produces a voting classifier with all margins (), see e.g. Schapire and Freund [2012]
[Theorem 5.8]. The generalization bounds for large-margin voting classifiers above thus apply to AdaBoost when
invoked with margins 6 = Q(7) and £&(f) = 0 when AdaBoost is run for enough iterations with a y-weak learner.
A lower bound by Hggsgaard et al. [2023] shows that this analysis via large margins is tight for AdaBoost. However
for H with finite VC-dimension, it is possible to develop alternative boosting algorithms with a generalization error
that is a In(y?n/d) factor better than AdaBoost when using a y-weak learner, see Larsen and Ritzert [2022], Larsen
[2023], Hggsgaard et al. [2024], Hggsgaard and Larsen [2025].

2 Proof Overview

In this section, we give a high level presentation of the main ideas of our proof of Theorem 1 and how we manage to
improve over previous works. The proof sketch is not meant to be formal, but only to give the intuition and overall
structure of the proof. For clarity we ignore all dependencies on the failure probability 4.

Our proof follows the framework of Schapire et al. [1998] with techniques adapted from Larsen and Schalburg
[2025]. The main idea of the framework is to randomly discretize a voting classifier f in C(#) to obtain a hypothesis
g ~ f in a small finite set of voting classifiers C to be defined below. Since Cp is small, a union bound shows that
all hypotheses in C generalize well, and since g ~ f, so does f.

While discretization makes it easier to bound the generalization error, the transition from the hypothesis f to
the discretized hypothesis g requires us to carefully analyze the difference in accuracy between f and g. Our key
improvement comes from a much tighter analysis of this cost of discretization compared to the original analysis
of Schapire et al. [1998]. Our approach borrows and extends ideas from Larsen and Schalburg [2025], who introduced
a novel technique using Rademacher complexity to bound the difference in performance between a large-margin
halfspace classifier and a random discretization of it.

Random Discretization by Sampling

Following the framework of Schapire et al. [1998], we randomly discretize the voting classifiers f € C(H). We define
the set of N unweighted averages from H as Cy = {+ Ef\;l h; | h; € H}. Our goal is to randomly discretize any
f € C(H) to a voting classifier g € C. We do this by associating f with a distribution Q¢ over Cy, in such a way
that for all z € &, we have Eg o, [g()] = f(z). That is, the expectation of the random discretization g equals f.

In more detail, let f € C(#) be a voting classifier f =, _,, aph. Define a distribution D over H such that the
probability of sampling h using Dy is aj,. Specifically, set Pp.p, [h = h] = aj. Then from Dy we sample an element
g ~ Qy by sampling NV i.i.d. hypotheses h1, ..., hy and outputting their average g = % Zf\il h;. Note that any ¢ in
the support of Q thus lies in Cp .

Initial Analysis

Starting just like the original framework of Schapire et al. [1998], we relate the error Lp(f) of a voting classifier

f € C(H) with the half-margin error £2,/2(g) of the discretized classifier g ~ Qy. Here we observe that for any
g € Cp, it holds that

Lo(N) =£8%(0)+ P o0 >0/2 A yf() <0]= P Iyg(x) <0/2 A yf(x)>0)

We do the same for the empirical margin error £ ( f) and the empirical half-margin error /jg/ 2 (g9):

LN =L+ B [yo)>0/2 Ayf) <= P lygl) <0/2 A y[(x) > 0.



Combining these equalities, we get

Lo(f) - £(f) = L5 (9) - £§(9) )
+ (x,yﬂfw[yg(X) >0/2 Nyf(x) <0] - (X;P)’Ns[yg(X) >0/2 Nyf(x) <0
(x,gNs[yg(X) <0/2 Nyf(x)>0] - (xﬁw[yg(X) <0/2 Nyf(x)>0]

Proof of Schapire et al. [1998]

In the original proof of Schapire et al. [1998], they simply drop the two terms P y)~p[yg(x) < 0/2 A yf(x) > 0]
and Py y)~slyg(x) > 0/2 Ay f(x) < 0]. Taking expectation over g ~ Q on both sides of the inequality then gives

Lo(f) ~ £4()) < ElLy(e) - £ (g)]
+E[ P ve(x) > 0/2 A yf(x) < 0]
VE[ P [ve(x)<6/2 A yf(x) > 0]

Here we used that the left hand side is independent of g and thus the expectation may be dropped. Using that Cy is
small in combination with Hoeffding’s inequality and a union bound gives

E[cE () ~ £5” (@) < swp [£3%(9) = £7(9)] < ev/In(Cw])/n = e/ NIn([H]) /. (5)

The remaining two terms are handled symmetrically, so let us focus on Eg [P y)~slyg(x) < 0/2 A yf(x) > 0]].
Swapping the order of expectation and probability gives

Ig[(ngS[yg(x) <O0/2 Nyf(x)>0] = (XENS[gNIP’Qf[yg(x) <6/2 A yf(x)> 6]

< E LB (860 =161 > 0/2],

Now observe that for any x, the prediction g(z) when g ~ Q; is obtained by averaging N i.i.d. predictions in
{—1,+1}, each with expectation f(z). By Hoeffding’s inequality, we thus have

IgE[(x;P))Ns[yg(x) <0/2 A yf(x)>0]] <2exp(—6*N/8).

Combining it all, Schapire et al. [1998] conclude

Lo(f) = £5(F) < ¢ (VNI(H]) /n+ exp(=0°N/3))

Choosing N ~ 6~21Inn finally gives Lp(f) — L&(f) < ¢y/In(|H]) In(n)/(62n).

Our Key Improvements

Our new proof departs from Schapire et al. [1998] after the equality (4). Where they simply drop the two negative
terms, we carefully exploit these to get our improvement. Repeating the expectation over g ~ Qf, we get

Lo(f) - £8(F) < BILR(2) - £ (2)] ©)
+E[ P [ye(x)>6/2 Ayf(x) <O ~E[ P [va(x)>6/2 A yf(x) <]
g (x,y)~D g (xy)~S
+E[ P Ive() <0/2 A yf() > 0] -E[ P [ye(x) <0/2 A y(x) > 0])



If we carefully group the different f € C(#) based on £%,(f) and use Chernoff/Bernstein instead of Hoeffding’s
inequality, we may again union bound over Cy to conclude

EILY(g) — £4*(8)] < ey/L4())N m([H])/n.

g

The grouping and use of Chernoff/Bernstein thus buys us the factor Lg( f) compared to (5). This is as such not
particularly novel and could also have been carried out in the original proof of Schapire et al. [1998].

The two remaining lines in (6) are where we make novel use of the recent ideas of Larsen and Schalburg [2025].
The two lines are handled symmetrically, so we focus on the first one in this overview. We see that

E [( P [yg<x>>o/myf<x>so1] E [( P [yg<x>>6/szf<x>se@—

g~Qr [(xy)~D g~Qyr [(xy)~8
E P x)>0/2 A x)<0]| - E P x)>0/2 A x) <0]|. 7
CE | B e 0z Ay <] - B | P vees o2 ayie<d). o)

Notice that (7) is a difference in expectation over the data distribution D and the training sample S ~ D". The
familiar reader may recall that Rademacher complexity provides a powerful tool for bounding such differences when
considering the expectation of the same function ¢(x,y) over (x,y) ~ D and (x,y) ~ S. Unfortunately, the two
functions inside the expectations in (7) are not identical. A critical observation here is that the distribution of the
margin of g ~ Q; on a point (z,y) depends only on the margin of f on the same point. In particular, smaller margins
for f reduces the probability that the margin of g is large and thus

P [yg(x)>60/2 Nyf(x)<60]> P [yg(x)>6/2Ayf(x)<0].
g~Qy g~Qrf

Again exploiting that the distribution of yg(x) with g ~ Qy is determined solely from y f(x), we can now define the
function ¢ : R — R so that ¢(yf(z)) = Ly r()<0} Pg~o, [yg(x) > 6/2]. We then have that

H< E x))|— E X))].

M= E G- E [6Ff()]
We are now in a position where we can use Rademacher complexity. In particular, the seminal Contraction inequality
of Ledoux and Talagrand [1991] may be applied, allowing us to remove ¢ at the cost of multiplying with its Lipschitz
constant L. This of course requires ¢ to be a Lipschitz continuous function with a bounded Lipschitz constant L.
Unfortunately the ¢ defined above is discontinuous due to the multiplication with the indicator function. After some
careful massaging of ¢, we end up being able to bound its Lipschitz constant by L < ¢f~! exp(—N6?/c). Using the
Contraction inequality this gives

(D) < b exp(=NO?/c)- sup [ E [yf(x)]— E [yf(x)]
fec(H) (xy)~D (x,y)~8

Using that every f € C(H) is a convex combination of hypotheses i € H, we get that the sup is bounded by a
SupheH, ie.

() < o exp(-NO*/c) -sup| E_[yh(o] = E_[yh(x)]L

Using the finite class lemma of Massart [2000] finally gives

(7) S 09_1 eXp(_N92/c) . @ — ceXp(—NQQ/C) . lnéL/’ZD .

If we compare this to the proof of Schapire et al. [1998], we have thus reduced the contribution of the two last lines
of (6) by a factor ¢y/In(|H|)/n. Combining it all, we have shown

LEDNIHD | o v 1n<|%|>> |

n 0%n

ﬁD(f)Ees(f)SC<

Picking N ~ 6~2In(e/L%(f)) balances the terms and finally completes the proof.



3 Main Proof

‘We now start on the proof of Theorem 1, before doing the main part of work, we do a series of reductions which allows
us to focus on establishing the theorem for margins ¢ and empirical margin-errors £4(f) in small ranges at a time. We
start by establishing these reductions in Subsection 3.1, and continue with the main body of the proof in Subsection
3.2.

3.1 Preliminaries
Statement Reduction

Firstly, to ease later analysis, we want to ensure margins in [—cg, ¢p] for a constant ¢y < 1. which we do by scaling all
voting classifiers by cy and adding the all-one and all-negative-one with appropriate constants afterwards, the argument
can be found in full detail in Appendix A.1.

From now on, let D be an arbitrary distribution over X x {—1,+1}, we want to prove that there is a constant
¢ > 0, such that with probability at least 1 — § over the training sample S ~ D", it holds for all margins 6 €

( eIn([H])/n, 1} and all f € C(H) that:

In(e/LE(f)) n(H]) +1n(€/5)>+1n(92n/1n(IHI)1n(H) . In(e/d)

Lo(f) < LE(f) +e \/ £5(f) ( o o n ®

Theorem 1 follows as a corollary.

Splitting into Smaller Tasks

We break the task of proving (8) into smaller tasks, which then gives the full statement after union bounding over the
sub-tasks.
Firstly we partition the sets of possible margins and margin losses into collections of manageable subsets, we

define:
. ] N , ,
0, = <6211\/ H|H|,62’\/ H|H|1 , Lo =1[0,n7"] and Lj=(2"'n""2'n7"]

n n

Then the collections {@i}ioff((e/ce) Ve |H|)7 {L; };(fg(n) partition the sets of possible margins 6 € ( eln(|H|)/n, 1}

and true margin losses £ (f) € [0, 1].
For each pair of parameter sets (©;, L;), where ©; = (6;, 6;11], we define a corresponding set of voting classifiers:

Cn(i, L) — {f cc) \ £810%(p) ¢ Lj}

We now want to prove a version of (8), but tailored to a pair of parameter sets (©;, L,).

Lemma 2. There exists a constant ¢ > 0 such that the following holds. For any 0 < § < 1, and (©;,L;) =
((8:,0i41) 5 (1, Lj+1]) it holds with probability at least 1 — & over a the sample S ~ D™, that:

sup  |Lo(f) — L4(f) < e le (“1(6/ L) In(l3) | In(e/ ‘”) ;- e/l In(#]) | Infe/ ‘”)

2 2
fGCZ[(giij) 07 1n n 07 qn n
€o;

€))

For this to be enough to prove (8), we need to relate ;1 to L%(f), which we do using the following lemma



Lemma 3. There is a constant ¢ > 0, such that for any 0 < § < 1 and any ©; = (0;,0;1), it holds with probability
at least 1 — 6 over the sample S ~ D"

M—L"g(f) SC<ln(¢9?+1n/ln(7‘i))111(|77l|) +ln(e/5)>

(10)

When N > 64 -0,

To use this lemma, together with Lemma 2, we need them to hold simultaneously for all pairs (0;, L;), after which
we can use them together and obtain (8).

Claim 1. For any 0 < ¢ < 1, the following holds:

1. If the sample S ~ D" satisfies (9) and (10) simultaneously for all (6, L;) and ©,, with slightly different
constants, then for that sample, (8) holds for all margins 6 € ( eln(|H|)/n, 1] and all f € C(H).

2. With probability at least 1 —  over the sample S ~ D", the above event happens

The proof of Claim 1 can be found in Appendix A.1. To prove the first part, Lemma 3 is used to relate /;,; and
ﬁg (f) in Lemma 2. To prove the second part, a simple union bound is enough.

The two parts of Claim 1 together finishes the proof. It remains to prove Lemmas 3 and 2. The proof of Lemma 3
can be found in Appendix 7, as it is standard. We proceed with the final part of the proof, the proof of Lemma 2.

3.2 Proof

Now we focus on the proof of Lemma 2.

Solet 0 < ¢ < 1 and fix a pair (0;, L;). We follow the process described in Section 2, i.e we want to discretize a
voting classifier f € C(H) to a unweighted average g in Cy = {+ Zivzl hi | h; € H}.

For f € C(H), givenby f = >, _,, anh, define distribution Dy over H by setting the probability of sampling A
to ap,. Let Qf be the distribution of a g € Cx obtained by sampling NV i.i.d. hy,...,hy € H using Dy and taking
their average g = & S hy.

Define £%(f) = P(x,y)~plyf(x) < 6] to be the probability that the margin of a point (x,y) ~ D is less than 6.
And write Lp(f) for L%(f).

We want to relate the true loss Lp(f) of f, to the margin loss L',%/z(g) of ag ~ Q. Firstly for every 6 € O,
¢ € Cy and training sample .S, it holds that:

Lo(f) = L% (9)+ P [yg(x)>0,/2Ayf(x) <0/ — P [yg(x) <6:/2Ayf(x)> 0],
(x,y)~D (x,y)~D

and
LAH=LE g+ P [yg(x)>0/2Ayf(x) <0 — P [yg(x)<6:i/2Ayf(x)> 6.
(x,y)~S (x,y)~S

This allows us to split the difference Lp(f) — L%(f) into the sum of 3 differences:

Lo(f) - £4(f) = £3%(9) - £5%(9)
P [yg(x)>0:;/2Nyf(x) <0]— P J[yg(x)>0;/2Nyf(x)<0]

(x,y)~D (x,y)~S
+ P [yg(x) <0:;/2Ayf(x)>0—- P [yg(x) <0;/2Nyf(x)>0]
(x,y)~S (x,y)~D



Taking expectation over g ~ Q and then supremum over f € Cy(0;, L;), gives:

ww (Lol - 50 = _sw (5 [ - £
f€Cx(©4,L;) f€CH(O:,L;) \8~Crs
+ E { P [yg(x)>0:;/2Nyf(x)<0]— P [yg(x)>0;/2 Ayf(x) < 9]] (1)
g~Qy | (x,y)~D (x,y)~S

B | P el <0/2A¥I00 >0~ P fve(d <620 yf60) > 0| ). (2

g~Qy |(x,y)~S

To bound the last two terms, we define two continuous functions: ¢, p : [—cg, cg] = R>o

oo, 8(@) > 0:/2 [y f(z) = A —cp<A<0

60 =15"2 B g > 021 @) =0 0<A<0,

0; s~Qf
0 0; < A< ey
0 —cp < A<0
A
P =1 g o Lo, B <02 yf(x) = 6] 0<A<b;
gPQ lyg(x) < 0:;/2 | yf(z) = A 0, <A< cp
~Ef

Note that we abuse notation slightly in the above by writing conditioned on yf(z) = A. Here we use that the
distribution of yg(x) for g ~ Qy is determined solely from the value y f(x). Thus when we write conditioned on
yf(z) = X we implicitly mean for any (z,y) and f with yf(z) = .

Now we can replace (11) and (12) with a difference in expectations of ¢ and p, because they upper bound the terms

Lemma 4.
= L x) > 6i/2 Ny f(x) < }_ < E B I()
o~ L,E’)’Ns 0> B2V S0| 2 B TGO
£0s Lx,ym <620y >0 < B 6o
VB |0 <0200 0] = E oty )

The statement follows from the definitions of ¢ and p as well as monotonicity of the conditional properties in their
definitions, the proof can be found in Section A: Deferred proofs.

The statement, together with linearity of expectation, sub-additivity of supremum and the triangle inequality, gives
us an upper bound

sup  (Lo(f) = L5(f) < sup | E [cfs/%g)—ﬁ?”(g)}‘ (13)
FECH(Oi,L;) FECH(O4,Ly) | 8~Cs
P P S L7 B 2] BT
£ s | BB - B b a9
fecn(©:,Ly) | xy)~D (xy)

The rest of the proof comes down to handle these differences, we will handle the first term and the last two separately.
In Section 6 we use standard techniques to bound (13), as described by the lemma:



Lemma 5. There exists ¢ > 0 such that with probability greater than 1 — § over the sample S ~ D" it holds that:

=, (46 - 24 (e ) < \/ st + orp (N0 [V PAT/S) | (/9

g~Qy D n n

sup (
FECH(©:,L;)

when N > 32 - 9;_21.

In Section 5 we use Rademacher complexity theory together with a bound on the Lipschitz constants of ¢, p to
bound (14) and (15), as described by the lemma

Lemma 6. There exists a constant ¢ > 0 such that when N > 32 - 9;_21 it holds with probability at least 1 — § over

the sample S ~ D" that:

2 2 N2 p-2
max{(14), (15)} < cexp (_ 9i+1N> \/(6i+1N +05) (A | fn(e/9)

C n n

To obtain Lemma 2, we balance the statements above, by setting N = 09;21 In(e/l;+1) for a constant ¢ > 0 big
enough. Then exp(—N67, ,/c) < l;41/e, and combining the statements using a simple union bound, yields:

wp (o)~ £4(N) < (Wﬂ’“ (et D), 1C0/0)) (el (D) 1““/5))

2 2
fE€C3(0;,L;) ‘9i+1” n 0i+1” n

2
nb;

T <ljﬂ e (In(e/lj+1) +1) + 1 ln(fz/é)> .

Which yields Lemma 2, and thus finishes the proof of our main result, Theorem 1.

4 Conclusion

We have proven the first asymptotically tight margin-based generalization bound for voting classifiers over finite
hypothesis sets. This finally settles the decades long discussion on the generalization performance of voting classifiers,
started by Schapire et al. [1998]. Our main theorem explicitly describes the generalizability of voting classifiers in
terms of the size of the hypothesis set, the margin, the fraction of training points with the given margin, the number of
training samples and the failure probability.

We reiterate the thoughts of Larsen and Schalburg [2025], where our techniques are adopted from: This updated
version of the framework of Schapire et al. [1998] could be applicable to other related settings with similar gaps in
their generalization bounds. In this paper we have clarified the structure of the updated framework; combined with the
natural cohesion between the framework and the setting of voting classifiers, we have improved adaptability. Lastly,
we confirm the suspicion of Larsen and Schalburg [2025]: indeed their techniques are adaptable in the setting of voting
classifiers, culminating in the result of this paper.

5 Rademacher Bounds

In this section we proceed to use Rademacher complexity to bound (14) and (15). The bound is stated in the following
lemma

Restatement of Lemma 6. There exists a constant ¢ > 0 such that when N > 329;21 it holds with probability at

least 1 — 0 over the sample S ~ D" that:

2 2 2 —2
max{(14), (15)} < cexp <9i+1N> \/(0i+1N +0:5) In(JH]) n In(e/d)

C n n

10



Proof. As the proof of for (15) is the same, we will only prove the bound for (14). Let 0 ~ R", denote a vector of
independent random variables uniformly in {—1, +1}. Then the empirical Rademacher complexity of ¢ with respect
to a training sample S € (X x {—1,41})" is:

. 1
-~ F . . .
Ro,con()=— E_ A Gz[:]az¢(yzf(xz))

As we will argue later, ¢ is Lg-Lipschitz, hence using the contraction inequality of Ledoux and Talagrand [1991],
gives:

N L L¢ o
R, S)<— E sup owyif(z;))| = — E sup oif(x))| = —Rxu(S).
pcon(S) <= E feC(H)i;[n] (1) . > oif () S Rn(S)

Where the second equality holds since o; L oyy; forall i € [n], as well as SUP pec(30) Doiepn) Oif (Ti) = SUP ey D iepn) oif (@)
The > part clearly holds since H C C(#). For the other way, we remark that for any f € C(H), it holds that:

Z oif(x;) = Z lofi Z aph(x;) = Z a, Z oih(x;) < sup Z oih(z;)
i€ln) icln] heH heH  ie[n] he€H i cin)

meaning it also holds for the supremum over C(H)
Now, since none of the steps above depend on .S, it holds in expectation over S ~ D, i.e for Rademacher complexity
in general:

L L
Ro.g,c00(n) < ~*Rppu(n) < e—£/([H])

n

Where the last inequality holds by Massart [2000] finite class lemma.
Now by Lemma 10 and definition of ¢, it holds that:

0<¢(N) < max P [yg(z)>0;/2]yf(r) =X = gNPQf[yg(w) >0:/2 | yf(x) =0]

—co<A<0g~Qy

Which by Lemma 11 with k* = | (% + 1)N] + 1 and Hoeffding, is bounded by:

* _ N2 2
[H — E[H] > K* ~ N/2] < exp (—M) < exp (—ng )

H~Binom(N,1/2)

Using that k* — N/2 > N6, /4.
Finally, by standard generalization bounds using Rademacher complexity (see for example Shalev-Shwartz and
Ben-David [2014]), it holds with probability 1 — §, over S ~ D™ that:

16 n

< QC%JM(\TDJreXp (_Z\i?) c’\/@

Remembering that 26; = 6;,, and combining with a bound of the Lipschitz constant L, as described in the following
lemma:

NG? In(1/6
| B 0]~ B [60760)] | < 2Roacioln) +exp (<50 ) ¢y 2L

11



Lemma 7. There exists a constant ¢ > 0 such that the Lipschitz constants Ly, L, of ¢ and p are bounded by

N6?
cexp <Z+1> (01N +60.1)
c

when N > 32 - 9;21.

This finishes the proof. O

In the next section, we prove Lemma 7.

5.1 Bounding the Lipschitz Constants

As ¢ and p are piecewise functions, their Lipshitz constants are bounded by the sum of the Lipshitz constants for the
piece functions. Hence to prove Lemma 7, we need to prove the following 2 lemmas:

Lemma 8. There exists a constant ¢ > 0 such that the Lipschitz constant of ¢ for 0 < A < 0 and p for0 < A < 0 is

bounded by:
) No?
c; . exp (—CH> .
Lemma 9. There exists a constant ¢ > 0 such that the Lipschitz constant of ¢ for —1/v/2 < X < 0 and p for
0; < A\ < 1/+/2 is bounded by:
No?
cNO; i1 exp (—H'l>

Cc

when N > 3207,

Remark: in Subsection 3.1 we argued that we can reduce to margins in [—cg, cg] for a constant 0 < ¢y < 1, we

have now made use of this reduction, and chosen ¢y = 1/ V2.
The easiest is Lemma 8, which we start with:

Proof of lemma 8. Firstly, when 0 < X\ < 6;, $(\) and p()\) are defined as

0; — A

o) = 2

B ve(@) > 0:/2yf(z) =01 and  p(A) =5 P, [yg(z) > 0:/2 [ yf(w) = 6.

A
b g
Neither probability depends on the value of A, hence the Lipschitz constants are bounded by 1/6; times the probability.
Both probabilities are by Lemma 10, Lemma 11 and the Hoeffding bound bounded by.

2

- 62N
B, [ug(z) > 6,/2 | yf () = 0] < exp (ﬁzSN) < exp (_§2>

g

as wanted O

Proof of Lemma 9. We will go in detail with the argument for ¢ when —1/ V2 < A < 0, and remark when the
argument for p with § < \ < 1/+/2 is different.
For ¢ with —1/ V2 < X\ <0, we need to bound the Lipschitz constant of:

P vB(@) > 6,/2 |y () = .

By Lemma 11, this probability equals:

N /N
P H> k" = F(1L—pp)NF
HNBinom(N,ph)[ - ] Z (k)ph( ph)



where p, = 3+ 3 and k* = (% + L)N]| + 1.
To bound the Lipschitz constant, we bound the absolute differential:

N

9 1 N\ .1 N—k—1
2 p 0,/2 — | == 1- k—pnN
3 o o, 800> 002101 =] =5 3 (1 )oh 0 —p) Y+
N
1 N k N—k
- (1 - k— paN
T k;*<k)ph( i)Y F [k = prN|
N
1 N k N—k
- 1— — pu|.
8(1—,\2)];;*(1@)“( pr)" "k — prN|

The same analysis gives the same expression for p, since it is just the converse probability. By choice of cy we have
(1—-)2?)>1/2.

Letnow A = k* — p; N, and define Iy = [k*,k* + 2A] and I; = [k* 4+ 27A k* + 27F1A] for j = 1,...,5*
where j* is the smallest integer such that k&* + 27" 1A > N.

Then the sum above can be split up according to I;, and we get an upper bound:

1 ) N

Then for any k € I; with j = 1,..., 5% it holds that:
(2 + DA =k +2A —p,N<k—p,N<k*+27"A —p,N= (27" + 1)A

i.e., it holds that: |k — pp N| < max{ (27 + 1)|Al, (2771 + 1)|A|} = (27! + 1)|A| as well as for j = 0.
Returning to (16) we obtain the upper bound for ¢ when A € [—cy, 0] and p for A € (6, ¢g]:

1 N )
Ay ¥ (3 )k -
=0

kel;

Replacing the innermost sum with the corresponding probability, gives an upper bound:

%

J

1 .
~IA 2]""1 1 P H € [;].
16‘ |jz:%( + )HNBinOm(NJ)h)[ J}

We continue with the probability in the expression.

P Hel]= P k" +27A <H < k* 4+ 27T1A]
H~Binom(N,pp) H~Binom(N,pp)
= P (2 +1)A<H-EMH <2 +1)A]

H~Binom(N,pp)

Applying Hoeffding on the above, dependending on the sign of A:

. ; 2(27 +1)2A2
if A > 0 then P [Hel]< P [ +DA<H-EH]<exp(-—o 270
H~Binom(N,pp) H~Binom(N,py) N
. 2(27+ 4 1)2|A )2
if A < 0 then P [Hel]< P [H-E[H] < (2 +1)|A]] < exp (—(Jr)') .
H~Binom(N,pp) H~Binom(N,py) N

Hence for both cases, we bound the probability with the largest of the above.

2(27 + 1)2A|2> .

H e I;] <exp (— I

H~Binom(N,py)

13



To summarize, we have so far argued that:

o B () > 0,/2 | yf@) = A < *IAIZ @+ e (-

Covering both ¢ when A € [—cg, 0] and p when X\ € (6;, cg).

N

2(27 +1)%|A2

a7

Now we examine this bound when 6; behaves nicely. For ¢, the analysis is easiest for —0; < A < 0. Remark that

the assumption N > 32 - 9 , implies N6; > 1 and N6, /4 > 1.

since NO; > 1

N N6, N NXA_ NO; NX _ N¢;

< = | — _— - >

A<0 = A L2 4J+1 5 5 > 1 2_4>0
N0, N)\ _ N¢; NY;

fisrst = 1 2 =2 7 =
For p the analysis is easiest when 6; < A < (9/4)6);.

NO; NX _ NOb; NGO,
NO; NX N9, NO; NO; NO;

< < — S < —

bi<h = A=+ > =3 Tt 2 tl=-7

Hence for both nice cases, |A| < 2N6; and |A]? = A% > N262 /16, reducing the upper bound to:

1 22 +1)2NO2\ 1 & -
§N9i2(27+1 +1)exp (—(4—)1> < gNGiZ exp(27) exp (—

16

Jj=0 Jj=0

Now the assumption also implies N§? > 8 , which implies that 8V - 271 < 2/ N§? and exp(—

hence the bound becomes:

1 & 2% +1)NO2\ 1. &

23
2\ 277+1

IN

J=

Yielding the wanted bound for the nice cases, since 26; = 6, 1.

(27 +1)2N6?

8

1 2\ — No?
8N9,»exp< )Zexp( 0) < N6, exp (—

since N6;/4 > 1

)

NOZ/8) < 1/2,

No?
8

For the not-nice cases, we return to (17), and differentiate the right side with respect to A. For the not-nice cases
to follow from the nice cases, we need the differential to be increasing for A < —#6;, and decreasing for (9/4)6; < .
We start with A < —6;. Since A > 0, we can reduce to differentiating (17) with respect to A.

1 & ) 2(20 + 1)2A2
Jj+1 _
LSl (e (22

S o (I g (A2 (

2(27 4 1)2

N

).m).

We remark that since A is decreasing in A\, we want this differential to be negative, since then in total it will be

increasing in .

The expression above is negative for all j = 0,..., 5%, if and only if
27 +1)2 -
1- %4A2 <0 — N < 4(27 +1)2A%

14



This is indeed true, since A? > N26? /16 and N¢? > 8. Finishing the not nice case for ¢
We continue with (9/4)8; < A, here we remark that: A > 2 — M2 > M2 making |A| < max{| — Y&, | -

2 2 1
%H = % so now we can remove the absolute value and differentiate:
NI . ) 2(27 + 1)2A?
- Pt S D Y s =
32;( * )8/\( eXp( N >>
NI 2(27 + 1)2A? 2(27 + 1)2A2 2(29 +1)? N
=Y (2@t 41 B L S [T - - A (=
322( +1) (exp ( N + Aexp N N 5

this differential is negative for all j = 0, ..., %, if and only if
L+ A2 +1)22A <0 = —A27 +1)%2A > 1

Firstly, using the not-nice assumption A > (9/4)6;, and N6? > 8

N, N6, 9ING; TNO; 6N,
QA< L 42 -NA< — +2— =9 L i)
=2 7 ST Tt 1 =1
Finally,
j 2 j 23 j 23 \1n2
=27+ 1)2A > A2+ 1) §N91- >(27+1) §N91- >12
Finishing the not-nice case for p, and thus finishing the proof. O

6 Half-Margin Generalization Bound

In this section, we proceed to bound (13) as stated in the following lemma:

Restatement of Lemma 5. There exists ¢ > 0 such that with probability greater than 1 — § over the sample S ~ D"
it holds that:

E [£5%(g) - £5(g)]

g~Qy n n

D - \/(zj+1 +exp (~N8Z,/e)) n(lCn|/5) | In((Cx|/0)

sup (
feCxn(©4,L;)

When N > 32 -0,

Proof. Assume N > 320;21 and ¢ > +/3. Firstly, by Jensen’s inequality, to prove the Lemma it’s enough to prove
that, with probability greater than 1 — § over the sample S ~ D™, it holds that:

. . l; —N6? In(|HIN /6 1 N
sup ( E [‘c%”(g)_ggﬂ(g)m <ec \/<J+1+QXP( P1/c)) In([H| /0) (M| /)
FECH(04,L;) \8~Cs n n

We start by fixing g € C and remarking that:

0;/2 1
£g*(g) = oY) <02 = = > Muaezo/2)
’ i€[n]

and additionally, Eg..pn [Egj/ 2(9)} = E%/ 2(g), hence using chernoff with

N E % (\/5%/2(g)nln(|CNl/5) + ln(|CN|/5))

15



yields the bound:

2
0;/2 0:/2 exn
JP LLp"(9) — Ls (g)’ > en] < 2exp (35%%(9))

Now since:

max{L%/*(g)nIn(Cx|/6), In(|Cx]/5)*}

v
|

02 ’
=5 (ﬁ%/?(g)nlnucm/é) + 1n<|czv|/6>)

C )

= — max{£*(g)n. In(|Cx|/8)} In(|Cn1 /)
2
C )

> L5/ (g)nIn(Cx|/5)

We end up with a bound:
. , £ (gnn(|Cx|/6)  In(|Cy|/d
e [‘E%/z(g)ﬁgm(g)’zg(\/ 5 @ninlion)/n) | m(ex) >)]

o [ GELD (g In((Cx|/8))n
o ( 2L7(9)
= 2exp (—In(|Cn|/6)) = 26/|CN]

Halving ¢ and union bounding over Cp, we get, with probability greater than 1 — ¢ over the sample S ~ D" that:

0;/2
Vg € Cy ]ﬁ%/“'(g) —cgi”(g)‘ <c (\/ﬁv (9)In(|Cn|/0) ln(ICN|/5)>

n n

Taking expectation over g ~ Q¢, the bound becomes:

5 [ - 2 @] < B [ (\/L%/2<g>ln<cN|/6>+1n<|cN|/6>)]

g~Qy T g~Qy n n

Since f(x) = a\/x + cis concave, Jensen’s inequality yields:

e [|cs @) - £ )] < \IEMf CAUILCTPNENTD

g~Qjy n n

Now we can take supscc, (e,,r,) on both sides and drop it from the right side since it does not depend on f. To finish

the proof, we just need to bound: Eg..o, [E%/z(g)] <lj+1 +exp(—NbZ/c).

16



Using the definition of margin loss and law of total expectation, we get:

) [ 0.
E [£%/%(g)= E [ P <4 ]
& el [ 2 [vse<?]
n 6,
= E P < =
(x,y)~D |:gNQf _yg(X) -2 _:|
= E P (x) < &- fx) > §9- - P l: fx) > 39-:|
(%,y)~D | &~Qs _yg - 2] Y 47" (xy)~D Y 47"

+ E lIP’ {yg(X)Se"]

(x,y)~D |[g~Qy

yﬂ@ii&]ﬁ%mﬂﬁ

< E i + 5(3/4)91'
T (xy)~D |g~Qy -2 P )

P [yg(X) < 01} | yf(x) > %(%

Now replacing the expectation with a supremum over margins and utilizing lemma 10 and 11,

G

A>(3/4)6;

< L% (1) + w><lem§@
0

S¢%Wﬂ+wlm®s

g~Qry 5
< LS () + P [H <1& 1 hnp s 1]
N H~binom(N,  +26;) -4 02
. 0
= LBy 4 P {H—IEH< ZL N +1—EH}
() o binomi 1426 H] < [(7 + )] [H]
Remarking that N¢; > 16 by assumption and E[H] = & + %N 0;:

S — ZNo;
s~ a1 ghhi<ll

4

1 No; 3 NO; _ No
N|+1-E[H] < 1-SNg;=1-— <
NI+ H] < == +1-3 8 — 16

Allows us to use the Hoeffding bound on the probability above, hence in total we archive the bound:

0, | 1 B )
g~EQ [g%‘ﬂ(g)] < £g/4)0i (f) +exp (_Q(L(4 + é)NJ +1-E[H)]) )

which finishes the proof, since by definition 26; = 6,1, Eg’/4)0i(f) <ljt1and [Cn| = |HN

7 Reducing to Smaller Tasks

In this section, we prove the following claim:

17



Restatement of Lemma 3. There is a constant ¢ > 0, such that for any 0 < 6 < 1 and any ©; = (0;,0,11], it holds
with probability at least 1 — 6 over the sample S ~ D™

VfeH: £ In(07,,n/ In([H])) In(|H]) +ln(e/6)>

_ b <
2 Ls(f) =e ( 07, n n

-2
When N > 64 - 9i+1
which together with Claim 1 allows us to reduce the main theorem into smaller tasks.

Proof. Firstly fix g € Cy, then we remark that:

@) = B |00 > 0 A vaeo < o] = P vreo <0 n val) < 58] < 250
- B I < S0 yal) > 48] = B Tvreo < 3 a voe < Do) < 200 )
Hence we can bound the difference:

gé?i‘”(f) < zg/zf’i @) _ parmn ) s
o [yf (x) < Zei A yg(x) > ;Qi]
WE 160> 00 A o) < 38

We bound the first term using Bernstein’s inequality.
Just like in Section 6, we use that:

. v v 7 1
E £(7/8)9z :6(7/8)91 d £(7/8)9@ - P < lg| == [P ,
JEIL @) = L5 ) and £ g = P lyglx) < ”Zu (vioGe)<(7/5)0.)
Hence
z {Eg“”i(g)cS/g”i(gPt] < oxp [ ——t
S~Dn “nl| T nﬁg/g)@ (g) + %t

Now choosing ¢

(7/8)0;
Z

and remarking that

2 n n

2
/30, 7\ 2 5 v 7\ 2
2> n? max < » (9 ’ <> > %max (ﬁg/sm(g)’ >

As well as:

L1 L Z L Z
nLp™" (g) + 5t < <2£g/8"’1 (9) + n) < 4nmax (cg/wz (9), n)

18



gives the bound:

2
%2 max (Cg/s)gi (9), %)

4n max (ﬁg/s)ei (9), %)

Z
< exp (—32> =4

setting &' = §/|Cx| = 6/|H|", and union bounding over Cy, we get, with probability 1 — § over the sample S ~ D"
that:

P L3®%g)

7/8)0;
B |0 e s

VA
— S eXp —
n

(7/8)0:

Vgeln TP l9) _ L% (g) < 32 (

In(1/6) N 1n(|7—l|)N>

n n

This bounds one part of (18), for all g € Cy;, i.e. it holds in expectation over g ~ Q. This allows us to take the
expectation over g ~ Qy, in (18)

2

n n

|
g~Qs [(xy)~D

[yf( ) < 29 A yg(x )>;9i”

+ E [
g~Qr [(xy)~S

{yf< ) > 60 A yg(x) < 294}

Finally, we bound the last two terms, as the computations are similar, we will focus on boundin the first of these terms.
Just like section 6, we replace the expectation with a supremum over margins and utilize lemma 10 and 11,

gN]EQf Lx y)~S [yf( )> 6 1 yelx) < 9 ” gNEQf (x,}I'P))~S [yg( )< g yfx)> HiH
7
< (s fro = o=
= (xy)~S [yg(x) = gai ¥ = 611

P ;)[HS\_(Z%-F;)NJ-Fl]

H~binom(N, 3+
70; 1
= P H-EH <|[(“2+>)N|+1-E[H]
Hwblnom(N %) 16 2

Remarking that N¢; > 32 and E[H] = £ + 1 No;:

NO; NG, N6 (76, 1 NG, N, N, N,
SR N|+1-EH] < 2% 1= 1< D0
6 16 2 <L<16 > J1I-EH < = =t 6 T1=T =0

Allows us to use the Hoeffding bound on the probability above, hence in total we archive the bound:

76; 1 B 9
P”V@Amm§gﬂgm<wa ﬂ%+1mm>

2N262 N6,
R T A G T

19
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Similar computation gives the same bound for the other term, including both in (19) yields:

M—Egi(f) S32(1n<1/5) N ln(|H|)N) e (_NG?H)

2 n n 211

Choosing N = 21192 In(62,;n/In(|H|)) then yields:

i+1
LE% | In(1/6 In(|H]) n(62, ,n/ In(|H In(|H
B gy < pl010) s UMD MR/ D) )
n 1T i+l
which gives the wanted result. O
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A Additional Proofs

A.1 Reduction Claims

Observation 1. We can assume without loss of generality, that all margins lie in the interval: [—cy, cg| for a constant
cg € (0,1)

Proof. Define hypotheses h and h_ to be the constant +1 and —1 hypotheses, then let H = H U {h,h_} be the
hypothesis set with these additions.
We want to map each voting classifier f € Cy; to another voting classifier fe C57, such that: all (x,y) ~
D,y f(x) € [-1,+1] implies that y f (x) € [—cg, cg] and sign(f) = sign(f)
Consider the function ®
1-— Co
2

Firstly, f € Cq7, since f € Cy. Then, hy(z) + h_(z) = 0 for all z, implying the first condition. Lastly, sign(h) =
—sign(h_), yields the last condition.

Hence by exchanging H with H, and mapping each f to f, we get smaller margins. This replacement is reversible
and only changes the size of the hypothesis class by an additive constant. Hence we can make the exchange without
losing generality. O

P :Cy — Cyp given by: ff=cof + (hy +h_)

Restatement of Claim 1. For any 0 < § < 1, the following holds:
1. If the sample S ~ D" satisfies (9) and (10) simultaneously for all (6, L,) and ©,, with slightly different
constants, then for that sample, (8) holds for all margins 6 € ( eln(|H])/n, 1} and all f € C(H).

2. With probability at least 1 — § over the sample S ~ D", the above event happens

Proof. Letin the following 0 < § < 1,0; = (6, 0;11] with 0,1 = €2*y/In[H|/nfori = 1,... log,y((e/ca)/n/InH]),
Lo =1[0,n"]and L; = (lj,141], with {;41 = 29n~! for j = 1,...,log,(n). We start by proving part 1.
We assume that S ~ D" is a sample such that for all (©;, L;) and ©,, it holds that:

s Lo(f) — L4 < e <\/lj+1 (hl(e/ L) In([#]) , Infe/ ‘”) | In(e/lir) n() | In(e/ ‘”)

fecy(©.L,) 07,11 n 07,,n n
€O;
(20)
and
L3740 In(62 In(|H ) In(|H])  In(e/s
V€ Cay Ly (f) CLY(f) < e n(0;n/ I;(I 1)) In(|#H]) N n(e/d) @1
2 07 1n n

Now fix § € (\/eln(|H|)/n7 1] and f € Cy.

Then there exists ¢, j such that§ € ©; = (6;,0;+1] and Eg’/4)0i(f) € Lj = (Ij,1j41], where 0; 11 = e2'/In|H|/n
and [ = 2in~!

We split into two cases, depending on whether or not it holds that:

(67, yn/ In([H]) In(|4]) 1n(6/5)>

2
07 n n

)<

Firstly, when this is true, we remark that: Lp(f) < Cg’/4)9i(f), 0 < 6;11 and (In(ef?n/ In(|H]|))/0%n) is decreasing
in 6 > /In(|H)/n, hence:

In(62, n/ In([))) In( ) 1n<e/a>> 5ol <1n<02n/ In[#) In(H)) 1n<e/5>)

0, 1n n 6%n n

o) < L8/ () < 8y (
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yielding (8) in this case.
For the other case, we remark that by definition of j, Lg’ /46 (f) < lj41 hence we know:
. In(62, ,n/In(|H|) In(|H 1 1)
> £ 1) sy (B D | )
07 n n

o W@ /(M) () | Ine/d) _ In(|H])

= 2 = 2
07 n 07

(22)

Firstly, since this is greater than n=!, we know j # 0 and therefore [; 11 = 2/; and [;41 < 2£g’ /90 (f). Applying
this and (22) in (20) gives:

807 < LolF) 4 ( \/ljﬂ <1n<e/lj+1>1n<|%|> . 1n<e/6>> L e/l (M) 1n<e/6>>

2 2
9i+1 n n 0i+1 n n

2 2
07 n n 07 n

< £/ (f) + ez (% 205V (LS () + L5/ (f)> < 3e2L5"M" ()

Hence (3c2) " 1LE(f) < Eg/4)6i(f) < 1;4+1, but more importantly ljjl < 3o LE(f) L

Additionally, applying (22) together with £&(f) > ,Cg’" (f)in (21) gives:

() > £%(f) > Eg/zx)ei(f) e (ln(9§+1n/ln(|7{|))1n(|7-[|) N 1n(e/5))

2
2 07 n n

S bt b b
- 4 8 8

Hence [j11 < 8L£%(f), combining this with l];ll < 62, ,n/In(|H|) and the previous conclusion lj:Lll < 3o LY(f) 71
and applying to (20) finally gives us:

olF) < L85(F) + cn ( WM (1n<e/lj+1>1n<|%|> . 1n<e/6>> | (/L) In(H) 1n<e/5>>

2 2
0i1n n 07 n n

2 D
Oiam n Oipan n

In(e3cy /LY 1 | ) In(ef? In(|H])) In(|H 1 1)
< £20F) 1 e <\/8'Cg(f) < n(e3es/LE(S)) n(#H]) | In(e/ >> | Ine02n/ n([H]) n(#]) |, Ine/ >>
which finishes the proof of the first part, since § < 6,11
Now that we have established the implications of the events (9) and (10) holding simultaneously, we can continue by

proving that this happens with probability 1 — § over S ~ D™,
From Lemmas 2 and 3, we know (20) holds with probability 1 — d; ;, and (21) holds with probability 1 — §;. Let

now
- (5)36Xp (_ln(e/lj;_;)ln(ﬁ-ﬂ)) md 6= (5>3exp (_ln(6922+01;l) 1n(H))

i+1 i+1
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< £(3/4)9i(f) Yo (\/2£(D;>,/4)9i(f) (ln(erﬂn/ In(|H])) In(|H|) N 1n(e/(5)> N In(efZ  n/In(|H])) In(|H|) N In(e/d)

)



Then:

log,((co/e)y/n/In|H]) log,(n) log, ((co/e)y/n/ In|H|) log,(n) 3
5 — g _In(e/lj+1) In(|H])
) D b= ) > () e =
=0

i=1 i=1 §=0 i+1
5 3 10g2((09/e)\/ n/In|H]) logy(n) ln(%) ln(|7—l|)n
“\e) ) > exp T 9w

i=1 =0
_(°
\e

>3 log,((co/e)y/n/ In|H|) log,(n) on — gD
227
summing the other direction, i.e substituting ¢ < logy((co/e)\/n/In|H|) + 1 — i and j < log,y(n) — j, this sum

> X (%)

i=1 §=0

3 logy((co/e)y/n/In|H]) log,(n) nin((H])

§ § : (L)722—2i+210g2((cg/6) ) In [ H])
9logy(n)—j
0

i=1 J=
3 logy((co/e)y/n/In|H|) log,(n) In(|H[)2e222i—2

S )

i=1 j=0
3 logy((co/e)y/n/In|H]|) log,(n) In(|#[)22¢—2

()

()

(@) e
&) = X ’
()
()

i=1 j=0
3 logz((co/e)y/n/In[H]) logy(n) 1
DY > ()

i=1 =0

3 logy((co/e)y/n/In|H|) log,(n) < In( )220~

221,—2

227,—2

3 logy((co/e)y/n/In|H])
) Z ) (

[

i.e union bounding over all pairs (©;, L;) withi = 1,...,log,((cg/e)y/n/In|H]|) and j = 0,...,logy(n), gives that
(9) holds for all pairs with probability at least 1 — §/2.
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Doing the same for (10), gives:

ogallca/ )y n/In D Pgallco/ Iy HD 5y 8 In(eb?, ;n) In(|H|)
Z 6; = Z -] exp|— 5
e 0

i=1 i=1 i+1

3 logy((co/e)y/n/ In|H])

1)
< (e) Z exp (—In(eb7, n))
=1
5\3 log,((co/e)y/n/ In|H]) 1
B <e> i=1 607;24»1”
s 3 log,((co/e)y/n/In|H]|)
- <e) ; e31n [H|2%n
g logy((co/e)y/n/In|H])
(2 Z !
~— \e — €22
3
< <5> <4§/2
e

Finally remarking that:

/s < () e (We/ lﬂ‘“”“('”") wnd /o< () e (ln<eefﬂn> 1n<H>>

oz‘2+1 01'2+1
implying that
4 In(e/l;41) In(|H])
in(e/,y) _ (/0" exp (MEAGRL))  ess)  in(efty ) ()
n - n n 07, n
and

i+1
= 2
n n n 9i+1n

In(e6?, n) In(|H|)
Ine/o;) _ ((e/8)" exp (P20 ) ) Jn(e/8) | In(e62, n) In(H))

Hence in conclusion, we have proved that with probability 1 — § over the sample S ~ D™ it holds for all (©;,L;),
that:

wp |Lo(f) = 220 <C< \/ljﬂ <1n<e/lj+1>1n<ﬂ> +1n<e/5i,j>> . Ine/l) In(#)) +m(e/ai,j))

2 2
FeCn(©4,Ly) 0iyn n 0iiqn n
ISSH

§c<\/zj+1 (21n(6/lj+1)1n(|7'l|) +41n(e/5)) L oInle/l) In(|]) +41n(6/5)>

2 3
Oiam n Oipan n

as well as for all ©,, it holds that

(3/4)0: 002 n/ln 0 e/s.
vicew: 2D gc(l (624 /912+|17Z|>1 () 1 (Z/&))
<e (21n<9?+1n/ In [H) In([H]) 41n(e/5))
B 07 1 n

finishing the proof of the second part of the claim.
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A.2 Replacement with ¢ and p

Restatement of Lemma 4.

gNQf[ b ) > 02y <0 < B lo(y/(x)]
B LB ) > 0200 <6l > B fo(ys00)]
= Lx,ym x) < 0/20y1(x) > ]: < L E s o)
gE%L&gqﬁ%@)<9ﬂAyf@)>m:>QJWD[@ﬂ Nl

The proof uses the following monotonicity property, which we will prove after the Lemma

Lemma 10. for any A1, Ao such that —1 < Ay < Ay < 1:

P [yg(z) > 0/2|yf(z) =M] < P [yg(z) > 0/2 | yf(x) = A\
g~0Qjy g~Qy

Proof of Lemma 4. Firstly we remark that we can swap what we take probability and expectation over:

=y wﬁmWQ@>9ﬂAyﬂﬂém}ZngjJawg@>9ﬂAYﬂ@§m

Hence to prove the first inequality, we just need to prove Pg.o, [yg(z) > 0/2 Ay f(x) < 0] < ¢(yf(x)) when y f(x)
is fixed (and similarly for the other three expressions). Lets start with the inequalities concerning ¢
By definition, ¢(\) depends on the value of A

B igl) > 02 yf@) =N —1<A<0

6N =392 b e@)>0/2]yfx)=0] 0<A<0
0 g~y

0 h<r<1

hence to prove the first inequality involving ¢ , we split into cases:
o —1 < yf(z) <0implies:

P vg(@) > 6/2nyf(@) 0] = P [yg(e) > 0/2Ayf(@) <0| -1 < yf() <0]

P f[yg(:c) >0/2] -1 <yf(r) <0] = o(yf(z))

g~Q

*if 0 <yf(zx) <1, then Pgo,[yg(r) > 0/2 Nyf(x) <0] =0 < ¢(yf(z))

This in total gives the first of the four inequalities.
For the second inequality we need to prove Py o, [yg(z) > 0/2Ayf(x) < 0] > ¢é(yf(x)), we split up into cases:

« —1 <yf(z) <0implies yf(z) < @ and hence:
B, ve@) > 072 nyf(z) <0 = T, lyg(@)>0/2Ayfx) < 0] -1 <yflz) <0]

g~Q
:gjzf@g@ﬁ>¢ﬁ2\—1<:yﬂ$)§0]:@“yﬂzn
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* if 0 < yf(z) < 0, then by definition and monotonicity (Lemma 10),

Pyf(x) < P [yg(z)>0/2yf(x) =01 < P lyg(r) >0/2]0 <yf(r) <0
g~Qy g~Qy

= B [ve@) > 0/2Ayf(@) 010 <yf(@) <6 = B [ya(x) > 0/2Ayf(x) < 0]

«if 0 <yf(x) <1, then p(yf(x)) =0 =Pgoo,[yg(x) > 0/2 Nyf(x) <0

This in total gives the second of the four inequalities
The arguments for p are similar.

Now to complete the argument, we need to prove Lemma 10.

Proof of Lemma 10. Firstly by Remark 12:

+

NN
no| >

v@=X = B [hz)=1=

Now let T ~ U(0, 1) be uniformly distributed, let f(z)y = A; and h ~ Dy, then

h(z)y<2-1 ~1

(r<i3 (D

And most importantly, since A; < Ao, forall T' € [0, 1]

Meaning that:

And hence, in probability

I, lve(@) > 0/2yf(z) = M

g
" (i)} zlv% yhi(z) > 0/2 ] yf(@) =X
= {Tl,...,TNIP;NU(O,l)N ]i[iez[;v](Q . H{TS%JF%I}(T) -1)) > 9/2_
= {T1,...Tx }~U(0,1)N _1 g[;v]@ : ]]'{TS%J,_)‘TQ}(T) -1)) > 9/2_
:{hl,.“,FN}w}v ;]ig[;v]yhi(x) > 0/2 ‘ yf () = Ag

= B, usl@) > 072 | yf(z) = A

the wanted monotonicity holds
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A.3 Evaluating ¢ and p
Lemma 11. Forall f € C(H), n, A € [-1,1] it holds that:

P z) > )=\ = P H> k"
ey [yg( ) n ‘ yf( ) ] HNBinom(N,ph)[ o }

wherep, = 2 + 3 and k* = (2 + 3)N| +1

Firstly we argue
Remark 12. yf(z) = A = Php,[yh(z) = 1] =1+ 3

Proof. Computing the expected margin of a base classifier in two ways gives the claim

hNIED'[yh(m)]:yh Ds _yzh D [h = hlh —yZahh )=yf(x) =
’ - hew 7 hert
hNEDf bl = hNIEDDf yhie) =1] - hiPDf yh(z) = 1] = 21[1~[P>Df [yh(z) =1] -1

O

Proof. Each g € Cy sampled using Qy is defined by 1/N ZiE[N] h;, where the h;’s are sampled from H using Dy.
Hence the margin of g depends on the margins of the h;’s, or equivalently on the correctness of their prediction on
(x,y).

Z ha {correcth}\ [{wrong h;}|

N
ze[N

Therefore we have an equivalence of events, when y f (z) = A:

1 1
yg(x) >n <= |{correct h;}| > (?27 + 2) N <<= |{correct h;}| > L(Z + 2) N|+1

hence we have an equality of probabilities.

(B B 202 [y == B [Hcmect hiyl > L(é " Z) Nl+1 ‘ yf(x) = )\}

Now by Remark 12, the probability py, that h; is correct on (z,y), is p, = 3 + 3, forall i € [N].
Let £* = L(§ + %) N | + 1, then the above event corresponds to getting at least k* successes out of N consecutive

Bernoulli trials with success probability p;,. Which is exactly the statement of the lemma. O

28



	Introduction
	Proof Overview
	Main Proof
	Preliminaries
	Proof

	Conclusion
	Rademacher Bounds
	Bounding the Lipschitz Constants

	Half-Margin Generalization Bound
	Reducing to Smaller Tasks
	Additional Proofs
	Reduction Claims
	Replacement with  and 
	Evaluating  and 


