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Abstract

Tensor decomposition is widely used for multi-way data analysis and
computations in chemical science. CP decomposition is one of the most useful
tensor decomposition models for capturing the essential information in massive
multi-way chemical data and for efficiently performing computations with such
tensors. However, efficiently and accurately computing the tensor decomposition
itself is a nontrivial problem that sometimes limits the advantage of tensor
decomposition methods. In this work we propose and test three new
decomposition algorithms, that are defined from extrapolation ideas applied to
the alternating least square (ALS) algorithm for CP tensor decomposition. The
performance of the proposed algorithms are validated on both a variety of
simulated datasets and real experimental datasets including fluorescence
spectroscopy data, hyperspectral data and electroencephalogram (EEG) data.
The results show that the proposed algorithms significantly accelerate the
standard CP-ALS decomposition while maintaining favorable accuracy. One of
the proposed methods, denoted direct inversion of the iterative subspace-like
extrapolated ALS(CP-AD), is inspired from widely used extrapolation procedures
used in the context of solving non-linear equations in quantum chemistry, and
shows a particular attractive combination of a much reduced number of iterations
needed for convergence, and modest computational cost. For example, CP-AD
provided resulting tensors of similar accuracy but significantly lower
computational cost than the standard CP-ALS algorithm and the widely used
line-search based CP-ALS extrapolation procedure. The proposed methodology
may thereby boost the application of tensor decomposition modeling in both
experimental and computational chemistry.

Keywords: Optimization; Tensor decomposition; Computations; Algorithms;
Alternating least square

Introduction

With the developments in higher-order analytical instruments and the associated
data collection and storage power of computers, the presence of large datasets is
a common theme in chemical science. Furthermore, chemical data are not only
measured or observed quantities from experimental chemistry, but may also be in-
termediate or final results of computer simulations. In many cases the data come
in the format of a tensor, a multi-way array, which is a generalization of matrices
to higher-order arrays. For example, fluorescence spectroscopy [1] and hyphenated
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in the format of tensors. These massive tensor data are often not fully utilized and
thoroughly investigated yet [3]. It remains a challenge for chemists to handle the
large chemical tensor data and turn them into valuable chemical information [4, 5].
Developing efficient and accurate methods for manipulating and analyzing large
tensor datasets is of pressing importance for obtaining insight and for the ability to
carry out practical and accurate computations. Tensor decomposition is a promising
and versatile tool for tensor data mining in many contexts, such as intelligent trans-
portation system [6], biomedical analysis [7] and communications process analysis [8]
etc. In recent years, tensor decomposition has gained more and more attention in
chemistry. A number of recent works have shown the effectiveness of tensor decom-
position techniques on multi-way chemical data analytics [9, 10, 11]. Tensors are
also omnipresent in quantum chemistry. Many quantum chemical methods can be
interpreted from a tensor decomposition perspective, i.e. the formally exact tensor
is recast in terms of a format that can be considered a tensor-decomposition by
ansatz. Furthermore, tensor decomposition can potentially boost methodology to
make methods applicable that otherwise would not be due to tensors being too large
or computations with them too costly[12].

CP(CANDECOMP/PARAFAC) decomposition is one of the most widely used ten-
sor models [13]. It was first officially proposed by Harshman with the name of
PARAFAC [14]. In the same year, the psychometricians Carroll and Chang [15]
proposed the same tensor model but with a different name called CANDECOMP.
CP refers to the combined name of CANDECOMP/PARAFAC. CP decomposition
is very useful for representing the tensor in an attractive and economical format
capturing the essential information with less data and more computationally conve-
nient. For example, in the case of three-way tensor, CP decomposition factorizes the
tensor into three factor matrices representing the information of each of the three
ways. In other words, CP decomposition can be defined as the sum of outer prod-
ucts of three column vectors coming from these three factor matrices. However, the
process of decomposing a given tensor adequately into simpler data objects is a non-
trivial problem preventing taking full advantage of tensor decomposition methods
in many contexts. The central challenge lies in efficiently and accurately computing
the tensor decomposition itself.

Some algorithms have been developed for decomposing tensors into the CP for-
mat over the years, including the alternating least squares (ALS) algorithm [16],
partitioned Hierarchical ALS algorithm [17], a randomized algorithm [18], damped
Gauss Newton algorithm [19], and a proximal gradient algorithm [20], etc. Many
of the available CP algorithms are computationally expensive and algorithmically
complex, and some of them are not necessarily capable of computing an accurate
decomposition in many natural settings. By far the most widely used workhorse
algorithm for fitting a CP model is the ALS algorithm [21] (CP-ALS) which is
normally employed as a standard algorithm in the available tensor toolboxes and
as a benchmark algorithm for comparison. This is not only because the CP-ALS
algorithm is simple and easy to implement in practice, but it also has flexibility for
imposing meaningful constraints on the model and parallelizing the computation.
The CP-ALS algorithm often represents a good trade-off in convergence time and
solution quality compared to other algorithms [16]. However, the standard CP-ALS
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algorithm still often uses many iteration especially for large tensors. For complex
data, it is not unusual that the CP-ALS algorithm cannot converge within an accept-
able number of iterations and computational time. Local minima issues are another
type of practical problems for the CP-ALS algorithm preventing the applicability
of the CP model solution and the subsequent expert analysis in chemistry [22].
In many chemical applications, unique tensor solutions have vital chemical mean-
ings. For example, when using a CP model on three-way fluorescence spectroscopy
data, the tensor solutions, meaning the decomposed three factor matrices, represent
for the pure emission spectra, excitation spectra, and concentrations of the com-
pounds, thus the tensor solutions have to be uniquely determined. It is therefore
highly timely and important to develop efficient and accurate alternatives to the
CP-ALS algorithm.

In this work, we develop new algorithms that depart from CP-ALS by using ex-
trapolation techniques to reduce the number of iterations and time consumption
while maintain the accuracy of the solutions. The paper is structured in the fol-
lowing manner. In Section 2, we introduce the relevant methods and propose a set
of accelerated CP-ALS algorithms. Section 3 briefly describes the experimental se-
tups, simulated datasets and real datasets used for validating the algorithms. The
experimental results are shown and discussed in Section 4. Finally, conclusions and
perspectives are given in Section 5. Some additional results have been deferred to
the additional files.

In this paper, we follow the conventional notations and nomenclature from [13, 23].
Scalars are denoted by italic non-bold letters e.g. S, while vectors are denoted by
bold lowercase letters, e.g. v, having elements v;. In case of a matrix, bold capital
letters such as M are used having elements M;;. Tensors are denoted by bold capital
letters with underline, e.g. X. The order of a tensor is the number of dimensions,
and the individual dimensions are denoted as modes. We will focus on order three
tensors. The element on the i, row, js;, column and kg, slab in X is denoted by
Z;jk- The mathematical symbols © represent the Khatri-rao product, while outer
product and element-wise Hadamard product are denoted by o and &. The super-
script T means the matrix transpose and superscript + means the Moore-Penrose
pseudo inverse of a matrix. The norms used throughout are Frobenius norms (the
square root of the sum of the absolute squares of the elements of vectors, matrices
and tensors).

Methods
The CP-ALS algorithm
A given third-order tensor X € R/*/*X " can be written in terms of a CP decom-

position X and the corresponding residual R
H
X=) ajobyoc, +tR=X+R. (1)
h=1

Here ap, by, and ¢y, are vectors, and H is the tensor rank (the number of rank-one

tensors) of the CP representation. The residual is also often denoted by the error,
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and from it a scalar loss function can be obtained e.g. like the 2-norm of the residual
tensor. The CP model can also be written in the stretched matrix form as follows:

Xixsx = A(COB) + Rywsk (2)

where X7« sk means the unfolded and stretched matrix from the third-order tensor
X, A, B and C are factors matrices containing the a;, by, and c¢j as columns, and
R« s refers to the residual in the same format as X« jx. The “outer product” of
each term in Eq.(1) corresponding to outer products of columns from A, B and C
is in general called a rank-1 tensor. The optimization problem of CP decomposition
for a given target tensor X and chosen rank can be written as minimizing the sum
of the squared residual between the target tensor and the CP representation with
respect to the factor matrices of the CP tensor

in [[X = X[ = min |IR] (3)
Thus the optimization problem corresponds to finding the factor matrices (A, B, C)
minimizing the residual. Unlike matrix decomposition, the CP decomposition is
unique up to elementary scalings and permutations under mild conditions, see
Ref. [13].

In CP-ALS, the estimated factor matrices are calculated iteratively in a least
square way. In each iteration, the factor matrices are in turn determined in a
least square manner while fixing the other two factor matrices in the case of
third-order tensor. Thus, after updating the matrix A for the first mode, keep-
ing B and C fixed, we proceed to the next modes, until all the three modes
are traversed. The update process is then iterated until a predefined stop crite-
rion, e.g. regarding the change in residual norm. In terms of equations the indi-
vidual least square optimizations can be written as (see for example Ref. [13]):
Acstimate = Xrxux[(C © B)T]T = X147k (C © B)((C © B)"(C ® B))*, where
(C®B)T(C ® B) can be calculated as (BTB) @ (CTC) [13, 24].

Bro's Line Search Extrapolation

Bro’s line search extrapolation from the N-way toolbox, is one of the widely used
extrapolation techniques to accelerate the convergence of the CP-ALS algorithm
[25] and we therefore compare our methods to it. We shall denote it CP-AB in this
work. Since CP-AB is not new with this work we only describe it very briefly and
refer to the literature for more details. In order to get the best step size, CP-AB
employs a golden section search procedure in the line search extrapolation, followed
by a polynomial regression on the step size related parameters [25][26]. Specifically,
it uses the golden section search to narrow down the range of acceleration step sizes
on a predefined interval, and then a polynomial regression is fitted on the matrix
containing all step size, their square numbers, constant number and residuals. By
doing so, the best acceleration step size that produces the minimum residual at the
current iteration can be obtained. The step size is then used for extrapolating the
factors matrices A, B and C. The update process is repeated for each iteration
until the CP-ALS algorithm converges. Basically, Bro’s line search extrapolation is
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deemed to be a robust method to accelerate the convergence of CP-ALS algorithm
since the optimized step size is calculated and used at each iteration [26]. However,
it is still computationally expensive, especially for large data sets.

Direct Inversion of the lterative Subspace Extrapolated CP-ALS

Direct Inversion of the Iterative Subspace (DIIS) is a widely used and by now
textbook method for solving various non-linear equations in quantum chemistry [27,
28], including for example the nonlinear coupled cluster amplitude equations [29].
The general idea in these applications of DIIS is that improved guesses of solutions
are obtained by using information obtained during the previous few iterations. Here,
we mimic the basic idea of the DIIS method and propose an as-simple-as-possible
DIIS-like extrapolated CP-ALS algorithm which we shall denote CP-AD. To our
knowledge, DIIS has not been explored at all before in a tensor decomposition
context. In CP-AD, we define the residual tensor at iteration 7 as the difference
between the target tensor X and the current CP representation, X,

R, =X-X,; (4)
We keep a set of factor matrices defining the CP decomposition at different iterations
{f17f27”' afn} (5)

The set of all the factor matrices are represented in the vectors f; consisting of
stacked vectorized factor matrices (i.e. a vector consisting of the stacked vectorized
factor matrices vec(A), vec(B), vec(C) at iteration i, where vec is used to denote any
consistent choice of vectorization of matrices or tensors). The residual are similarly
stored as a set of vectorized residuals (r; = vec(R;) )

{1‘1,1‘27"' ,I'n}~ (6)

Using this information from previous iterations we seek to obtain an improved guess
from the last iteration. This can be considered as some kind of extrapolation or as
optimization. To proceed, we assume a linear relationship between the factor matrix
elements defining the approximate tensor in a given iteration and the residual. In
fact, the estimated decomposed tensor, and therefore also the residual, depends on
the product of factor matrix elements according to the definition in Eq.(1) and the
relation is therefore non-linear. However, given that the factor matrices are not too
far from optimal, the change in residual from the optimal values for the given rank,
may to a reasonable approximation be considered linear to the deviations of the
factor matrices from their optimal values.

Based on this assumed linearity, CP-AD tries to estimate the best linear combi-
nation of the available factor matrix elements. Thus, the optimal parameters are
written as a correction to the parameters of the last iteration with weights for the
difference between this and previous parameter sets

n—1 n
fn,opt - fn + Z Cz(fz - fn) - Z Cifi (7)
=1 =1
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The last equality follows with the following constraint on the weights ¢;, > ., ¢; =
1. The weights c; are to be determined as the set giving the expected lowest residual
norm of the corresponding optimized tensor while satisfying this constraint. Refer-
ring to the assumed linearity, the residual of the optimal parameters is estimated as
>oi, ¢ir;. To perform the constrained optimization of the norm square of this, we
use a Lagrange method. Specifically, we construct the following Lagrangian function
(see also [27])

L= zn: CiMijCj — QA(Zn: C; — 1) (8)
i=1

i,j=1

where Mjy; = rZTrj, A is an undetermined Lagrangian multiplier and the factor of 2
is introduced for convenience. The minimization of the Lagrangian L with respect
to the coefficients and multipliers gives the following linear equations

% 2)6-()

determining the weights ¢;. From these, we obtain f,, ,,; through Eq.(7), which de-
fines updated factor matrices. We can then use it to compute the actual residual,
R

==n,opt’

ALS, such that after an ALS round of factor matrix updates for all modes, we per-

for the extrapolated tensor. We have integrated the above optimization with

form the above DIIS-inspired analysis for the recent factor matrices and tensors to
produce an optimized DIIS solution. We have implemented two algorithmic vari-
ations of this. In the first algorithm, if f,, ,,; has smaller residual norm than the
previous, we will keep f,11 = f0pt and R,y = Emopt and proceed with it for
the next iteration. However, if it is found at some stage that the optimization step
leads to an increasing residual, we abort the optimization and give up the extrap-
olated estimates and residuals. In that case, we will continue with the standard
least square updates of that iteration. In the second implementation of DIIS based
CP, we always continue with the DIIS extrapolated estimates for the next iteration
without any checking procedure. Therefore, we name the first implementation as
conservative CP-AD (CP-ADc) and the second implementation as simply CP-AD.
In the main text of the paper, we show the algorithm (Algorithm 1) and results
of CP-AD since it was found to be more efficient and sufficiently stable in many
of our exploratory computations. The algorithm details of CP-ADc is shown in the
additional files in the supporting information. For computational efficiency it is at-
tractive to limit the subspace in CP-AD to only the latest few estimates of f in the
iterative procedure, niypiq;. L.e. in the sums in Egs.(7-8) we need not sum over all
iterations, but limit ourselves to the most recent iterations that is anticipated to be
most relevant anyway. In our case, we use the last three iterations (n4q1 = 3), and
it yields favourable results. Similarly, we start with ny,;,; standard ALS iterations
before applying the DIIS-type optimizations.
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Algorithm 1 CP-AD algorithm

1: initialization: Do SVD on raw tensor X to get a set of initial factors matrices (A,B,C), and set
i=1

2: whilei=1,2,3,... do

3 update the least square factor matrices - first use CP-ALS:

4 A=X;k[(COB)((B'B)& (CTC)*;

5: B =X x1x[(COA)((ATA)® (CTC))H);

6.

7

8

C=Xgxr[(BOA)((ATA)® (B"B))"];
calculate the residual tensor R, = X — X,
if 1 < ngpiqr then

9: store the factor matrices and the stacked residual vector
10: else
11: Perform CP-AD acceleration:
12: store the factor matrices and the stacked residual vector
13: Use the last n¢,;4; residuals to compute the M matrix,M;; = rZTrj
14: Calculate the weights of the last n4,;4; factor matrix estimates according to equation 9
15: compute improved factor matrices according to equation 7 to get optimized (A4, B;, C;)
16: calculate the residual tensor R, = X — X,
17: end if
18: seti=1+1
19: repeat until the residual change reaches the predefined criterion
20: end while

Geometric Search Extrapolated CP-ALS

Geometric Search was initially proposed for computing the PARAFAC2 decompo-
sition, which is a non-strict-multilinear model for analyzing e.g. shifted multi-way
GC-MS data [26]. In this paper, we extend the Geometric Search scheme and com-
bine it with PLS toolbox line search [25] (Eigenvector Research, Inc., Manson, WA
USA) to extrapolate the CP-ALS algorithm. We name the new algorithm CP-AG.
In a number of successive ALS iterations, the estimated parameters D; in the i,
ALS iteration are supposed to be expressed as a sequence:

D;=ar' +bi1 <i<ip,0<r<1 (10)

where i; and is are the starting point (iteration) and ending point (iteration) of
the considered sequence, and 7 is the so-called convergence rate. The parameters
{D;} include the factor matrix parameters in A, B, and, C obtained from the full
ALS iterations. a and b are parameters, where it is particularly noteworthy that
increasing the sequence it converges to b, which forms the basis for an extrapolation
algorithm [26]. Rather than using a full ALS sequence one can use a few parameters
obtained during a few ALS iterations (here four). We accordingly follow steps 3-6 of
Ref.[26] in implementing CP-AG and the full algorithm is documented in Algorithm
2. As it turns out it is less attractive than other extrapolation algorithms in many
cases we avoid repeating any details and refer to the previous work and the algorithm
for all details.
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Algorithm 2 CP-AG algorithm

1:

2:
3
4:
5:
6.
7
8

47:
48:

initialization: Do SVD on raw tensor X to get a set of initial factors matrices (A,B,C), and set
i = 1, confidence threshold = 0.9, probability percentage P = 0.7, flag =0
while i =1,2,3, ... do
if flag = 0 then
update the least square factor matrices:
A =Xy k[(COB)TT
B =X x1x[(COA)TTT;
C=Xgx1s[(Bo AT
where
[(Ce®B)')* = (CoOB)(B'B)® (CTC))*;
(CoOA)T]* = (CoA)(ATA) @ (CTC))*;
(BoA)TT* = (BOA)(ATA) @ (BTB))*;
calculate the residual tensor R, = X — X,
else if flag =1 then
compute r = (D; — D;—1)/(D;—1 — Dij_2) where D refers to the factor parameters in
(A7 B7 C)
if 0 <r <1 then
do geometric search extrapolation by Dy = (D;—2D; — D? |)/(D;—2 + D; —2D;_1)
else if »r < 0 or r > 1 then
do PLS toolbox line search by Dy = D; 4+ 4'/2 x (D; — D;_1)
end if
calculate the residual tensor norm R; = ||R,|| and evaluate the extrapolation:
if Rt < R;—1 then
(A, B4, C;) « Dt
flag=0
else
Ai «— Ai,]_ Bi «— Bi,]_ Ci — Ci,]_
flag=2
end if
else if flag=2 then
do PLS toolbox line search by Dy = D; 4+ 4i'/2 x (D; — D;_1)
calculate the residual tensor norm R; = ||R,|| and evaluate the extrapolation:
if Rt < R;_1 then
(Ai7 B;, C,) < Dy
else
Ai «— Ai,]_ Bi «— Bi,]_ Ci A Ci,]_
increase the denominator of the power of ¢ with 1
end if
flag=0
end if
store the maximum parameters from each column of factors matrices for each iteration
take the parameters of four iterations and conduct the line regression on each parameter
if coefficient of determination R2 of Px total number of parameters > con fidence then
flag=1
else
flag=0
end if
seti=14+1
repeat until the residual change reaches the predefined criterion
end while
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Optimized Nesterov-like Extrapolated CP-ALS

Nesterov extrapolation is a well-established acceleration method for gradient de-
scent. It was firstly proposed by Nesterov for minimizing convex problems and was
confirmed to achieve the best convergence performance [30]. By introducing and
correcting the momentum term, Nesterov’s acceleration scheme provides a larger
movement and a flexible correction to the descent gradient so that gains in conver-
gence is achieved. Recently, Ang et al. mimicked the Nesterov acceleration scheme
and proposed a Nesterov-like extrapolation scheme for accelerating the convergence
of non-negative matrix factorization [31] and further extended it to accelerate non-
negative Hierarchical ALS algorithm (CP-HALS) for tensor decomposition [32].
Here we will focus on CP-ALS with the relative disadvantages of CP-HALS dis-
cussed by [24]. Thus, we develop an Optimized Nesterov-like extrapolation scheme
for accelerating the convergence of the CP-ALS algorithm, named as CP-AO. In
CP-AQO, we implement a new correction scheme on the extrapolation variable § in
the context of CP-ALS algorithm. In greater detail, CP-ALS iteratively updates the
matrices A, B and C by solving a least squares problem. If CP-ALS would update
Ald t0 Ajew, we instead update to Agq + B(Anew — Aold) for some step size/the
extrapolation parameter § that depends on the residual errors and other control
parameters.

CP-AO starts with an initialization of control parameters B€[0,1], B€[0,1],
1<n<n<e€y. When the residual increases, § from the current iteration will be
decreased by parameter v and it will be used as the ceiling parameter § for the
next iteration. As long as the the residual decreases, the parameter 8 will be in-
creased by taking the maximum value from § and 13 and the ceiling parameter
will also be increased by taking the maximum value from one and 73, which means
that we are confident to permit the algorithm to move a large step if the current
extrapolation is accepted. In our tests, the combination of y=1.5, 7=1.03, n=1.1,
$=0.05 and =1 yields favorable results. More details of CP-AO can be obtained
from Algorithm 3.
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Algorithm 3 CP-AO algorithm

1: initialization: Do SVD on raw tensor X to get a set of initial factors matrices (A,B,C), and set
it =1, v=1.5, 7=1.03, n=1.1, 5=0.05 and =1

2: whilei=1,2,3,... do

3 update the factor matrices:

4 A=Xnk[(CoB)T

5 B=Xyxl(CoA)TT

6.

7

8

C=Xgxrs[(BO AT
where
. [(COB)I]* = (CoB)(BTB)& (CTC));

9. [([CoA)T]T=(CoA)((ATA)® (CTC)T;
10: (BoA)T|t=(BoA)((ATA)® (BTB))*;
11: do CP-AO extrapolation to get (A, B¢, Ct):
12: At=A+ﬂ*(Aonld)
13: Bt:B“’B*(B_Bold)
14: Ct:C—‘rﬁ*(C—Co]d)

15: calculate the residual tensor norm R; = ||R;|| = ||X — X,|| and evaluate the extrapolation:
16: if R; < R;_1 then

17: Aglda < A Bgla < BCglqg «C

18: A(—AtB(fiBtC%Ct

19: set 3 = max(B, B *n)

20: set § = maxz (1, * 1)

21: else

22: Agla <~ ABglga < BCgqg«C

23: A+~AB+BC<«+C

24: set =0

25: set B =B/

26: end if

27: sett=1+1

28: repeat until the residual norm change reaches the predefined criterion
29: end while

Experiments setups and data sets

Experimental setups

All simulations and calculations were performed using an 1.8 GHz Dual-Core In-
tel Core i5 computer running macOS version 12.6.2 and MATLAB R2018a (The
MathWorks, Inc., Natick, MA USA). The maximum number of iterations for all the
algorithms was set to a very large number (5000) but was never met in any of our
computations. Singular value decomposition solution of the unfolded tensor is used
for the initialization for all the algorithms. In order to make a fair comparison, we
implemented all algorithms from scratch to avoid relying on library implementations
that e.g. support unnecessary functionality.

Simulated data set

A set of tensors with different sizes, different levels of noise and different number of
ranks are simulated. The factor matrices A, B and C used for simulating the tensor
contains uniformly distributed random numbers in the interval [0,1], respectively.
For balanced size tensors, the size of all the factor matrices are set as 150 x H. For
imbalanced size tensors, the sizes of A, B and C are set to 250 x H, 1000 x H and
10 x H. After a set of operations on A, B and C according to the CP decomposition
equations, the tensors with the balanced size 150 x 150 x 150 and unbalanced size
250 % 1000 x 10 are finally simulated. In order to make the simulation more realistic,
we add 0.1%, 1% and 10% levels of noise to each entry of the simulated tensors,
respectively. The rank is simulated as 5, 6 and 7 respectively, for both balanced
size tensors and imbalanced size tensors. For each combination of noise level and
rank complexity, 10 tensors are simulated with balanced size and imbalnced size. A
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total of 180 tensors (2*3*3*10) are simulated, leading to almost 1000 CP/PARAFAC
models that are used for the further analysis. Local minima are very rare but checked
for in all cases (by comparison of match with original tensor and decompositions
obtained from different algorithms) and if found the local minima solutions are
removed from the statistical analysis.

Real data set: Fluorescence spectroscopy data

The fluorescence spectroscopy data set measures the metabolite of human blood
plasma samples from a control study in colorectal cancer. Excitation Emission Ma-
trix (EEM) of 289 samples are recorded with the emission from 300 to 600 nm by
every 1 nm and with the excitation from 250 to 450 nm by every 5 nm, which results
in a 289 x 301 x 41 third-order tensor representing the dimensions of samples, emis-
sion spectra and excitation spectra. The NaN elements in the fluorescence tensor
are replaced by zero values and three CP components are used to fit the tensor in
the models. More details about the fluorescence data set can be obtained from the
original reference [33].

Real data set: Hyperspectral data

The hyperspectral data is a portion of Salinas A-scene data set which is a subscene of
the huge Salinas images. The data is acquired by using the airborne visible/infrared
imaging spectrometer over Salinas Valley. It consists of 80 x 84 pixels located within
the same scene and includes six end—members. Thus, a rank-six CP model can be
fitted to the hyperspectral tensor structured with the size of 80 x 84 x 204. Regarding
more information about the hyperspectral data set and the full images, see [34][35].

Real data set: EEG data

The event-related electroencephalogram (EEG) data exam the event-related poten-
tials and are used as the indices of stimulus elicited activity. This data set contains
the inter-trial phase coherence (ITPC) of 14 individuals. The data are collected
during a proprioceptive pull of left and right hand of 14 individuals, so a total of 28
measurements are recorded. It is measured as multi-channel signals with 64 scalp
electrodes/channels. The signals expressed in time and frequency domains are vec-
torized into vector of length 4392. The dataset is wavelet transformed and contains
only the pure ITPC activity signals. Thus, it leads to a third-order tensor with the
size of 4392 x 64 x 28 representing the dimension of time-frequency domain, channels
and measurements. The complex numbers in the tensor are transformed into real
numbers by calculating the absolute values of the elements. A rank—three CP model
is fitted to the data [36]. The data set is available from the ERPWAVELAB [37](38].

Results and discussions

Simulated data sets

The results of the residual evolution on rank five-simulated datasets with 10% noise
level and balanced size and imbalanced size are shown on Figure 1 and Figure 2
for the first examples of simulated tensors. Overall, the proposed extrapolated al-
gorithms successfully speed up the convergence of CP decomposition on both two
types of simulated datasets. In terms of time consumption, CP-AO, CP-AG and
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CP-AD manage to decrease the time of the CP-ALS algorithm and are faster than
CP-AB on two simulated datasets. For the data with balanced size, CP-AQO is the
fastest and it is almost three times faster than CP-AB, followed by CP-AD and CP-
AG. For the data with imbalanced size, CP-AD and CP-AQ are the fastest and they
are more than four times faster than CP-AB, followed by CP-AG. The standard CP-
AB takes more time than CP-ALS in the case of simulated data with imbalanced
size, meaning it happens that CP-AB sometimes fails to accelerate the convergence
of CP-ALS algorithm. In terms of convergence robustness, the CP-AD and CP-
AB share a common robust convergence behavior, indicating by fairly monotonic
evolution residual norm curves. Conversely, the convergence process of CP-AO and
CP-AG present the characteristic of oscillatory descent by a set of jumping be-
haviors. Regarding the number of iteration in the algorithms, all the extrapolated
algorithms successfully decrease the number of iterations for convergence. Particu-
larly, CP-AD achieve the best performance and the number of iteration it takes to
converge is almost six times less than the ones of CP-ALS in the case of simulated
data with imbalanced size. For the simulated data with balanced size, CP-AB and
CP-AD are almost the same in terms of number of iterations. The results on the
other simulated datasets with 10% noise level are in similar pattern with the ones
from presented datasets and the results are shown in the supplementary information
of the paper (see figures S1-S4.)

The details of final results of all the algorithms on all the simulated datasets are
shown in Table 1 and Table 2. Since the real factor matrices of the simulated
datasets are known, we measure the similarity between factor matrices from the
CP algorithms and the corresponding real factor matrices by calculating the Tucker
congruence coefficient[39]. The so-called Tucker congruence coefficient measures the
cosine of the angle between any pair of vectors and it varies from -1 to 1. In our
calculations, we take the average Tucker congruence coefficient value over pairs of
columns vectors for each comparison. The used Tucker congruence coefficients in
the table are the average number of all the ten tensors model results. Time con-
sumptions and number of iterations of the algorithms are calculated in the same

manner, being the average number of model results from ten tensors.
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The highest Tucker congruence coefficient is one meaning the two matrices are
exactly the same. On the contrary, a Tucker congruence coefficient of zero is not
favorable since means the two matrices are dissimilar. Due to the sign ambiguity
and column ambiguity problems in CP decomposition, one has to be careful when
calculating the Tucker congruence coefficient. It is observed from Table 1 that the
Tucker congruence coefficients of factor matrices from proposed extrapolated al-
gorithms are all one(round to two decimal places), meaning that the decomposed
factor matrices are virtually the same as the real factor matrices used for simulating
the balanced size tensors. Similarly, the decomposed factor matrices from the pro-
posed algorithms are also the same as the real factor matrices used for simulating
the imbalanced size tensors, which is indicated by Tucker congruence coefficients
as one. This is consistent for the tensors with different extents of rank complexity
and different levels of noise. Thus, it means that accurate tensor decomposition
solutions are reached by the proposed tensor decomposition algorithms. Moreover,
it can be again seen that CP-AB is advantageous in decreasing the number of iter-
ations on the simulated datasets even though the time consumption is high. Thus
the time cost per iteration of CP-AB is high compared to the proposed extrapo-
lated CP-ALS algorithms. It is evident from the table that the proposed CP-AD
outperforms all the other algorithms in terms of consumed number of iterations
and time consumption, taking the fewest number of iterations to converge on the
simulated datasets and, together with CP-AO, giving the fastest computational
time. For instance, CP-AD averagely takes more than six times fewer iterations to
converge than CP-ALS on balanced size tensors with rank six and 0.1% noise level.
The advantageous patterns holds on for all the tensors with different levels of noise
and different extents of rank complexity. Compared to CP-AB, CP-AG and CP-AO
are also advantageous in terms of average time consumption and, for CP-AQO, con-
sumed number of iterations. However, they either averagely takes higher number
of iterations to converge (CP-AO) or takes both higher number of iterations and
longer time to converge (CP-AG) comparing to CP-AD. Recalling that of course
compute timings may vary somewhat with details of implementation and the com-
puting environment, and other factors, but are still an overall loose indicator of
efficiency. The differences in number of iterations is a more strict factor in evaluat-
ing relative merits of algorithms. In this case they together gives CP-AD as the best
performing among all the studied CP algorithms for these random tensors. We also
explore performance of the algorithms in the case of overfitting in CP modelling.
For the balanced size tensors with 10% noise level, we calculate the CP models
with real rank number plus one (overfitting), e.g. using rank six model to compute
rank five tensor. The results comes out that CP-AD takes 31 iterations to converge
on average being the fastest algorithm, while CP-AO takes 81 iterations, CP-AG
takes 55 iterations, CP-AB takes 66 iterations and CP-ALS takes 107 iterations to
converge. Again, CP-AD takes the smallest number of iterations to converge among
all the CP algorithms.

Real datasets: Fluorescence spectroscopy data
The results of proposed algorithms on three-way fluorescence spectroscopy data
are displayed on Figure 3. Similar to the results of simulated datasets, the proposed
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extrapolated algorithms CP-AD and CP-AG succeed in accelerating the convergence
of the CP-ALS algorithm and they are all faster than the standard CP-AB algorithm
on this fluorescence spectroscopy data. The CP-AO gets stuck in a local minimum
solution on this data indicated by a lower explained fit percentage compared to the
global minimum solution from the other algorithms. The explained fit percentage
means the percentage variation explained by the CP model defined as 1 — (||X]|* —
IX[1?)/]|1X||?> where X is the tensor and X is the approximation. Thus the results
of CP-AO on this fluorescence dataset is not taken into account for the analysis.
In terms of timing, the proposed CP-AD and CP-AG almost behave equally well
and their timings are similar, and almost four times faster than CP-AB algorithm
and 15 times faster than the CP-ALS algorithm. It is the same as the results from
simulated datasets that the convergence process of CP-AD and CP-AB are more
robust than CP-AG indicated by smoother declining residual curves. However, much
more oscillations can be observed in the CP-AG results. As we know from the
Methods section, CP-AB works in a deterministic way to find the best step size, thus
it leads to a robust convergence behavior. The CP-AD algorithm takes into account
the recent iterative subspace and the optimization of weights tends to make the
extrapolation robust. However, CP-AG (also CP-AQO) performs the extrapolation
in a heuristic manner that can easily makes the algorithm go too far and most likely
lead to a high residual at some steps in real cases.

The final results of all the CP-ALS algorithms on the fluorescence spectroscopy
data can be seen from Table 3. It is shown that all the proposed extrapolated
algorithms, except for CP-AQ, find the same solutions as the non-accelerated CP-
ALS algorithm indicated by the same explained fit percentage 99.68%. Moreover,
CP-AD is advantageous in significantly decreasing the number of iterations needed
for the convergence, taking the fewest number of iterations to converge on the
fluorescence data. On the other hand, CP-ALS takes many (1401) iterations to

converge in this case.

Real datasets: Hyperspectral data

All the algorithms are further tested on the high dimensional hyperspectral data.
The results are shown on Figure 4. Similar to the simulated data results, all the
proposed extrapolated algorithms are faster than CP-AB algorithm. For this hyper-
spectral data, CP-AB and CP-AG are a bit slower than CP-ALS algorithm. CP-AO
is the fastest in time consumption being almost three times faster than CP-AB, fol-
lowed by the CP-AD and CP-AG. The jumps behaviors of CP-AO and CP-AG
can be clearly observed from Figure 4, while the residual curve of CP-AD is again
smooth being similar to the curve of CP-AB. Regarding the number of iterations, all
the extrapolated CP algorithms manage to decrease the needed number of iteration
for CP-ALS convergence except for CP-AG. CP-AB and CP-AQO algorithms take
almost three times less number of iterations than CP-ALS algorithm. The details
of number of iterations and explained fit percentages of all the CP-ALS algorithms
on this hyperspectral data are shown in Table 3. It can be clearly seen that all
the algorithms reach the same explained fit percentage as 99.16%. The difference of
consumed number of iterations between CP-AB, CP-AO and CP-AD is minor.
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Real dataset: EEG data

The results of the algorithms on EEG data is presented on Figure 5, and shows
overall similar patterns as above. As shown by Figure 5, the proposed extrapolated
algorithms successfully accelerate the convergence of CP-ALS algorithm on the
EEG data. CP-AB is quite slow in this case and it is in fact slower than non-
accelerated CP-ALS algorithm. The CP-AO is almost three times faster than CP-
AB, which is the fastest. Again, many significant jumps can be observed from the
residual curves of CP-AO and CP-AG algorithms while only some minor jumps
occur in the convergence process of CP-AD. Thus CP-AD is again more robust
than CP-AO and CP-AG on the EEG data. The minor jumps of CP-AD could
be speculated to be due to standard version of CP-AD proceeds without checking
if the DIIS step actually improves the step, or it could be due to subtle details
of the numerics such the threshold settings in the pseudo inverse calculation (set
to le-12 by default). We performed additional computations, given in Figure S5
in the supporting information, to clarify the situations. It is seem that the results
depends somewhat on the pseudo inverse threshold. The convergence curve for the
conservative algorithm, CP-ADc, has monotonically decaying residual norm. The
fewer iterations (10-20) means that CP-ADc is in fact computationally competitive
with the standard CP-AD. Thus, at least in some cases, the additional safety of
the CP-ADc may be worth investing, but do note that even in the present case
there is almost no gain in speed by CP-ADc despite the improved convergence in
terms of iteration number. As shown from Table 3, all the algorithms reach the same
explained fit percentage being 80.30%. And all the proposed algorithms significantly
decrease the number of iterations needed for the convergence. In particular, CP-AB
and CP-AO takes more than three times less number of iterations than CP-ALS.

Conclusions

In this work, we introduce some new alternating least square algorithms for cal-
culating the CP tensor decomposition and accelerating the convergence of the
workhorse CP-ALS algorithm. The proposed algorithms are tested on a set of
simulated datasets and various real experimental datasets, and a comprehensive
comparison has been made with the benchmark extrapolated CP-AB algorithm.
The experimental results show that our proposed algorithms are able to success-
fully and significantly accelerate the CP decomposition whilst maintaining a good
quality of solution. For example, CP-AD and CP-AO achieve the fastest conver-
gence in most cases and significantly decrease the needed number of iterations for
CP decomposition convergence. In particular, the CP-AD was found to be capable
of accelerating the convergence of CP decomposition in a fairly robust way. We also
show that the CP-AB algorithm sometimes fails to accelerate CP-ALS. The pre-
sented work provides new insights for accelerating CP tensor decomposition as well
as the practical evidence for employing extrapolation to improve CP tensor com-
putation. Given the simplicity of implementation, the efficiency and robustness of
CP-AD we foresee it will be useful in many different contexts. Moreover, extensions
of the proposed methods onto other tensor models such as Tucker 3 model, as well
as the constrained tensor models, will be also be very interesting. Further works
on extending the proposed CP algorithms onto higher-order tensors data such as
fourth-order or fifth-order will also be valuable.
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Supporting information

Conservative CP-AD algorithm (CP-ADc, Algorithm 4)

Results of different CP algorithms on balanced size simulated data with rank 6 and 10% noise level (Figure S1)
Results of different CP algorithms on imbalanced size simulated data with rank 6 and 10% noise level (Figure S2)
Results of different CP algorithms on balanced size simulated data with rank 7 and 10% noise level (Figure S3)
Results of different CP algorithms on imbalanced size simulated data with rank 7 and 10% noise level (Figure S4)
Results comparison of the CP-AD algorithms on EEG tensor with different pseudo inverse threshold values in the
DIIS extrapolation procedure(Figure S5)

Algorithm 4 CP-ADc algorithm

1: initialization: Do SVD on raw tensor X to get a set of initial factors matrices (A,B,C), and set
1=1

2: whilei=1,2,3,... do

3 update the least square factor matrices - first use CP-ALS:

4 A=X;k[(COB)((B'B)& (CTC)*;

5. B=Xyxl(COA)((ATA)® (CTC)*;

6.

7

8

— " —

C=Xgx1s[(BOA)((ATA)® (BTB))*'];
calculate the residual tensor R, = X — X,
: if ¢ < ngpiqr then
9: store the factor matrices and the stacked residual vector

10: else

11: Perform CP-AD acceleration:

12: store the factor matrices and the stacked residual vector

13: Use the last n4,;4; residuals to compute the M matrix,M;; = rZTrj

14: Calculate the weights of the last n4,;4; factor matrix estimates according to equation 9
15: compute improved factor matrices according to equation 7 to get optimized (A;, B;, C;)
16: calculate the residual tensor R, = X — X,

17: evaluation the extrapolation:

18: if e; <e;_1 then

19: A +— Ai

20: B + B;

21: C «+ C;

22: else

23: A+~ A

24: B+ B

25: C+C

26: end if

27: end if

28: seti =141

29: repeat until the residual change reaches the predefined criterion

30: end while
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Table 1 Results of various CP-ALS algorithms on simulated tensors with balanced size

(150*150*150) and different number of ranks.

Algorithms Ranks Noise level T(A)* T(B) T(C) Time (S)** NPF**
5 0.1 1.00 1.00 1.00 12 150
5 0.01 1.00 1.00 1.00 12 145
5 0.001 1.00 1.00 1.00 12 152
6 0.1 1.00 1.00 1.00 13 166
CP-ALS 6 0.01 1.00 1.00 1.00 13 168
6 0.001 1.00 1.00 1.00 14 170
7 0.1 1.00 1.00 1.00 14 174
7 0.01 1.00 1.00 1.00 15 183
7 0.001 1.00 1.00 1.00 19 178
5 0.1 1.00 1.00 1.00 15 39
5 0.01 1.00 1.00 1.00 19 46
5 0.001 1.00 1.00 1.00 17 42
6 0.1 1.00 1.00 1.00 17 45
CP-AB 6 0.01 1.00 1.00 1.00 19 52
6 0.001 1.00 1.00 1.00 17 44
7 0.1 1.00 1.00 1.00 17 45
7 0.01 1.00 1.00 1.00 18 43
7 0.001 1.00 1.00 1.00 24 47
5 0.1 1.00 1.00 1.00 5 28
5 0.01 1.00 1.00 1.00 5 29
5 0.001 1.00 1.00 1.00 4 26
6 0.1 1.00 1.00 1.00 4 28
CP-AD 6 0.01 1.00 1.00 1.00 5 31
6 0.001 1.00 1.00 1.00 4 28
7 0.1 1.00 1.00 1.00 5 30
7 0.01 1.00 1.00 1.00 5 30
7 0.001 1.00 1.00 1.00 6 33
5 0.1 1.00 1.00 1.00 7 69
5 0.01 1.00 1.00 1.00 7 67
5 0.001 1.00 1.00 1.00 7 70
6 0.1 1.00 1.00 1.00 7 68
CP-AG 6 0.01 1.00 1.00 1.00 7 75
6 0.001 1.00 1.00 1.00 8 82
7 0.1 1.00 1.00 1.00 8 87
7 0.01 1.00 1.00 1.00 8 79
7 0.001 1.00 1.00 1.00 10 86
5 0.1 1.00 1.00 1.00 4 42
5 0.01 1.00 1.00 1.00 4 40
5 0.001 1.00 1.00 1.00 4 43
6 0.1 1.00 1.00 1.00 4 48
CP-AO 6 0.01 1.00 1.00 1.00 4 46
6 0.001 1.00 1.00 1.00 4 47
7 0.1 1.00 1.00 1.00 4 48
7 0.01 1.00 1.00 1.00 4 52
7 0.001 1.00 1.00 1.00 6 53

*T(A): Average tucker congruence coefficient between decomposed factor matrix and real factor matrix

for 10 tensor datasets, T(B) and T(C) are defined in the same way.
**Time: Average time consumption of the algorithm on 10 tensor datasets
***NI: Average number of iterations the algorithm takes to converge on 10 tensor datasets.
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Table 2 Results of various CP-ALS algorithms on simulated tensors with imbalanced size
(250*%1000*%10) and different number of ranks.

Algorithms Ranks Noise level T(A)* T(B) T(C) Time (S)** NPF**
5 0.1 1.00 1.00 1.00 13 172
5 0.01 1.00 1.00 1.00 12 158
5 0.001 1.00 1.00 1.00 14 179
6 0.1 1.00 1.00 1.00 16 195
CP-ALS 6 0.01 1.00 1.00 1.00 16 207
6 0.001 1.00 1.00 1.00 13 168
7 0.1 1.00 1.00 1.00 17 207
7 0.01 1.00 1.00 1.00 19 229
7 0.001 1.00 1.00 1.00 19 231
5 0.1 1.00 1.00 1.00 16 50
5 0.01 1.00 1.00 1.00 14 46
5 0.001 1.00 1.00 1.00 16 50
6 0.1 1.00 1.00 1.00 19 59
CP-AB 6 0.01 1.00 1.00 1.00 18 57
6 0.001 1.00 1.00 1.00 16 52
7 0.1 1.00 1.00 1.00 18 58
7 0.01 1.00 1.00 1.00 21 67
7 0.001 1.00 1.00 1.00 21 67
5 0.1 1.00 1.00 1.00 5 31
5 0.01 1.00 1.00 1.00 5 32
5 0.001 1.00 1.00 1.00 5 31
6 0.1 1.00 1.00 1.00 6 43
CP-AD 6 0.01 1.00 1.00 1.00 7 47
6 0.001 1.00 1.00 1.00 6 42
7 0.1 1.00 1.00 1.00 7 45
7 0.01 1.00 1.00 1.00 8 49
7 0.001 1.00 1.00 1.00 7 52
5 0.1 1.00 1.00 1.00 8 80
5 0.01 1.00 1.00 1.00 7 81
5 0.001 1.00 1.00 1.00 7 81
6 0.1 1.00 1.00 1.00 9 92
CP-AG 6 0.01 1.00 1.00 1.00 9 94
6 0.001 1.00 1.00 1.00 8 86
7 0.1 1.00 1.00 1.00 9 89
7 0.01 1.00 1.00 1.00 11 110
7 0.001 1.00 1.00 1.00 10 109
5 0.1 1.00 1.00 1.00 4 47
5 0.01 1.00 1.00 1.00 4 44
5 0.001 1.00 1.00 1.00 4 49
6 0.1 1.00 1.00 1.00 5 52
CP-AO 6 0.01 1.00 1.00 1.00 5 52
6 0.001 1.00 1.00 1.00 4 45
7 0.1 1.00 1.00 1.00 5 53
7 0.01 1.00 1.00 1.00 5 52
7 0.001 1.00 1.00 1.00 6 61

*T(A): Average tucker congruence coefficient between decomposed factor matrix and real factor matrix

for 10 tensor datasets, T(B) and T(C) are defined in the same way.
**Time: Average time consumption of the algorithm on 10 tensor datasets
***NI: Average number of iterations the algorithm takes to converge on 10 tensor datasets.
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Table 3 Results of various CP-ALS algorithms on real chemical tensors—fluorescence data,

hyperspectral data and EEG data.

. Fluorescence data Hyperspectral data EEG data
Algorithms

EFP (%)* NI** EFP (%)* NI** EFP (%)* NI**
CP-ALS 99.68 1401 99.16 57 80.30 145
CP-AB 99.68 70 99.16 22 80.30 44
CP-AD 99.68 52 99.16 30 80.30 76
CP-AG 99.68 102 99.16 59 80.30 72
CP-AO 09.67*** 1084 99.16 24 80.30 46

*EFP: Explained fit percentages of the algorithm.
**NI: Number of iterations the algorithm takes to converge.
**%99.67: Local minima solution.
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