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ABSTRACT

The problem of graph alignment is to find corresponding nodes

between a pair of graphs. Past work has treated the problem in a

monolithic fashion, with the graph as input and the alignment as

output, offering limited opportunities to adapt the algorithm to task

requirements or input graph characteristics. Recently, node em-

bedding techniques are utilized for graph alignment. In this paper,

we study two state-of-the-art graph alignment algorithms utilizing

node representations, CONE-Align and GRASP, and describe them

in terms of an overarching modular framework. In a targeted ex-

perimental study, we exploit this modularity to develop enhanced

algorithm variants that are more effective in the alignment task.

CCS CONCEPTS

•Computingmethodologies→ Spectral methods; • Informa-

tion systems→ Similarity measures; Nearest-neighbor search; •
Mathematics of computing → Graph theory.
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1 INTRODUCTION

Graphs expressively represent real-world entities and their inter-

relationships. Graph alignment [12, 16] finds the correspondence

of nodes a pair of graphs, whereby nodes in one graph are aligned

to those in another by a similarity criterion. The identification of

such correspondences finds applications in science and industry, as

in identifying functionally similar proteins [1] and matching [30]

or de-anonymizing [19, 29] users across social networks.
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Early graph alignment methods were monolithic, i.e., hard to

adapt to the diverse graph types. Such algorithms, employing ma-

trix factorization [16, 17] or integer programming [12], are typically

designed for specific graph types, e.g., biological [1] or bipartite net-

works [13] and fare poorly on other types [9]. Recent developments

in node embeddings [22, 24] have led to a new breed of modular
graph alignment methods [4, 9, 10], which, as we observe, may be

described by the following modular framework:

(1) Embed. Compute an embedding for each node.

(2) Align. Align the embedding spaces of both graphs so that

similar nodes are close to each other in the common space.

(3) Assign. Match the transformed embeddings by some linear

assignment algorithm.

In this paper, we study ways to enhance each part of this modu-

lar framework. We interpret three modular alignment algorithms,

REGAL [9], CONE-Align [4], and GRASP [4] in terms of the frame-

work.We propose improvements on the twomost recent algorithms,

CONE-Align and GRASP, interchanging, enhancing, and adding

to framework components. In a targeted experimental study, we

compare CONE-Align and GRASP to each other for the first time,

and show that our enhancements improve upon the state-of-the-art

effectiveness with nearly no impact on efficiency.

2 RELATEDWORK

Here, we discuss monolithic alignment methods, that cannot be

broken into atomic operations, and modular ones, that can.

2.1 Monolithic Alignment

In monolithic methods, the path from the graph as input to the align-

ment as output is non-adaptable; intermediate steps solve objectives

designed for assumed characteristics of the graph. FINAL [30] opti-

mizes an objective that takes into account topological and attribute

information, yielding a pairwise similarity matrix between nodes.

IsoRank [25] aligns protein-protein-interaction networks relying

on a similarity matrix encoding pairwise protein similarity. Eige-

nAlign [7] interprets graph alignment as a quadratic assignment

problem, solved by spectral-decomposing the adjacency matrix of

a matching graph. As this method is computationally prohibitive,

LowRankEigenAlign [17] proposes a low rank approximation, but

its objective remains inflexible. Klau’s algorithm [12] interprets

graph alignment as an integer program and presents a Lagrangian

relaxation thereof. BigAlign [13] is restricted to bipartite graphs.

2.2 Modular Alignment

These methods break the alignment problem into three basic oper-

ations: first, they compute a representation of each node of both

graphs, exploiting advances in neural graph embeddings [22, 23, 26,
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27], then align embeddings, and eventually match nodes. REGAL [9]

extracts embeddings based on node ego-networks and, optionally,

attributes. To align such embeddings across graphs, it factorizes a

similarity matrix of distances from each node to a set of randomly

chosen landmark nodes. For the final matching, it returns the top-

𝑘 matches to each node by Euclidean distance. CONE-Align [4]

uses an off-the-shelf embedding, NetMF [23], aligns the embedding

subspaces, and matches nearest neighbors by Euclidean distance.

GRASP [10] computes embeddings based on the heat kernels of

graph Laplacians after aligning the eigenvector spaces and matches

nodes using a variant of the Hungarian algorithm [11].

3 PRELIMINARIES

Graph Alignment. Given two undirected graphs 𝐺1 = (𝑉1, 𝐸1)
and 𝐺2 = (𝑉2, 𝐸2), a graph alignment is a function that assigns to

each node on 𝐺1 a node of 𝐺2.

Node Embedding. An embedding 𝑓 (𝑣) ∈ R𝑘 of node 𝑣 is a vector

representation of 𝑣 .

Graph Laplacian. The normalized Laplacian of a graph𝐺 = (𝑉 , 𝐸)
is a linear operator, L = 𝐼 − 𝐷− 1

2𝐴𝐷− 1

2 , where 𝐴 is the adjacency

matrix of 𝐺 and 𝐷 is the degree matrix with 𝐷𝑖𝑖 =
∑𝑛

𝑗=1𝐴𝑖 𝑗 . The

eigendecomposition of this matrix is L = ΦΛΦ⊤
, where Λ is a

diagonal matrix of eigenvalues; its diagonal, {𝜆1, . . . , 𝜆𝑛} is the

spectrum of L and ΦL = [𝜙1𝜙2 . . . 𝜙𝑛] is a matrix of eigenvectors.

Eigenvectors can be interpreted as functions [20] that assign a real

value to each node.

4 MODULAR ALIGNMENT FRAMEWORK

Our modular graph alignment framework comprises three steps:

Step 1: Embed. Compute vector representations of nodes. A good

representation encodes the connectivity structure or neighbor-

hood [22].

Step 2: Align. Refit the node representations among two graphs,

so that corresponding nodes have comparable representations.

Step 3: Assign. Match node representations so as to minimize a

cost function; this step corresponds to a linear assignment between
the nodes in one graph to those nodes in the other graph.

We interpret three modular alignment methods, REGAL [9],

CONE-Align [4], and GRASP [10], using this modular framework.

4.1 REGAL

Embed. Embeddings represent the weighted degree histograms of

ego-networks. Optionally, they encode node attributes.

Align. REGAL aligns embeddings by factorizing a pairwise simi-

larity matrix, employing a modified Nyström method.

Assign. REGAL returns top-𝑘-alignments by Euclidean distance,

assisted by a k-d tree [2].

4.2 CONE-Align

Embed. CONE-Align supports any neighborhood preserving em-

bedding; as a default, it uses NetMF [23].

Align. CONE-Align refits embeddings to preserve neighborhood
consistency across graphs, i.e., the embeddings of corresponding

nodes across the two graphs should preserve the corresponding

neighbors by jointly optimizing row-wise node correspondence and

column-wise embedding space rotation by means of the objective

min𝑄 ∈O𝑑 min𝑃 ∈P𝑛 | |𝑌1𝑄 − 𝑃𝑌2 | |2
2
, where 𝑌1 and 𝑌2 are the two

initial embedding matrices,𝑄 is a linear embedding transformation,

𝑃 a permutation matrix, and O and P the set of admissible linear

transformation matrices and permutation matrices.

Assign. The final embeddings are matched by Euclidean distance.

4.3 GRASP

Embed. GRASP builds embeddings from graph’s Laplacian eigen-

vectors, 𝜙1, . . . , 𝜙𝑛 ; the embedding of 𝑣𝑖 is [𝜙1 (𝑖), 𝜙2 (𝑖), . . . , 𝜙𝑘 (𝑖)]
for some 𝑘 ≤ 𝑛.

Align. GRASP interprets the embeddings as linear combinations

of eigenvectors and maps the coefficients of the respective corre-
sponding functions across the two graphs via a diagonal matrix 𝐶 ,

hence aligning eigenvectors to preserve orthogonality.

Assign. GRASP matches nodes via the Jonker-Volgenant algo-

rithm [11] for the weighted assignment problem.

5 ENHANCEMENTS

We introduce alternative components for the modular framework.

PageRank (PR):We develop an embedding based on PageRank [21].

PR is real-valued vector that represents the importance of each

node, defined as r𝑗 =
∑

(𝑖, 𝑗) ∈𝐸 𝛼
r𝑖
𝑑𝑖

+ (1−𝛼)p, where 𝛼 ∈ [0, 1] is the
damping factor and 𝑝𝑖 = 1/𝑛 for each 𝑖 . We generate corresponding

functions sampling PR at different𝛼 values.We also use Personalized
PageRank (PPR), which defines a non-uniform restart probability

vector p, and construct corresponding functions by Algorithm 1.

Algorithm 1 PPR-based Corresponding Function

1: Compute PageRank for graph 𝐺 .

2: Sort PageRank values in descending order.

3: Split nodes into 𝑞 groups according to PageRank values.

4: For each group, compute PPR with a p personalized per group.

5: Set the corresp. func. of 𝑣𝑖 as its vector of group-PPR values.

Iterative Closest Point aligns two sets of data points in matri-

ces𝐴, 𝐵. In each iteration, it assumes each column in𝐴 corresponds

to one in 𝐵 and finds an alignment matrix𝐶 that minimizes pairwise

distances between corresponding columns, until convergence:

(1) Find, for each point 𝑥 in 𝐶0𝐴, the closest point 𝑦 in 𝐵 by Eu-

clidean distance.

(2) Compute an orthonormal 𝐶 minimizing

∑
𝑥,𝑦 | |𝐶𝑥 − 𝑦 | |.

(3) Set 𝐶0 = 𝐶 .

Voting Heuristic: Instead of fixing the number of eigenvectors 𝑘 ,

we apply GRASP in 𝑘 iterations, increasing the number of eigen-

vectors. In each iteration, we collect a vote for the match of each

node 𝑣𝑖 , and determine the final alignment by majority voting.

6 EXPERIMENTS

We study the effect of different components in CONE-Align [4]

and GRASP [10]. Table 1 gathers the characteristics of the data

sets we use. Unless stated otherwise, the settings for Arenas Email,

Facebook-ego, Hamsterer and PPI is as follows: we permute the

original graph and delete edges with probability (noise level) 𝑝 . For
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Dataset |𝑉 | |𝐸 | Network type

Arenas Email [14] 1 133 5 451 communication

Facebook-ego [15] 4 039 88 234 social

Hamsterer [14] 2 000 16 097 social

PPI [3] 3 852 38 705 biological

MultiMagna [28] 1004 8323 biological

HighSchool [8] 327 5818 proximity

Voles [5] 712 2391 proximity

Table 1: Datasets used in our evaluation, |𝑉 | number of

nodes, |𝐸 | number of vertices.

each noise level, we create 5 graphs and report average accuracy in

terms of matching ground truth nodes, as in [9, 13]. Experiments

ran on an Intel Core i9 3.3GHz 14-Core CPU with 256GB RAM.

We first compare GRASP and CONE-Align in their default forms

on two data sets. Figure 1 shows the results. GRASP outperforms

CONE on Facebook and CONE outperforms GRASP on Arenas.
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Figure 1: Accuracy of GRASP and CONE-Align in their de-

fault settings on the Arenas and Facebook datasets.

6.1 Changing components

We study the impact of different component choice on accuracy.

Boosting Embed.We first investigate the impact of different node

embeddings on alignment accuracy, trying out Heat Kernel (HK),

PageRank (PR), Personalized PageRank (PPR) and NetMF. In GRASP,

embeddings are corresponding functions, thus they affect both

Embed and Align. The default embedding in GRASP is the diagonal

of the heat kernel 𝐻𝑡 = Φ𝑒−𝑡ΛΦ⊤ =
∑𝑛

𝑗=1 at different values of 𝑡 .

The default embedding in CONE is NetMF [23].

Figure 2 shows the accuracy for CONE on Arenas and Face-

book. CONE exhibits high sensitivity to the choice of embeddings,

especially on Arenas. While NetMF performs best on Arenas on

Facebook, PR and HK outpeforms NetMF on low noise.
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Figure 2: Accuracy of CONE-Align with different embed-

dings on the Arenas and Facebook datasets.

Figure 3 juxtaposes different node embeddings for GRASP, using

the more stable version of GRASP with ICP, voting heuristic and JV.

PPR dominates over the other embeddings, while NetMF displays

alternating performance in Arenas and Facebook. Henceforward,

we use GRASP-PPR as the variant of choice.

Boosting Align. Next, we investigate the impact of the enhance-

ments in Section 5 on GRASP-PPR. Figure 4 shows the accuracy

for Iterative Closest Point (ICP) and Base Alignment (BA). The

combination of both ICP and BA yields the best performance.
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Figure 3: Accuracy of GRASP (ICP, voting and JV) with PPR,

PR, HK and NetMF embeddings.
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Figure 4: Accuracy of GRASP-PPR with ICP and BA.

Figure 5 showcases the performance of voting with different

value intervals for 𝑘 , using SortGreedy (SG) [6] both for node as-

signment while collecting votes and for the final assignment based

on collected votes; other, more computationally demanding choices

brought negligible improvements.
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k-intervals

Facebook

Figure 5: Accuracy of GRASP-PPR with ICP using the Sort-

Greedy voting procedure with different intervals of 𝑘

Boosting Assign.We now study the impact of the linear assign-

ment algorithm. We try out nearest-neighbor (NN), SortGreedy

(SG) [6] and Jonker-Volgenant (JV). Figure 6 shows the results; per-

formance is similar across datasets. SG fares similar to JV, while

yielding better runtime. We observe that GRASP-PPR is sensitive

on high noise levels, independent of the assignment algorithm, but

outperforms CONE on lower noise levels.
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Figure 6: Accuracy with different assignment algorithms.

6.2 Impact of degree distribution

The graphs used in the experiments approximately follow a power

law distribution. We estimate the power law exponents using the

method in [18]. Table 2 lists the results.

Graph Power Law Exponent (𝛾 )
Arenas 1.56

Facebook 1.32

Hamsterster, PPI 1.45

Voles 1.64

MultiMagna 1.46

HighSchool 1.36

Table 2: Estimated power law exponents.

We study the impact of the power-law exponent on alignment

accuracy. Figure 7 shows the performance for three synthetic power-

law graphs vs. noise. GRASP achieves nearly 100% accuracy with

low exponent, which explains the good performance in the previous

experiments. GRASP falls short on graphs with highly skewed

distribution, while CONE exhibits a more consistent performance.
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Figure 7: Accuracy of GRASP-PPR and CONEwith JV assign-

ment on generated power law graphs.

6.3 Real World Networks

So far we have analyzed behavior on synthetic noise. Here we

consider networks in which noisy modifications occur naturally:

• Voles [5]. A time-evolving wildlife contact network. The full

graph is matched to snapshots at time steps where 80%, 85%, 90%,

and 99% of edges have been added.

• HighSchool [8]. A time-evolving graph of contact patterns among

high school students. The full graph is matched to snapshots

with 80%, 85%, 90% and 99% of edges added.

• MultiMagna [28]. Different versions of the same protein-protein-

interaction network.

Figure 8 shows results on these real world networks. CONE-

Align consistently outperforms GRASP-PRR with ICP and Voting.
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Figure 8: Accuracy on real data sets.

6.4 Efficiency

We now compare the efficiency of best-of-breed versions, namely

GRASP-PPR with ICP and voting and CONE with NetMF embed-

dings, across Assign variants. Figure 9 shows the runtime for each

steps. For GRASP, we report precomputation including Embed and

Align, and the time for voting. For CONE-Align, we report Embed,

Align and Assign, separately. While CONE-Align is faster than

GRASP-PPR on small graphs, its Align is slower than BA and ICP;

therefore, GRASP-PPR outperforms CONE-Align on large enough

graphs, especially when using nearest neighbor matching.

Figure 9: Time with GRASP-PPR (ICP, voting) and CONE

with three matching methods on four datasets.

7 CONCLUSION

We revisited state-of-the-art graph alignment algorithms and iden-

tified an overarching modular framework that allows for compo-

nents exchange. By virtue of this framework, these algorithms are

amenable to several enhancements. We offered and analyzed al-

ternatives that improve performance vs. that of default variants,

as our experiments with synthetic and real noise corroborate. Our

results pave the way to further advances in graph alignment.
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