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About me

ÁGerth Stølting Brodal, professor (PhD Aarhus University 1997, cv)

ÁResearch isnot!LΣ a[Σ tȅǘƘƻƴΣ tǊƻƎǊŀƳƳƛƴƎ ƭŀƴƎǳŀƎŜǎΣ Χ

ÁResearch isAlgorithms and Data Structures
ςBasic research on how to make algorithms and data structures efficient

ςData structures

ςExternal memory algorithms

ςComputational geometry

ÁTeaching
ςAlgorithms and Data Structures (1st year Computer Science BSc, since 2002)

ςIntroduction to Programming with Scientific Applications (Python)
(1st year Data Science BSc, 2nd year Mathematics BSc, since 2018)

https://www.cs.au.dk/~gerth/cv/


Google Colaboratory(Colab)

Áhttps://colab.research.google.com/

ÁOnline version of Jupyterdocuments hosted by 
Google in the cloud

ÁDocuments stored in your Google Drive

ÁAllows Python to be executed in the cloud using a 
web browser

https://colab.research.google.com/


Introductionto Programming
with Scientific Applications 2020

1. Introduction to Python 10. Functions as objects 19. Linear programming

2. Python basics / if 11. Object oriented programming 20. Generators, iterators, with

3. Basic operations 12.Class hierarchies 21. Modules and packages

4. Lists / while / for 13. Exceptions and files 22. Working with text

5. Tuples/ comprehensions 14. Doc, testing,debugging 23. Relational data

6. Dictionaries and sets 15. Decorators 24. Clustering

7. Functions 16. Dynamic programming 25. Graphical user interfaces (GUI)

8. Recursion 17. Visualization and optimization 26. Java vs Python

9. Recursionand Iteration 18. Multi -dimensional data 27. Final lecture

Basic programming
Advanced / specificPython

Libraries & applications

www.cs.au.dk/~gerth/ipsa20/

https://www.cs.au.dk/~gerth/ipsa20/


Why Python ?



TIOBE Index November 2020

The TIOBE Programming Community index is an indicator of the popularity of programming languages. The index is updated once a month. The ratings are based on the number of skilled 
engineers world-wide, courses and third party vendors. Popular search engines such as Google, Bing, Yahoo!, Wikipedia, Amazon, YouTube and Baidu are used to calculate the ratings. It is 
important to note that the TIOBE index is not about the bestprogramming language or the language in which most lines of codehave been written. www.tiobe.com



Popularity of programming languages

Most Popular Programming Languages 1965 ς2019 (YouTube)

https://www.youtube.com/watch?v=Og847HVwRSI


TwoPythonprograms



A Python program

Python shell

> x = 7

> print(x * x)

| 49

Á7 is an integerliteralςƛƴ tȅǘƘƻƴ ŘŜƴƻǘŜŘ ŀƴ άint έ

Áx is the name of a variablethat can hold some value

Á= is assigning a value to a variable

Á* denotes multiplication

Áprint is the name of a built-in function, 
here we call print to print the result of 7*7

ÁA program consists of a sequence of statements, executed sequentially

Memory

x 7



QuestionςWhat is the resultof this
program?

a) 10

b) 15

c) 25

d) [15, 10]

e) Error

f) 5ƻƴΩǘknow

Python shell

> x = 3

> y = 5

> x = 2

> print(x * y)
x assigned new value

Memory

old x 3

y 5

new x 2



Another Python program using lists

Python shell

> a = [13, 27, 7, 42]

> print(a)

| [13, 27, 7, 42]

> print(a[2])

| 7

Á[ 13, 27, 7, 42 ] is a list containingfour integers

Áa[2] refers to the entry in the list with index2 
(the first element has index 0, i.e. a[2] is the 3rd element of the list)

ÁNote that print also can print a list

Memory

a

13 a[0]

27 a[1]

7 a[2]

42 a[3]



QuestionςWhat is the resultof this
program?

a) 8

b) 10

c) 12

d) 15

e) 5ƻƴΩǘknow

Python shell

> a = [3, 5, 7]

> print(a[1] + a[2])

Memory

a

3 a[0]

5 a[1]

7 a[2]



1 + 2 + ϊϊϊ + n

add.c

#include < stdio.h >

#include < stdlib.h >

int main( int argc , char * argv []) {

int n = atoi ( argv [1]);  

int sum = 0;

for ( int i=1; i<=n; i++)

sum += i;

printf ("Sum = %d\ n", sum);

}

add.cpp

#include < iostream >

#include < cstdlib >

using namespace std ;

int main( int argc , char * argv []) {

int n = atoi ( argv [1]);  

int sum = 0;

for ( int i=1; i<=n; i++)

sum += i;

cout << "Sum = " << sum << endl ;

}

add.java

class Add{  

public static void main(String args []){  

int n = Integer.parseInt ( args [0]);  

int sum = 0;

for ( int i=1; i<=n; i++)

sum += i;

System.out.println ("Sum = " + sum);

}

}

add.py

import sys

n = int ( sys.argv [1])

sum = 0

for i in range(1, n + 1):

sum += i

print("Sum = %d" % sum)



Timing results

Wrong output (overflow)

* -2004260032 instead of 50000005000000

** -243309312 instead of 500000000500000000

- sinceC, C++, and Java onlyuses32 bits to representintegersόŀƴŘ сп ōƛǘǎ ŦƻǊ έƭƻƴƎέ integers)

n C (gcc9.2) C++, int (g++ 9.2 ) C++,long (g++ 9.2 ) Java (12.0) Python(3.8.1) PyPy(7.3.0) Numba, int64

107 0.001 sec* 0.001 sec* 0.003 sec 0.006 sec* 1.5 sec 0.27 sec 0.002 sec

109 0.10 sec** 0.10 sec** 0.30 sec 0.40 sec** 145 sec 27 sec 0.2 sec

Bit             666666 66665555555555444444444433333333 33222222222211111111110000000000

position        987654 32109876543210987654321098765432 10987654321098765432109876543210

bin(10**9)                                              111011100110101100101000000000

bin(50000005000000)                     10110101111001 10001000100010010110101101000000

bin( - 2004260032 + 2 **32)  10001000100010010110101101000000

bin(500000000500000000)    110111100000101101101011001 11110001011111110110010100000000

bin( - 243309312 + 2 **32) 11110001011111110110010100000000

Have fun
debugging!

Try Google: civilization gandhioverflow

Python

https://www.google.dk/search?q=civilization+gandhi+overflow


Timing results

ÁRelative speed

C   Ғ   /ҌҌ   Ҕ   WŀǾŀ   ҔҔ   tȅǘƘƻƴ
ÁC, C++, Java need to care about integer overflows ςselect integer representation carefully 

with sufficient number of bits (8, 16, 32, 64, 128)

ÁPython natively works with arbitrary long integers (as memory on your machine allows). 
Also possible in Java using the class java.math.BigInteger

ÁPython programs can (sometimes) run faster using PyPy

ÁNumber crunching in Pythonshould be delegated to specialized modules (e.g. Numpy, 
CPLEX, Numba) ςoften written in C or C++

n C (gcc9.2) C++, int (g++ 9.2 ) C++,long (g++ 9.2 ) Java (12.0) Python(3.8.1) PyPy(7.3.0) Numba, int64

107 0.001 sec* 0.001 sec* 0.003 sec 0.006 sec* 1.5 sec 0.27 sec 0.002 sec

109 0.10 sec** 0.10 sec** 0.30 sec 0.40 sec** 145 sec 27 sec 0.2 sec

Python



Why Python ?

ÁShort concise code

ÁIndex out of range exceptions

ÁElegant for-each loop

ÁGarbage collection is done automatically

ÁExact integer arithmetic (no overflows)

ÁCan delegate number crunching to C, C++, ...



History of Python development

ÁPython created by Guido van Rossumin 1989, first release0.9.0 1991

ÁPython 2Ą Python 3(clean up of Python 2 language)
ςPython 2 ςversion 2.0 released 2000, final version 2.7 released mid-2010

ςPython 3 ςreleased 2008, current release 3.8.1

ÁPython 3 is not backward compatible, libraries incompatible

Python 2 Python 3

print 42 print(42)

int = C long (32 bits) int = arbitrary number of digits (=ƴŀƳŜŘ άƭƻƴƎέ ƛƴ tȅǘƘƻƴ нύ

7/3 Ąн   ǊŜǘǳǊƴǎ άintέ 7/3 Ą 2.333... ǊŜǘǳǊƴǎ άŦƭƻŀǘέ

range() returns list (memoryintensive) range()   returns iterator (memory efficient; xrangein Python 2)

100th episode of Talk Python To Me: Python past, present, and future with Guido van Rossum

https://talkpython.fm/episodes/show/100/python-past-present-and-future-with-guido-van-rossum


Python.org



InstallingPython

1

2

3

4

5

IMPORTANT



Running the Python Interpreter

ÁOpen Command Prompt
(Windows-key + cmd)

Á¢ȅǇŜ άǇȅǘƘƻƴέ Ҍ ǊŜǘǳǊƴ

ÁStart executing
Python statements

ÁTo exit shell:
Ctrl-Z + return or
exit() + return 



Some other usefullpackages

ÁTry installing some more Python packages:

pip install numpy linear algebra support (N-dimensional arrays)

pip install scipy numericalintegration and optimization

pip install matplotlib 2D plotting library

pip install pylint Python source code analyzer enforcing a coding standard



Creating a Python program the very basic way

ÁOpen Notepad
Åwrite a simple Python program

Åsave it

ÁOpen a command prompt
Ågo to folder (using cd)

Årun the program using
python <program name>. py



... or open IDLE and run program with F5



The PythonEcosystem
ÁInterpreters/compiler 

ςCPython ςreference C implementationfrom python.org
ςPyPy ςwritten in RPython(a subsetof Python) ςfaster thanCpython
ςJython ςwritten in Java and compilesto Java bytecode, runs on the JVM
ςIronPython ςwritten in C#, compilesto aƛŎǊƻǎƻŦǘΩǎCommon Language Runtime (CLR) bytecode
ςCython ςproject translatingPython-ishcodeto C

ÁShells (IPython, IDLE)

ÁLibraries/modules/ packages
ςpypi.python.org/pypi (PyPI- the Python Package Index, +200.000 packages)

ÁIDEs (Integrated development environment)
ςIDLE comes with Python (docs.python.org/3/library/idle.html)
ςAnaconda w. Spyder, IPython(www.anaconda.com/download)
ςCanopy (enthought.com/product/canopy)
ςPython tools for Visual Studio (github.com/Microsoft/PTVS)
ςPyCharm(www.jetbrains.com/pycharm/)
ςEmacs (Pythonmode and ElPymode)
ςNotepad++

ÁPythonStyle guide (PEP8)
ςpylint, pep8, flake8



Pythonbasics
ÁComments
ÁέΤέ
ÁVariable names
Áint, float, str
Átype conversion
Áassignment(=)
Áprint(), help(), type()



Python comments

! ΨІΩ ƛƴŘƛŎŀǘŜǎ ǘƘŜ ōŜƎƛƴƴƛƴƎ ƻŦ ŀ ŎƻƳƳŜƴǘΦ CǊƻƳ ΨІΩ ǳƴǘƛƭ ƻŦ ŜƴŘ ƻŦ ƭƛƴŜ 
is ignored by Python. 

x = 42 # and here goes the comment

Comments useful to describe what a piece of code is supposed to do, 
what kind of input is expected, what is the output, side effects...



¢ƘŜ άΤέ ƛƴ tȅǘƘƻƴ

ÁNormally statements follow in 
consecutive lines with identical 
indentation

x = 1

y = 1

Ábut Python also allows multiple
statements on one line, 
ǎŜǇŀǊŀǘŜŘ ōȅ άΤέ

x = 1; y = 1

ÁGeneral Python PEP 8guideline: aǾƻƛŘ ǳǎƛƴƎ άΤέ

ÁhǘƘŜǊ ƭŀƴƎǳŀƎŜǎ ƭƛƪŜ /Σ /ҌҌ ŀƴŘ WŀǾŀ ǊŜǉǳƛǊŜ άΤέ ǘƻ ŜƴŘκǎŜǇŀǊŀǘŜ ǎǘŀǘŜƳŜƴǘǎ

neither pylint or flake8ƭƛƪŜ άΤέ

https://www.python.org/dev/peps/pep-0008/


Variable names
ÁVariable name = sequence of lettersΨŀΩ-ΩȊΩΣ Ψ!Ω-Ω½ΩΣ digitsΨлΩ-ΩфΩΣ ŀƴŘ underscoreΨψΩ 

v, volume , height_of_box , WidthOfBox , x0, _ v12_34B, _

ςa name cannot start with a digit

ςnames are case sensitive (AB, Ab, aB and ab are different variables)

ÁVariable names are references to objects in memory

ÁUse meaningful variables names

ÁPython 3 reserved keywords:and , as , assert , break , class , continue , def , 
del , elif , else , except , False , finally , for , from , global , if , import , in , 
is , lambda , nonlocal , None, not , or , pass , raise , return , True , try , while , 
with , yield

(snake_case)                         (CamelCase)



Python shell

> print = 7

> print(42)

| Traceback (most recent call last):

| File "< stdin >", line 1, in <module>

| TypeError : ' int ' object is not callable

QuestionςNot a valid Pyton variable name?

a) print

b) for

c) _100

d) x

e) _

f) python_for_ever

g) 5ƻƴΩǘknow

Python reserved keyword

print is a valid variable name, with default value a 
builtin functionto print output to a shell ςassigning 

a new value to print is very likely a bad idea 
(like many others sum, int , str , ...)



Integerliterals

Á.... - 4, - 3, - 2, - 1, 0, 1, 2, 3, 4 ....

ÁPython integers can have an arbitrary number of digits
(only limited by machine memory)

ÁCan be preceded by a plus (+ ) or minus (- )

ÁFor readability underscores (_) can be added between digits,

2_147_483_647

(for more, see PEP 515 - Underscores in NumericLiterals)

https://www.python.org/dev/peps/pep-0515/


QuestionςWhatstatement will not fail?

a) x = _42

b) _10 = - 1_1

c) x = 1__0

d) x = +1_0_

e) 5ƻƴΩǘ ƪƴƻǿ



Floatliterals
ÁDecimal numbers are represented using 

floatςŎƻƴǘŀƛƴ άΦέ ƻǊ άŜέ

ÁExamples
ς3.1415

ς- .00134

ς124e3 = 124 Ā103

ς- 2.345e2 = - 234.5

ς12.3e - 4 = 0.00123

Á Floats are often only approximations, 
e.g. 0.1 is not 1/10

ÁExtreme values (CPython3.8.1)
ςmax = 1.7976931348623157e+308 
ςmin = 2.2250738585072014e-308

ÁNB:  Use module fractions for exact 
fractions/rational numbers

Python shell

> 0.1 + 0.2 + 0.3

| 0.6000000000000001

> (0.1 + 0.2) + 0.3

| 0.6000000000000001

> 0.1 + (0.2 + 0.3)

| 0.6

> type(0.1)

| <class 'float'>

> 1e200 * 1e300

| inf

> 0.1+(0.2+0.3) == (0.1+0.2)+0.3

| False

> x = 0.1 + 0.2

> y = 0.3

> x == y

| False

> print(f'{ x :.30f}')  # 30 decimals

| 0.300000000000000044408920985006

> print(f'{ y :.30f}')  # 30 decimals

| 0.299999999999999988897769753748

> import sys

> sys.float_info.min

| 2.2250738585072014e - 308

> sys.float_info.max

| 1.7976931348623157e+308



QuestionςWhataddition orderƛǎ έbestέΚ

a) 1e10 + 1e - 10 + - 5e- 12 + - 1e10

b) 1e10 + - 1e10 + 1e - 10 + - 5e- 12

c) 1e- 10 + 1e10 + - 1e10 + - 5e- 12

d) - 5e- 12 + - 1e10 + 1e10 + 1e - 10

e) Any order is equally good

f) 5ƻƴΩǘ ƪƴƻǿ
Python shell

> 1e10 + 1e - 10 + - 5e- 12 + - 1e10

| 0.0

> 1e10 + - 1e10 + 1e - 10 + - 5e- 12

| 9.500000000000001e - 11

> 1e- 10 + 1e10 + - 1e10 + - 5e- 12

| - 5e- 12

> - 5e- 12 + - 1e10 + 1e10 + 1e - 10

| 1e- 10

a) - d) give four different outputs

1e10  =  10000000000

- 1e10  = - 10000000000

1e- 10 =            0.0000000001

- 5e- 12 =           - 0.000000000005      



Approximating 
=̄ 3.14159265359...

“

φ

ρ

Ὧ
мΦсппфоплссуΦΦΦ

This is not a course in numeric computations ςbut now you are warned....

pi_approximation_riemann.py

apx = 0.0

k = 0.0

while True:

k = k + 1.0

apx = apx + 1.0 / (k * k)

print(k, apx)

Output

...
94906261.0 1.6449340578345741
94906262.0 1.6449340578345744
94906263.0 1.6449340578345746
94906264.0 1.6449340578345748
94906265.0 1.644934057834575
94906266.0 1.644934057834575
94906267.0 1.644934057834575
94906268.0 1.644934057834575
94906269.0 1.644934057834575
94906270.0 1.644934057834575
...

Riemann zeta function ɕ(2)



tȅǘƘƻƴ Ŧƭƻŀǘ  L999-754 double precision*
ÁA binary number is a number in base 2 with digits/bits from {0,1}

101102 = 1ϊн4 + 0ϊн3 + 1ϊн2 + 1ϊн1 + 0ϊн0 = 16 + 4 + 2 = 2210

ÁIEEE-754 64-bit double

(*most often, but there is no guarantee given in the Python language specification that floats are represented using IEEE-754)

sign s
1 bit

exponent e
11bits

coefficientc
52 bits

Floatvalue Case

(-1)sϊ όм Ҍ cϊ нς52ύ ϊ нeς1023 0 < e < 2047

(-1)sϊcϊ нς1074 e = 0, cґ л

+0  and  -0 e = 0, c = 0

Ҍқand  -қ e = 2047, c = 0

NaNόάƴƻǘŀ ƴǳƳōŜǊέύs= 0, e = 2047, cґ л

Python shell

> 1e200 * 1e200

| inf

> - 1e200 * 1e200

| - inf

> 1e- 200 * 1e - 200

| 0.0

> - 1e- 200 * 1e - 200

| - 0.0

> 1e200 * 1e200 * 0.0

| nan

+1 00111011010111001110101010101010101010101010111011001001010101100.0100011110010101111001110101010111110101100110101

eς1023 bits

cs= 0

2-6

https://en.wikipedia.org/wiki/IEEE_754


Stringliterals(type str )

ÁSequenceof charactersenclosedby 
single (' ) or double (" ) quotes

" a ' quoted ' word " " Hello World"   'abc '

'a " quoted " word '    '_"_ \ '_"_'

ÁEscape characters
\ n newline
\ t tab
\ \ backslash
\ ' single quote
\ " double quote

ÁA backslash (\ ) a the end of line, 
will continueline/stringon next line

ÁUsetriple single or double quotes(''' or " " " ) 
for enclosingstringsspanningmore lines

(in particularfor PythonDosctrings, seePEP 257)

string - test.py

print("abc")

print('de \ 'f')

print("'ghi'")

print("'jk \ nl' \ "")

print("mn \

o")

print("p \ \ q\ tr")

Output

$ python string - test.py

abc

de'f

' ghi '

' jk

l'"

mno

p\ q     r

https://www.python.org/dev/peps/pep-0257/


QuestionςWhatdoesthe followingprint ?  
print (" \ \ \ " \ \ n\ n'")

a) \ \ \ " \ \ n\ n'

b) \ " \ nn'

c) \ " \ n

'

d) " nn'

e) \ "

'

f) 5ƻƴΩǘ ƪƴƻǿ



Long stringliterals

ÁLong string literals often need to be 
split over multiple lines

ÁIn Python two (or more) string literals 
following each otherwill be treated as 
a single string literal (they can use 
different quotes)

ÁPutting parenthesisaround multiple 
literals allows line breaks

ÁAdvantages: 
ςavoids the backslash at the end of line 

ςcan use indentation to increase readability

ςallows comments between literals

long - string - literals.py

s1 = ' abc ' " def "  # two string literals

print(s1)

s2 = '"' "'" '"'  # avoid escaping quotes

print(s2)

s3 = 'this is a really, really, really, \

really, really, long string'

print(s3)

s4 = ( 'this is a really, really, '

'really, really, really, '

'long string' )

print(s4)

very_very_long_variable_name = (

'this is a really, really, '  # line 1

'really, really, really, '    # line 2

"long string"                 # line 3

)

print( very_very_long_variable_name )

Python shell

| abcdef

| "'"

| this is a really, really, really, really, 

really, long string

| this is a really, really, really, really, 

really, long string

| this is a really, really, really, realy , 

really, long string



Raw string literals

ÁBy prefixing a string literal with an r , the string literal will be 
considered a raw stringand backslashes become literal characters

ÁUseful in cases where you actually need backslashes in your strings, 
ŜΦƎΦ ǿƘŜƴ ǿƻǊƪƛƴƎ ǿƛǘƘ tȅǘƘƻƴΩǎ regular expression module re

Python shell

> print(' \ let \ epsilon \ varepsilon')     # \ v = vertical tab

| \ let \ epsilon

arepsilon

> print(' \ \ let \ \ epsilon \ \ varepsilon')  # many backslashs

| \ let \ epsilon \ varepsilon

> print( r ' \ let \ epsilon \ varepsilon')    # more readable

| \ let \ epsilon \ varepsilon

https://docs.python.org/3/library/re.html


print(...)

Áprint can print zero, one, or more values

Ádefault behavior
ςprint a space between values

ςprint a line break after printing all values

Ádefault behavior can be changed by keyword 
argumentsάsepά ŀƴŘ άendά

Python shell

> print()

|
> print(7)

| 7

> print(2, ' Hello ' )

| 2 Hello 

> print(3, 'a', 4)

| 3 a 4

> print(3, 'a', 4, sep =':')

| 3:a:4

> print(5); print(6)

| 5

| 6

> print(5, end= ', '); print(6)

| 5, 6



print(...) and help(...)

Python shell

> help(print)

| Help on built - in function print in module builtins :

|
| print(...)

| print(value, ..., sep =' ', end=' \ n', file= sys.stdout , flush=False)

|
| Prints the values to a stream, or to sys.stdout by default.

| Optional keyword arguments:

| file:  a file - like object (stream); defaults to the current sys.stdout .

| sep :   string inserted between values, default a space.

| end:   string appended after the last value, default a newline.

| flush: whether to forcibly flush the stream.



Assignments

Ávariable = expression

x = 42

ÁMultiple assignments ςright hand side evaluated before assignment

x, y, z = 2, 5, 7

ÁUseful for swapping

x, y = y, x

ÁAssigning multiple variables same value in
left-to-right

x = y = z = 7

Warning

i = 1

i = v[i] = 3 # v[3] is assigned value 3

In languages like C and C++ instead
v[1] is assigned 3



Python is dynamically typed, type(...)

ÁThe current type of a value can be 
inspected using the type() function 
(that returns a type object)

ÁIn Python the values contained in a variable 
over time can be of different type

ÁIn languages like C, C++ and Java variables 
are declared with a given type, e.g.

int x = 42; 

and the different values stored in this 
variable must remain of this type

Python shell

> x = 1

> type(x)

| <class ' int '>

> x = 'Hello'

> type(x)

| <class ' str '>

> type(42)

| <class ' int '>

> type(type(42))

| <class 'type'>

x new type



Type conversion

ÁConvert a value to 
another type:

new-type(value)

ÁSometimes done 
automatically:

1.0+7=1.0+float(7)=8.0

Python shell

> float(42)

| 42.0

> int (7.8)

| 7

> x = 7

> print("x = " + x)

| Traceback (most recent call last):

| File "< stdin >", line 1, in <module>

| TypeError : must be str , not int

> print("x = " + str (x))

| x = 7 

> print("x = " + str (float(x))) 

| x = 7.0

> int ("7.3") 

| Traceback (most recent call last):

| File "< stdin >", line 1, in <module>

| ValueError : invalid literal for int () with base 10: '7.3'

> int (float("7.3")) 

| 7



Questions ςstr (float( int (float ("7.5 ")))) ?

a) 7

b) 7.0

c) 7.5

d) "7"

e) "7.0"

f) "7.5"

g) 5ƻƴΩǘ ƪƴƻǿ



Control structures

Áinput()

Áif-elif-else

Áwhile-break-continue



input

ÁThe builtin function input( message) prints message, and waits for 
the user provides a line of input and presses return. The line of input 
is returned as a str

ÁIf you e.g. expect input to be an int , then remember to convert the 
input using int ()

name- age.py

name = input('Name: ')

age = int (input('Age: '))

print(name, 'is', age, 'years old')

Python shell

> Name: Donald Duck

> Age: 84

| Donald Duck is 84 years old



Branching ςdo either this or that ?

Code before

Code after

do this do that

make decision ?

True False

booleanexpression



Basic if-else

if booleanexpression:

code

code

code

else :

code

code

code

if - else.py

if x % 2 == 0:

print(' even ')

else :

print(' odd ')

identical 
indentation

identical 
indentation

Identical indentation for a sequence of lines = the same spaces/tabs should precede code



pass

if - else.py

if x % 2 == 0:

print(' even ')

else :

pass

Ápass is a Pythonstatement doingnothing. Can beusedwherea 
statement is requiredbut youwant to skip (e.g. codewill be writen later)

ÁExample(bad example, sinceelse couldjust beomitted):



if-elif-else

if condition:

code

elif condition: # zeroor more άelfiά  άŜƭǎŜ ƛŦέ

code

else : # optional

code

if - else.py

if x % 2 == 0:

print( ' even ' )

else :

print( ' odd ' )

if.py

if x == 0:

print(' zero ')

elif.py

if x < 0:

print('negative')

elif x == 0:

print(' zero ')

elif x == 1:

print(' one ')

else : 

print('>= 2')

if ( condition ) { 

code

} else if ( condition ) { 

code

} else { 

code

} Java, C, C++ syntaxOther languages using indentation for blocking: 
ABC (1976), occam(1983), Miranda (1985)



Questions ςWhat value is printed?

a) 1

b) 2

c) 3

d) 4

e) 5

f) 5ƻƴΩǘ ƪƴƻǿ

x = 1

if x == 2:

x = x + 1

else:

x = x + 1

x = x + 1

x = x + 1

print(x)



Nested if-statements

nested - if.py

if x < 0:

print('negative')

elif x % 2 == 0:

if x == 0:

print(' zero ')

elif x == 2:

print(' even prime number ')

else : 

print(' even composite number ')

else :

if x == 1:

print(' one ')

else : 

print(' some odd number ')



if-else expressions

ÁA very common computation is

if test:
x = true-expression

else:

x = false-expression

ÁIn Python there is a shorthand for this:

x = true-expressionif test else false-expression

(see ²ƘŀǘΩǎ bŜǿ ƛƴ tȅǘƘƻƴ нΦр - PEP 308: ConditionalExpressions)

ÁIn C, C++ and Java the equivalent notation is (note the different order)

x = test ? true-expression: false-expression

think of this as the 
άŎƻƳƳƻƴ ŎŀǎŜέ ŀƴŘ ǘƘŜ 
άŜȄŎŜǇǘƛƻƴŀƭ ŎŀǎŜέ

https://docs.python.org/2.5/whatsnew/pep-308.html


Repeat until done

Code before

Code after

repeat ?
True

False

booleanexpression
do it once more



while-statement
while condition:

code
...

break # jump to codeafter while loop
...

continue # jump to conditionat the 
...   # beginningof while loop

count.py

x = 1

while x <= 5 :

print(x, end=' ')

x = x + 1

print('and', x)

Python shell

| 1 2 3 4 5 and 6

while ( condition ) { 

code

} Java, C, C++ syntax

random - pair.py

from random import randint

while True:

x = randint (1, 10)

y = randint (1, 10)

if abs(x - y) >= 2: 

break

print('too close', x, y)

print(x, y)

Python shell

| too close 4 4

| too close 10 9

| 8 5

The function randint (a, b) from 
module random returns a random 
integer from {a, a + 1,..., b ς1, b}



Computing ●using binary search
int - sqrt.py

x = 20

low = 0

high = x + 1

while True:  # low <= sqrt (x) < high

if low + 1 == high:

break

mid = (high + low) // 2

if mid * mid <= x:

low = mid

continue

high = mid 

print(low) # low = floor( sqrt (x))

An exercise asks to 
simplify the code

0 ὼὼ ρ
low high

● ●mid

Integer division

highlow
2

mid ὼ
ᵿ

mid ὼ



Division using the Newton-Raphson method

ÁGoal:Compute 1 / n only using +, -, and *

Áx = 1 / n   f(x) = n ς1 / x = 0

ÁProblem reduces to finding root of f

ÁNewton-Raphson: 

x := x-ŦόȄύκŦΩόȄύ Ґ Ȅ-(n-1/x)/(1/x2) = (2-ƴϊȄύϊȄ

since ŦΩόȄύ Ґ м κ x2 for  f(x) = n ς1 / x

division.py

n = 0.75  # n in [0.5, 1.0]

x = 1.0

last = 0.0

while last < x:

print(x)

last = x

x = (2 - n * x) * x

print(' Apx of 1.0 /', n, '=', x)

print('Python 1.0 /', n, '=', 1.0 / n)

Python shell

| 1.0

| 1.25

| 1.328125

| 1.33331298828125

| 1.3333333330228925

| 1.3333333333333333

| Apx of 1.0 / 0.75 = 1.3333333333333333

| Python 1.0 / 0.75 = 1.3333333333333333
(x, f(x)) current approximation

x ςŦόȄύ κ ŦΩόȄύ

next approximation
root

f(x)

en.wikipedia.org/wiki/bŜǿǘƻƴΩǎψƳŜǘƘƻŘ

https://en.wikipedia.org/wiki/Newton's_method


Operations
ÁNone, bool

Ábasic operations

Ástrings

Á+= and friends



NoneType

ÁThe type None has only one value: None

ÁUsed when context requires a value, but none is 
really available 

ÁExample: All functions must return a value. The 
function print has the side-effectof printing 
something to the standard output, but returns 
None

ÁExample: Initialize a variable with no value,  e.g. list 
entries mylist = [None, None, None ]

Python shell

> x = print (42)

| 42

> print (x)

| None



Type bool

ÁThe type bool only has two values: True and False

ÁLogic truth tables:

x or y True False

True True True

False True False

x andy True False

True True False

False False False

x not x

True False

False True

Namedafter mathematicianGeorge Boole(1815-1864)



Scalar vs Non-scalar Types

ÁScalartypes(atomic/indivisible): int , float , bool , None

ÁNon-scalar: Examples  strings and lists

" string"[3 ] = "i"

[2, 5, 6, 7][2] = 6



Questions ςWhat is [7,3,5][[1,2,3][1 ]] ?

a) 1

b) 2

c) 3

d) 5

e) 7

f) 5ƻƴΩǘ ƪƴƻǿ



Operations on int and float

Result is float if and only if at least one argument is float,
except ** with negative exponent always gives a float

Á+, - , * addition multiplication, e.g. 3.0*2 = 6.0

Á** and pow(x, y) power, e.g. 2**3=pow(2,3)=8 , 2** - 2=0.25

Á// integer division = Ȅκȅ
e.g. 15.0//4= 3.0 . Note: - 8//3= - 3

Á/ division returns float, 6/3=2.0

Áabs(x) absolute value

Á%integer division remainder (modulo)
11%3=2

4.7%0.6 =0.5000000000000003

Python shell

> 0.4 // 0.1

| 4.0 

> 0.4 / 0.1

| 4.0 

> 0.3 // 0.1 

| 2.0 

> 0.3 / 0.1

| 2.9999999999999996

> 10**1000 / 2

| OverflowError : integer division 

result too large for a float



Running time for 3**x // 3**x

Working with larger integers 
takes slightly more than linear 
time in the number of digits



integer - division - timing.py

from time import time

import matplotlib.pyplot as plt

bits, compute_time = [], []

for i in range (42):

x = 3**i // 2**i

start = time()

result = 3**x // 3**x     # the computation we time

end = time()

t = end - start

print ("i =", i, "x =", x, " Result =", result , "time( sec ) =", t)

bits.append (x)

compute_time.append (t)

plt.title ('Computing 3**x // 3**x')

plt.xlabel ('x')

plt.ylabel (' computation time ( seconds )')

plt.plot (bits, compute_time , "g:")

plt.plot (bits, compute_time , "ro")

plt.show ()



module math

aŀƴȅ ǎǘŀƴŘŀǊŘ ƳŀǘƘŜƳŀǘƛŎŀƭ ŦǳƴŎǘƛƻƴǎ ŀǊŜ ŀǾŀƛƭŀōƭŜ ƛƴ ǘƘŜ tȅǘƘƻƴ ƳƻŘǳƭŜ άmathέΣ ŜΦƎΦ

sqrt, sin, cos, tan, asin, acos, atan, log(natural), log10, exp, ceil, floor, ...

ÁTo use all the functions from the math module use import math

Functions are now available as e.g. math.sqrt (10 ) and math.ceil (7.2)

ÁTo import selected functions you instead write from math import sqrt , ceil

ÁThe library also contains some constants, e.g.
math.pi = 3.141592... and math.e = 2.718281...

ÁNote: x ** 0.5 significantly faster than sqrt (x)

docs.python.org/3/library/math.html

Python shell

> (0.1 + 0.2) * 10

| 3.0000000000000004

> math.ceil ((0.1 + 0.2) * 10)

| 4

https://docs.python.org/3/library/math.html


Python shell

> import math

> math.sqrt(8)

| 2.8284271247461903

> from math import pi, sqrt

> pi

| 3.141592653589793

> sqrt (5)

| 2.23606797749979

> from math import sqrt as kvadratrod

> kvadratrod(3)

| 1.7320508075688772

> import timeit

> timeit.timeit ("1e10**0.5")

| 0.021124736888936863

> timeit.timeit (" sqrt (1e10)", "from math import sqrt ")

| 0.1366314052865789

> timeit.timeit (" math.sqrt (1e10)", "import math")

| 0.1946660841634582

docs.python.org/3.6/library/timeit.html



Python shell

> from math import ceil

> from timeit import timeit

> 13 / 3

| 4.333333333333333

> 13 // 3

| 4

> - 13 // 3

| - 5

> - ( - 13 // 3)

| 5

> ceil(13 / 3)

| 5

> - ( - 22222222222222222223 // 2)

| 11111111111111111112

> ceil (22222222222222222223 / 2)

| 1111111111111111 0656

> timeit ('ceil(13 / 3)', 'from math import ceil')

| 0.2774667127609973

> timeit (' - ( - 13 // 3)')  # negation trick is fast

| 0.05231945830200857

Rounding up 
integer fractions

- ( - 13/3)

Python Java C

- ( - 13//3)

= 5

- ( - 13/3)

= 4

- ( - 13/3)

= 4

ÁPython: x/y = - ( - x//y)

ÁThe intermediate result x/y in
math.ceil (x/y)

is a float  with limited precision

ÁAlternative computation:

x/y = (x+(y - 1))//y



floats : Overflow, inf, -inf, nan

ÁThere exists special float values
inf , - inf , nan

ǊŜǇǊŜǎŜƴǘƛƴƎ άҌƛƴŦƛƴƛǘȅέΣ ά-ƛƴŦƛƴƛǘȅέ and 
άƴƻǘ ŀ ƴǳƳōŜǊέ

ÁCan be created using e.g. 
float(' inf ')

or imported from the math module

ÁSome overflow operations generate an 
OverflowError , other return inf and 
allow calculations to continue !

ÁRead the IEEE 754 standardif you want to 
know more details...

Python shell

> 1e250 ** 2

| OverflowError :

(34, 'Result too large')

> 1e250 * 1e250

| inf

> - 1e250 * 1e250

| - inf

> import math

> math.inf

| inf

> type (math.inf)

| <class ' float '>

> math.inf / math.inf

| nan

> type ( math.nan )

| <class ' float '>

> math.nan == math.nan

| false

> float (' inf ') - float (' inf ')

| nan

https://en.wikipedia.org/wiki/IEEE_754


Operations on bool 
ÁThe operations and , or , and no t behave as expected when the arguments are False /True.

ÁThe three operators also accept other types, where the following values are considered false:

False, None, 0, 0.0, "", [] , ...

(see The Python Standard Library > 4.1. True Value Testingfor more falsevalues)

ÁShort-circuitevaluation: The rightmost argument of and andor is only evaluated if the result 
cannot be determined from the leftmost argument alone. The result is either the leftmost or 
rightmost argument (see truth tables), i.e. the result is not necessarily False /True . 

True or 7/0 is completely valid since 7/0 will never be evaluated 
(which otherwise would throw a ZeroDivisionErrorexception) 

x not x

false True

otherwise False

x x or y

false y

otherwise x

x x and y

false x

otherwise y

https://docs.python.org/3/library/stdtypes.html#truth-value-testing


Questions ςWhat is " abc " and 42 ?

a) False

b) True

c) " abc "

d) 42

e) TypeError

f) 5ƻƴΩǘ ƪƴƻǿ



Comparison operators (e.g. int, float, str)

== test if two objects are equal, returns bool

not to be confused with the assignment 
operator (=)

!= not equal

>

>=

<

<=

Python shell

> 3 == 7 

| False

> 3 == 3.0

| True

> " - 1" != - 1

| True

> " abc " == "ab" + "c"

| True

> 2 <= 5 

| True

> - 5 > 5

| False

> 1 == 1.0

| True

> 1 == 1.0000000000000001

| True

> 1 == 1.000000000000001

| False



Chained comparisons

ÁA recurring condition is often 

x < y and y < z

ÁIf y is a more complex expression, we would like to avoid computing y twice, i.e. we often 
would write

tmp = complex expression

x < tmp and tmp < z

ÁIn Python this can be written as a chained comparisons (which is shorthand for the above)

x < y < z

ÁNote: Chained comparisons do not exist in C, C++, Java, ...



Questions ςWhat is 1 < 0 < 6/0 ?

a) True

b) False

c) 0

d) 1

e) 6

f) ZeroDivisionError

g) 5ƻƴΩǘ ƪƴƻǿ



Binary numbers and operations

ÁBinary number = integer written in base 2: 1010102 = 4210

ÁPython constant prefix 0b: 0b101010 Ą 42

Ábin(x) converts integer to string: bin(49 ) Ą "0b110001"

Ái nt (x,2) converts binary string value to integer: int ("0b110001",2 ) Ą 49

ÁBitwise operations
| Bitwise OR
& Bitwise AND
~ Bitwise NOT  (~ x equals to ïx - 1)
^ Bitwise XOR

ÁExample: bin(0b1010 | 0b1100 ) Ą "0b1110"

ÁHexadecimal = base 16, Python prefix 0x: 0x30 Ą 48 , 0xA0 Ą 160 ,   0xFF Ą 255

Á<< and >> integer bit shifting left and right, e.g. 12 >> 2 Ą 3, and 1 << 4 Ą 16



Operations on strings
Álen ( str) returns length of str

Ástr[ index] returns indexҌмΩǘƘ ǎȅƳōƻƭ ƛƴ str

Ástr1 + str2 returns concatenation of two strings

Áint * str concatenates str with itself int times

ÁFormatting:  % operatoror .format() function

or formatted string literals (f-strings)with prefix

letter f and Python expressions in {}

(see pyformat.infofor an introduction)
CǊƻƳ ά²ƘŀǘΩǎ bŜǿ Lƴ tȅǘƘƻƴ 3.0έΣ нллфΥ  A new system for built-in string 
formatting operations replaces the % string formatting operator. (However, the 
% operator is still supported; it will be deprecated in Python 3.1 and removed 
from the language at some later time.) Read PEP 3101 for the full scoop.

Python shell

> len (" abcde ") 

| 5

> " abcde "[2]

| 'c'

> x = 2; y = 3

> "x = %s, y = %s" % (x, y)

| 'x = 2, y = 3'

> "x = {}, y = {}". format ( x,y )

| 'x = 2, y = 3'

> f'x + y = {x + y}'

| 'x + y = 5'

> f'{x + y = }'  # >= Python 3.8

| 'x + y = 5'

> f'{x} / {y} = {x / y:.3}'

| '2 / 3 = 0.667'

> " abc " + " def "

| ' abcdef '

> 3 * "x -- "

| 'x -- x-- x-- '

> 0 * " abc "

| ''

҈ ŦƻǊƳŀǘǘƛƴƎ όƛƴƘŜǊƛǘŜŘ ŦǊƻƳ /Ωǎ ǎǇǊƛƴǘόύ ŦǳƴŎǘƛƻƴύ ǿŀǎ ǎǳǇǇƻǎŜŘ ǘƻ ōŜ ƻƴ ǘƘŜ ǿŀȅ ƻǳǘ - but is still going strong in Python 3.8

old Python 2 way since Python 3.0

since Python 3.6

https://docs.python.org/3/library/stdtypes.html#old-string-formatting
https://docs.python.org/3/library/string.html
https://docs.python.org/3/reference/lexical_analysis.html#formatted-string-literals
https://pyformat.info/
https://docs.python.org/3.0/whatsnew/3.0.html
http://www.python.org/dev/peps/pep-3101


... more string functions
Ástr[ - index] returns the symbol i positions from the right, the rightmost str[ - 1]

Ástr[ from: to] substring starting at index from and ending at index to-1

Ástr[ from: - to] substring starting at form and last at index len ( str) - to - 1

Ástr[ from: to: step] only take every stepΩǘƘsymbol in str[from:to]
ςfrom or/and to can be omitted and defaults to the beginning/end of string

Áchr ( x) returns a string of length 1 containing the xΩǘƘUnicode character

Áord ( str) for a string of length 1, returns the Unicode number of the symbol

Ástr.lower () returns string in lower case

Ástr.split () split string into list of words, e.g. 

" we love python". split () = ['we', 'love', 'python']

docs.python.org/3/library/string.html

http://docs.python.org/3/library/string.html


0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44

Questions ςWhat is s[2:42:3] ?

a) ' wwdexy___ lwtopavghevt_xypxxyattx_hxwoadn '

b) ' we_love_python '

c) ' we_love_java '

d) 5ƻƴΩǘ ƪƴƻǿ

s = ' abwwdexy___ lwtopavghevt_xypxxyattx_hxwoadnxxx '



Strings are immutable

ÁStrings are non-scalar, i.e. fors = " abcdef " , s[3] will return "d"

ÁStrings are immutableand cannot be changed once created. I.e. the 
following natural update is not possible (but is e.g. allowed in C)

s[3] = "x"

ÁTo replace the "d" with "x" in s , instead do the following update

s = s[:3] + "x" + s[4:]



Operators
Precedence rules & Associativity
Example: * has higher precedence than +

2 + 3 * 4   2 + (3 * 4) Ą 14    and  (2 + 3) * 4 Ą 20

All operators in same group are evaluated left-to-right

2 + 3 - 4 - р      όόн Ҍ оύ - 4) - 5   Ą -4

except for **, that is evaluated right-to-left

нϝϝнϝϝо      нϝϝόнϝϝоύ   Ą 256

Rule: Use parenthesiswhenever in doubt of precedence!

Precedence
(low to high)

or

and

not x

in not in

is   is not

==   <   <=

!=   > >=

|

^

&

<< >>

+ -

*   @   

/   //   %

+x - x ~x

**docs.python.org/3/reference/expressions.html

https://docs.python.org/3/reference/expressions.html


Long expressions

ÁLong expressions can be broken over several 
lines by putting parenthesis around it

ÁThe PEP8 guidelines recommend to limit all
lines to a maximum of 79 characters

Python shell

> (1

+ 2 +

3)

| 6

https://www.python.org/dev/peps/pep-0008/#maximum-line-length

https://www.python.org/dev/peps/pep-0008/#maximum-line-length


+= and friends

ÁRecurring statement is

x = x + value

ÁIn Python (and many other languages) this can be written as

x += value

ÁThis also applies to other operators like

+=  - =  *=  /=  //=  **=

|=  &=  ^=  <<=  >>=

Python shell

> x = 5

> x *= 3

> x

| 15

> a = 'abc'

> a *= 3

> a

| 'abcabcabc'



:=   assignment expressions 
όǘƘŜ ά²ŀƭǊǳǎ hǇŜǊŀǘƻǊέύ

ÁSyntax

name : = expression

ÁEvaluates to the value of 
expression , with the side 
effect of assigning result to name

ÁUseful for naming intermediate 
results/repeating subexpressions 
for later reusage

ÁSee PEP 572for further details 
and restrictions of usage

ÁIn some languages, e.g. Java, CŀƴŘ /ҌҌΣ ά=ά ŀƭǎƻ Ǉƭŀȅǎ ǘƘŜ ǊƻƭŜ ƻŦ ά:= άΣ ƛƳǇƭȅƛƴƎ 
άif (x=y) έ ŀƴŘ άif (x==y) έ ƳŜŀƴ ǉǳƛǘŜ ŘƛŦŦŜǊŜƴǘ ǘƘƛƴƎǎ όŎƻƳƳƻƴ ǘȅǇƻύ

Python shell

> (x := 2 * 3) + 2 * x

| 18

> print(1 + (x := 2 * 3), 2 + x)

| 7 8

> x := 7

| SyntaxError

> (x := 7)  # valid, but not recommended

> while line := input():

print(line.upper())

> abc

| ABC 

https://www.python.org/dev/peps/pep-0572/


Lists
ÁList syntax 
ÁList operations
Ácopy.deepcopy
Árange
Áwhile-else
Áfor
Áfor-break-continue-else



List operations

ÁList syntax [ value1, value2, ..., valuek]

ÁList indexing L[ index] , L[ - index]

ÁList slicesL[ from: to] , L[ from: to: step] or L[slice( from, to, step)]

ÁCreating a copy of a list L[:] or L.copy ()

ÁList concatenation (creates new list)X + Y

ÁList repetition (repeated concatenation with itself)42 * L

ÁLength of list len (L)

ÁCheck if element is in liste in L

ÁIndex of first occurrence of element in list L.index (e)

ÁNumber of occurrences of element in list L.count (e)

ÁCheck if element is not in list e not in L

Ásum(L)  min(L)  max(L)

docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range

https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range


List modifiers (lists are mutable)
ÁExtend list with elements (X is modified) X.extend (Y)

ÁAppend an element to a list (L is modified) L.append (42)

ÁReplace sublistby another list (length can differ)X[ i:j ] = Y

ÁDelete elements from listdel L[ i:j:k ]

ÁRemove & return element at positionL.pop (i)

ÁRemove first occurrence of elementL.remove (e)

ÁReverse listL.reverse ()

ÁL *= 42

ÁL.insert (i, x) same as L[ i:i ] = [x]

docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range

Python shell

> x = [1, 2, 3, 4, 5]

> x[2:4] = [10, 11, 12]

> x

| [1, 2, 10, 11, 12, 5]

> x = [1, 2, 11, 5, 8]

> x[1:4:2] = ['a', 'b']

| [1, 'a', 11, 'b', 8]

https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range


Questions ςWhat is x ?

a) [1,2,'a ', 'b ',5,6,7,8,9,10 ]

b) [1,'a',3,4,5,6,7,'b ' ,9,10 ]

c) [1,2,3,4,5,6,7,'a','b']

d) [1,2 ,'a',4,5,'b',7,8,9,10]

e) ValueError

f) 5ƻƴΩǘ ƪƴƻǿ

x = [ 1,2,3,4,5,6,7,8,9,10]

x[2:8:3 ] = ['a', 'b']



Questions ςWhat is y ?

a) [3,6,9,12,15]

b) [7,13]

c) [1,9]

d) [4,7,10,13,2,4]

e) TypeError

f) 5ƻƴΩǘ ƪƴƻǿ

y = [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19 ]

y = y[3:15:3 ][1:4:2 ]



Nested lists (multi-dimensional lists)

ÁLists can contain lists as elements, 
that can contain lists as elements, 
that ...

ÁCan e.g. be used to store multi-
dimensional data (list lengths can 
be non-uniform)

Note: For dealing with matrices the 
NumPymodule is a better choice

multidimensional - lists.py

list1d = [1, 3, 5, 2]

list2d = [[1, 2, 3, 4],

[5, 6, 7, 9],

[0, 8, 2, 3]]

list3d = [[[5,6], [4,2], [1,7], [2,4]],

[[1,2], [6,3], [2,5], [7,5]],

[[3, 8], [1,5], [4,3], [2,4]]]

print(list1d[2])

print(list2d[1][2])

print(list3d[2][0][1])

Python shell

| 5

| 7

| 8

https://numpy.org/


aliasing
Memory

a 13 a[0]

27 a[1]

7 a[2]

42 a[3]

a = [13, 27, 7, 42]

b = a

a[2] = 12  12-

b



y = x  vs y = x[:]

Memory

a 13 a[0]

27 a[1]

7 a[2]

42 a[3]

a = [13, 27, 7, 42]

b = a

a[2] = 12  

12-

b

a = [13, 27, 7, 42]

b = a[:]

a[2] = 12  

Memory

a 13 a[0]

27 a[1]

7 a[2]

42 a[3]

13 b[0]

27 b[1]

7 b[2]

42 b[3]

b

12-



x[:] vs nested structures

a = [[3,5],[7,11]]

b = a

c = a[:]

a[0][1] = 4

c[1] = b[0]

Memory

a a[0]

a[1]

3

5

7

11

c c[0]

c[1]

b

4-

-



Question ςwhat is c ?

a = [[3,5],[7,11]]

b = a

c = a[:]

a[0][1] = 4

c[1] = b[0]

Memory

a a[0]

a[1]

3

5

7

11

c c[0]

c[1]

b

4-

-

a) [[3,5],[7,11]]

b) [[3,5 ],[3,5]]

c) [[ 3,4],[3,5]]

d) [[ 3,4],[3,4]]

e) 5ƻƴΩǘ ƪƴƻǿ



copy.deepcopy

ÁTo make a copy of all parts of a composite value 
use the function deepcopyfrom module copy

Memory

a a[0]

7 a[1]

3

5

b[0]

7 b[1]

3

5

b

4-

Python shell

> from copy import deepcopy

> a = [[3, 5], 7]

> b = deepcopy(a)

> a[0][0] = 4

> a

| [[4,5],7]

> b

| [[3,5],7]



Initializing a 2-dimensional list
Python shell

> x = [1] * 3

> x

| [1, 1, 1]

> y = [[1] * 3] * 4

> y

| [[1, 1, 1], [1, 1, 1], [1, 1, 1], [1, 1, 1]]

> y[0][0] = 0

> y

| [[ 0, 1, 1], [ 0, 1, 1], [ 0, 1, 1], [ 0, 1, 1]]

Python shell

> y = []

> for _ in range(4): y.append ([1] * 3)

> y[0][0] = 0

> y

| [[ 0, 1, 1], [1, 1, 1], [1, 1, 1], [1, 1, 1]]



range(from, to, step)

Árange( from, to, else) generates the sequenceof numbers starting with from,
with increments of step, and smaller/greater than to if steppositive/negative

range(5) : 0, 1, 2, 3, 4  (default from = 0, step= 1)
range(3, 8) : 3, 4, 5, 6, 7  (default step= 1)
range( - 2, 7, 3) : - 2, 1, 4       (from and to can be any integer)
range(2 , - 5, - 2) : 2, 0, - 2, - 4   (decreasing sequence if stepnegative)

ÁRanges are immutable, can be indexed 
like a list, sliced, and compared
(i.e. generate the same numbers) 

Álist(range( ...)) generates the 
explicitlist of numbers

Python shell

> range(1, 10000000, 3)[2]

| 7

> range(1, 10000000, 3)[100:120:4]

| range(301, 361, 12)

> range(1, 10000000, 3)[100:120:4][2:3]

| range(325, 337, 12)

> list(range(5, 14, 3))

| [5, 8, 11]

In Python 2, range generates the explicit list,
i.e. always use memory proportional to the 

length; xrange in Python 2 corresponds to range

in Python 3; Python 3 is more memory friendly



Question ςWhat is range(3,20,4)[2:4][1] ?

a) 3

b) 7

c) 11

d) 15

e) 19

f) DƻƴΩǘ ƪƴƻǿ



for - loop

ÁFor every element in a sequenceexecute 
a block of code:

for var in sequence:

block

ÁSequences can e.g. be lists, strings, 
ranges

Ábreak and continue can be used like 
in a while-loop to break out of the for-
loop or continue with the next element 
in the sequence

Python shell

> for x in [1, " abc ", [2, 3], 5.0]:

> print(x)

| 1

| abc

| [2, 3]

| 5.0

> for x in " abc ":

> print(x)

| a

| b

| c

> for x in range(5, 15, 3):

> print(x)

| 5

| 8

| 11

| 14



Question ςWhat is printed ?

Python shell

> for i in range(1, 4):

> for j in range( i , 4):

> print( i , j , sep =':', end=' ')

a) 1:1 1:2 1:3 2:1 2:2 2:3 3:1 3:2 3:3 

b) 1:1 1:2 1:3 2:2 2:3 3:3 

c) 1:1 2:1 3:1 1:2 2:2 3:2 1:3 2:3 3:3

d) 1:1 2:1 3:1 2:2 3:2 3:3 

e) 5ƻƴΩǘ ƪƴƻǿ



Question ςbreak , what is printed ?

Python shell

> for i in range(1, 4):

> for j in range(1, 4):

> print( i , j , sep =':', end=' ')

> if j >= i :

> break

a) nothing

b) 1:1

c) 1:1 2:1 2:2 3:1 3:2 3:3 

d) 1:1 2:2 3:3

e) 5ƻƴΩǘ ƪƴƻǿ In nested for - and while -loops, 
break only breaks the innermost loop



Palindromic substrings

ÁFind all palindromicsubstrings of length 
җ нΣ ƛΦŜΦ ǎǳōǎǘǊƛƴƎǎ ǎǇŜƭƭŜŘ ƛŘŜƴǘƛŎŀƭƭȅ 
forward and backwards:

abr aca drabratra llall a

i  j        i    j

ÁAlgorithm: Test all possible substrings
(brute force/exhaustive search)

ÁNote: the slice t [:: - 1] is t reversed

palindrom.py

s = " abracadrabratrallalla "

for i in range( len (s)):

for j in range( i + 2, len (s) + 1):

t = s[ i : j ]

if t == t [:: - 1] :

print(t)

Python shell

| aca

| alla

| allalla

| ll

| llall

| lal

| alla

| ll



Sieveof Eratosthenes

ÁFind all prime numbers Җ n

ÁAlgorithm:

2  3  4 5  6 7  8 9  10 11  12 13  14 ...

2 3  4 5  6 7  8 9 10 11  12 13  14 ...
2  3  45  6 7  8  9  10 11  12 13  14 ...

2  3  4  5  6 7  8  9  1011  12 13  14 ...

2  3  4  5  6  7  8  9  1011  12 13  14 ...

2  3  4  5  6  7  8  9  10  11  12 13  14 ...

eratosthenes.py

n = 100

prime = [True] * (n + 1)

for i in range(2, n):

for j in range(2 * i, n + 1, i):

prime[j] = False

for i in range(2, n + 1):

if prime[i]:

print(i, end=' ')

Python shell

| 2 3 5 7 11 13 17 19 23 29 31 37 41 

43 47 53 59 61 67 71 73 79 83 89 

97 

en.wikipedia.org/wiki/Sieve_of_Eratosthenes

https://en.wikipedia.org/wiki/Sieve_of_Eratosthenes


while-else and for-else loops

ÁBoth for- and while-ƭƻƻǇǎ Ŏŀƴ ƘŀǾŜ ŀƴ ƻǇǘƛƻƴŀƭ άŜƭǎŜέΥ
for var in sequence:

block
else:

block

while condition:

block
else:

block

Á¢ƘŜ άŜƭǎŜέ ōƭƻŎƪ ƛǎ ƻƴƭȅ ŜȄŜŎǳǘŜŘ if no break is performed in the loop

Á¢ƘŜ άŜƭǎŜέ ŎƻƴǎǘǊǳŎǘƛƻƴ ŦƻǊ ƭƻƻǇǎ ƛǎ ǎǇŜŎƛŦƛŎ ǘƻ tȅǘƘƻƴΣ 
and does not exist in e.g. C, C++ and Java



Linear search
linear - search - while.py

L = [7, 3, 6, 4, 12, 'a', 8, 13]

x = 4

i = 0

while i < len (L):

if L[i] == x:

print(x, "at position", i, "in", L)

break

i = i + 1

if i >= len (L) :

print(x, "not in", L)

linear - search - while - else.py

i = 0

while i < len (L):

if L[i] == x:

print(x, "at position", i, "in", L)

break

i = i + 1

else :

print(x, "not in", L)

linear - search - for.py

found = False

for i in range( len (L)):

if L[i] == x:

print(x, "at position", i, "in", L)

found = True

break

if not found :

print(x, "not in", L)

linear - search - for - else.py

for i in range( len (L)):

if L[i] == x:

print(x, "at position", i, "in", L)

break

else :

print(x, "not in", L)

linear - search - builtin.py

if x in L:

print(x, "at position", L.index (x) , "in", L)

else :

print(x, "not in", L)



Someperformance considerations



Python shell

> s = 'A' + 'B' + 'C'

> s

| 'ABC'

> 'x'. join (['A', 'B', 'C'])

| 'AxBxC'

> s = ''

> s += 'A'

> s += 'B'

> s += 'C'

> s

| 'ABC'

> L = []

> L.append('A')

> L.append('B')

> L.append('C')

> L

| ['A', 'B', 'C']

> s = ''. join (L)

> s

| 'ABC'

String concatenation

ÁTo concatenate two (or few) strings use

str1 + str2
var += str

ÁTo concatenate several/many strings use

'' .join ([ str1, str2, str3, ... , strn])

ÁConcatenating several strings by repeated 
use of + generates explicitly the longer-and-
longerintermediate results; using join

avoids this slowdown



string - concatenation.py

from time import time

from matplotlib import pyplot as plt

ns = range(10_000, 1_000_000, 10_000)

time_string = []

time_list = []

for n in ns:

start = time()

s = ''

for _ in range(n):

s += ' abcdefgh '  # slow

end = time()

time_string.append (end - start)

start = time()

substrings = []

for _ in range(n):

substrings.append (' abcdefgh ');

s = ''.join(substrings);

end = time()

time_list.append (end - start)

plt.plot (ns, time_string , label='string +=')

plt.plot (ns, time_list , label="''.join(list)")

plt.xlabel ('n')

plt.ylabel ('time')

plt.legend ()

plt.show ()

Ғ нϊмл-7ϊ ƴ

Ғ пϊмл-12ϊ ƴ2



The internal implementation of Python lists

ÁAccessing and updating list positions take the same time independently of position

ÁCreating new / deleting entries in a list depends on position, Python optimizes towards 
updates at the end

ÁTry to organize your usage of lists to insert / delete elements at the end 
L.append ( element) and L.pop () .

ÁtȅǘƘƻƴ ƭƛǎǘǎ ƛƴǘŜǊƴŀƭƭȅ ƘŀǾŜ ǎǇŀŎŜ ŦƻǊ ŀŘŘƛƴƎ Ғ мнΦр ҈ ŀŘŘƛǘƛƻƴŀƭ ŜƴǘǊƛŜǎ ŀǘ ǘƘŜ ŜƴŘΤ 
when the reserved extra space is exhausted the list is moved to a new chunk of memory 
with Ғ мнΦр ҈ extra space

L L reservememory

next cell to be used 
by L.append

L[ i:i ] = [42] will move all 
trailing cells one position to  right

0 i len (L) - 1

move right

github.com/python/cpython/blob/master/Objects/listobject.c

https://github.com/python/cpython/blob/master/Objects/listobject.c


list - insertions.py

from time import time

from matplotlib import pyplot as plt

ns = range(1000, 100_000, 1000)

time_end = []

time_append = []

time_front = []

for n in ns:

start = time()

L = []

for i in range(n):

L[ i:i ] = [i]  # insert after list

end = time()

time_end.append (end - start)

start = time()

L = []

for i in range(n):

L.append (i)  # append to list

end = time()

time_append.append (end - start)

start = time()

L = []

for i in range(n):

L[0:0] = [i]  # insert at front

end = time()

time_front.append (end - start)

plt.plot (ns, time_front , label='front')

plt.plot (ns, time_append , label='append')

plt.plot (ns, time_end , label='end') 

plt.xlabel ('n')

plt.ylabel ('time')

plt.legend ()

plt.show ()

List insertions at begin vs end

Ғ нϊмл-7ϊ ƴ
Ғ оϊмл-7ϊ ƴ

Ғ тϊмл-10ϊ ƴ2



Updates (insertions + deletions) in the middle of a list

list - updates.py

from time import time

from matplotlib import pyplot as plt

ns = range(0, 1_000_001, 10_000)

time_pos = []

L = list(range(1_000_000))  # L = [0, ..., 999_999]

for i in ns:

start = time()

for _ in range(1000):

L[ i:i ] = [42]  # insert element before L[i]

del L[i]  # remove L[i] from L

end = time()

time_pos.append (end - start)

plt.plot (ns, time_pos )

plt.xlabel ('position')

plt.ylabel ('time')

plt.show ()

updates at 
front of list updates at 

end of list



Tuplesand lists
Átuples

Álists

Ámutability

Álist comprehension 

Áfor-if, for-for

Álist()

Áany(), all()

Áenumerate(), zip()



Tuples

( value1, value2, ... , valuek)

ÁTuples can contain a sequence of zero or more 
elements, enclosed by έ(έ ŀƴŘ έ)έ

ÁTuplesareimmutable

ÁTuple of length 0:  ()

ÁTuple of length 1:  ( value, )

Note the comma to make a tuple of length one 
distinctive from an expression in parenthesis

ÁLƴ Ƴŀƴȅ ŎƻƴǘŜȄǘǎ ŀ ǘǳǇƭŜ ǿƛǘƘ җ м ŜƭŜƳŜƴǘǎ Ŏŀƴ 
be written without parenthesis

ÁAccessorsto lists also apply to tuples, slices, ...

Python shell

> (1, 2, 3)

| (1, 2, 3)

> ()

| ()

> (42)

| 42

> (42,)

| (42,)

> 1, 2

| (1, 2)

> 42,

| (42,)

> x = (3, 7)

> x

| (3, 7)

> x = 4, 6

> x

| (4, 6)

> x[1] = 42

| TypeError : 'tuple' object does 

not support item assignment



QuestionςWhatvalueis ((42,)) ?

a) 42

b) (42)

c) (42,)

d) ((42,),)

e) 5ƻƴΩǘknow



QuestionςWhatis x ?

a) [1, [42 , 3], (4, 5 )]

b) [1, [2, 3], ( 42, 5)]

c) [1, [2, 3], 42]

d) TypeError

e) 5ƻƴΩǘknow

x = [1, [2, 3], (4, 5)]

x[2 ][0] = 42



QuestionςWhattree is ('A ',(('B','C'),'D')) ?

a) b)                     c)                     d)                      e)

f) 5ƻƴΩǘknow

/ \ / \ / \ / \ / \

/  \ /  \ /  \ /  \ /  \

/    \ /    \ /    \ /    \ /    \

/      \ /      \ /      \ /      \ /      \

/ \ 'D'        /        \ /        \ /        \ 'A'      / \

/  \ / \ 'D'      / \ / \ 'A'        / \ /  \

/    \ /  \ /  \ /  \ /  \ /    \

/ \ 'C'          /    \ 'A'  'B'  'C'  'D'            /    \ 'B'    / \

/  \ 'A'    / \ / \ 'D'              /  \

'A'  'B'                  /  \ /  \ 'C'  'D'

'B'  'C'                                  'B'  'C' 



Tupleassignment

ÁParallel assignments

x, y, z = a, b, c

is a short hand for a tuple assignment (right side is a single tuple)

(x, y, z) = (a, b, c)

ÁFirst the right-hand side is evaluated completely, and then the individual 
values of the tuple are assigned to x , y , z left-to-right (length must be 
equal on both sides)

Python shell

> point = (10, 25)

> x, y = point

> x

| 10

> y

| 25



Nestedtuple/lists assignments

ÁLet hand side can be nested
(great for unpacking data)

(x, (y, (a[0], w)), a[1]) 

= 1, (2, (3, 4)), 5

Á[...] and (...) on left side matches both 
lists and tuples of equal length 
(but likely you would like to be 
consistent with type of parenthesis)

Python shell

> two_points = [(10, 25), (30, 40)]

> (x1, y1, x2, y2) = two_points

| ValueError : not enough values to 

unpack (expected 4, got 2)

> ((x1, y1), (x2, y2)) = two_points

> a = [None, None]

> v = ((2, (3, 4)), 5)

> ((y, (a[0], w)), a[1]) = v

> a

| [3, 5]

> [x, y, z] = (3, 5, 7)

> (x, y, z) = [3, 5, 7]

> [x, (y, z), w] = (1, [2, 3], 4)

> [x, (y, z), w] = (1, [2, (5, 6)], 4)

> z

| (5, 6)



Tuplesvs lists:  a += b

ÁLists
Extends existing list, i.e. same as a.extend (b)

ÁTuples
Must create a new tuple a + b and assign to a
(since tuples are immutable)

Python shell

> x = [1, 2]

> y = x

> y += [3, 4]

> x

| [1, 2, 3, 4]

> y

| [1, 2, 3, 4]

> x = (1, 2)

> y = x

> y += (3, 4)

> x

| (1, 2)

> y

| (1, 2, 3, 4)



* variable assignment

ÁFor a tuple of variable length a single 
* variable nameon the left side will be 
assigned a list of the remaining elements 
not matched by variables 
preceding/following *

ÁExample
a, *b , c = t

is equivalent to 
a = t[0]

b = t[1: - 1]

c = t[ - 1]

ÁThere can be a single * in a left-hand-side 
tuple (but one new * in each nested tuple)

Python shell

> (a,*b,c,d) = (1,2,3,4,5,6)

> b

| [2, 3, 4]

> (a,*b,c,d) = (1,2,3)

> b

| []

> (a,* b,c,d ) = (1,2)

| ValueError : not enough values to 

unpack (expected at least 3, got 2)

> v = ((1,2,3),4,5,6,(7,8,9,10))

> ((a,*b),*c,(d,*e)) = v

> b

| [2, 3]

> c

| [4, 5, 6]

> e

| [8, 9, 10]



QuestionςWhatis b ?

(*a,(b,),c) = ((1,2),((3,4)),((5,)),(6 ))

a) (1,2)

b) (3,4)

c) 5

d) (5,)

e) (6)

f) 5ƻƴΩǘ ƪƴƻǿ



List comprehension(cool stuff)

ÁExample:

[ x*x for x in [1, 2, 3]]

returns

[ 1, 4, 9]

ÁGeneral

[ expressionfor variable in sequence]

returns a list, where expressionis computed 
for each element in sequence assigned to  
variable

Python shell

> [2*x for x in [1,2,3]]

| [2, 4, 6]

> [2*x for x in range(10,15)]

| [20, 22, 24, 26, 28]

> [2*x for x in " abc "]

| ['aa', 'bb', 'cc']

> [(None, None) for _ in range(2)]

| [(None, None), (None, None)]



List comprehension(more cool stuff)

ÁSimilarly to the left-hand-side in assignments, the variable part can be 
a (nested) tuple of variables for unpacking elements:

[ expressionfor tuple of variablesin sequence]

Python shell

> points = [(3, 4), (2, 5), (4, 7)]

> [(x, y, x*y) for ( x, y ) in points ]

| [(3, 4, 12), (2, 5, 10), (4, 7, 28)]

> [(x, y, x*y) for x, y in points ]

| [(3, 4, 12), (2, 5, 10), (4, 7, 28)]

> [x, y, x*y for (x, y) in points ]

| SyntexError: invalid syntax
parenthesis required for 
the constructed tuples



List comprehensionςfor-if and multiple for

ÁList comprehensions can have nested for-loops

[ expressionfor v1 in s1 for v2 in s2 for v3 in s3]

ÁCan select a subset of the elements by adding an if-condition

[ expressionfor v1 in s1 if condition]

Áand be combined...

Python shell

> [(x, y) for x in range(1, 3) for y in range(4, 6)]

| [(1, 4), (1, 5), (2, 4), (2, 5)]

> [x for x in (1, 2) for x in (4, 5)]

| [4, 5, 4, 5]

> [x for x in range(1, 101) if x % 7 == 1 and x % 5 == 2]

| [22, 57, 92]

> [(x, y, x*y) for x in range(1, 11) if 6 <= x <= 7 for y in range(x, 11) if 6 <= y <= 7 and not x == y]

| [(6, 7, 42)]



QuestionςWhatwill print the same?

points = [(3,7), (4,10),(12,3), (9,11), (7,5)]

print([(x, y) for x, y in points if x < y])

a) print ([x, y for x , y in points if x < y ])

b) print ([(x, y) for p in points if p[0 ] < p[1 ]])

c) print([p for p in points if p[0 ] < p[1]])

d) print ([[x, y] for x , y in points if x < y])

e) 5ƻƴΩǘknow



any, all

Áany (L) checks if at leastoneelement in 
the sequenceL is true (list, sequence, 
strings, ranges, ...)

any ([False, True, False ])

Áall(L ) checks if all elements in the 
sequenceL aretrue

all ([False, False, True ])

Áany and all returnsTrue or False

Python shell

> any((False, True, False))

| True

> any([False, False, False])

| False

> any ([])

| False

> all([False, False, True])

| False

> all((True, True, True))

| True

> all(())

| True

> L = (7, 42, 13)

> any([x == 42 for x in L])

| True

> all([x == 42 for x in L])

| False



enumerate
list(enumerate(L)) 

returns 
[(0,L[0]), (1,L[1]), ..., ( len (L) - 1,L[ - 1])]

Python shell

> points = [(1,2),(3,4),(5,6)]

> [( idx , x*y) for idx , (x, y) in enumerate(points)]

| [(0, 2), (1, 12), (2,30)]

> L = ('a','b','c')

> list(enumerate(L))

| [(0, 'a'), (1, 'b'), (2, 'c')]

> L_ = []

> for idx in range(len(L)):

> L_.append((idx, L[idx]))

> print(L_)

| [(0, 'a'), (1, 'b'), (2, 'c')]

> list(enumerate(['a', 'b', 'c'], start =7))

| [(7, 'a'), (8, 'b'), (9, 'c')]



zip

list(zip( L1, L2, ..., Lk)) = [( L1[0],L2[0],...,Lk[0]), ...,( L1[n],L2[n],...,Lk[n]) ]

where n = min(len(L1), len(L2),...,len(Lk))

Á9ȄŀƳǇƭŜ όάƳŀǘǊƛȄ ǘǊŀƴǎǇƻǎŜέύΥ
list(zip ([1,2,3 ],

[ 4,5,6 ],

[ 7,8,9]))

returns
[( 1, 4, 7 ),

( 2, 5, 8 ),

( 3, 6, 9)]

Python shell

> x = [1, 2, 3]

> y = [4, 5, 6]

| zip(x, y)

> <zip at 0xb02b530>

> points = list (zip(x, y))

> print (points)

| [(1, 4), (2, 5), (3, 6)]



Python shell

> first = ['Donald', 'Mickey', ' Scrooge ']

> last = [' Duck ', 'Mouse', ' McDuck']

> for i, (a, b) in enumerate (zip(first, last), start =1):

> print (i, a, b)

| 1 Donald Duck

| 2 Mickey Mouse

| 3 Scrooge McDuck



(Simple) functions

ÁYoucandefineyourown functionsusing:

def function-name( var1, ..., vark):

bodycode

ÁIf the bodycodeexecutes

return expression

the resultof expressionwill be returnedby the function. If expressionis omitted or the 
bodycodeterminateswithout performingreturn , then None is returned.

ÁWhencallinga functionname( value1,..., valuek) bodycodeis executedwith vari=valuei

Python shell

> def sum3(x, y, z):

return x + y + z

> sum3(1, 2, 3)

| 6

> sum3(5, 7, 9)

| 21

> def powers(L, power):

P = [x**power for x in L]

return P

> powers([2, 3, 4], 3)

| [8, 27, 64]



QuestionςWhattuple is printed?

def even(x):

if x % 2 == 0:

return True

else:

return False

print (( even(7), even(6 )))

a) (False, False)

b) (False, True)

c) (True, False)

d) (True, True)

e) 5ƻƴΩǘknow



180° < h < 360°

0 ° < h < 180°

Geometric orientation test

Purpose of example

Áillustrate tuples

Álist comprehension

Ámatplotlib.pyplot

Áfloats are strange

q = (12, 12)

r = (24, 24)
p

x

y

ÄÅÔ

ρ ή ή

ρ ὶ ὶ

ρ ὴ ὴ
ὶὴ ὴὶ ήὴ ὴή ήὶ ὶή

det > 0

det < 0

det = 0

6 ! = 720 different orders to add

(0.5, 0.5)
(0.5+ʁ , 0.5+ )ʁ

Kettner, Mehlhorn, Pion, Schirra, Yap:
Classroom Examples of Robustness Problems in Geometric Computations

https://doi.org/10.1007/978-3-540-30140-0_62


sign - plot.py

import matplotlib.pyplot as plt

N = 256

delta = 1 / 2**54

q = (12, 12)

r = (24, 24)

P = []  # points (i, j, det)

for i in range(N):

for j in range(N):

p = (1/2 + i * delta, 1/2 + j * delta)

det = (q[0]*r[1] + r[0]*p[1] + p[0]*q[1] 

- r[0]*q[1] - p[0]*r[1] - q[0]*p[1])

P.append((i, j, det))

pos = [(i, j) for i, j, det in P if det > 0]

neg = [(i, j) for i, j, det in P if det < 0]

zero = [(i, j) for i, j, det in P if det == 0]

plt.subplot(facecolor='lightgrey', aspect='equal')

plt.xlabel('i')

plt.ylabel('j', rotation=0)

for points, color in [(pos, "b"), (neg, "r"), (zero, "y")]:

X = [x for x, y in points]

Y = [y for x, y in points]

plt.plot(X, Y, color + ".")

plt.plot([ - 1, N], [ - 1, N], "k - ")

plt.show()

(0.5000000000000142, 0.5000000000000142)

(0.5, 0.5)

det > 0 det = 0 det < 0



Dictionariesand Sets
Ádict

Áset

Áfrozenset

Áset/dict comprehensions



Dictionaries(type dict)

{ key1: value1, ... , keyk: valuek }

ÁStores a mutable set of (key, value) pairs, denoteditems,  
with distinctkeys, i.e. mapskeysto values

ÁConstructingemptydictionary: dict () or {}

Ádict[ key] lookupfor keyin dictionary, and returns
associatedvalue. Keymust bepresent otherwisea 
KeyErroris raised. 

Ádict[ key] = valueassignsvalueto key, overridingexising
valueif present.

key value

'a' 7

'foo' '42nd'

5 29

'5' 44

5.5 False

False True

(3,4) 'abc'

distinctkeys, 
ƛΦŜΦ ƴƻǘ έҐҐέ

https://docs.python.org/3/tutorial/datastructures.html#dictionaries

https://docs.python.org/3/tutorial/datastructures.html#dictionaries


Dictionaries(type dict)
Python shell

> d = {'a': 42, 'b': 57}

> d

| {'a': 42, 'b': 57}

> d. keys ()

| dict_keys(['a', 'b'])

> list( d.keys ())

| ['a', 'b']

> d. items ()

| dict_items ([('a', 42), ('b', 57)])

> list( d.items ())

| [('a', 42), ('b', 57)]

> for key in d:

print(key)

| a

| b

> for key, val in d. items ():

print("Key", key, "has value", val )

| Key a has value 42

| Key b has value 57

> { 5: 'a', 5.0 : 'b'}

| { 5: 'b'}

Python shell

> surname = dict(zip(['Donald', 'Mickey', 'Scrooge'], ['Duck', 'Mouse', 'McDuck']))

> surname['Mickey']

| 'Mouse'



Dictionaries(type dict)
Python shell

> gradings = [('A', 7), ('B', 4), ('A', 12), ('C', 10), ('A', 7)]

> grades = {} # empty dictionary

> for student, grade in gradings :

if student not in grades:

grades [ student ] = []

grades [ student ] .append(grade)

> grades

| {'A': [7, 12, 7], 'B': [4], 'C': [10]}

> print(grades [ 'A' ] )

| [7, 12, 7]

> print(grades [ 'E' ] )  # can only lookup keys in dictionary

| KeyError : 'E'

> print( grades .get ('E'))  # . get returns None if key not in dictionary

| None

> print( grades .get ('E', []))  # change default return value

| []

> print( grades .get ('A', []))

| [7, 12, 7]



Dictionary operation Description

len(d) Items in dictionary

d[key] Lookupkey

d[key] = value Update valueof key

del d[key] Deletean existingkey

keyin d Keymembership

keynot in d Keynon-membership

clear() Removeall items

copy() Shallowcopy

get(key), get(key, default) d[key] if keyin dictionary, otherwiseNone or default

items() Viewof the dictionariesitems

keys() Viewof the dictionarieskeys

values() Viewof the dictionariesvalues

pop(key) Removekeyand return previousvalue

popitem() Removeand return an arbitrary item

update() Update key/valuepairs from anotherdictionary

https:// docs.python.org/3/library/stdtypes.html#mapping-types-dict

https://docs.python.org/3/library/stdtypes.html#mapping-types-dict


Order returnedby list( d.keys ()) ?

docs.python.org/3/library/stdtypes.html

Raymond Hettinger @ Twitter

{ŜŜ ŀƭǎƻ wŀȅƳƻƴŘΩǎ ǘŀƭƪ Ϫ PyCon2017
Modern Python Dictionaries 

A confluence of a dozen great ideas

Python shell

> d = {'d': 1, 'c': 2, 'b': 3, 'a':4}

> d['x'] = 5   # new key at end

> d['c'] = 6   # overwrite value

> del d['b']   # remove key 'b'

> d['b'] = 7   # reinsert key 'b' at end

> d

| {'d': 1, 'c': 6, 'a': 4, 'x': 5, 'b': 7}

The PythonStandard Library
Mapping Types τdict

ά5ƛŎǘƛƻƴŀǊƛŜǎ ǇǊŜǎŜǊǾŜ ƛƴǎŜǊǘƛƻƴ ƻǊŘŜǊΦ bƻǘŜ ǘƘŀǘ ǳǇŘŀǘƛƴƎ 
a key does not affect the order. Keys added after deletion 
ŀǊŜ ƛƴǎŜǊǘŜŘ ŀǘ ǘƘŜ ŜƴŘΦέ όǎƛƴŎŜPython 3.7)

https://docs.python.org/3/library/stdtypes.html#dictionary-view-objects
https://twitter.com/raymondh/status/941709626545864704
https://www.youtube.com/watch?v=npw4s1QTmPg


Dictionary comprehension

ÁSimilarlyto creatinga list usinglist comprehension, onecancreatea 
set of key-valuepairs:

{ key: value for variable in list}

Python shell

> names = ['Mickey', 'Donald', 'Scrooge']

> list(enumerate(names, start=1))

| [(1, 'Mickey'), (2, 'Donald'), (3, 'Scrooge')]

> dict(enumerate(names, start=1))

| {1: 'Mickey', 2: 'Donald', 3: 'Scrooge'}

> {name: idx for idx, name in enumerate(names, start=1)}

| {'Mickey': 1, 'Donald': 2, 'Scrooge': 3}



Sets (set and frozenset)

{ value1, ... , valuek }

ÁValues of type set representmutable sets, 
whereέҐҐέ ŜƭŜƳŜƴǘǎ onlyappearonce

ÁDo not support: indexing, slicing

Áfrozenset is an immutableversion of set

https://docs.python.org/3/tutorial/datastructures.html#sets
https:// docs.python.org/3/library/stdtypes.html#set-types-set-frozenset

Operation Description

S | T Set union

S& T Set intersection

SςT Setdifference

S^ T Symmetricdifference

set()
Emptyset
( {} =emptydictionary )

set(L) Createset from list

x in S Membership

x not in S Non-membership

S.isdisjoint(T) Disjointsets

S <= T Subset

S < T Proper subset

S>= T Superset

S> T Proper superset

len(S) Sizeof S

S.add(x) Addx to S (not frozenset)

Python shell

> S = {2, 5, 'a', 'c'}

> T = {3, 4, 5, 'c'}

> S | T

| {2, 3, 4, 5, 'a', 'c'}

> S & T

| {5, 'c'}

> S ^ T

| {2, 3, 4, 'a'}

> S - T

| {2, 'a'}

> {4, 5, 5.0 , 5.1}

| {4, 5, 5.1}

https://docs.python.org/3/tutorial/datastructures.html#sets
https://docs.python.org/3/tutorial/datastructures.html#sets
https://docs.python.org/3/library/stdtypes.html#set-types-set-frozenset


QuestionςWhatvaluehas the expression?

sorted( { 5, 5.5, 5.0, '5' } )

a) {'5', 5, 5.0 , 5.5}

b) {5 , 5.5}

c) ['5', 5, 5.0 , 5.5]

d) ['5 ', 5, 5.5]

e) TypeError

f) 5ƻƴΩǘknow



Set comprehension
ÁSimilarly to creating a list using list comprehension, one can create a 

set of values (also using nested for- and if-statements):

{ value for variable in list}

ÁA value occurring multiple times as  value will only be included once

primes_set.py

n = 101

not_primes = {m for f in range(2, n) for m in range(2 * f, n, f)}

primes = set(range(2, n)) - not_primes

Python shell

> L = ['a', 'b', 'c']

> {(x,( y,z )) for x in L for y in L for z in L if x != y and y != z and z != x}

| {('a',('b','c')),('a',('c','b')),('b',('a','c')),...,('c',('b','a'))}



Hash, equality, and immutability

ÁKeysfor dictionariesand sets must be hashable, i.e. have a __hash__()
methodreturningan integerthat doesnot changeover their lifetime 
and an __eq__() ƳŜǘƘƻŘ ǘƻ ŎƘŜŎƪ ŦƻǊ Ŝǉǳŀƭƛǘȅ ǿƛǘƘ άҐҐέΦ

' abc'.__hash __() coulde.g. return 624337162

(624337162).__hash __() would alsoreturn 624337162

ÁAll built-in immutabletypes arehashable. In particulartuplesof 
immutablevaluesarehashable. I.e. treesrepresentedby nestedtuples
like ((('a'),'b'),('c',(' d','e '))) canbe usedas dictionary
keysor storedin a set.



Skecthof internal set implementation

0

1

2

3

hash('abc') % size

size-1

'abc' 624337162

elements with same hash value(hopefullyfew)
searchlinearlyusing==

Raymond Hettinger, 
Modern Python Dictionaries 

- A confluence of a dozen great ideas

https://youtu.be/p33CVV29OG8


Modulecollections (container datatypes)

ÁPythonbuiltin containers for data: list , tuple , dict , and set .

ÁThe modulecollections provides further alternatives
(but thesearenot part of the languagelike the builtin containers)

deque double endedqueue

namedtuple tuplesallowingaccessto fieldsby name

counter specialdictionaryto countoccurrencesof elements

...

https:// docs.python.org/3/library/collections.html

https://docs.python.org/3/library/collections.html


deque ςdouble endedqueues

ÁExtendslists with efficientupdatesat the front

Á Insertingat the front of a standard Pythonlist takeslineartime in the
sizeof the list ςveryslowfor long lists

Python shell

> L = list()

> L.append(1)

> L.append(2)

> L.insert(0, 0)  # insert at the front

> L.insert(0, - 1) # slow for long lists

> L.insert(0, - 2)

> L

| [ - 2, - 1, 0, 1, 2]

> from collections import deque

> d = deque ()  # create empty deque

> d.append(1)

> d.append(2)

> d. appendleft (0) # efficient

> d. appendleft ( - 1)

> d. appendleft ( - 2)

> d

| deque([2, 1, 0, - 1, - 2])

> for e in d: print(e, end=', ')

| - 2, - 1, 0, 1, 2,



namedtuple ςtupleswith field names

ÁCompromisebetweentuple and dict , canincreasecodereadability

Python shell

> person = ('Donald Duck', 1934, '3 feet')  # as tuple

> person[1]  # not clear what is accessed

| 1934

> person = {'name': 'Donald Duck', 'appeared': 1934, 'height': '3 feet '}  # as dict

> person['appeared']  # more clear what is accessed, but ['...'] overhead

| 1934

> from collections import namedtuple

> Person = namedtuple (' Person ', ['name', 'appeared', 'height'])  # create new type

> person = Person ('Donald Duck', 1934, '3 feet')  # as namedtuple

> person

| Person(name='Donald Duck', appeared=1934, height='3 feet')

> person.appeared   # short and clear

| 1934

> person[1] # still possible

| 1934



Counter ςdictionariesfor counting

Python shell

> from collections import Counter

> fq = Counter ('abracadabra')  # create new counter from a sequence

> fq

| Counter ({'a': 5, 'b': 2, 'r': 2, 'c': 1, 'd': 1}) # frequencies of the letters

> fq ['a']

| 5

> fq.most_common (3)

| [('a', 5), ('b', 2), ('r', 2)]

> f q['x'] += 5  # increase count of 'x', also valid if 'x' not in Counter yet

> Counter ('aaabbbcc') - Counter ('aabdd')  # counters can be subtracted

| Counter ({'b': 2, 'c': 2, 'a': 1})

> Counter ([1, 2, 1, 3, 4, 5]) + Counter ([3, 3, 3])  # counters can be added

| Counter ( {3: 4, 1: 2, 2: 1, 4: 1, 5: 1})



Handin3 & 4 ςTriplet distance (Dobson, 
1975)

((('A','F'),'B'),('D',('C','E')))   (((('D','A'), 'B '),'F'),( 'C','E'))

(a)                                     (b)

/ \ / \

/  \ /  \

/    \ /    \

/      \ /      \

/        \ /        \

/          \ /          \

/ \ / \ / \ / \

/  \ /  \ /  \ /  \

/    \ /    \ /    \ 'C'  'E'

/ \ 'B'  'D'    / \ /      \

/  \ /  \ / \ 'F'

'A'  'F'          'C'  'E'               /  \

/    \

/ \ 'B'

/  \

'D'  'A'

How similar
arethe 
trees?

arxiv.org/abs/1706.10284



Handin3 & 4 ςTriplet distance (Dobson, 
1975)

(a)                                     (b)

anchor * / \

/ \ /  \

/ \ /    \

/ \ /      \

/ \ /        \

/         \ /          \

/ \ / \ anchor * / \

/ \ / \ / \ /  \

/ \ / \ / \ 'C'  'E'

/ \ 'B' 'D' / \ / \

/ \ /  \ / \ 'F'

'A'  'F' 'C'  'E'               / \

/ \

/ \ 'B'

/  \

'D'  'A '

Consider all 
ὲ
σ

subsets of sizethree, and counthow manydo not have 

identicalsubstructure(topology) in the two trees.

/ \

/  \

/    \

'D'    / \

/  \

'A'  'F '

('D',('A','F '))

/ \

/  \

/    \

'F'    / \

/  \

'A'  'D'

( 'F',('A','D'))

{ 'A' ,'D' , 'F' }

arxiv.org/abs/1706.10284

canonical
ordering



Functions
Áfunctions
Áreturn
Áscoping
Áarguments
Ákeyword arguments
Á*, **
Áglobal variables



(Simple) functions

ÁYoucandefineyourown functionsusing:

def function-name( var1, ..., vark):

bodycode

var1, ..., vark arethe formal parameters

ÁIf the bodycodeexecutes

return expression

the resultof expressionwill be returnedby the function. If expressionis omitted or the 
bodycodeterminateswithout performingreturn , then None is returned.

ÁWhencallinga functionname( value,..., valuek) bodycodeis executedwith vari=valuei

Python shell

> def sum3(x, y, z):

return x+y+z

> sum3(1, 2, 3)

| 6

> sum3(5, 7, 9)

| 21

> def powers(L, power):

P = [x**power for x in L]

return P

> powers([2,3,4], 3)

| [8, 27, 64]



Questions ςpoly (3, "10", '3') ?

def poly(z, x, y):

return z*x + y

a) 33

b) 1010103

c) '33'

d) '1010103'

e) TypeError

f) 5ƻƴΩǘknow



Whyfunctions?

ÁAvoidwritting the same codemultiple times, 
re-usability

ÁBe ableto namea functionality

ÁClearlystatethe functionalityof a pieceof code, abstraction:
Input= arguments, output = return value (and/or side effects)

ÁEncapsulatecodewith clear interface to the dependencyto the 
outsideworld/code

ÁSharefunctionalityin modules/ libraries/packageswith other users, 
codesharing

ÁIncreasereadabilityof code, smaller independent blocksof code

ÁEasiersystematicallytestingof code

Á...

Someother Python
languagefeatures helping 
structuringprograms
ÁObject orientation
ÁModules
ÁDecorators
ÁContextmanagers
ÁExceptions
ÁDoc strings
Ádoctest



Local variables in 
functions

ÁThe formal arguments and 
variables assignedto in the body
of a functionarecreatedas 
temporarylocalvariables

Python shell

> def sum3(x, y, z):

a = x + y

b = a + z

return b

> a = 3

> y = 42

> w = sum3(4, 5, 6) 

> w

| 15

> a

| 3

> b

| NameError : name 'b' is not defined

> x

| NameError : name 'x' is not defined

> y

| 42

> sum3

| <function sum3 at 0x0356DA98>

Globalvariables Local variables

sum3

a

y

<function >

3

42

x

y

z

a

b

4

5

6

9

15

statejust beforereturn b



Global variables

ÁVariables in functionbodiesthat are
only read, areconsideredaccessto 
global variables

Python shell

> prefix = "The value is"

> def nice_print (x):

print( prefix , x) 

> nice_print (7)

| The value is 7

> prefix = "Value ="

> nice_print (42)

| Value = 42

Globalvariables Local variables

nice_print

prefix

<function >

"Value ="

x 42

statejust beforereturningfrom 2nd nice_print



global

ÁGlobal variables that shouldbe
updated in the functionbodymust 
be declaredglobal in the body:

global variable, variable, ...

ÁNote: If youonlyneedto reada 
global variable, it is not requiredto 
be declaredglobal (but would be
polite to the readersof your code)

Python shell

> counter = 1

> def counted_print (x):

global counter

print("(%d)" % counter, x)

counter += 1

> counted_print (7)

| (1) 7

> counted_print (42)

| (2) 42

> def counted_print (x):

print("(%d)" % counter, x)

counter += 1

> counted_print (7)

| UnboundLocalError : local variable 

'counter' referenced before 

assignment

Sincecounter assignedin body, counter

will be consideredto be a localvariable



QuestionςWhatvalueis printed?

x = 1

def f(a):

global x

x = x + 1

return a + x

print(f(2 ) + f(4))

a) 6

b) 7

c) 8

d) 9

e) 10

f) 11

g) 12

h) 5ƻƴΩǘ ƪƴƻǿ



Arbitrarynumberof arguments

ÁIf youwould like your function to be ableto takea variable numberof 
additionalarguments in addition to the required, adda * variableas 
the last argument.

ÁIn a functioncallvariablewill be
assigneda tuple with all the 
additional arguments.

Python shell

> def my_print (x, y, *L ):

print("x =", x)

print("y =", y)

print("L =", L)

> my_print (2, 3, 4, 5, 6, 7)

| x = 2

| y = 3

| L = (4, 5, 6, 7)

> my_print (42)

| TypeError : my_print () missing 1 

required positional argument: 'y'



Unpackinga list of arguments in a functioncall

ÁIf youhave list L (or tuple) containingthe arguments to a functioncall, youcanunpack
them in the functioncallusing*L

L = [x, y, z]

f( * L)

is equivalentto calling

f(L[0], L[1], L[2])

i.e.

f(x, y, z)

ÁNote that f(L) wouldpassa single argument to f , namelya list

ÁIn a functioncallseveral* expressionscanappear, e.g. f( * L1, x, * L2, * L3)



Python shell

> import math

> def norm(x, y):

return math.sqrt(x * x + y * y)

> norm(3, 5)

| 5.830951894845301

> point = (3, 4)

> print( *point , sep=':')

| 3:4

> norm(point)

| TypeError: norm() missing 1 required positional argument: 'y'

> norm( *point )

| 5.0

> def dist (x0, y0, x1, y1):

return math.sqrt ((x1 - x0) ** 2 + (y1 - y0) ** 2 )

> p = 3, 7

> q = 7, 4

> dist (p, q)

| TypeError : dist () missing 2 required positional arguments: 'x1' and 'y1'

> dist ( *p , *q )

| 5.0



QuestionςHow manyarguments shouldf take
?

a = [1, 2, 3]

b = [4, 5]

c = (6, 7, 8)

d = (9, 10 )

f (*a, b, c, *d )

a) 4

b) 5

c) 6

d) 7

e) 8

f) 9

g) 10

h) 5ƻƴΩǘ ƪƴƻǿ



Question ςWhat is list(zip(*zip(*L))) ?

L = [[ 1, 2, 3], [4, 5], [6, 7, 8 ]]

a) [(([ 1, 2, 3],),), (([4, 5],),), (([6, 7, 8],),)]

b) [(( 1, 4, 6),), ((2, 5, 7),)]

c) [( 1, 2), (4, 5), (6, 7 )]

d) [( 1, 2, 3), (4, 5), (6, 7, 8)]

e) [([ 1, 2, 3], [4, 5], [6, 7, 8 ])]

f) 5ƻƴΩǘknow
Python shell

> list(zip((1, 2, 3), (4, 5, 6)))

| [(1, 4), (2, 5), (3, 6)]



Keywordarguments

ÁPreviouslywe have seenthe following(strange) functioncalls

print(7, 14, 15, sep =":", end="")

enumerate ( my_list , start=1)

Áname= refersto oneof the formal arguments, knownas a keywordargument. 
A namecanappearat most oncein a functioncall.

ÁIn function calls, keyword arguments must follow positional arguments.

ÁCan e.g. beusefulif there aremanyarguments,  and the order
is not obvious, i.e. improvesreadabilityof code:

complicated_function (

name = "Mickey",

city = " Duckburg ",

state = " Calisota ",

occupation = " Detective ",

gender = "Male")

Python shell

> def sub(x, y):

return x - y

> sub(9, 4)

| 5

> sub(y=9, x=4)

| - 5



Keywordarguments, default values

ÁWhencallinga functionarguments canbeommitted if the 
correspondingarguments in the functiondefinition have default 
valuesargument = value.

Python shell

> def my_print (a, b, c=5, d=7):

print("a=%s, b=%s, c=%s, d=%s" % (a, b, c, d))

> my_print (2, d=3, b=4)

| a=2, b=4, c=5, d=3



QuestionςWhatis f(6, z=2) ?

def f(x, y=3 , z=7 ):

return x + y + z

a) 10

b) 11

c) 16

d) TypeError : f() missing 1 required

positional argument: óyó

e) 5ƻƴΩǘknow



Keywordarguments, mutable default values

ÁBe carefull: Default valuewill besharedamongcalls(whichcanbeusefull)

The PythonLanguage Reference
8.6 Functiondefinitions 

έDefault parameter values are evaluated 
from left to right when the function 
definition is executed. This means that the 
expression is evaluated once, when the 
ŦǳƴŎǘƛƻƴ ƛǎ ŘŜŦƛƴŜŘΣ ŀƴŘ ǘƘŀǘ ǘƘŜ ǎŀƳŜ άǇǊŜ-
ŎƻƳǇǳǘŜŘέ ǾŀƭǳŜ ƛǎ ǳǎŜŘ ŦƻǊ ŜŀŎƘ ŎŀƭƭΦ ¢Ƙƛǎ 
is especially important to understand when 
a default parameter is a mutable object, 
such as a list or a dictionary: if the function 
modifies the object (e.g. by appending an 
item to a list), the default value is in effect 
modified. This is generally not what was 
intended. A way around this is to use None 
ŀǎ ǘƘŜ ŘŜŦŀǳƭǘέ

Python shell

> def list_append (e, L=[] ):

L.append (e)

return L

> list_append ('x', ['y', 'z'])

| ['y', 'z', 'x']

> list_append ("a")

| ['a']

> list_append ("b")

| [ 'a' , 'b']

> list_append ("c")

| [ 'a' , 'b' , 'c']

Python shell

> def list_append (e, L=None):

if L == None:

L = []

L.append (e)

return L

> list_append ('x', ['y', 'z'])

| ['y', 'z', 'x']

> list_append ("a")

| ['a']

> list_append ("b")

| ['b']

> list_append ("c")

| ['c']



Functioncall, dictionaryof keyword
arguments
ÁIf youhappento have a dictionarycontainingthe keywordarguments 

youwant to passto function, youcangive all dictionaryitems as 
arguments usingthe single argument ** dictionary

Python shell

> print(3, 4, 5, sep=":", end='# \ n')

| 3:4:5#

> print_kwarg = { ' sep ' : ':', ' end ' : '# \ n'}

> print(3, 4, 5, **print_kwarg )

| 3:4:5#



Functiondefinition, arbitrarykeyword
arguments
ÁIf youwant a function to accept arbitrarykeywordarguments, addan 

argument ** argumentto the functiondefinition. 

ÁWhenthe function is calledargumentwill be assigneda dictionary
containingthe excesskeywordarguments.

Python shell

> def my_print (a, b=3, **c ):

print("a =", a)

print("b =", b)

print("c =", c)

> my_print(x=27, y=42, a=7)

| a = 7

| b = 3

| c = {'x': 27, 'y': 42}



Example

non-keywordarguments must appearbeforekeywordarguments

Python shell

> L1 = [1, 'a']

> L2 = ['b', 2, 3]

> D1 = {'y':4, 's':10}

> D2 = {'t':11, 'z':5.0}

> def f(a, b, c, d, e, *f, q=0, x=1, y=2, z=3, **kw) :

print("a=%s, b=%s, c=%s, d=%s, e=%s, " % (a, b, c, d, e),

"f=%s \ n" % str (f),

"q=%s, x=%s, y=%s, z=%s, " % (q, x, y, z),

"kw=%s" % kw,

sep ="")

> f(7, *L1, 9, *L2, x=7, **D1, w=42, **D2)

| a=7, b=1, c=a, d=9, e=b , f=(2, 3)

| q=0, x=7, y=4, z=5.0 , kw={'w': 42, 's': 10, 't': 11}



Forwarding function arguments

Á* and ** can e.g. be used to forward (unknown) arguments to other 
function calls

Python shell

> def my_print ( * positional_arguments , sep =":", ** keyword_arguments ):

print( * positional_arguments , sep =sep , ** keyword_arguments )

> my_print (7, 42) 

| 7:42

> my_print ("x", "y", end="<")

| x:y<

> my_print ("x", "y", sep ="_") 

| x_y



Local functiondefinitions and namespaces
ÁFunctiondefinitions cancontain(nested) localfunctiondefinitions, only

accessableinsidethe function

Ástatic/ lexicalscoping, i.e. canseefrom the codewhichvariables arein scope
Python shell

> def a(x):

def b(y):

print("b: y=%s x=%s" % (y, x))

c(y + 1)

def c(z):

print("c: z=%s x=%s" % (z, x))

print("a: x=%s" % x)

b(x + 1)

> a(42)

| a: x=42

| b: y=43 x=42

| c: z=44 x=42

z

y y

c c c

b b b

x x x

a a a a
1

3

2

4

1 32 4

global  variables

stackframe (function a)

stackframe (function b)

stackframe (function c)

ƛƴ ŎΣ ōΩǎ localvariables 
arenot visible

= namespace/scopeof c



Exampleςnestedfunctiondefinitions

Python shell

> def a(x):

def b(y):

print("Enter b (y=%s, x=%s)" % (y, x))

c(y + 1)

print("leaving b")        

def c(x):  # x hides argument of function a

def d(z):

print("Enter d (z=%s, x=%s)" % (z, x))

print("leaving d")

print("Enter c (x=%s)" % x)

d(x + 1)

print("leaving c")

print("Enter a (x=%s)" % x)

b(x + 1)

print("leaving a")

> a(5) 

| Enter a (x=5)

| Enter b (y=6, x=5)

| Enter c (x=7)

| Enter d (z=8, x=7)

| leaving d

| leaving c

| leaving b

| leaving a



Example ςnested functions and default 
values

Python shell

> def init_none ( var_name ):

> print('initializing', var_name )

> return None # redundant line

> def f (a =init_none ('a')):

> def g(b =init_none ('b')):

> print('b =', b)

> print("a =", a)

> g(a + 1)

| initializing a

> f (10)

| initializing b

| a = 10

| b = 11



nonlocal

ÁThe nonlocal statement causes 
the listed identifiers to refer to 
previously bound variables in the 
nearest enclosing scope excluding 
globals. 

Ánonlocal variable, variable, ...

docs.python.org/3/reference/simple_stmts.html#the-nonlocal-statement

Python shell

> x = 0

> def f():

y = 1

def f_helper (z):  

global x

nonlocal y

print("(%s:%s) %s" % ( x, y, z))

y += 1

x += 3

f_helper (7)

f_helper (42)

> f() 

| (0:1) 7

| (3:2) 42

> f() 

| ( 6:1) 7

| ( 9:2) 42

https://docs.python.org/3/reference/simple_stmts.html#the-nonlocal-statement


A note on Pythonand functions

ÁSimilaritiesbetweenPythonand other languages:

ςfunctionsarewidelysupported(sometimescalledmethodsand procedures)

ςscopingrulesis present in manylanguages(but detailsdiffer)

ÁThe followingareveryPythonspecific(but nice):

ςhow to handle global, localand nonlocalvariables

ςkeywordarguments

ς*, **



Recursion
Ásymbol table

Ástack frames



Recursion
Recursivefunction

έfunction that callsitselfέ

Python shell

> def recursive_function (x):

if x > 0:

print("start", x)

recursive_function (x - 1)

print("end", x)

else:

print("done")

> recursive_function (5)

| start 5

| start 4

| start 3

| start 2

| start 1

| done

| end 1

| end 2

| end 3

| end 4

| end 5

recursive_function (5)

recursive_function (4)

recursive_function (3)

recursive_function (2)

recursive_function (1)

recursive_function (0)

start 5

start 4

start 3

start 2

start 1

done

end 5 

end 3

end 2 

end 4 

end 1 



Recursion Python shell

> def recursive_function (x):

if x > 0:

print("start", x)

recursive_function (x - 1)

print("end", x)

else:

print("done")

> recursive_function (5)

| start 5

| start 4

| start 3

| start 2

| start 1

| done

| end 1

| end 2

| end 3

| end 4

| end 5

x 0

x 1

x 2

x 3

x 4

x 5

recursive_function <function> global  variables

stackframe

Recursionsstackwhenx = 0 is reached



rec(0) rec(0) rec(0) rec(0) rec(0) rec(0) rec(0) rec(0)

rec(1) rec(1) rec(1) rec(1)

rec(2) rec(2)

rec(3)

Python shell

> def rec (x):

if x > 0:

print("start", x)

rec (x - 1)

rec (x - 1)

print("end", x)

else:

print("done")

Python shell

> rec (3)

| start 3

| start 2

| start 1

| done

| done

| end 1

| start 1

| done

| done

| end 1

| end 2

| start 2

| start 1

| done

| done

| end 1

| start 1

| done

| done

| end 1

| end 2

| end 3

Recursion tree



QuestionςHow manytimes doesrec (5) ǇǊƛƴǘ έdoneέΚ   

Python shell

> def rec (x):

if x > 0:

print("start", x)

rec (x - 1)

rec (x - 1)

rec (x ï 1)

print("end", x)

else:

print("done")

a) 3

b) 5

c) 15

d) 81

e) 125

f) 243

g) 5ƻƴΩǘknow



Factorial ƴ Η Ґ ƴ ϊ όƴ -мύ ϊ όƴ -нύ ϊ ϊ ϊ о ϊ н ϊ м

Observation 1 ! = 1

ƴ Η Ґ ƴ ϊ όƴ - 1) !

factorial.py

def factorial (n):

if n <= 1:

return 1

return n * factorial (n - 1)

(n ς1) !

(recursivedefinition)

factorial_iterative.py

def factorial (n):

result = 1

for i in range(2, n + 1):

result *= i

return result

factorial.py

def factorial (n):

return n * factorial (n - 1) if n > 1 else 1



Binomial coefficient
ƴ
ƪ

Á
ƴ
ƪ

=  numberof waysto pickk elements from a set of sizen

Á
ƴ
ƪ
Ґ

м ƛŦƪҐлƻǊƪҐƴ
ƴҍм
ƪ
Ҍ
ƴҍм
ƪҍм

ƻǘƘŜǊǿƛǎŜ

ÁUnfoldingcomputationshows 
ƴ
ƪ
мΩǎ ŀǊŜ ŀŘŘŜŘ Ą slow

bionomial_recursive.py   

def binomial(n, k):

if k == 0 or k == n:

return 1

return binomial(n - 1, k) + binomial(n - 1, k - 1)



Binomial coefficient
ƴ
ƪ

Observation 
ƴ
ƪ
Ґ

ƴΗ
ƴҍƪΗϊƪΗ

ÁUnfolding computationshows 2n - 2 multiplicationsand 2 divisions Ą fast

ÁIntermediatevaluen !  canhave significantlymore digitsthan result (bad)

bionomial_factorial.py

def binomial(n, k):

return factorial(n) // factorial(k) // factorial(n - k)



Binomial coefficient
ƴ
ƪ

Observation 
ƴ
ƪ
Ґ
ƴϊόƴҍмύϊόƴҍнύϊϊϊόƴҍƪҌмύ

ƪϊƪҍмϊƪҍнϊϊϊм
=  
ƴҍм
ƪҍм

ϊ
ƴ
ƪ

ÁUnfoldingcomputationshows 2k - 2 multiplicationsand k divisions Ą fast

ÁMultiplication with fractionsҗ м Ą intermediatenumberslimited size

bionomial_recursive_product.py

def binomial(n, k):

if k == 0:

return 1

else:

return binomial(n - 1, k - 1) * n // k



QuestionsςWhichcorrectlycomputes
ƴ
ƪ

? 

a) binomial_A

b) binomial_B

c) both

d) none

e) 5ƻƴΩǘknow

Observation 
ƴ
ƪ
Ґ
ƴϊόƴҍмύϊόƴҍнύϊϊϊόƴҍƪҌмύ

ƪϊƪҍмϊƪҍнϊϊϊм

bionomial_iterative.py

def binomial_A (n, k):

result = 1

for i in range(k):

result = result * (n - i) // (k - i)

return result

def binomial_B (n, k):

result = 1

for i in range(k) [:: - 1] :

result = result * (n - i) // (k - i)

return result



Recursively print all leaves of a tree

ÁAssume a recursively nested tuple represents a tree with strings as leaves

Python shell

> def print_leaves (tree):

if isinstance (tree, str ):

print("Leaf:", tree)

else:

for child in tree:

print_leaves (child)

> print_leaves (('a',(' b','c ')))

| Leaf: a

| Leaf: b

| Leaf: c



Question ςHow many times is print_leaves

function called in the example?

a) 3

b) 4

c) 5

d) 6

e) 5ƻƴΩǘ ƪƴƻǿ

Python shell

> def print_leaves (tree):

if isinstance (tree, str ):

print("Leaf:", tree)

else:

for child in tree:

print_leaves (child)

> print_leaves (('a',(' b','c ')))

| Leaf: a

| Leaf: b

| Leaf: c



Collect all leaves of a tree in a set

Python shell

> def collect_leaves_slow (tree):

leaves = set()

if isinstance (tree, str ):

leaves.add (tree)

else:  

for child in tree:

leaves |= collect_leaves_slow (child)

return leaves

> collect_leaves_slow (('a', ('b', 'c')))

| {'a', 'c', 'b'}

copies all labels 
from child from one 
set to another set



Python shell

> def collect_leaves_wrong (tree, leaves = set() ):

if isinstance (tree, str ):

leaves.add (tree)

else:

for child in tree:

collect_leaves_wrong (child, leaves)

return leaves

> def collect_leaves_right (tree, leaves = None ):

if leaves == None:

leaves = set()

if isinstance (tree, str ):

leaves.add (tree)

else:

for child in tree:

collect_leaves_right (child, leaves )

return leaves

> collect_leaves_wrong (('a',(' b','c ')))

| {'a', 'c', 'b'}

> collect_leaves_wrong (('d',(' e','f ')))

| {'b', 'e', 'a', 'f', 'c', 'd'}

> collect_leaves_right (('a',(' b','c ')))

| {'b', 'a', 'c'}

> collect_leaves_right (('d',(' e','f ')))

| {'f', 'd', 'e'}



Python shell

> def collect_leaves (tree):

leaves = set()

def traverse (tree):

nonlocal leaves  # can be omitted

if isinstance (tree, str ):

leaves.add (tree)

else:

for child in tree:

traverse (child)

traverse (tree)

return leaves

> collect_leaves (('a', ('b', 'c')))

| {'b', 'a', 'c'}

> collect_leaves (('d', ('e', 'f')))

| {'f', 'd', 'e'}



Maximum recursiondepth?

ÁPythonsmaximumallowedrecursiondepth
canbe increasedby 

import sys

sys.setrecursionlimit (1500 )

Python shell

> def f(x): 

print("#", x)

f(x + 1)

> f(1)

| # 1

| # 2

| # 3

| ...

| # 975

| # 976

| # 977

| # 978

| RecursionError : maximum 

recursion depth exceeded 

while pickling an object



Koch Curves

depth = 0

depth = 1

depth = 2

depth = 3

depth = 4

p qp1

p2

p3



Koch Curves koch_curve.py

import matplotlib.pyplot as plt

from math import sqrt

def koch (p, q, depth=3):

if depth == 0:

return [p, q]

dx, dy = q[0] - p[0], q[1] - p[1]

h = 1 / sqrt (12)

p1 = p[0] + dx / 3, p[1] + dy / 3

p2 = p[0] + dx / 2 - h * dy , p[1] + dy / 2 + h * dx

p3 = p[0] + dx * 2 / 3, p[1] + dy * 2 / 3

return ( koch (p,  p1, depth - 1)[: - 1]

+ koch (p1, p2, depth - 1)[: - 1]

+ koch (p2, p3, depth - 1)[: - 1]

+ koch (p3, q,  depth - 1))

points = koch ((0, 1), (0, 0), depth=3)

X, Y = zip(*points)

plt.subplot (aspect='equal')

plt.plot (X, Y, 'r - ')

plt.plot (X, Y, 'k.')

plt.show ()

remove last point 
(equal to first point in 

next recursive call)



Recursionand iteration
Áalgorithm examples



Standard 52-card deck

en.wikipedia.org/wiki/Standard_52-card_deck



Selectionsort 

Ámin and . remove scan the 
remainingunsorted list for each
element movedto result

Áorder |L| 2 comparisons

selection_sort.py

def selection_sort (L):

unsorted = L[:]

result = []

while unsorted:

e = min (unsorted)

unsorted. remove (e)

result.append (e)

return result

unsorted sorted
result

min



Sortinga pile of cards(Mergesort)

ÁIf onecard in pile, i.e. pile is sorted

ÁOtherwise

1) Splitpile into two piles, left and right,
of approximatelysame size

2) Sort left and right recursively(independently)

3) Mergeleft and right (whicharesorted)

re
cu

rse

re
cu

rse

m
e

rg
e

left right
sp

lit 



merge_sort.py

def merge_sort (L):

n = len(L)

if n <= 1:

return L[:]

else:

mid = n // 2

left, right = L[:mid], L[mid:]

return merge ( merge_sort (left), merge_sort (right))

def merge (A, B):

n = len(A) + len(B)

C = n * [None]

a, b = 0, 0

for c in range(n):

if a < len(A) and (b == len(B) or A[a] < B[b]):

C[c] = A[a]

a = a + 1

else:

C[c] = B[b]

b = b + 1

return C

0 1 2 3 4 5 6 7

1 2 4 5 6

0 1 2 3

2 5 6 9

0 1 2 3

1 4 7 8

1 2 4 5 6 7 8 9

6 5 9 2 4 8 1 7

6 5 9 2 4 8 1 7

2 5 6 9 1 4 7 8

split

recurse

merge

A

B

C

a

b

c n- 1

input

output



QuestionςDepth of recursionfor 52 
elements

a) 1

b) 2

c) 3

d) 4

e) 5

f) 6

g) 7

h) 8

i) 9

j) 10

k) 5ƻƴΩǘknow

6 5 9 2 4 8 1 7

6 5 9 2 4 8 1 7

6 5 9 2 4 8 1 7

6 5 9 2 4 8 1 7

Depth 4 for 8 elements



QuestionςOrder of comparisonsby Mergesort ?

a) ~ n

b) ~ n ƴ

c) ~ n log2 n

d) ~ n2

e) ~ n3

f) 5ƻƴΩǘknow

merge_sort.py

def merge_sort (L):

n = len(L)

if n <= 1:

return L[:]

else:

mid = n // 2

left, right = L[:mid], L[mid:]

return merge ( merge_sort (left), merge_sort (right))

def merge (A, B):

n = len(A) + len(B)

C = n * [None]

a, b = 0, 0

for c in range(n):

if a < len(A) and (b == len(B) or A[a] < B[b]):

C[c] = A[a]

a = a + 1

else:

C[c] = B[b]

b = b + 1

return C



merge_sort.py

def merge_sort_iterative (L):

Q = [[x] for x in L]

while len(Q) > 1:

Q.insert(0, merge (Q.pop(), Q.pop()))

return Q[0]

Mergesort without recursion

ÁStart with piles of sizeone

ÁRepeatedlymergetwo smallest piles

merge_sort.py

def merge_sort_iterative (L):

Q = [[x] for x in L]

while len(Q) > 1:

Q.insert(0, merge (Q.pop(), Q.pop()))

return Q[0]

from collections import deque

def merge_sort_deque (L):

Q = deque ([[x] for x in L])

while len(Q) > 1:

Q.appendleft ( merge (Q.pop(), Q.pop()))

return Q[0]

insertat front of 
list inefficient

merge_sort_iterative ([7,1,9,3, - 2,5 ])

Values of Q in while-loop
[[7], [1], [9], [3], [ - 2], [5]]

[[ - 2, 5], [7], [1], [9], [3]]

[[ 3, 9], [ - 2, 5], [7], [1]]

[[ 1, 7], [3, 9], [ - 2, 5]]

[[ - 2, 3, 5, 9], [1, 7]]

[[ - 2, 1, 3, 5, 7, 9 ]]

Note: Lists in Q appearin non-increasinglengthorder, 
wherelongestҖ нϊ shortest

dequesarea 
generalizationof lists 

with efficientupdates
at both ends



QuestionςNumberof iterationsof while-loop ?

merge_sort_iterative ([7 , 1, 9, 3, - 2, 5 ])

a) 1
b) 2
c) 3
d) 4
e) 5
f) 6
g) 7
h) 5ƻƴΩǘknow

merge_sort.py

def merge_sort_iterative (L):

Q = [[x] for x in L]

while len(Q) > 1:

Q.insert(0, merge (Q.pop(), Q.pop()))

return Q[0]



Quicksort (randomized)

quicksort.py

import random

def quicksort (L):

if len(L) <= 1:

return L[:]

idx = random.randint(0,len(L) - 1)

pivot = L[idx]

other = L[:idx] + L[idx+1:]

small = [e for e in other if e < pivot]

large = [e for e in other if e >= pivot]

return quicksort (small) + [pivot] + quicksort (large)

1 2 4 5 6 7 8 9

0 1 2 3 4 5 6 7

6 9 5 2 4 8 1 7

2 4 1 5 6 9 8 7

combine

randomidx

1 2 4 5 6 7 8 9

pivot

small large

recurse

partition

order |[μϊƭƻƎ2 |L| comparisons, expected



Sortingcomparison(single run)

|L|
Selection 

sort
Mergesort 
Recursive

Mergesort
Iterative

Mergesort
Deque

Quicksort

210

211

212

213

214

215

216

217

218

219

220

221

222

0.02
0.08
0.29
1.17
4.62
18.78
74.27

0.00
0.01
0.03
0.07
0.14
0.29
0.64
1.48
3.11
6.41
13.52
28.30
59.60

0.01
0.02
0.05
0.13
0.28
0.54
1.92
5.74
20.85
79.05

0.00
0.02
0.04
0.06
0.14
0.28
0.89
1.62
3.66
7.91
15.08
31.32
63.52

0.00
0.01
0.02
0.04
0.08
0.20
0.33
0.69
1.49
3.52
7.83
17.38
40.80

x 4

x 2

x 4

x 2 x 2



Sortingcomparison



Find zero

ÁGiven a list L of integers starting with a negative and ending with a positive 
integer, and where |L[i+1] - [ώƛϐμ Җ мΣ ŦƛƴŘ ǘƘŜ Ǉƻǎƛǘƛƻƴ ƻŦ ŀ ȊŜǊƻ ƛƴ [Φ

L = [-5, -4, -3, -3, -4, -3, -2, -1, 0, 1, 2, 1, 0, -1, -2, -1, 0 , 1, 2, 3, 2]



find_zero.py

def find_zero_loop (L):

i = 0

while L[i] != 0:

i += 1

return i

def find_zero_enumerate (L):

for idx, e in enumerate(L):

if e == 0:

return idx

def find_zero_index (L):

return L.index(0)

def find_zero_binary_search (L):

low = 0

high = len (L) - 1

while True:  # L[low] < 0 < L[high]

mid = (low + high) // 2

if L[mid] == 0:

return mid

elif L[mid] < 0:

low = mid

else:

high = mid

def find_zero_recursive (L):

def search(low, high):

mid = (low + high) // 2

if L[mid] == 0:

return mid

elif L[mid] < 0:

return search (mid, high)

else:

return search (low, mid)

return search (0, len (L) - 1)

Function(|L| = 106) Time,sec

find_zero_loop
find_zero_enumerate
find_zero_index
find_zero_binary_search
find_zero_recursive

0.13
0.10
0.015
0.000015
0.000088



Greatest Common Divisor (GCD)

Notation xŷy denotes y is divisible by x, e.g. 3ŷ12
i.e. y = ŀϊȄfor some integer a

Definition gcd(m, n)= max { x | xŷm  and  xŷn }

Fact if xŷy  and  xŷz  then  xŷ(y+z)  and  xŷ(y-z)

Observation m if  m = n

gcd(m, n) = gcd(m, n ςm) if  m < n

gcd(m ςn, n) if  m > n

(recursivedefinition)

m n

90 24

66 24

42 24

18 24

18 6

12 6

6 6

gcd(90, 24)



Greatest Common Divisor (GCD)

gcd.py

def gcd (m, n):

while n != 0:

m, n = n, m % n

return m

gcd_recursive.py

def gcd (m, n):

if n == 0:

return m

else :

return gcd (n, m % n)

gcd_recursive_one_line.py

def gcd (m, n):

return m if n == 0 else gcd (n, m % n)

gcd_slow_recursive.py

def gcd (m, n):

if m == n:

return m

elif m > n:

return gcd (m - n, n)

else:

return gcd (m, n - m)

gcd_slow.py

def gcd (m, n):

while m != n:

if n > m:

n = n - m

else

m = m - n        

return m



Permutations

ÁGenerate all permutations of a list L as tuples

ÁAn implementation of "permutations" exists in the "itertools" library

permutations.py

def permutations (L):

if len (L) == 0:

return [L[:]]

else:

P = permutations (L[ 1: ])

return [p[:i] + L[:1] + p[i:] for p in P for i in range( len (L))]

Python shell

> permutations(['a','b','c'])

| [('a', 'b', 'c'), ('b', 'a', 'c'), ('b', 'c', 'a'), 

('a', 'c', 'b'), ('c', 'a', 'b'), ('c', 'b', 'a')]



Mazesolver

Input
ςFirst line #rowsand #columns

ςFollowing#rowslines containstrings
containing#column characters

ςThereareexactlyone'A' and one'B'

ς'. ' arefree cellsand '#' areblockedcells

Output
ςPrint whether there is a path from 'A' to 'B' 

or not

mazeinput

11 19

####### A###########

#.... ... #.. ... #... #

#.### . ### ... #. #. #. #

#...# ..... #.# ... #. #

#.#.###.#.#.#.### . #

#.#.....#...#.# ... #

#.###########.# . #.#

#.#.#.....#...# . #.#

#.#.#####.##### . #.#

#.........#.... . #.#

############### B###



Mazesolver(recursive)

maze_solver.py

def explore (i, j ):

global solution, visited

if (0 <= i < n and 0 <= j < m and

maze[i][j] != "#" and not visited[i][j]):

visited[i][j] = True

if maze[i][j] == 'B':

solution = True

explore (i - 1, j)

explore (i + 1, j)

explore (i, j - 1)

explore (i, j + 1)

def find(symbol):

for i in range(n):

j = maze[i].find(symbol)

if j >= 0:

return (i, j)

n, m = [ int (x) for x in input ().split()]

maze = [ input () for i in range(n)]

solution = False

visited = [m*[False] for i in range(n)]

explore (*find('A'))

if solution:

print("path from A to B exists")

else:

print("no path")



Mazesolver(iterative)
maze_solver_iterative.py

def explore (i, j):

global solution , visited

Q = [(i, j)] # cells to visit

while Q:

i, j = Q.pop ()

if (0 <= i < n and 0 <= j < m and

maze[i][j] != '#' and not visited[i][j]):

visited[i][j] = True

if maze[i][j] == 'B':

solution = True

Q.append ((i - 1, j))

Q.append ((i + 1, j))

Q.append ((i, j - 1))

Q.append ((i, j + 1))

def find(symbol):

for i in range(n):

j = maze[i].find(symbol)

if j >= 0:

return (i, j)

n, m = [ int (x) for x in input ().split()]

maze = [ input () for i in range(n)]

solution = False

visited = [m*[False] for i in range(n)]

explore (*find('A'))

if solution:

print("path from A to B exists")

else:

print("no path")



QuestionςHow difficult is the triplet project
on a scale1 ς10 ?

a) м όLΩƳ ƻŦŦŜƴŘŜŘ ōȅ Ƙƻǿ ǘǊƛǾƛŀƭ ǘƘŜ ǇǊƻƧŜŎǘ ǿŀǎύ

b) 2 (very easy)

c) 3 (a quite standard review exercise)

d) 4 (not too complicated, got some known concepts repeated)

e) 5 (good exercise to repeat standard programming techniques)

f) 6 (had to use more advanced techniques in a familiar way)

g) 7 (quite complicated, but manageable)

h) 8 (very abstract exercise, using complicated language constructs)

i) 9 (very complicated ςbarely manageable spending all my time)

j) 10 (this is a research project ςcould be an MSc thesis/PhD project)

k) 25 (this is wayyytoo complicated for a university course)



Functionsas objects
Álambda

Áhigher-order functions

Ámap, filter, reduce



Aliasingfunctionsςboth userdefinedand builtin

Python shell

> def square(x):

return x * x

> square

| <function square at 0x0329A390>

> square (8)

| 64

> kvadrat = square

> kvadrat(5)

| 25

> len

| <built - in function len>

> length = len

> length ([1, 2, 3])

| 3



Functionsas values
square_or_double.py

def square(x):

return x * x

def double(x):

return 2 * x

while True:

answer = input("square or double ? ")

if answer == "square":

f = square

break

if answer == "double":

f = double

break

answer = input("numbers: ")

L_in = [ int (x) for x in answer.split ()]

L_out = [ f(x) for x in L_in ]

print( L_out )

Python shell

| square or double ? square

| numbers: 3 6 7 9

| [9, 36, 49, 81]

| square or double ? double

| numbers: 2 3 4 7 9

| [4, 6, 8, 14, 18]

f will refer to oneof the functions
square and double refer to

call the function f is referringto 
with argument x



Functionsas valuesand namespaces

Áwhat_says is a functionreturninga 
function(say )

ÁEachcallto what_says with a single 
stringas its argument createsa new 
say functionwith the currentname

argument in its namespace

ÁIn eachcallto a an instanceof a say

function, name refersto the stringin 
the namespacewhenthe functionwas
created, and message is the string
given as an argument in the call

say.py

def what_says (name):

def say (message):

print(name, "says:", message)

return say

alice = what_says ("Alice")

peter = what_says ("Peter")

alice ("Where is Peter?")

peter("I am here")

Python shell

| Alice says: Where is Peter?

| Peter says: I am here



QuestionςWhatlist is printed?

def f(x):

def g(y):

nonlocal x

x = x + 1

return x + y

return g

a = f(3)

b = f(6)

print([ a(3 ), b(2), a(4 )])

a) [7, 7, 10]

b) [7, 9, 8]

c) [7, 9, 9]

d) [7, 9, 12]

e) [7, 10, 10]

f) 5ƻƴΩǘknow



map
Ámap( function , list) appliesthe function to eachelement of the 

sequencelist

Ámap( function , list 1, ..., list k) requiresfunction to takek 
arguments, and createsa sequencewith the ƛΩǘƘelement being
function (list 1[i], ..., list k[i])

Python shell

> def square (x):

return x*x

> list( map( square , [1,2,3,4,5]))

| [1, 4, 9, 16, 25]

> def triple_sum (x, y, z):

return x + y + z

> list( map( triple_sum , [1,2,3], [4,5,6], [7,8,9]))

| [12, 15, 18]

> list( map( triple_sum , *zip(*[(1,4,7), (2,5,8), (3,6,9)])))

| [12, 15, 18]



sorted

ÁA list L canbesortedusing
sorted (L)

ÁA userdefinedorder on the 
elements canbedefinedby 
providinga functionusingthe 
keywordargument key , that
mapselements to valueswith 
somedefault ordering

Python shell

> def length_square (p):

x, y = p

return x**2 + y**2  # no sqrt

> L = [(5,3), (2,5), (1,9), (2,2), (3,4)]

> list(map( length_square , L))

| [34, 29, 82, 8, 25]

> sorted (L)  # default lexicographical order

| [(1, 9), (2, 2), (2, 5), (3, 4), (5, 3)]

> sorted (L, key= length_square )  # order by length

| [(2, 2), (3, 4), (2, 5), (5, 3), (1, 9)]

https:// docs.python.org/3/library/functions.html#sorted

https://docs.python.org/3/library/functions.html#sorted


QuestionςWhatlist doessortedproduce?

sorted([2, 3, - 1, 5, - 4, 0, 8, - 6], key=abs)

a) [ - 6, - 4, - 1, 0, 2, 3, 5, 8]

b) [0, 2, 3, 5, 8, - 1, - 4, - 6]

c) [ 0, - 1, 2, 3, - 4, 5, - 6, 8]

d) [ 8, 5, 3, 2, 0, - 1, - 4, - 6]

e) [0, 1, 2, 3, 4, 5, 6, 8 ]

f) 5ƻƴΩǘknow

Python shell

> abs(7)

| 7

> abs( - 42)

| 42

key 2 3 1 5 4 0 8 6



filter

Áfilter( function , list) returnsthe subsequeneceof list where
function evaluatesto true

ÁEssentiallythe same as 

[x for x in list if function (x)]

Python shell

> def odd (x):

return x % 2 == 1

> filter ( odd , range(10))

| <filter object at 0x03970FD0>

> list( filter ( odd , range(10)))

| [1, 3, 5, 7, 9]



reduce(in modulefunctools)

ÁtȅǘƘƻƴΩǎέreduceέ function is in other languagesoften denotedέfoldlέ

reduce (f,[x 1,x 2,x 3,..., x k]) = f( ϊϊϊf(f(x 1,x 2),x 3)ϊϊϊ, x k)

Python shell

> from functools import reduce

> def power (x, y):

return x ** y

> reduce ( power , [2, 2, 2, 2, 2])

| 65536



lambda(anonymousfunctions)

ÁIf youneedto definea short function, that returnsa value, and the 
function is onlyusedoncein yourprogram, then a lambdafunction
might be appropriate:

lambda arguments: expression

ÁCreatesa functionwith no namethat takeszeroor more arguments, 
and returnsthe valueof the single expression

Python shell

> f = lambda x, y : x + y

> f(2, 3)

| 5

> list( filter ( lambda x: x % 2, range(10)))

| [1, 3, 5, 7, 9]



Examples: sortedusinglambda

Python shell

> L = [ 'AHA', 'Oasis', 'ABBA', 'Beatles', 'AC/DC', 'B. B. King', 'Bangles', 'Alan Parsons']

> # Sort by length, secondary after input position (default, known as stable)

> sorted (L, key= len )

| ['AHA', 'ABBA', 'Oasis', 'AC/DC', 'Beatles', 'Bangles', 'B. B. King', 'Alan Parsons']

> # Sort by length, secondary alphabetically

> sorted (L, key=lambda s: ( len (s), s) )

| ['AHA', 'ABBA', 'AC/DC', 'Oasis', 'Bangles', 'Beatles', 'B. B. King', 'Alan Parsons']

> # Sort by most 'a's, if equal by number of 'b's, etc.

> sorted (L, key=lambda s: sorted([ a.lower () for a in s if a.isalpha ()] + ['~']) )

| ['Alan Parsons', 'ABBA', 'AHA', 'Beatles', 'Bangles', 'AC/DC', 'Oasis', 'B. B. King']

> sorted ([ a.lower () for a in 'Beatles' if a.isalpha ()] + ['~'])

| ['a', 'b', 'e', 'e', 'l', 's', 't' , '~' ]



min and max

ÁSimilarlyto sorted , the functionsmin and max takea keywordargument key , 
to mapelements to valueswith somedefault ordering

Python shell

> max(['w', 'xyz', ' abcd ', ' uv '])

| 'xyz'

> max(['w', 'xyz', 'abcd', 'uv'], key= len)

| 'abcd'

> sorted([210, 13, 1010, 30, 27, 103], key=lambda x: str (x)[:: - 1])

| [1010, 210, 30, 103, 13, 27]

> min ([210, 13, 1010, 30, 27, 103], key= lambda x: str (x)[:: - 1])

| 1010

docs.python.org/3/library/functions.html#min

https://docs.python.org/3/library/functions.html#min


Historyof lambdain programminglanguages

Álambda calculus invented by Alonzo Church in 1930s

ÁLisp has had lambdassince1958

ÁC++ got lambdas in C++11 in 2011

ÁJava first got lambdas in Java 8 in 2014

ÁPython has had lambdas since Version 1.0 in 1994



polynomial.py Python shell

def linear_function (a, b):

return lambda x: a * x + b

def degree_two_polynomial (a, b, c):

def evaluate(x):

return a * x**2 + b * x + c

return evaluate

def polynomial (coefficients):

return lambda x: sum([c * x**p for p, c in enumerate(coefficients)])

def combine (f, g):

def evaluate(* args , ** kwargs ):

return f(g(* args , ** kwargs ))

return evaluate

f = linear_function (2, 3)

for x in [0, 1, 2]:

print("f(%s) = %s" % (x, f (x)))

p = degree_two_polynomial (1, 2, 3)

for x in [0, 1, 2]:

print("p(%s) = %s" % (x, p(x)))

print("polynomial([3, 2, 1])(2) =", polynomial ([3, 2, 1])(2))

h = combine (abs, lambda x, y: x - y)

print("h(3, 5) =", h(3, 5))

| f(0) = 3

| f(1) = 5

| f(2) = 7

| p(0) = 3

| p(1) = 6

| p(2) = 11

| polynomial([3, 2, 1])(2) = 11

| h(3, 5) = 2



Question ςWhat value is h(1) ?

linear_combine.py

def combine(f, g):

def evaluate(* args , ** kwargs ):

return f(g(* args , ** kwargs ))

return evaluate

def linear_function (a, b):

return lambda x: a * x + b

f = linear_function (2, 3)

g = linear_function (4, 5)

h = combine( f , g)

print( h(1))

a) 5

b) 9

c) 16

d) 21

e) 25

f) 5ƻƴΩǘknow



Namespace example
linear_combine.py

def combine(f, g):

def evaluate(* args , ** kwargs ):

return f(g(* args , ** kwargs ))

return evaluate

def linear_function (a, b):

return lambda x: a * x + b

f = linear_function (2, 3)

g = linear_function (4, 5)

h = combine( f , g)

print( h(1))

combine:
linear_function:

f :
g :
h :

<function combine >
<functionlinear_function >
<function lambda   >
<function lambda   >
<function evaluate   >

a :
b :

2
3

a :
b :

4
5

g :
f :

evaluate:

<function lambda   >
<function lambda   >
<function evaluate   >

args:
kwargs:

(1,)
{}

global variables

x : 1x : 9

f g
combine

evaluate

lambda (g)lambda (f)



partial

ÁThe function partial from the module functools fixes/binds/freezes a 
subset of the parameters of a function

ÁRoughly equivalent to the definition in the example

partial.py

def partial( f , * args , ** kwargs ):

return lambda *a, **kw : f (* args , *a, ** kwargs , **kw)

def f(x, y, z):

return x + 2 * y + 3 * z

g = partial(f, 7)

h = partial(f, 2, 1 )

k = partial(g, 1, 2)

print( g(2, 1))  # 7 + 2 * 2 + 3 * 1 = 14

print( h(3))     # 2 + 2 * 1 + 3 * 3 = 13

print( k())      # 7 + 2 * 1 + 3 * 2 = 15

Wikipedia: Partial application
docs.python.org/3/library/functools.html

https://en.wikipedia.org/wiki/Partial_application
https://docs.python.org/3/library/functools.html


partial (trace of computation)

partial_trace.py Python shell

def partial ( fn , * args ):

def new_f (*a):

print( f'new_f : fn ={ fn .__name__}, args ={ args }, a={a})')

answer = fn (* args , *a)

print( f'answer ={answer}')

return answer

return new_f

def f(x, y, z):

print( f'f ({x},{y},{z})')

return x + 2 * y + 3 * z

g = partial(f, 7)

h = partial(f, 2, 1 )

k = partial(g, 1, 2)

print(f'{ g(2, 1) =} \ n') # 7 + 2 * 2 + 3 * 1 = 14

print(f'{ h(3) =} \ n')     # 2 + 2 * 1 + 3 * 3 = 13

print(f'{ k() =} \ n')      # 7 + 2 * 1 + 3 * 2 = 15

| new_f : fn =f, args =(7,), a=(2, 1))

| f(7,2,1 )

| answer=14

| g(2, 1) =14

|
| new_f : fn =f, args =(2, 1), a=(3,))

| f(2,1,3)

| answer=13

| h(3) =13

|
| new_f : fn =new_f , args =(1, 2), a=())

| new_f : fn =f, args =(7,), a=(1, 2))

| f(7,1,2)

| answer=15

| answer=15

| k() =15

Python shell

> def f(x): return x

> g = lambda x: x

> f. __name__

| 'f'

> g. __name__

| '<lambda>'



Object orientedprogramming
Áclasses, objects

Áself

Áconstruction

Áencapsulation



Object OrientedProgramming

ÁProgramming paradigm, other paradigmsaree.g.

ςfunctionalprogrammingwherethe focusis on functions, ƭŀƳōŘŀΩǎand higher
order functions, and 

ςimperative programmingfocusingon sequencesof statements changingthe 
stateof the program

ÁCore conceptsareobjects, methodsand classes, 
ςallowingoneto constructabstract data types, i.e. userdefinedtypes

ςobjectshave states

ςmethodsmanipulateobjects, definingthe interface of the object to the rest 
of the program

ÁOO supportedby manyprogramminglanguages, includingPython

https://en.wikipedia.org/wiki/List_of_object-oriented_programming_languages


Object Oriented Programming - History
(selected programming languages)

aƛŘ мфслΩǎSimular67

(Ole-Johan Dahl and Kristen Nygaard, NorskRegnesentralOslo)
Introduced classes, objects, virtual procedures

мфтлΩǎSmalltalk(Alan Kay, Dan Ingalls, Adele Goldberg, Xerox PARC)

Object-oriented programming, fully dynamic system 
(opposed to the static nature of Simula67 )

1985 Eiffel (Bertrand Meyer, Eiffel Software)

Focus on software quality, capturing the full software cycle

1985 C++(Bjarne Stroustrup[MSc Aarhus 1975], AT&T Bell Labs)

1995 Java(James Gosling, Sun)

2000 C#(Anders Hejlsberg (studied at DTU) et al., Microsoft)

1991 Python(Guido van Rossum)

Multi-paradigm programming language, fully dynamic system

Note: Java, C++, Python, C# are among Top 5 on TIOBE January 2020 index 
of popular languages (only non OO language among Top 5 was C)

Byte Magazine, 
August 1981

https://archive.org/details/byte-magazine-1981-08


Design Patterns (not part of thiscourse)
reoccuringpatterns in software design

The Classic book 1994
(C++ cookbook)

A very alternative book 2004
(Java, veryvisual)

Java cookbook2003 Java textbook2004 Java textbook2010

...and manymore bookson the topic of Design Patterns, alsowith Python



Someknownclasses, objects, and methods

Type / class Objects Methods (examples)

int 0 -7  421234567 .__add__(x),.__eq__(x), .__str__()

str "" 'abc'  '12_ a' .isdigit(), .lower(), .__len__()

list []  [1,2,3] ['a', 'b', 'c'] .append(x), .clear(), .__mul__(x)

dict {'foo' : 42, 'bar' : 5} .keys(), .get(), .__getitem__(x)

NoneType None .__str__()

Python shell

> 5 + 7  # + calls .__add__(7)

| 12

> (5).__add__(7)  # eq. to 5 + 7

| 12

> (7).__eq__(7)  # eq. to 7 == 7

| True

> ' aBCd'.lower()

| 'abcd'

> 'abcde'.__len__()  

# .__len__() called by len(...)

| 5

> ['x', 'y'].__mul__(2)

| ['x', 'y', 'x', 'y']

> {'foo' : 42}.__ getitem __('foo')

# eq. to {'foo' : 42}['foo']

| 42

> None.__ str __() # used by str (...)

| 'None'

Example: 

The functionstr ( obj ) callsthe methods
obj .__ str __() or obj .__ repr __() , if 
obj .__ str __ doesnot exist.



Classes and Objects

class Student

set_name ( name)

set_id ( student_id )

get_name ()

get_id ()

student_SM

name = 'Scrooge McDuck'

id = '777'

student_MM

name = 'Mickey Mouse'

id = '243'

student_DD

name = 'Donald Duck '

id = '107'

creatinginstances
of classStudent 

usingconstructor
Student ()

data 
attributes

objects
(instances)

docs.python.org/3/tutorial/classes.html

class
(type)

class
methods

https://docs.python.org/3/tutorial/classes.html


Using the Student class

student.py

student_DD = Student ()

student_MM = Student ()

student_SM = Student ()

student_DD .set_name ('Donald Duck')

student_DD .set_id ('107')

student_MM .set_name ('Mickey Mouse')

student_MM .set_id ('243')

student_SM .set_name ('Scrooge McDuck')

student_SM .set_id ('777')

students = [student_DD, student_MM, student_SM]

for student in students:

print(student .get_name (),

"has id",

student .get_id ())

Python shell

| Donald Duck has id 107

| Mickey Mouse has id 243

| Scrooge McDuck has id 777

Call constructorfor class
Student . Eachcallreturns
a new Student object.

Call classmethodsto set 
data attributes

Call classmethodsto read
data attributes



student.py

class Student :

def set_name ( self , name):

self .name = name

def set_id ( self , student_id ):

self .id = student_id

def get_name ( self ):

return self .name

def get_id ( self ):

return self .id

classStudent

Note In other OO programminglanguages
the explicitreference to self is not required
(in Java and C++ self is the keywordthis )

often calledmutator
methods, sincethey
changethe stateof 

an object

often calledaccessor
methods, sincethey

only readthe stateof 
an object

classdefinitions start 
with the keyword
class

nameof class

classmethoddefinitions start with keyworddef

(like normal functiondefinitions)

the first argument to all classmethodsis 
a reference to the objectcalledupon, 
and by conventionthe first argument 
shouldbe namedself .

useself . to accessan attribute of 
an objector classmethod(attribute
reference)



When are object attributes initialized ?

Python shell

> x = Student()

> x.set_name("Gladstone Gander")

> x.get_name()

| 'Gladstone Gander'

> x.get_id()

| AttributeError: 'Student' object has no attribute 'id'

ÁDefault behaviourof a classis that instancesarecreatedwith no
attributesdefined, but has accessto the attributes / methodsof the class

ÁIn the previousclassStudent both the nameand id attributeswere
first createdwhenset by set_name and set_id , respectively



Class construction and __init __

student.py

class Student:

def __init __(self):

self.name = None

self.id = None

... previous method definitions ...

ÁWhenan object is createdusingclass_name () ƛǘΩǎinitializermetod
__init __ is called. 

ÁTo initializeobjectsto containdefault values, (re)definethis function.



QuestionςWhatis printed?

a) 1

b) 2

c) 3

d) 4

e) 5

f) 5ƻƴΩǘknow

Python shell

> class C:

def __init__(self):

self.v = 0

def f(self):

self.v = self.v + 1

return self.v

> x = C()

> print(x.f() + x.f())



__init __ with arguments

student.py

class Student:

def __init __(self, name=None, student_id =None):

self.name = name

self.id = student_id

... previous method definitions ...

ÁWhencreatingobjectsusingclass_name ( args ) the initializer
methodis calledas __init __( args )

ÁTo initializeobjectsto containdefault values, (re)definethis function
to do the appropriateinitialization

Python shell

> p = Student("Pluto")

> print(p.get_name())

| Pluto

> print(p.get_id())

| None



Are accessorand mutator methodsnecessary?

No - but goodprogrammingstyle pair.py

class Pair:

""" invariant: the_sum = a + b """

def __init__(self, a, b):

self.a = a

self.b = b

self.the_sum = self.a + self.b

def set_a(self, a):

self.a = a

self.the_sum = self.a + self.b

def set_b(self, b):

self.b = b

self.the_sum = self.a + self.b

def sum(self):

return self.the_sum

Python shell

> p = Pair(3, 5 )

> p.sum()

| 8

> p.set_a(4)

> p.sum()

| 9

> p.a # access object attribute

| 4

> p.b = 0 # update object attribute

> p.sum()

| 9       # the_sum not updated
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Definingorderon instancesof a class(sorting)

ÁTo definean order on objects, define 
ǘƘŜ άғά ƻǇŜǊŀǘƻǊ ōȅ ŘŜŦƛƴƛƴƎ __lt __

ÁWhenέ<έ ƛǎ defineda list L of 
students canbesortedusing
sorted (L) and L.sort ()

student.py

class Student:

def __lt __(self, other):

return self.id < other.id

... previous method definitions ...

Python shell

> student_DD < student_MM

| True

> [x.id for x in students]

| ['243', '107', '777']

> [x.id for x in sorted (students)]

| ['107', '243', '777']



Convertingobjectsto str

ÁTo beableto convertan object to a 
stringusingstr ( object ) , define
the method__str __

Á__str __ is e.g. usedby print

student.py

class Student:

def __str __(self):

return ("Student['%s', '%s']"

% (self.name, self.id))

... previous method definitions ...

Python shell

> print(student_DD) # without __str__

| <__main__.Student object at 0x03AB6B90>

> print(student_DD) # with __str__

| Student['Donald Duck', '107']



Nothingis private in Python

ÁPythondoesnot support hiding
information insideobjects

ÁRecommendationis to start 
attributeswith underscore, if these
shouldbeusedonly locallyinsidea 
class, i.e. be consideredέǇǊƛǾŀǘŜέ

Át9tуΥ άUse one leading underscore 
only for non-public methods and 
instance ǾŀǊƛŀōƭŜǎά

private_attributes.py

class My_Class :

def set_xy (self, a, b):

self._x = a

self._y = b

def get_sum (self):

return self._x + self._y

obj = My_Class ()

obj.set_xy (3, 5)

print("Sum =", obj.get_sum ())

print("_x =", obj ._x )

Python shell

| Sum = 8

| _x = 3



C++ private, public

C++ vs Python

1. argument types

2. return types

3. void = NoneType

4. private / public
accessspecifier

5. types of data attributes

6. data attributesmust
bedefinedin class

7. objectcreation

8. no self in classmethods

private_attributes.cpp

#include < iostream >

using namespace std ;

class My_Class {

private:

int x, y;

public:

void set_xy ( int a, int b) {

x = a;

y = b

};

int get_sum () {

return x + y;

};

};

main() {

My_Class obj ;

obj. set_xy (3, 5);

cout << "Sum = " << obj. get_sum () << endl ;

cout << "x = " << obj. x << endl ;

}

invalid reference

1

2

5

4

4

6

1

2 3

7

8

8



Java private, public
private_attributes.java

class My_Class {

private int x, y;

public void set_xy ( int a, int b) {

x = a; y = b;

}

public int get_sum () { return x + y; };

};

class private_attributes {

public static void main(String args []){  

My_Class obj = new My_Class ();

obj. set_xy (3, 5);

System.out.println ("Sum = " + obj. get_sum () );

System.out.println ("x = " + obj. x);

}

}

Java vs Python

1. argument types

2. return types

3. void = NoneType

4. private / public
accessspecifier

5. types of data attributes

6. data attributesmust
bedefinedin class

7. objectcreation

8. no self in classmethods invalid reference

12
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Namemangling(partialprivacy)

ÁPythonhandles references to classattributes
insidea classdefinition with at least two 
leading underscores and at most one trailing 
underscorein a special way: __attribute

is textually replaced by 
_classname __attribute

ÁNote that [Guttag, p. 126] statesέthat
attribute is not visible outsidethe classέ ς
whichonly is partiallycorrect(seeexample)

name_mangeling.py

class MySecretBox :

def __init __(self, secret):

self. __secret = secret

Python shell

> x = MySecretBox (42)

> print( x. __secret )

| AttributeError : ' MySecretBox ' 

object has no attribute 

'__secret'

> print(x. _MySecretBox __secret )

| 42



Class attributes

class Student

next_id = 3

set_name ( name)

set_id ( student_id )

get_name ()

get_id ()

student_DD

name = 'Donald Duck '

id = '2'

data 
attributes

object
class

class
attributes

Áobj . attribute first searches the objects attributes to find a match, if 
no match, continuous to search the attributes of the class

ÁAssignments to obj . attribute are always to the objects attribute 
(possibly creating the attribute)

ÁClass attributes can be acceseddirectly as class . attribute
(or obj .__ class__ .attribute )



Class data attribute

Ánext_id is a class attribute

ÁAccessed using Student.next_id

ÁThe lookup     can be replaced with 
self . next_id , since only the class 
has this attribute, looking up in the 
object will be propagated to a lookup 
in the class attributes

ÁIn the update     it is crucial that we 
update the class attribute, since 
otherwise the incremented value will 
be assigned as an object attribute

(What will the result be?)

student_auto_id.py

class Student :

next_id = 1  # class attribute

def __init __( self , name):

self .name = name

self .id = str ( Student.next_id )

Student.next_id += 1

def get_name ( self ):

return self .name

def get_id ( self ):

return self .id

students = [ Student ('Scrooge McDuck'),

Student ('Donald Duck'),

Student ('Mickey Mouse')]

for student in students:

print( student.get_name (),

"has student id",

student.get_id ())

Python shell

| Scrooge McDuck has student id 1

| Donald Duck has student id 2

| Mickey Mouse has student id 3

1

2

1

2



Question ςWhat does obj.get () return ?

a) 4

b) 5

c) 6

d) UnboundLocalError

e) 5ƻƴΩǘ ƪƴƻǿ

Python shell

> class MyClass :

x = 2

def get( self ):

self .x = self .x + 1

return MyClass .x + self .x

> obj = MyClass ()

> print(obj.get())

| ?

class MyClass

x = 2

get ()

obj

x = 3



Class data attribute example (in Python)

class_attributes.py

class My_Class :

x = 1  # class attribute

def inc ( self ):

My_Class. x = self . x + 1

obj1 = My_Class ()

obj2 = My_Class ()

obj1.inc()

obj2.inc()

print(obj1. x, obj2. x)

Python shell

| 3 3ÁNote that My_Class.x and self.x refer to 
the same class attribute (since self.x has 
never been assigned a value)

class My_Class

x = 1

inc ()

obj1

obj2



Java static

ÁIn Java class attributes,
i.e. attribute values 
shared by all instances, 
are labeled static

ÁPythonallowsboth class
and instanceattributes
with the same nameςin 
Java at most oneof them
canexist

static_attributes.java

class My_Class {

public static int x = 1;

public void inc () { x += 1; };

}

class static_attributes {

public static void main(String args []){

My_Class obj1 = new My_Class ();

My_Class obj2 = new My_Class ();

obj1.inc();

obj2.inc();

System.out.println ( obj1.x );

System.out.println ( obj2.x );

}

}

Java output

| 3

| 3

class My_Class

x = 1

inc ()

obj1

obj2



C++ static
ÁIn C++ class attributes,i.e. 

attribute values shared by 
all instances, are labeled 
static

ÁISO C++ forbids in-class 
initialization of non-const
static member

ÁPythonallowsboth class
and instanceattributes
with the same nameςin 
C++ at most oneof them
canexist

static_attributes.cpp

#include < iostream >

using namespace std ;

class My_Class {

public :

static int x; // "= 1" is not allowed

void inc () { x += 1; };

};

int My_Class ::x = 1; // class initialization

int main(){

My_Class obj1;

My_Class obj2;

obj1.inc();

obj2.inc();

cout << obj1.x << endl ;

cout << obj2.x << endl ;

}

C++ output

| 3

| 3

class My_Class

x = 1

inc ()

obj1

obj2



Constants

ÁA simple usageof classdata attributes is to store a set of constants
(but there is nothingpreventinganyoneto chance thesevalues)

Python shell

> class Color:

RED   = "ff0000"

GREEN = "00ff00"

BLUE  = "0000ff"

> Color.RED

| 'ff0000'



PEP8 Style Guide for Python Code (some 
quotes)

ÁClass namesshould normally use the CapWordsconvention.

ÁAlways use self for the first argument to instance methods.

ÁUse one leading underscore only for non-public methods and instance 
variables.

ÁFor simple public data attributes, it is best to expose just the attribute 
name, without complicated accessor/mutator methods. 

ÁAlways decide whether a class's methods and instance variables 
(collectively: "attributes") should be publicor non-public. If in doubt, 
choose non-public; it's easier to make it public later than to make a 
public attribute non-public.

www.python.org/dev/peps/pep-0008/

https://www.python.org/dev/peps/pep-0008/


Some methods many class have

Method Description

__eq__( self , other ) Usedto test if two elements areequal
Twoelementswhere__eq__ is true must have equal__hash__

__str __( self ) Usedby print

__repr __( self ) Usede.g. for printing to shell
(usuallysomethingthat is a valid Pythonexpressionfor eval () )

__len__( self ) Length(integer) of object, e.g. lists, strings, tuples, sets, dictionaries

__doc __( self ) Thedocstringof the class

__hash__( self ) Returns hash value(integer) of object
Dictionary keysand set valuesmust have a __hash__ method

__lt__( self , other ) Comparison(lessthan, <) usedby sorted and sort()

__init __( self ,...) Class initializer

Overloading operators: www.python-course.eu/python3_magic_methods.php

https://www.python-course.eu/python3_magic_methods.php


Class hierarcies
Áinheritance

Ámethod overriding

Ásuper

Ámultiple inheritance



Callingmethodsof a class

ÁIf an objectobj of classChas a 
methodmethod , then usually
youcallobj . method ()

ÁIt is possibleto call the methodin 
the classdirectlyusing
C. method , wherethe object is 
the first argument

C. method ( obj )

X.py

class X:

def set_x( self , x):

self .x = x

def get_x( self ):

return self .x

obj = X()

obj.set_x(42)

print("obj.get_x() =", obj.get_x())

print("obj.x =", obj.x)

print("X.get_x(obj) =", X.get_x(obj) )

Python shell

| obj.get_x() = 42

| obj.x = 42

| X.get_x(obj) = 42



Classes and Objects
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

instance Person object

name = 'Mickey Mouse'

address = 'Mouse Street 42, Duckburg '

Student object

name = 'Donald Duck '

address = ' Duck Steet 13, Duckburg '

id = '1094'

grades = {' programming ' : 'A' }

Employee object

name = ' Goofy '

address = ' Clumsy Road 7, Duckburg '

employer = ' Yarvard University '

class Student

set_name ( name)

get_name ()

set_address ( address )

get_address ()

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

instance

Observation:studentsand employees
arepersonswith additionalattributes



Classes and Objects
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

class Student

set_name ( name)

get_name ()

set_address ( address )

get_address ()

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

person

attributes

Goalςavoidredefiningthe 4 methods below
from person classagainin student class

person.py

class Person:

def set_name ( self , name):

self .name = name

def get_name ( self ):

return self .name

def set_address ( self , address):

self .address = address

def get_address ( self ):

return self .address



person.py

class Student (Person) :

def set_id ( self , student_id ):

self .id = student_id

def get_id ( self ):

return self .id

def set_grade ( self , course, grade):

self .grades [course] = grade

def get_grades ( self ):

return self .grades

Classes inheritance
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

class Student

set_name ( name)

get_name ()

set_address ( address )

get_address ()

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

person

attributes

classStudent inheritsfrom classPerson

classPerson is the base classof Student



person.py

class Person:

def __init __( self ):

self .name = None

self .address = None

...

class Student (Person) :

def __init __( self ):

self .id = None

self .grades = {}

Person.__ init __( self )

...

Classes constructors
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

class Student

set_name ( name)

get_name ()

set_address ( address )

get_address ()

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

person

attributes

constructorfor 
Person class

constructorfor 
Student class

Notes
1) If Student.__ init __ is not defined,  then

Person.__ init __ will be called
2) Student.__ init __ must callPerson.__ init __ to

initializethe nameand address attributes



person.py

class Person:

def __init __(self):

self.name = None

self.address = None

...

class Student(Person):

def __init __(self):

self.id = None

self.grades = {}

Person.__ init __(self)

super().__ init __()

...

super()
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

class Student

set_name ( name)

get_name ()

set_address ( address )

get_address ()

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

person

attributes

Notes
1) Functionsuper() searchesfor attributes in base class
2) super is often a keywordin other OO languages, like Java and C++
3) Note super().__ init __() doesnot needself as argument

alternative 
constructor



Method searchorder
class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

Student object

name = 'Donald Duck '

address = ' Duck Steet 13, Duckburg '

id = '1094'

grades = {' programming ' : 'A' }

class Student(Person)

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

instanceof

parent class



Class hierarchy

class Person

set_name ( name)

get_name ()

set_address ( address )

get_address ()

class Student(Person)

set_id ( student_id )

get_id ()

set_grade ( course , grade)

get_grades ()

class object

class Employee (Person)

set_employer ( employer )

get_employer ()



Method overriding

In Java onecanusethe keywordέfinally έ ǘƻ 
preventanysubclassto override a method

overloading.py

class A:

def say( self ):

print("A says hello")

class B( A): # B is a subclass of A

def say( self ):

print("B says hello")

super().say()

Python shell

> B().say()

| B says hello

| A says hello



QuestionςWhatdoesb.f () print ? 

a) AttributeError

b) Af Ag

c) Af Bg

d) 5ƻƴΩǘknow

Python shell

> class A():

def f(self):

print(" Af ")

self.g ()

def g(self):

print("Ag")

> class B(A):

def g(self):

print(" Bg")

> b = B()

> b.f()

| ?



Undefindmethodsin superclass?
Python shell

> class A():

def f(self):

print(" Af ")

self. g()

def g(self):

print(" Ag")

> class B(A):

def g(self):

print(" Bg")

> b = B()

> b.f()

| Af

| Bg

> a = A()

> a.f()

| Af

| Ag

Python shell

> class A():

def f(self):

print(" Af ")

self. g()

> class B(A):

def g(self):

print(" Bg")

> b = B()

> b.f()

| Af

| Bg

> a = A()

> a.f()

| Af

| AttributeError : 'A' object has no attribute 'g'

can create instance of A

method g undefined in class A;  
subclasses must implement g

to be able to call f

in Java, A would have been 
required to be declared an 
abstract class

fails since g is not 
defined in class A



Namemanglingand inheritance

Python shell

> class A():

def f(self):

print(" Af ")

self. __g ()

def __g (self):

print("Ag")

> class B(A):

def __g (self):

print(" Bg")

> b = B()

> b.f()

| Af

| Ag

ÁThe call to A.__g in A.f forces a 
call to __g to staywithin A

ÁRecallthat due to namemangling, 
__g is accessibleas A._A__g



Multiple inheritance

ÁA classcaninherit attributesfrom 
multiple classes(in exampletwo)

ÁWhencallinga methoddefinedin 
severalancestorclasses, Python
executesonlyoneof the these
(in the examplesay_hello )

ÁWhichoneis determinedby the so 
calledέ/о Method Resolution hǊŘŜǊέ 
(originatingfrom the Dylan language)

multiple_inheritance.py

class Alice :

def say_hello ( self ):

print("Alice says hello")

def say_good_night ( self ):

print("Alice says good night")

class Bob:

def say_hello ( self ):

print("Bob says hello")

def say_good_morning ( self ):

print("Bob says good morning")

class X( Alice , Bob):  # Multiple inheritance

def say( self ):

self.say_good_morning ()

self. say_hello ()       # C3 resolution

Alice. say_hello ( self )  # from Alice

Bob. say_hello ( self )    # from Bob

self.say_good_night ()

Python shell

> X().say()

| Bob says good morning

| Alice says hello

| Alice says hello

| Bob says hello

| Alice says good night
Raymond Hettinger, Super considered super!
Conference talk at PyCon2015

since Alice before Bob

in list of super classes

control.pptx
control.pptx


C3 Method 
resolution order

ÁUsehelp ( class ) to 
determinethe resolution 
order for the class

Áor accessthe __mro__

attribute of the class

Python shell

> X.__mro__

| (<class '__ main__.X '>, <class '__ main__.Alice '>, 

<class '__ main__.Bob '>, <class 'object'>)

> help(X)

| Help on class X in module __main__:

| class X(Alice, Bob)

| |  Method resolution order :

| |      X

| |      Alice

| |      Bob

| |      builtins.object

| |  Methods defined here :

| |  say(self)

| |  ----------------------------------

| |  Methods inherited from Alice:

| |  say_good_night(self)

| |  say_hello(self)

| |  ----------------------------------

| |  ...

| |  ----------------------------------

| |  Methods inherited from Bob:

| |  say_good_morning(self)



QuestionςWhosayshello? Bob saysgood
morning

a) Alice

b) Bob

c) 5ƻƴǘΩ ƪƴƻǿ

inheritance.py

class Alice :

def say_hello ( self ):

print("Alice says hello")

class Bob:

def say_hello ( self ):

print("Bob says hello")

def say_good_morning ( self ):

self .say_hello ()

print("Bob says good morning")

class X( Alice , Bob):  # Multiple inheritance

pass

X(). say_good_morning ()



Comparingobjectsand classes

Áid( obj ) returnsa uniqueidentifyer for an object(in CPythonthe memoryaddress)

Áobj1 is obj2 tests if id(obj1)==id(obj2)

Átype( obj ) and obj .__ class __ return the classof an object

Áisinstance ( object, class ) checks if an object is of a particular class, or a 
derived subclass

Áissubclass ( class1 , class2 ) checks if class1 is a subclass of class2



is isnot for integers, strings, ... and is isnot ==

ÁOnly use is on objects !

ÁEven though isinstance (42 , object)
and isinstance (" abc ", object ) are 
true, do not use is on integers and strings !

Python shell

> 500 + 500 is 1000

| True

> x = 500

> x + x is 1000

| False

> x + x == 1000  # int .__ eq__(...)

| True

> for x in range(0, 1000):

if x - 1 + 1 is not x:

print(x)

break

| 257

> for x in range(0, - 1000, - 1):

if x + 1 - 1 is not x:

print(x)

break

| - 6

Python shell

> " abc " is " abc "

| True

> " abc " is " xabc "[1:]

| False

> x, y = " abc ", " xabc "[1:]

> x, y

| ('abc', 'abc')

> x is y

| False

> x == y  # x.__ eq__(y)

| True



Comparisonof OO in Python, Java and C++

Áprivate, public, .... ςin Pythoneverythingin an object is public

Áclassinheritanceςcoreconceptin OO programming
ςPythonand C++ support multiple inheritance
ςJava onlyallowssingle inheritanceΣ ōǳǘ WŀǾŀ έƛƴǘŜǊŦŀŎŜǎέ allowfor something

likemultiple inheritance

ÁPythonand C++ allowsoverloadingstandard operators (+, *, ...). 
In Java it is not possible.

ÁOverloadingmethods
ςPythonextremelydynamic(hardto sayanythingabout the behaviourof a 

program in general)
ςWŀǾŀ ŀƴŘ /ҌҌΩǎ ǘȅǇŜ ǎȅǎǘŜƳǎ allowseveralmethodswith same namein a class, 

wherethey aredistinguishedby the type of the arguments, whereasPython
allowsonlyonemethodthat canhave * and ** arguments



C++ example
printing.cpp

#include < iostream >

using namespace std ;

class MyClass {

public :

void print ( int x) {

cout << "An integer " << x << endl ;

};

void print (string s) {

cout << "A string " << s << endl ;

};

};

main() {

MyClass C;

C. print (42);

C. print (" abc ");

}

Shell

| An integer 42

| A string abc

ÁMultiple methodswith 
identicalname(print )

ÁThe types distinguishthe 
different methods

printing.py

class MyClass :

def print (self, value):

if isinstance (value, int ):

print('An integer', value)

elif isinstance (value, str ):

print('A string', value)

C = MyClass ()

C.print (42)

C.print (" abc ")



Exceptionsand file input/output
Átry-raise-except-finally

ÁException

Ácontrol flow

Áfile open/read/write

Ásys.stdin, sys.stdout, sys.stderr



ExceptionsςErrorhandling and control flow

ÁExceptionsis a widespreadtechniqueto handle run-time errors / 
abnormalbehaviour(e.g. in Python, Java,  C++, JavaScript, C#)

ÁExceptionscanalsobeusedas an advancedcontrol flow mechanism
(e.g. in Python, Java, JavaScript)

ςProblem: Hƻǿ ǘƻ ǇŜǊŦƻǊƳ ŀ έōǊŜŀƪέ ƛƴ ŀ recursivefunction?



BaseException

+-- SystemExit

+-- KeyboardInterrupt

+-- GeneratorExit

+-- Exception

+-- StopIteration

+-- StopAsyncIteration

+-- ArithmeticError

|    + -- FloatingPointError

|    + -- OverflowError

|    + -- ZeroDivisionError

+-- AssertionError

+-- AttributeError

+-- BufferError

+-- EOFError

+-- ImportError

|    + -- ModuleNotFoundError

+-- LookupError

|    + -- IndexError

|    + -- KeyError

+-- MemoryError

+-- NameError

|    + -- UnboundLocalError

+-- TypeError

+-- ValueError

|    + -- UnicodeError

|         + -- UnicodeDecodeError

|         + -- UnicodeEncodeError

|         + -- UnicodeTranslateError

|

+-- OSError

|    + -- BlockingIOError

|    + -- ChildProcessError

|    + -- ConnectionError

|    |    + -- BrokenPipeError

|    |    + -- ConnectionAbortedError

|    |    + -- ConnectionRefusedError

|    |    + -- ConnectionResetError

|    + -- FileExistsError

|    + -- FileNotFoundError

|    + -- InterruptedError

|    + -- IsADirectoryError

|    + -- NotADirectoryError

|    + -- PermissionError

|    + -- ProcessLookupError

|    + -- TimeoutError

+-- ReferenceError

+-- RuntimeError

|    + -- NotImplementedError

|    + -- RecursionError

+-- SyntaxError

|    + -- IndentationError

|         + -- TabError

+-- SystemError

+-- Warning

+-- DeprecationWarning

+-- PendingDeprecationWarning

+-- RuntimeWarning

+-- SyntaxWarning

+-- UserWarning

+-- FutureWarning

+-- ImportWarning

+-- UnicodeWarning

+-- BytesWarning

+-- ResourceWarning

Built-in exceptions
(classhierarchy)
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https://docs.python.org/3/library/exceptions.html


Python shell

> 7 / 0

| ZeroDivisionError : division by zero

> int('42x')

| ValueError : invalid literal for int () with base 10: '42x'

> x = y

| NameError : name 'y' is not defined

> L = list(range(1000000000))

| MemoryError

> 2.5 ** 1000

| OverflowError : (34, 'Result too large')

> t = (3, 4)

> t[0] = 7

| TypeError : 'tuple' object does not support item assignment

> t[3]

| IndexError : tuple index out of range

> t.x

| AttributeError : 'tuple' object has no attribute 'x'

> x = {}

> x['foo']

| KeyError : 'foo'

> def f(x): f(x + 1)

> f(0)

| RecursionError : maximum recursion depth exceeded

> def f(): x = x + 1

> f()

| UnboundLocalError : local variable 'x' referenced before assignment

Typical
built-in 

exceptions

and unhandled
behaviour



CatchingexceptionsςFractions(I)

fraction1.py

while True:

numerator = int(input('Numerator = '))

denominator = int(input('Denominator = '))

result = numerator / denominator

print('%s / %s = %s' % (numerator, denominator, result))

Python shell

| Numerator = 10

| Denominator = 3

| 10 / 3 = 3.3333333333333335

| Numerator = 20

| Denominator = 0

| ZeroDivisionError : division by zero



CatchingexceptionsςFractions(II)
fraction2.py

while True:

numerator = int (input('Numerator = '))

denominator = int(input('Denominator = '))

try:

result = numerator / denominator

except ZeroDivisionError:

print('cannot divide by zero')

continue

print('%s / %s = %s' % (numerator, denominator, result))

Python shell

| Numerator = 10

| Denominator = 0

| cannot divide by zero

| Numerator = 20

| Denominator = 3

| 20 / 3 = 6.666666666666667

| Numerator = 42x

| ValueError : invalid literal for int () with base 10: '42x'

catch
exception



CatchingexceptionsςFractions(III)
fraction3.py

while True:

try:

numerator = int(input('Numerator = '))

denominator = int(input('Denominator = '))

except ValueError:

print('input not a valid integer')

continue

try:

result = numerator / denominator

except ZeroDivisionError:

print('cannot divide by zero')

continue

print('%s / %s = %s' % (numerator, denominator, result))

Python shell

| Numerator = 5

| Denominator = 2x

| input not a valid integer

| Numerator = 5

| Denominator = 2

| 5 / 2 = 2.5

catch
exception

catch
exception



fraction3.py

while True:

try:

numerator = int(input('Numerator = '))

denominator = int(input('Denominator = '))

except ValueError:

print('input not a valid integer')

continue

try:

result = numerator / denominator

print('%s / %s = %s' % (numerator, denominator, result))

except ZeroDivisionError:

print('cannot divide by zero')

Python shell

| Numerator = 1000000000000000000000000000000000000000000000000000000000

0000000000000000000000000000000000000000000000000000000000000000000000

0000000000000000000000000000000000000000000000000000000000000000000000

0000000000000000000000000000000000000000000000000000000000000000000000

000000000000000000000000000000000000000000

| Denominator = 1

| OverflowError : integer division result too large for a float
exception
not caught



CatchingexceptionsςFractions(IV)
fraction4.py

while True:

try:

numerator = int(input('Numerator = '))

denominator = int(input('Denominator = '))

result = numerator / denominator

print('%s / %s = %s' % (numerator, denominator, result))

except ValueError:

print('input not a valid integer')

except ZeroDivisionError:

print('cannot divide by zero')

Python shell

| Numerator = 3

| Denominator = 0

| cannot divide by zero

| Numerator = 3x

| input not a valid integer

| Numerator = 4

| Denominator = 2

| 4 / 2 = 2.0

catch
exceptions



Keyboard interrupt (Ctrl-c)

infinite - loop2.py

print('starting infinite loop')

try:

x = 0

while True:

x = x + 1

except KeyboardInterrupt :

pass

print('done (x = %s)' % x)

input('type enter to exit')

Python shell

| starting infinite loop

| done (x = 23890363)  # Ctrl - c

| type enter to exit

infinite - loop1.py

print('starting infinite loop')

x = 0

while True:

x = x + 1

print('done (x = %s)' % x)

input('type enter to exit')

Python shell

| starting infinite loop

| Traceback (most recent call last):

| File 'infinite - loop1.py', line 4, in <module>

| x = x + 1

| KeyboardInterrupt

ÁthrowsKeyboardInterrupt exception



Keyboard interrupt (Ctrl-c)

read - int2.py

while True:

try:

x = int (input('An integer: '))

break

except:  # all exceptions

continue

print('The value is:', x)

Python shell

| An integer :         Ctrl - c

| An integer :         Ctrl - c

| An integer:

read - int1.py

while True:

try:

x = int (input('An integer: '))

break

except ValueError :  # only ValueError

continue

print('The value is:', x)

Python shell

| An integer:         Ctrl - c

| KeyboardInterrupt

ÁBe awarethat you likelywould like to leavethe Ctrl-c generated
KeyboardInterrupt exceptionunhandled, exceptwhenstatedexplicitly

Á (left) KeyboardInterrupt is unhandled(right) it is handled(intentionally?)

catches
KeyboardInterrupt



Exceptionclasshierarchy

BaseException

ExceptionKeyboardInterrupt

LookupError

IndexError KeyError

...

...

except - twice1.py

try:

L[4]

except IndexError : # must be before Exception

print(' IndexError ')

except Exception:

print('Fall back exception handler')

except - twice2.py

try:

L[4]

except Exception:  # and subclasses of Exception

print('Fall back exception handler')

except IndexError :

print(' IndexError ')  # unreachable



try statement syntax

try :

code

except ExceptionType1:

code # executed if raised exception instanceof

# ExceptionType1 (or subclass of ExceptionType1)

except ExceptionType2:

code # executed if exception type matches and none of 

# the previous except statements matched

...

else :

code # only executed if no exception was raised

finally :

code # always executed independent of exceptions

# typically used to clean up ( like closing files)

a
rb
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ry
n

u
m

b
e

ro
f 
e
xc

e
p
tc

a
s
e

s



except variations

except :                # catch all exceptions

except ExceptionType :  # only catch exceptions of class ExceptionType

# or subclasses of ExceptionType

except (ExceptionType 1, ExceptionType 2, ..., ExceptionType k):

# catch any of k classes (and subclasses )

except ExceptionType as e:

# catch exception and assign exception object to e

# e.args contains arguments to the raised exception



Raising exceptions
abstract.py

class A():

def f(self):

print('f')

self.g ()

def g(self):

raise NotImplementedError

class B(A):

def g(self):

print('g')

Python shell

> B().f()

| f

| g

> A().f()

| f

| NotImplementedError

ÁAn exceptionis raised(or trown) using
oneof the following(the first beingan 
alias for the second):

raise ExceptionType

raise ExceptionType ()

raise ExceptionType ( args )



User exceptions

ÁNew exceptiontypes arecreated
usingclassinheritancefrom an 
existingexceptiontype
(possibly defining __init__)

tree - search.py

class SolutionFound (Exception) :  # new exception

pass

def recursive_tree_search (x, t):

if isinstance (t, tuple):

for child in t:

recursive_tree_search (x, child)

elif x == t:

raise SolutionFound # found x in t

def tree_search (x, t):

try:

recursive_tree_search (x, t)

except SolutionFound :

print('found', x)

else:

print('search for', x, 'unsuccessful')

Python shell

> tree_search (8, ((3,2),5,(7,(4,6))))

| search for 8 unsuccessful

> tree_search (3, ((3,2),5,(7,(4,6))))

| found 3



User exceptionwith 
argument in recursion

apx - tree - search.py

class SolutionFound (Exception):

pass

def apx_tree_search (x, tree):

def search(x, t):

if isinstance (t, tuple):

for child in t:

search(x, child)

elif abs(x - t) < 1: # approximate match

raise SolutionFound (t)

try:

search(x, tree)

except SolutionFound as e:

result, = e.args # e.args is a tuple

print('search for', x, 'found', result)

else:

print('search for', x, 'unsuccessful')

tree = ((3.2, 2.1), 5.6, (7.8, (9.3, 6.5)))

apx_tree_search (4.3, tree)

apx_tree_search (5.9, tree)

Python shell

| search for 4.3 unsuccessful

| search for 5.9 found 5.6

ÁEscape from recursionby 
raisingexception

ÁPassresultas argument to 
exception

ÁUnpack. args tuple from 
resultcaughtby except



3 waysto readlines 
from a file

Steps

1. Open file usingopen

2. Read lines from file using
a) filehandler .readline

b) filehandler .readlines

c) for line in filehandler :

3. Close file usingclose

reading - file1.py

f = open ('reading - file1.py')

for line in f :

print('>', line[: - 1]) 

f . close ()

reading - file2.py

f = open ('reading - file2.py')

lines = f . readlines ()

f . close ()

for line in lines:

print('>', line[: - 1]) 

reading - file3.py

f = open ('reading - file3.py')

line = f . readline ()

while line != '':

print('>', line[: - 1])

line = f . readline ()

f . close ()

filename

filehandle

closefile 
whendone

try to open file 
for reading

iterate over 
lines in file

readall lines 
into a list of 

strings

readsingle line 
(terminatedōȅ Ψ\ƴΩύ

open ('filename.txt') assumes the file to be in the same 
folder as your Python program, but you can also provide a full path
open('c:/ Users/ gerth /Documents/filename.txt')



ÁOpening file:
open( filename , mode)

wheremode is a string, either 'w' for opening
a new (or truncatingan existingfile) and 'a'

for appendingto an existingfile

ÁWrite single string:
filehandle .write ( string )

Returns the number of characters written

ÁWrite list of strings strings:
filehandle .writeline ( list )

ÁNewlines(' \ n' ) must bewritten explicitly

Áprint cantakean optional file argument

3 waysto write lines 
to a file

write - file.py

f = open ('output - file.txt', 'w' )

f . write ('Text 1 \ n')

f . writelines (['Text 2 \ n', 'Text 3 '])

f . close ()

g = open ('output - file.txt', 'a' )

print ('Text 4', file=g )

g. writelines (['Text 5 ', 'Text 6'])

g. close ()

output - file.txt

Text 1

Text 2

Text 3 Text 4

Text 5 Text 6

try to open file 
for writing write mode

write single 
stringto file

write list of 
stringsto file

appendto existingfile



Exceptionswhiledealingwith files

ÁWhen dealing with files one 
should be prepared to handle 
errors / raised exceptions, e.g. 
FileNotFoundError

reading - file4.py

try:

f = open('reading - file4.py')

except FileNotFoundError :

print('Could not open file')

else:

try:

for line in f:

print('> ', line[: - 1]) 

finally:

f.close ()



Openingfiles usingwith

reading - file5.py

with open ('reading - file5.py') as f :

for line in f :

print('> ', line[: - 1]) 

ÁThe Pythonkeywordwith allowsto create
a contextmanagerfor handling files

ÁFilehandlewill automaticallybeclosed, 
alsowhenexceptionsoccur

ÁUnder the hood: filehandlesreturned
by open() support __enter __() and 
__exit__() methods

f = resultof calling__enter __()

on resultof open expression, 
whichis the file handle



Doesa file exist?

ÁModuleos.path containsa 
method isfile to check if a 
file exists

checking - files.py

import os.path

filename = input('Filename: ')

if os.path.isfile (filename):

print('file exists')

else:

print('file does not exists')

docs.python.org/3/library/os.path.html

https://docs.python.org/3/library/os.path.html


modulesys

ÁModulesys containsthe three standard file handles
sys.stdin (used by the input function)

sys.stdout (used by the print function)

sys.stderr (error output from the Python interpreter)

docs.python.org/3/library/sys.html

sys - test.py

import sys

sys.stdout .write('Input an integer: ')

x = int( sys.stdin .readline())

sys.stdout .write('%s square is %s' % (x, x**2))

Python shell

| Input an integer: 10

| 10 square is 100

https://docs.python.org/3/library/sys.html


print(..., file= output file )

sys - print - file.py

import sys

def complicated_function ( file ):

print ('Hello world', file =file )  # print to file or STDOUT

while True:

file_name = input('Output file (empty for STDOUT): ')

if file_name == '':

file = sys.stdout

break

else:

try:

file = open ( file_name , 'w')

break

except Exception:

pass     

complicated_function ( file )

if file != sys.stdout :

file.close ()



PEP8 on exceptions

ÁFor all try/except clauses, limit the try clause to the absolute 
minimum amount of code necessary.

ÁThe class naming convention applies (CapWords) 

ÁUse the suffix "Error"on your exception names (if the exception 
actually is an error)

ÁA bare except: clause will catch SystemExit and 
KeyboardInterrupt exceptions, making it harder to interrupt a 
program with Control-C, and can disguise other problems. If you want 
to catch all exceptions that signal program errors, useexcept 

Exception :

www.python.org/dev/peps/pep-0008/

https://www.python.org/dev/peps/pep-0008/


Performance of 
scanning a file

ÁPython can efficiently scan 
through quite big files

The first search finds all lines related to ThrB12-DKP-
insulin (Entry ID 6203) in a chemical database 
available from www.bmrb.wisc.edu

¢ƘŜ ǎŜŎƻƴŘ ǎŜŀǊŎƘ ŦƛƴŘǎ ŀƭƭ ƻŎŎǳǊǊŜƴŎŜǎ ƻŦ άDŜǊƳŀƴȅέ 
in Conan Doyle's complete Sherlock Holmes available 
at sherlock-holm.es

File Size Time

Atom_chem_shift.csv Ғ трл a.Ғ у ǎŜŎ

cano.txt Ғ оΦт a.Ғ лΦм ǎŜŎ

file - scanning.py

from time import time

for filename, query in [

('Atom_chem_shift.csv', ',6203,'),

('cano.txt', 'Germany')

]:

count = 0

matches = []

start = time()

with open(filename) as f :

for i, line in enumerate ( f , start=1):

count += 1

if query in line:

matches.append ((i, line))

end = time()

for i, line in matches:

print(i, ':', line, end='')

print('Duration:', end - start)

print( len (matches), 'of', count, 'lines match')

Python shell

| ...

| 3057752 : 195,,2,2,30,30,THR,HB,H,1,4.22,0.02,,1,,,,,,,,,,,,,,,,,,,,,228896,6203,2

| 3057753 : 196,,2,2,30,30,THR,HG21,H,1,1.18,0.02,,1,,,,,,,,,,,,,,,,,,,,,228896,6203,2

| 3057754 : 197,,2,2,30,30,THR,HG22,H,1,1.18,0.02,,1,,,,,,,,,,,,,,,,,,,,,228896,6203,2

| 3057755 : 198,,2,2,30,30,THR,HG23,H,1,1.18,0.02,,1,,,,,,,,,,,,,,,,,,,,,228896,6203,2

| Duration: 7.760039329528809

| 329 of 9758361 lines match

| 57557 :      "Well, then, to the West, or to England, or to Germany, where father

| 66515 :      kind master. He wanted me to go with his wife to Germany yesterday,

| 66642 :      of business in Germany in the past and my name is probably familiar

| 73273 :      associates with Germany. This he placed in his instrument cupboard.

| Duration: 0.07700657844543457

| 4 of 76764 lines match

http://www.bmrb.wisc.edu/
https://sherlock-holm.es/ascii/
http://www.bmrb.wisc.edu/ftp/pub/bmrb/relational_tables/nmr-star3.1/Atom_chem_shift.csv
https://sherlock-holm.es/stories/plain-text/cano.txt


sudoku.py

class Sudoku:

def __init __( self , puzzle):

self .puzzle = puzzle

def solve( self ):

def find_free ():

for i in range(9):

for j in range(9):

if self .puzzle [i][j] == 0:

return (i, j)

return None

def unused(i, j):

i_, j_ = i // 3 * 3, j // 3 * 3

cells = {(i, k) for k in range(9)}

cells |= {(k, j) for k in range(9)}

cells |= {(i, j) for i in range(i_, i_ + 3)

for j in range(j_, j_ + 3)}

return set(range(1, 10)) - { self .puzzle [i][j] for i, j in cells}

class SolutionFound ( Exception ):

pass

def recursive_solve ():

cell = find_free ()

if not cell:

raise SolutionFound

i, j = cell

for value in unused(i, j):

self .puzzle [i][j] = value

recursive_solve ()

self .puzzle [i][j] = 0

try :

recursive_solve ()

except SolutionFound : 

pass

sudoku.py ( continued )

def print( self ):

for i, row in enumerate( self .puzzle ):

cells = [' %s ' % c if c else ' . ' for c in row]

print('|'.join([''.join(cells[j:j+3]) for j in (0,3,6)]))

if i in (2,5):

print(' --------- +--------- +--------- ')

with open('sudoku.txt') as f:

A = Sudoku([[ int (x) for x in line.strip ()] for line in f])

A.solve ()

A.print ()

sudoku.txt

517600034

289004000

346205090

602000010

038006047

000000000

090000078

703400560

000000000

Python shell

| 5  1  7 | 6  9  8 | 2  3  4 

| 2  8  9 | 1  3  4 | 7  5  6 

| 3  4  6 | 2  7  5 | 8  9  1 

| --------- +--------- +---------

| 6  7  2 | 8  4  9 | 3  1  5 

| 1  3  8 | 5  2  6 | 9  4  7 

| 9  5  4 | 7  1  3 | 6  8  2 

| --------- +--------- +---------

| 4  9  5 | 3  6  2 | 1  7  8 

| 7  2  3 | 4  8  1 | 5  6  9 

| 8  6  1 | 9  5  7 | 4  2  3



Documentation, testingand debugging
Ádocstring

Ádefensive programming

Áassert

Átest driven developement

Áassertions

Átesting

Áunittest

Ádebugger

Ástatictype checking(mypy)



Ensuring good quality code ?

Idea

Development UsageDesign phase

Coding User runs 
program

Fix bug

Find bug 

Testing success

Goal

ÁDevelop programs that 
work correctly

ÁTools and techniques

runs forever / crash / 
incorrect output / 

explosion / ...

(hopefully)
correct 

program



Whatis goodcode?

ÁReadability
ςwell-structured

ςdocumentation

ςcomments

ςfollow somestandard structure(easyto recognize, follow PEP8Style Guide)

ÁCorrectness
ςoutputs the correctansweron valid input

ςeventuallystops with an answeron valid input (shouldnot go in infinite loop)

ÁReusable...

https://www.python.org/dev/peps/pep-0008/


Why ?
Documentation

Áspecificationof 
functionality

Ádocstring
ςfor usersof the code

ςmodules

ςmethods

ςclasses

Ácomments
ςfor readersof the code

Testing

ÁCorrect 
implementation ?

ÁTry to predict 
behavior on 
unknown input ?

ÁPerformance 
guarantees ?

Debugging

ÁWhereis the #!¤$ 
bug ?

έProgram testingcanbe usedto show the presenceof bugs, but never to show their absenceέ ɐEdsgerW. Dijkstra



BaseException

+-- SystemExit

+-- KeyboardInterrupt

+-- GeneratorExit

+-- Exception

+-- StopIteration

+-- StopAsyncIteration

+-- ArithmeticError

|    + -- FloatingPointError

|    + -- OverflowError

|    + -- ZeroDivisionError

+-- AssertionError

+-- AttributeError

+-- BufferError

+-- EOFError

+-- ImportError

|    + -- ModuleNotFoundError

+-- LookupError

|    + -- IndexError

|    + -- KeyError

+-- MemoryError

+-- NameError

|    + -- UnboundLocalError

+-- TypeError

+-- ValueError

|    + -- UnicodeError

|         + -- UnicodeDecodeError

|         + -- UnicodeEncodeError

|         + -- UnicodeTranslateError

|

+-- OSError

|    + -- BlockingIOError

|    + -- ChildProcessError

|    + -- ConnectionError

|    |    + -- BrokenPipeError

|    |    + -- ConnectionAbortedError

|    |    + -- ConnectionRefusedError

|    |    + -- ConnectionResetError

|    + -- FileExistsError

|    + -- FileNotFoundError

|    + -- InterruptedError

|    + -- IsADirectoryError

|    + -- NotADirectoryError

|    + -- PermissionError

|    + -- ProcessLookupError

|    + -- TimeoutError

+-- ReferenceError

+-- RuntimeError

|    + -- NotImplementedError

|    + -- RecursionError

+-- SyntaxError

|    + -- IndentationError

|         + -- TabError

+-- SystemError

+-- Warning

+-- DeprecationWarning

+-- PendingDeprecationWarning

+-- RuntimeWarning

+-- SyntaxWarning

+-- UserWarning

+-- FutureWarning

+-- ImportWarning

+-- UnicodeWarning

+-- BytesWarning

+-- ResourceWarning

Built-in exceptions
(classhierarchy)
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https://docs.python.org/3/library/exceptions.html


Testingfor unexpectedbehaviour?

infinite - recursion1.py

def f(depth):

f(depth + 1)  # infinite recursion

f(0)

Python shell

| RecursionError : maximum recursion depth exceeded

infinite - recursion2.py

def f(depth):

if depth > 100:

print("runaway recursion???")

raise SystemExit # raise built - in exception

f(depth + 1)

f(0)

Python shell

| runaway recursion???

infinite - recursion3.py

import sys

def f(depth):

if depth > 100:

print("runaway recursion???")

sys.exit ()  # system function

f(depth + 1)

f(0)

Python shell

| runaway recursion???

raisesSystemExit

Álet the program eventuallyfail

Ácheck and raiseexceptions

Ácheck and callsys.exit



Catchingunexpectedbehaviourςassert
infinite - recursion4.py

def f(depth):

assert depth <= 100  # raise exception if False

f(depth + 1)

f(0)

Python shell

| File "... \ infinite - recursion4.py", line 2, in f

| assert depth <= 100

| AssertionError

infinite - recursion5.py

def f(depth):

assert depth <= 100, "runaway recursion???"

f(depth + 1)

f(0)

Python shell

| File "... \ infinite - recursion5.py", line 2, in f

| assert depth <= 100, "runaway recursion???"

| AssertionError : runaway recursion???

infinite - recursion6.py

def f(depth):

if not depth <= 100:

raise AssertionError ("runaway recursion???")

f(depth + 1)

f(0)

Python shell

| File "... \ infinite - recursion6.py", line 3, in f

| raise AssertionError ("runaway recursion???")

| AssertionError : runaway recursion???

Ákeywordassert checks if 
booleanexpressionis true, if not, 
raisesexceptionAssertionError

Áoptionalsecondparameter passed
to the constructorof the 
exception



Disablingassert statements

Áassert statements aregood
to helpcheck correctnessof 
program ςbut canslowdown
program

ÁinvokingPythonwith option ï
Odisables all assertions
(by setting__debug __ to 
False )

docs.python.org/3/reference/simple_stmts.html#assert

https://docs.python.org/3/reference/simple_stmts.html#assert


Example



First try... (seriously, the bugs were not on purpose)

intsqrt_buggy.py

def int_sqrt (x):

low = 0

high = x

while low < high - 1:

mid = (low + high) / 2

if mid ** 2 <= x:

low = mid

else:

high = mid

return low

Python shell

> int_sqrt(10)

| 3.125 # 3.125 ** 2 = 9.765625

> int_sqrt( - 10)

| 0  # what should the answer be ?



Let us add a specification...

intsqrt.py

def int_sqrt (x):

"""Compute the integer square root of an integer x.

Assumes that x is an integer and x >= 0

Returns integer floor( sqrt (x))"""

...

Python shell

> help ( int_sqrt )

| Help on function int_sqrt in module __main__:

|
| int_sqrt (x)

| Compute the integer square root of an integer x.

| Assumes that x is an integer and x >= 0

| Returns integer floor( sqrt (x)) PEP 257 -- DocstringConventions
www.python.org/dev/peps/pep-0257/

input 
requirements

output 
guarantees

d
o

cs
tr

in
g

Áall methods, classes, and 
modulescanhave a 
docstring (ideally
have) as a specification

Áfor methods: summarize
purpose in first line, 
followedby input 
requirementsand ouput
guarantees

Áthe docstringis assigned
to the ƻōƧŜŎǘΩǎ__doc __

attribute

https://www.python.org/dev/peps/pep-0257/


Let us check input requirements...

intsqrt.py

def int_sqrt (x):

"""Compute the integer square root of an integer x.

Assumes that x is an integer and x >= 0

Returns integer floor( sqrt (x))"""

assert isinstance (x, int )  

assert 0 <= x

...

Python shell

> int_sqrt ( - 10)

| File "... \ int_sqrt.py", line 7, in int_sqrt

| assert 0 <= x

| AssertionError

check input 
requirements

Ádoingexplicitchecks for 
valid input arguments is 
part of defensive 
programmingand helps
spotting errorsearly

(insteadof continuing
usinglikelywrong
values... resulting in a final 
meaninglesserror)



Let us check if output correct...
intsqrt.py

def int_sqrt (x):

"""Compute the integer square root of an integer x.

Assumes that x is an integer and x >= 0

Returns integer floor( sqrt (x))"""

assert isinstance (x, int )  

assert 0 <= x

...

assert isinstance (result, int )

assert result ** 2 <= x < (result + 1) ** 2

return result

Python shell

> int_sqrt (10)

| File "... \ int_sqrt.py", line 20, in int_sqrt

| assert isinstance (result, int )

| AssertionError

check 
output

Áoutput check identifiesthe 
error

mid = ( low+high ) / 2

Áshouldhave been

mid = ( low+high ) // 2

ÁThe output check helpsus
to ensurethat function
specificationsaresatisfied
in applications



Let us test some input values...
intsqrt.py

def int_sqrt (x):

...

assert int_sqrt (0) == 0

assert int_sqrt (1) == 1

assert int_sqrt (2) == 1

assert int_sqrt (3) == 1

assert int_sqrt (4) == 2

assert int_sqrt (5) == 2

assert int_sqrt (200) == 14

Python shell

| Traceback (most recent call last):

| File "... \ int_sqrt.py", line 28, in <module>

| assert int_sqrt (1) == 1

| File "... \ int_sqrt.py", line 21, in int_sqrt

| assert result ** 2 <= x < (result + 1) ** 2

| AssertionError

Átest identifies
wrongoutput for x = 1



Let us check progress of algorithm...
intsqrt.py

...

low, high = 0, x

while low < high - 1:  # low <= floor( sqrt (x)) < high

assert low ** 2 <= x < high ** 2

mid = (low + high) // 2

if mid ** 2 <= x:

low = mid

else:

high = mid

result = low

...

Python shell

| Traceback (most recent call last):

| File "... \ int_sqrt.py", line 28, in <module>

| assert int_sqrt (1) == 1

| File "... \ int_sqrt.py", line 21, in int_sqrt

| assert result ** 2 <= x < (result + 1) ** 2

| AssertionError

Átest identifies
wrongoutput for x = 1

Ábut invariant apparently
correct???

Áproblem 

low == result == 0

high == 1

impliesloop never entered

Áoutput check identifiesthe 
error

high = x

Áshouldhave been

high = x + 1

check invariant 
for loop



intsqrt.py

def int_sqrt (x):

"""Compute the integer square root of an integer x.

Assumes that x is an integer and x >= 0

Returns the integer floor( sqrt (x))"""

assert isinstance (x, int )  

assert 0 <= x

low, high = 0, x + 1

while low < high - 1:  # low <= floor( sqrt (x)) < high

assert low ** 2 <= x < high ** 2

mid = (low + high) // 2

if mid ** 2 <= x:

low = mid

else:

high = mid

result = low

assert isinstance (result, int )

assert result ** 2 <= x < (result + 1) ** 2

return result

assert int_sqrt (0) == 0

assert int_sqrt (1) == 1

assert int_sqrt (2) == 1

assert int_sqrt (3) == 1

assert int_sqrt (4) == 2

assert int_sqrt (5) == 2

assert int_sqrt (200) == 14

Final program

Wehave usedassertionsto:

ÁTest if input arguments / usageis 
valid (defensive programming)

ÁTest if computed result is correct

ÁTest if an internal invariantin the 
computation is satisfied

ÁPerform a final test for a set of 
test cases (shouldbe run 
wheneverwe changeanythingin 
the implementation)



Which checks would you add to the below code?

binary - search.py

def binary_search (x, L):

"""Binary search for x in sorted list L

Assumes x is an integer, and L a non - decreasing list of integers

Returns index i, - 1 <= i < len (L), where L[i] <= x < L[i+1],

assuming L[ - 1] = - infty and L[ len (L)] = + infty """

low, high = - 1, len (L)

while low + 1 < high:

mid = (low + high) // 2

if x < L[mid]:

high = mid

else:

low = mid

result = low

return result



binary - search - assertions.py

def binary_search (x, L):

"""Binary search for x in sorted list L

Assumes x is an integer, and L a non - decreasing list of integers

Returns index i, - 1 <= i < len (L), where L[i] <= x < L[i+1],

assuming L[ - 1] = - infty and L[ len (L)] = + infty """

assert isinstance (x, int )

assert isinstance (L, list)    

assert all([ isinstance (e, int ) for e in L])

assert all([L[i] <= L[i + 1] for i in range( len (L) - 1)])

low, high = - 1, len (L)

while low + 1 < high:  # L[low] <= x < L[high]

assert (low == - 1 or L[low] <= x) and (high == len (L) or x < L[high])

mid = (low + high) // 2

assert isinstance (L[mid], int )

assert (low == - 1 or L[low] <= L[mid]) and (high == len (L) or L[mid] <= L[high])

if x < L[mid]:

high = mid

else:

low = mid

result = low

assert ( isinstance (result, int ) and - 1 <= result < len (L) and

((result == - 1 and ( len (L) == 0 or x < L[0])) or

(result == len (L) - 1 and x >= L[ - 1]) or

(0 <= result < len (L) - 1 and L[result] <= x < L[result + 1]))) 

return result

assert binary_search (42, []) == - 1

assert binary_search (42, [7]) == 0

assert binary_search (7, [42]) == - 1

assert binary_search (7, [42,42,42]) == - 1

assert binary_search (42, [7,7,7]) == 2

assert binary_search (42, [7,7,7,56,81]) == 2

assert binary_search (8, [1,3,5,7,9]) == 3

inefficient

test cases
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Verifyingif L is a sortedlist 
of integerscanslowdown
the program significantly

Alternative is to onlyverify
if the part of L visitedis a 
sortedsubsequence

1

2



Testingςhow?

ÁRun set of test cases 
ςtest all cases in input/output specification(blackbox testing)

ςtest all specialcases(blackbox testing)

ςset of tests shouldforce all lines of codeto be tested(glassbox testing)

ÁVisual test

ÁAutomatic testing
ςSystematically/ randomlygenerate input instances

ςCreatefunctionto validate if output is correct
(hopefullyeasierthan findingthe solution)

ÁFormal verification
ςUsecomputer programs to do formal proofsof correctness, likeusingCoq

https://coq.inria.fr/


Visual testing ςConvex hull computation

Correct Bug ! 
(not convex)



binary - search - doctest.py Python shell

def binary_search (x, L):

"""Binary search for x in sorted list L

Examples:

>>> binary_search (42, [])

- 1

>>> binary_search (42, [7])

0

>>> binary_search (42, [7,7,7,56,81])

2

>>> binary_search (8, [1,3,5,7,9])

3

"""

low, high = - 1, len (L)

while low + 1 < high:

mid = (low + high) // 2

if x < L[mid]:

high = mid

else:

low = mid

return low

import doctest

doctest.testmod (verbose=True)

| Trying:

| binary_search (42, [])

| Expecting:

| - 1

| ok

| Trying:

| binary_search (42, [7])

| Expecting:

| 0

| ok

| Trying:

| binary_search (42, [7,7,7,56,81])

| Expecting:

| 2

| ok

| Trying:

| binary_search (8, [1,3,5,7,9])

| Expecting:

| 3

| ok

| 1 items had no tests:

| __main__

| 1 items passed all tests:

| 4 tests in __main__. binary_search

| 4 tests in 2 items.

| 4 passed and 0 failed.

| Test passed.

doctest

docs.python.org/3/library/doctest.html

ÁPython module 

ÁTest instances (pairs of input 
and corresponding output) 
are written in the doc 
strings, formatted as in an 
interactive Python session

https://docs.python.org/3/library/doctest.html


binary - search - pytest.py

def binary_search (x, L):

"""Binary search for x in sorted list L"""

low, high = - 1, len (L)

while low + 1 < high:

mid = (low + high) // 2

if x < L[mid]:

high = mid

else:

low = mid

return low

def test_binary_search ():

assert binary_search (42, []) == - 1

assert binary_search (42, [7]) == 0

assert binary_search (42, [7,7,7,56,81]) == 2

assert binary_search (8, [1,3,5,7,9]) == 3

import pytest

def test_types ():

with pytest.raises ( TypeError ):

_ = binary_search (5, ['a', 'b', 'c'])

Shell

> pytest binary - search - pytest.py

| ============= test session starts =============

| platform win32 -- Python 3.7.2, pytest - 4.3.1, ... 0.9.0

| collected 2 items

| binary - search - pytest.py .. [100%]

| ============= 2 passed in 0.06 seconds =============

pytest

ÁRun all tests stored in functions 
prefixed by test or test

prefixed test methods inside 
Test prefixed test classes

Ápip install pytest

ÁRun the pytest program from 
a shell

pytest.org

https://docs.pytest.org/


unittest

docs.python.org/3/library/unittest.html

binary - search - unittest.py

def binary_search (x, L):

"""Binary search for x in sorted list L"""

low, high = - 1, len (L)

while low + 1 < high:

mid = (low + high) // 2

if x < L[mid]:

high = mid

else:

low = mid

return low

import unittest

class TestBinarySearch ( unittest.TestCase ):

def test_search (self):

self.assertEqual ( binary_search (42, []), - 1)

self.assertEqual ( binary_search (42, [7]), 0)

self.assertEqual ( binary_search (42, [7,7,7,56,81]), 2)

self.assertEqual ( binary_search (8, [1,3,5,7,9]), 3)

def test_types (self):

self.assertRaises ( TypeError , binary_search , 5, ['a', 'b', 'c'])

unittest.main (verbosity=2)

Python shell

| test_search (__main__. TestBinarySearch ) ... ok

| test_types (__main__. TestBinarySearch ) ... ok

| ----------------------------------------------------------------------

| Ran 2 tests in 0.051s

| OK

Á Python module 

Á A comprehensive object-oriented 
test framework, inspired by the 
corresponding JUnit test framework 
for Java

https://docs.python.org/3/library/unittest.html


Debugger (IDLE)

ÁWhen an exception has stopped the program, you can examine the 
state of the variables using Debug > Stack Viewerin the Python shell 



Stepping through a program (IDLE debugger)
ÁDebug > Debugger in the Python shell opens Debug Control window

ÁRight clickƻƴ ŀ ŎƻŘŜ ƭƛƴŜ ƛƴ ŜŘƛǘƻǊ ǘƻ ǎŜǘ ŀ άōǊŜŀƪǇƻƛƴǘέ ƛƴ ȅƻǳǊ ŎƻŘŜ

ÁDebug Control: Go Ą run until next breakpoint is encountered; 
Step Ą execute one line of code; Over Ą run function call without details;  
Out Ą finish current function call; Quit Ą Stop program; 



Concluding remarks

ÁSimple debugging: add print statements

ÁTest driven developmentĄ Strategy for code development, where 
tests are written before the code

ÁDefensive programmingĄ add tests (assertions) to check if 
input/arguments are valid according to specification

ÁWhen designing tests, ensure coverage
(the set of test cases should make sure all code lines get executed)

ÁPython testing frameworks: doctest, unittest, pytest, ...



Mypyςa static type checker for Python

ÁStatic type checkingtries to 
analyze a program for potential 
type errors without executing 
the program

ÁInstalling:

pip install mypy

ÁRunning Python will cause an error 
during execution, whereas using 
mypythe error will be found without 
executing the program

ÁStandard (and required) in statically 
typed languages like Java, C, C++

Experimental 

mypy- simple.py

print("start")

print( 42 + " abc " )  # error

print("end")

Shell

> python mypy - simple.py

| start

| TypeError : unsupported operand type(s) 

for +: ' int ' and ' str '

> mypy mypy- simple.py

| mypy- simple.py:2: error: Unsupported 

operand types for + (" int " and " str ")

mypy-lang.org
PEP 484 - Type Hints

https://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=2ahUKEwitnuqf5I7hAhWHAxAIHTJWA-kQFjAAegQIBxAB&url=http://mypy-lang.org/&usg=AOvVaw2bn63UXnfMdWbR3mNQ0dkV
https://www.python.org/dev/peps/pep-0484/


Type hints (PEP 484)

ÁPython allows type hints in 
programs

ÁThey are ignoredat run-time by 
Python, but useful for static type 
analysis (mypy)

ÁSyntax

variable : type

variable : type = value

mypy- basic - types.py

x : int # type hint

x = 42

x = "abc" # type error

y : int = 42 # type hint

y = "abc "  # type error

z = 42

z = "abc" # type changed from int to str

print(x, y, z)

Shell

> python mypy - basic - types.py

| abc abc abc

> mypy mypy- basic - types.py

| mypy- basic - types.py:3: error: Incompatible 

types in assignment (expression has type 

" str ", variable has type " int ")

| mypy- basic - types.py:6: error: ...

| mypy- basic - types.py:9: error: ...



Type hints ςfunctions

Syntax

def name( variable : type , ... ) - > return type :

ÁNote: for functions and methods function .__annotations __ is a dictionary with the annotation

mypy- function.py Shell

def f(x : int , units : str ) - > str :

return str(x) + " " + units

def g(x, units : str ) - > str :

return str(x) + " " + units

print(f(3, "cm"))

print(f( "one" , "meter"))

print(g(3, "cm"))

print(g("one", "meter"))

> python mypy - function.py

| 3 cm

| one meter

| 3 cm

| one meter

> mypy mypy- function.py

| mypy- function.py:8: error: Argument 1 

to "f" has incompatible type " str "; 

expected " int "



Type hints ςobjects

mypy- classes.py

class A:

pass

class B(A):

pass

class C:

pass

a : A

b : B

c : C

a = A()

a = B() # valid, B subclass of A

a = C() # error

b = A() # error

b = B()

b = C() # error

c = A() # error

c = B()  # error

c = C()

Shell

> mypy mypy - classes.py

| mypy- classes.py:15: error: Incompatible types in assignment (expression has type "C", variable has type "A")

| mypy- classes.py:16: error: Incompatible types in assignment (expression has type "A", variable has type "B")

| mypy- classes.py:18: error: Incompatible types in assignment (expression has type "C", variable has type "B")

| mypy- classes.py:19: error: Incompatible types in assignment (expression has type "A", variable has type "C")

| mypy- classes.py:20: error: Incompatible types in assignment (expression has type "B", variable has type "C")



More type hints... see PEP 484 for even 
more...

mypy- typing.py

from typing import Mapping , Set , List , Tuple , Union , Optional

S : Set = {} # error {} dictionary

S2 : Set[int] = {1, 2, "abc"} # error "abc" is not int

D : Mapping[int, int] = {1: 42, 'a' : 1} # error 'a' is not int

T : Tuple[int, str ] = (42, 7) # error 7 is not str

L : List[Union[int, str]] = [42, 'a', None] # list can only contain int and str

L2 : List[Optional[str]] = ['abc', None, 42] # list can only contain str og None

Shell

> mypy mypy- function.py

| mypy- typing.py:3: error: Incompatible types in assignment (expression has type " Dict [<nothing>, 

<nothing>]", variable has type "Set[Any]")

| mypy- typing.py:4: error: Argument 3 to <set> has incompatible type " str "; expected " int "

| mypy- typing.py:5: error: Dict entry 1 has incompatible type " str ": " int "; expected " int ": " int "

| mypy- typing.py:6: error: Incompatible types in assignment (expression has type "Tuple[ int , int ]", 

variable has type "Tuple[ int , str ]")

| mypy- typing.py:7: error: List item 2 has incompatible type "None"; expected "Union[ int , str ]"

| mypy- typing.py:8: error: List item 2 has incompatible type " int "; expected "Optional[ str ]"

PEP 484 - Type Hints

https://www.python.org/dev/peps/pep-0484/


Decorators
Á@

www.python.org/dev/peps/pep-0318/

https://www.python.org/dev/peps/pep-0318/


Course overview

1. Introduction to Python 10. Functions as objects 19. Linear programming

2. Python basics / if 11. Object oriented programming 20. Generators, iterators, with

3. Basic operations 12.Class hierarchies 21. Modules and packages

4. Lists / while / for 13. Exceptions and files 22. Working with text

5. Tuples/ comprehensions 14. Doc, testing,debugging 23. Relational data

6. Dictionaries and sets 15. Decorators 24. Clustering

7. Functions 16. Dynamic programming 25. Graphical user interfaces (GUI)

8. Recursion 17. Visualization and optimization 26. Java vs Python

9. Recursionand Iteration 18. Multi -dimensional data 27. Final lecture

Basic programming
Advanced / specificpython

Libraries & applications

10 handins
1 final project (last 1 month)



Pythondecoratorsarejust syntaticsugar

Python

@dec2

@dec1

def func (arg1, arg2, ...):

pass

Python

def func (arg1, arg2, ...):

pass

func = dec2 ( dec1 ( func ))

'pie-decorator' syntax 
dec1, dec2, ... arefunctions(decorators) takinga functionas an argument 
and returninga new function
Note: decoratorsare listedbottom up in order of execution



Recapfunctions

+
x

y

5

3

x + y
8

sorted

list

keyfunction

[' defg ', ' ij ', ' abc ']

len

sortedlist
[' ij ', ' abc ', ' defg ']

decorator
original 
function

decorated
function



Contrivedexample: Plus one(I-II)

plus_one1.py

def plus_one (x):

return x + 1

def square (x):

return x ** 2

def cube (x):

return x ** 3

print( plus_one ( square (5)))

print( plus_one ( cube (5)))

Python shell

| 26

| 126

plus_one2.py

def plus_one (x):

return x + 1

def square (x):

return plus_one (x ** 2)

def cube (x):

return plus_one (x ** 3)

print( square (5))

print( cube (5))

Python shell

| 26

| 126

Assumewe alwaysneedto callplus_one on the 
resultof square and cube (ŘƻƴΩǘask why!)

Wecouldcallplus_one insidefunctions
(but couldbe more return statements in functions)



Contrivedexample: Plus one(III-IV)

plus_one3.py

def plus_one (x):

return x + 1

def square(x):

return x ** 2

def cube(x):

return x ** 3

square_original = square

cube_original = cube

square = lambda x: plus_one ( square_original (x))

cube = lambda x: plus_one ( cube_original (x))

print(square(5))

print(cube(5))

Python shell

| 26

| 126

plus_one4.py

def plus_one (x):

return x + 1

def plus_one_decorator (f):

return lambda x: plus_one (f(x))

def square(x):

return x ** 2

def cube(x):

return x ** 3

square = plus_one_decorator (square)

cube = plus_one_decorator (cube)

print(square(5))

print(cube(5))

Python shell

| 26

| 126

Overwritesquare and cube with decoratedversions Createa decoratorfunctionplus_one_decorator



Contrivedexample: Plus one(V-VI)

plus_one5.py

def plus_one (x):

return x + 1

def plus_one_decorator (f):

return lambda x: plus_one (f(x))

@plus_one_decorator

def square (x):

return x ** 2

@plus_one_decorator

def cube (x):

return x ** 3

print( square (5))

print( cube (5))

Python shell

| 26

| 126

plus_one6.py

def plus_one_decorator (f):

def plus_one (x):

return f(x) + 1

return plus_one

@plus_one_decorator

def square (x):

return x ** 2

@plus_one_decorator

def cube (x):

return x ** 3

print( square (5))

print( cube (5))

Python shell

| 26

| 126

UsePythondecoratorsyntax Createlocalfunction insteadof usinglambda



Contrivedexample: Plus one(VII)
plus_one7.py

def plus_one_decorator (f):

def plus_one (x):

return f(x) + 1

return plus_one

@plus_one_decorator

@plus_one_decorator

def square (x):

return x ** 2

@plus_one_decorator

@plus_one_decorator

@plus_one_decorator

def cube (x):

return x ** 3

print( square (5))

print( cube (5))

Python shell

| 27

| 128

ÁA functioncanhave an 
arbitrarynumberof decorators
(alsothe same repeated)

ÁDecoratorsare listedbottom up 
in order of execution



Handling arguments

run_twice1.py

def run_twice (f):

def wrapper ():

f()

f()      

return wrapper

@run_twice

def hello_world ():

print("Hello world")

hello_world ()

Python shell

| Hello world

| Hello world

run_twice2.py

def run_twice (f):

def wrapper( * args ):

f( * args )

f( * args )

return wrapper

@run_twice

def hello_world () :

print("Hello world")

@run_twice

def hello(txt) :

print("Hello", txt)

hello_world ()

hello ("Mars")

Python shell

| Hello world

| Hello world

| Hello Mars

| Hello Marsέwrapper έ ƛǎ ŀ commonnamefor the 
function returnedby a decorator

args holds the argumentsin a tuple
given to the function to be decorated



QuestionςWhatdoesthe decoratedprogram print ?

Á7

Á10

Á14

Á17

Á20

Á5ƻƴΩǘknow

decorator_quizz.py

def double(f):

def wrapper(*args):

return 2 * f(*args)

return wrapper

def add_three(f):

def wrapper(*args):

return 3 + f(*args)

return wrapper

@double

@add_three

def seven():

return 7

print(seven())



Example: 
Enforcing
argument 
types

integer_sum1.py

def integer_sum (* args ):

assert all([ isinstance (x, int ) for x in args ]), \

"all arguments most be int "

return sum( args )

Python shell

> integer_sum (1, 2, 3, 4)

| 10

> integer_sum (1, 2, 3.2, 4)

| AssertionError : all arguments most be int

integer_sum2.py

def enforce_integer (f):   # decorator function

def wrapper (* args ):

assert all([ isinstance (x, int ) for x in args ]), \

"all arguments most be int "

return f(* args )

return wrapper

@enforce_integer

def integer_sum (* args ):

return sum( args )

Python shell

> integer_sum (1, 2, 3, 4)

| 10

> integer_sum (1, 2, 3.2, 4)

| AssertionError : all arguments most be int

ÁDefiningdecoratorscan
be (slightly) complicated

ÁUsing decoratorsis easy



Decoratorscantakearguments

Python

@dec(argA, argB, ...)

def func (arg1, arg2, ...):

pass

Python

def func (arg1, arg2, ...):

pass

func = dec(argA, argB, ...) (func)

dec is a function(decorator) that takesa list of argumentsand returnsa function
(to decorate func ) that takesa functionas an argument and returnsa new function



Example: Generictype enforcing
print_repeated.py

def enforce_types (* decorator_args ):

def decorator (f):

def wrapper (* args ):

assert len ( args ) == len ( decorator_args ), \

("got %s arguments, expected %s" % ( len ( args ), len ( decorator_args )))

assert all([ isinstance (x, t) for x, t in zip( args , decorator_args )]), \

"unexpected types"         

return f(* args )

return wrapper

return decorator

@enforce_types ( str , int )  # decorator with arguments

def print_repeated (txt, n):

print(txt * n)

print_repeated ("Hello ", 3)

print_repeated ("Hello ", "world")

Python shell

| Hello Hello Hello 

| AssertionError: unexpected types

Python

@dec(argA, argB, ...)

def func (arg1, arg2, ...):

pass

Python

def func (arg1, arg2, ...):

pass

func = dec(argA, argB, ...) (func)



Example: A timer decorator

time_it.py

import time

def time_it (f):

def wrapper (* args , ** kwargs ):

t_start = time.time ()

result = f(* args , ** kwargs )

t_end = time.time ()

t = t_end - t_start

print("%s took %.2f sec" % ( f.__name __, t))

return result

return wrapper

@time_it

def slow_function (n):

sum_ = 0

for x in range(n):

sum_ += x

print("The sum is:", sum_)

for i in range(6):

slow_function (1_000_000 * 2**i)

Python shell

| The sum is: 499999500000

| slow_function took 0.27 sec

| The sum is: 1999999000000

| slow_function took 0.23 sec

| The sum is: 7999998000000

| slow_function took 0.41 sec

| The sum is: 31999996000000

| slow_function took 0.81 sec

| The sum is: 127999992000000

| slow_function took 1.52 sec

| The sum is: 511999984000000

| slow_function took 3.12 sec



Built-in @property

Ádecoratorspecificfor classmethods

Áallowsaccessingx.attribute () as x.attribute , 
convenientif attribute doesnot takeanyarguments (alsoreadonly)

rectangle1.py

class Rectangle :

def __init __(self, width, height):

self.width = width

self.height = height

#   @property

def area (self):

return self.width * self.height

Python shell

> r = Rectangle(3, 4)

> print( r.area () )

| 12

rectangle2.py

class Rectangle :

def __init __(self, width, height):

self.width = width

self.height = height

@property

def area (self):

return self.width * self.height

Python shell

> r = Rectangle(3, 4)

> print( r.area )

| 12



Class decorators

Python

@dec2

@dec1

class A:

pass

Python

class A:

pass

A = dec2 ( dec1 ( A))



Moduledataclasses (SincePython3.7)

ÁNew(and more configurable) alternative to namedtuple

docs.python.org/3/library/dataclasses.html#module-dataclasses
Raymond Hettinger - Dataclasses: The code generator to end all code generators - PyCon2018

Python shell

> from dataclasses import dataclass

> @dataclass # uses a decorator to add methods to the class

class Person:

name: str # uses type annotation to define fields

appeared: int

height: str = 'unknown height '  # field with default value

> person = Person('Donald Duck', 1934, '3 feet')

> person

| Person(name='Donald Duck', appeared=1934, height='3 feet')

> person.name

| 'Donald Duck'

> Person('Mickey Mouse', 1928) 

| Person(name='Mickey Mouse', appeared=1928, height='unknown height')

https://docs.python.org/3/library/dataclasses.html#module-dataclasses
https://www.youtube.com/watch?v=T-TwcmT6Rcw


@functools.total_ordering(class decorator)

Automaticallycreates
<, <=, >, >= if at least
oneof the functions
is implementedand 
== is implemented

time_it.py

import functools

@functools.total_ordering

class Student ():

def __init __( self,name , student_id ):

self.name = name

self.id = student_id

def __eq__(self, other):

return (self.name == other.name

and self.id == other.id)

def __lt __(self, other):

my_name = ', '.join(reversed( self.name.split ()))

other_name = ', '.join(reversed( other.name.split ()))

return ( my_name < other_name

or ( my_name == other_name and self.id < other.id))

donald = Student('Donald Duck', 7)

gladstone = Student('Gladstone Gander', 42)

grandma = Student('Grandma Duck', 1)

Python shell

> donald < grandma

| True

> grandma >= gladstone

| False

> grandma <= gladstone

| True

> donald > gladstone

| False



Summary

Á@decorator_name

ÁPyton decoratorsare just syntaticsugar

ÁAddsfunctionalityto a functionwithout havingto augment each
callto the functionor eachreturn statement in the function

ÁTherearedecoratorsfor functions, classmethods, and classes

ÁTherearemanydecoratorsin the PythonStandard Library

ÁDecoratorsareeasyto use

Á...and (slightly) harderto write



Dynamic programming
Ámemoization

Ádecoratormemoized

Ásystematicsubproblem computation



Binomial coefficient
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binomial_recursive.py   

def binomial(n, k):

if k == 0 or k == n:

return 1

return binomial(n - 1, k) + binomial(n - 1, k - 1)

-- (7, 5)

| -- (6, 5)

|  | -- (5, 5)

|   -- (5, 4)

|     | -- (4, 4)

|      -- (4, 3)

|        | -- (3, 3)

|         -- (3, 2)

|           | -- (2, 2)

|            -- (2, 1)

|              | -- (1, 1)

|               -- (1, 0)

-- (6, 4)

| -- (5, 4)

|  | -- (4, 4)

|   -- (4, 3)

|     | -- (3, 3)

|      -- (3, 2)

|        | -- (2, 2)

|         -- (2, 1)

|           | -- (1, 1)

|            -- (1, 0)

-- (5, 3)

| -- (4, 3)

|  | -- (3, 3)

|   -- (3, 2)

|     | -- (2, 2)

|      -- (2, 1)

|        | -- (1, 1)

|         -- (1, 0)

-- (4, 2)

| -- (3, 2)

|  | -- (2, 2)

|   -- (2, 1)

|     | -- (1, 1)

|      -- (1, 0)

-- (3, 1)

| -- (2, 1)

|  | -- (1, 1)

|   -- (1, 0)

-- (2, 0)
recursiontree for binomial(7,5)
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Dynamic Programming

Remembersolutions alreadyfound
(memoization)

ÁTechniquesometimesapplicablewhenrunningtime otherwise
becomesexponential
ÁOnlyapplicableif stuff to be rememberedis manageable



Binomial Coefficient
Dynamic programmingusinga dictionaryrecursiontree for 

binomial(7,5)

-- (7, 5)

| -- (6, 5)

|  | -- (5, 5)

|   -- (5, 4)

|     | -- (4, 4)

|      -- (4, 3)

|        | -- (3, 3)

|         -- (3, 2)

|           | -- (2, 2)

|            -- (2, 1)

|              | -- (1, 1)

|               -- (1, 0)

-- (6, 4)

| -- (5, 4)

-- (5, 3)

| -- (4, 3)

-- (4, 2)

| -- (3, 2)

-- (3, 1)

| -- (2, 1)

-- (2, 0) reusevaluestoredin dictionaryanswers

ÁUsea dictionaryanswers to store alreadycomputedvalues

binomial_dictionary.py

answers = {}  # answers[(n, k)] = binomial(n,k)

def binomial (n, k):

if (n, k) not in answers:

if k==0 or k==n:

answer = 1

else: 

answer = binomial (n - 1, k) + binomial (n - 1, k - 1)

answers[(n, k)] = answer

return answers[(n,k)]

Python shell

> binomial(6, 3)

| 20

> answers

| {(3, 3): 1, (2, 2): 1, (1, 1): 1, (1, 0): 1, (2, 1): 2, (3, 2): 

3, (4, 3): 4, (2, 0): 1, (3, 1): 3, (4, 2): 6, (5, 3): 10, (3, 

0): 1, (4, 1): 4, (5, 2): 10, (6, 3): 20}



QuestionςWhatis the orderof the sizeof the dictionary
answers after callingbinomial( n,k ) ?

a) max(n, k)

b) n + k 

c) n * k

d) nk

e) kn

f) 5ƻƴΩǘknow

binomial_dictionary.py

answers = {}  # answers[(n, k)] = binomial(n,k)

def binomial (n, k):

if (n, k) not in answers:

if k==0 or k==n:

answer = 1

else: 

answer = binomial (n - 1, k) + binomial (n - 1, k - 1)

answers[(n, k)] = answer

return answers[(n,k)]



Binomial Coefficient
Dynamic programmingusingdecorator

ÁUsea decorator(@memoize) that implementsthe functionalityof 
rememberingthe resultsof previousfunctioncalls

www.python-course.eu/python3_memoization.php

binomial_decorator.py

def memoize ( f ):

# answers[args] = f(*args) 

answers = {}

def wrapper (*args ):

if args not in answers:

answers[ args ] = f(*args)

return answers[ args ]

return wrapper

@memoize

def binomial(n, k):

if k==0 or k==n:

return 1

else: 

return binomial(n - 1, k) + binomial(n - 1, k - 1)

https://www.python-course.eu/python3_memoization.php


binomial_decorator_trace.py Python shell ( without @memoize ) Python shell (with @memoize )

def trace (f):  # decorator to trace recursive calls

indent = 0

def wrapper(*args):

nonlocal indent

spaces = '|  ' * indent 

arg_str = ', '.join(map(repr, args))

print(spaces + f'{f.__name__}({arg_str})')

indent += 1

result = f(*args )

indent - = 1

print(spaces + f'> {result}')

return result

return wrapper

def memoize (f):

answers = {}

def wrapper(*args):

if args not in answers:

answers[args] = f(*args)

return answers[args]

wrapper.__name__ = f.__name__ + '_memoize'

return wrapper

@trace

@memoize

def binomial(n, k):

if k == 0 or k == n:

return 1

return binomial(n - 1, k) + binomial(n - 1, k - 1)

print(binomial(5, 2))

binomial(5, 2)

|  binomial(4, 2)

|  |  binomial(3, 2)

|  |  |  binomial(2, 2)

|  |  |  > 1

|  |  |  binomial(2, 1)

|  |  |  |  binomial(1, 1)

|  |  |  |  > 1

|  |  |  |  binomial(1, 0)

|  |  |  |  > 1

|  |  |  > 2

|  |  > 3

|  |  binomial(3, 1)

|  |  |  binomial(2, 1)

|  |  |  |  binomial(1, 1)

|  |  |  |  > 1

|  |  |  |  binomial(1, 0)

|  |  |  |  > 1

|  |  |  > 2

|  |  |  binomial(2, 0)

|  |  |  > 1

|  |  > 3

|  > 6

|  binomial(4, 1)

|  |  binomial(3, 1)

|  |  |  binomial(2, 1)

|  |  |  |  binomial(1, 1)

|  |  |  |  > 1

|  |  |  |  binomial(1, 0)

|  |  |  |  > 1

|  |  |  > 2

|  |  |  binomial(2, 0)

|  |  |  > 1

|  |  > 3

|  |  binomial(3, 0)

|  |  > 1

|  > 4

> 10

10

binomial_memoize(5, 2)

|  binomial_memoize(4, 2)

|  |  binomial_memoize(3, 2)

|  |  |  binomial_memoize(2, 2)

|  |  |  > 1

|  |  |  binomial_memoize(2, 1)

|  |  |  |  binomial_memoize(1, 1)

|  |  |  |  > 1

|  |  |  |  binomial_memoize(1, 0)

|  |  |  |  > 1

|  |  |  > 2

|  |  > 3

|  |  binomial_memoize(3, 1)

|  |  |  binomial_memoize(2, 1)

|  |  |  > 2

|  |  |  binomial_memoize(2, 0)

|  |  |  > 1

|  |  > 3

|  > 6

|  binomial_memoize(4, 1)

|  |  binomial_memoize(3, 1)

|  |  > 3

|  |  binomial_memoize (3, 0)

|  |  > 1

|  > 4

> 10

10

without assigningwrapper.__name __

the nameshownwouldbewrapper

savedrecursivecalls
whenusingmemoization



Dynamic programmingusinglru_cache
decorator

ÁThe decorator@lru_cache in the standard library functools supports the 
same as the decorator@memoize

ÁBy default it at most remembers(caches) 128 previousfunctioncalls, always
evictingLeastRecentlyUsedentriesfrom its dictionary

docs.python.org/3/library/functools.html#functools.lru_cache

bionomial_lru_cache.py

from functools import lru_cache

@lru_cache(maxsize=None)

def binomial(n, k):

if k==0 or k==n:

return 1

else: 

return binomial(n - 1, k) + binomial(n - 1, k - 1)

https://docs.python.org/3/library/functools.html#functools.lru_cache


Subsetsum usingdynamicprogramming

ÁIn the subsetsum problem (Exercise13.4)  we aregiven a numberx and a list of 
numbersL, and want to determineif a subsetof L has sum x

L = [3, 7, 2, 11, 13, 4, 8]   x = 22 = 7 + 11 + 4

ÁLet S(v, k) denoteif it is possibleto achievevaluev with a subsetof L[:k],
i.e. S(v, k) = True if and only if a subsetof the first k valuesin L has sum v

ÁS(v, k) canbecomputedfrom the followingrecurrence:

{όǾΣƪύҐ
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ƛŦƪҐлŀƴŘǾґл
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Subsetsum usingdynamicprogramming

subset_sum_dp.py

def subset_sum (x, L):

@memoize

def solve (value, k):

if k == 0:

return value == 0

return solve (value, k - 1) or solve (value - L[k - 1], k - 1)

return solve (x, len (L))

Python shell

> subset_sum(11, [2, 3, 8, 11, - 1])

| True

> subset_sum(6, [2, 3, 8, 11, - 1])

| False



QuestionςWhatis a boundon the sizeorderof the 
memoizationtableif all valuesarepossitiveintegers?

a) len(L)

b) sum(L)

c) x

d) 2len(L )

e) len(L)

f) len(L)*sum(L)

g) 5ƻƴΩǘknow

subset_sum_dp.py

def subset_sum (x, L):

@memoize

def solve (value, k):

if k == 0:

return value == 0

return solve (value, k - 1) or solve (value - L[k - 1], k - 1)

return solve (x, len (L))

Python shell

> subset_sum(11, [2, 3, 8, 11, - 1])

| True

> subset_sum(6, [2, 3, 8, 11, - 1])

| False



Subsetsum usingdynamicprogramming

subset_sum_dp.py

def subset_sum_solution (x, L):

@memoize

def solve (value, k):

if k == 0:

if value == 0:

return []

else:

return None

solution = solve (value, k - 1)

if solution != None:

return solution

solution = solve (value - L[k - 1], k - 1)

if solution != None:

return solution + [L[k - 1]]

return None

return solve (x, len (L))

Python shell

> subset_sum_solution (11, [2, 3, 8, 11, - 1])

| [3, 8]

> subset_sum_solution (6, [2, 3, 8, 11, - 1])

| None



Knapsackproblem
Volume Value

0 3 6

1 3 7

2 2 8

3 5 9

ÁGiven a knapsackwith volumecapacityC, and set of 
objectswith different volumesand value. 

ÁObjective: Find a subsetof the objectsthat fits in the
knapsack(sum of volumeҖ capacity) and has maximal value.

ÁExample: If C = 5 and the volumeand weightsaregiven by the table, 
then the maximal value15 canbeachievedby the 2nd and 3rd object.

ÁLet V(c, k)denotethe maximumvalueachievableby a subsetof the 
first k objectswithin capacityc.
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Knapsackςmaximumvalue

knapsack.py

def knapsack_value (volume, value, capacity):

@memoize

def solve (c, k):  # solve with capacity c and objects 0..k - 1

if k == 0:  # no objects to put in knapsack

return 0

v = solve (c, k - 1)  # try without object k - 1

if volume[k - 1] <= c:  # try also with object k - 1 if space

v = max(v, value[k - 1] + solve (c - volume[k - 1], k - 1))

return v

return solve (capacity, len (volume))

Python shell

> volumes = [3, 3, 2, 5]

> values = [6, 7, 8, 9]

> knapsack_value(volumes, values, 5)

| 15



Knapsackςmaximumvalueand objects

knapsack.py

def knapsack (volume, value, capacity):

@memoize

def solve (c, k):  # solve with capacity c and objects 0..k - 1

if k == 0:  # no objects to put in knapsack

return 0, []

v, solution = solve (c, k - 1)  # try without object k - 1

if volume[k - 1] <= c:  # try also with object k - 1 if space

v2, sol2 = solve (c - volume[k - 1], k - 1)

v2 = v2 + value[k - 1]

if v2 > v:

v = v2

solution = sol2 + [k - 1]

return v, solution

return solve (capacity, len (volume))

Python shell

> volumes = [3, 3, 2, 5]

> values = [6, 7, 8, 9]

> knapsack(volumes, values, 5)

| (15, [ 1, 2])
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Knapsack- Table

c

k

ca
p

a
ci

ty

0

len(volume)

0

k-1

volume[k-1]

V(c, k)

Ásystematicfill out table

Áonlyneedto remembertwo
rows

final
answer

skip
objectk-1

include
objectk-1



KnapsackςSystematictablefill out 

knapsack_systematic.py

def knapsack (volume, value, capacity):

solutions = [(0, [])] * (capacity + 1)

for obj in range( len (volume)):

for c in reversed(range(volume[ obj ], capacity + 1)):

prev_v , prev_solution = solutions [c - volume[ obj ]]

v = value[ obj ] + prev_v

if solutions [c][0] < v:

solutions [c] = v, prev_solution + [ obj ]

return solutions [capacity]

Python shell

> volumes = [3, 3, 2, 5]

> values = [6, 7, 8, 9]

> knapsack(volumes, values, 5)

| (15, [ 1, 2])

1

2
4

base case k = 0

consider each object

solutions[c:] current row
solutions [:c] previous row

compute next row right-to-left

solutions[:volume[ obj ]]

unchanged from previous row 

5

1

2

3

4
3

5



Summary

ÁDynamic programmingis a general approach for recursiveproblems 
whereonetries to avoidrecomputingthe same expresionsrepeatedly

ÁSolution 1: Memoization
ςadddictionaryto function to rememberpreviousresults

ςdecorate with a @memoizedecorator

ÁSolution 2: Systematictable fill out
ςcanneedto computemore valuesthanwhenusingmemoization

ςcandiscard resultsnot neededanylonger (reducedmemoryusage)



Visualizationand optimization
ÁMatplotlib

ÁJupyter

Áscipy.optimize.minimize



matplotlib.org

Matplotlib is a Python 2D plotting library which produces publication quality figures in a variety of 
hardcopy formats and interactive environments across platforms. Matplotlib can be used in Python scripts, 
the Python and IPythonshells, the Jupyternotebook, web application servers, and four graphical user 
interface toolkits.

Matplotlib tries to make easy things easy and hard things possible. You can generate plots, histograms, 
power spectra, bar charts, errorcharts, scatterplots, etc., with just a few lines of code. For simple plotting 
the pyplotmodule provides a MATLAB-like interface, particularly when combined with IPython. For the 
power user, you have full control of line styles, font properties, axes properties, etc, via an object oriented 
interface or via a set of functions familiar to MATLAB users.

pip install matplotlib

https://matplotlib.org/
https://matplotlib.org/tutorials/introductory/sample_plots.html
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matplotlib - simple.py

import matplotlib.pyplot as plt

plt. plot ([1, 2, 3], [5, 2, 7], 'bo:')

plt. show()

save current view as picture
adjust margins
zoom rectangle
pan and zoom
navigate view history
reset view

pyplot module Ғ a!¢[!.-like plotting framework 

figure is first shown 
when show is called

b
g
r
c
m
y
k
w

Colors     Line styles          Marker styles
-
--
-.
:

x coordinates y coordinates
add plot 
to figure format

string

Plot



matplotlib - plot.py

import matplotlib.pyplot as plt

X = range( - 10, 11)

Y1 = [x ** 2 for x in X]

Y2 = [x ** 3 / 10 + x ** 2 / 2 for x in X]

plt. plot (X, Y1, color ='red', label ='$x^2$',

linestyle =' - ', linewidth =2,

marker ='o', markersize =4,

markeredgewidth =1,

markeredgecolor ='black',

markerfacecolor ='yellow')

plt. plot (X, Y2, '*', dashes =(2, 0.5, 2, 1.5),

label =r'$ \ frac{1}{10}x^3+ \ frac{1}{2}x^2$')

plt. xlim ( - 15, 15)

plt. ylim ( - 75, 125)

plt. title ('Some polynomials \ n(degree 2 and 3)')

plt. xlabel ('The x - axis')

plt. ylabel ('The y - axis')

plt. legend (title='Curves')

plt.show()  # finally show figure matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html
Colors: matplotlib.org/gallery/color/named_colors.html

Plot ςsomekeywordarguments

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.plot.html
https://matplotlib.org/gallery/color/named_colors.html


matplotlib - scatter.py

import matplotlib.pyplot as plt

n = 13

X = range(n)

S = [x ** 2 for x in X]

E = [2 ** x for x in X]

plt. scatter (X, [4] * n, s=E, label='s = $2^x$', alpha =.2)

plt. scatter (X, [3] * n, s=S, label='s = $x^2$')

plt. scatter (X, [2] * n, s=X, label='s = $x$')

plt. scatter (X, [1] * n, s=S, c=X, cmap='plasma',

label='s = $x^2$, c = $x$',

edgecolors ='gray', linewidth =0.5)

plt. colorbar ()

plt.ylim (0.5, 5.5)

plt.xlim (0.5, 13.5)

plt.title ('A scatter plot')

plt. legend ( loc ='upper center', frameon =False, ncol =4,

handletextpad =0)

plt.show ()

matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html
matplotlib.org/tutorials/colors/colormaps.html

Scatter(points with individualsizeand color)

colorbar

(of most recently 
used colormap)

transparency

manual placement of legend box (default automatic); remove frame; place 
legends in 4 columns (default 1); reduce space between marks and label

colormap(predefined)
colorof eachpoint
sizeҒ ŀǊŜŀ ƻŦ eachpoint
point boundarywidth
point boundarycolor

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.scatter.html
https://matplotlib.org/tutorials/colors/colormaps.html


matplotlib - bars.py

import matplotlib.pyplot as plt

x = [1, 2, 3]

y = [7, 5, 10]

plt. bar (x, y,

color ='lightblue',  # bar background color

linewidth =1,        # bar boundary width

edgecolor ='gray',   # bar boundary color

tick_label =x,       # ticks on x - axis

width =0.7,          # width, default 0.8

yerr =0.25,          # Error bar: y length

xerr =0.5,           #   x length

capsize =3,          #   capsize in points

ecolor ='darkblue',  #   error bar color

log =True)           # y - axis log scale

plt. bar (x, [v**2 for v in x],

color='pink',

linewidth=1,

edgecolor='gray')

plt.show()
matplotlib.org/api/_as_gen/matplotlib.pyplot.bar.html

Bars

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.bar.html


matplotlib - histogram.py

import matplotlib.pyplot as plt

from random import random

values1 = [random()**2 for _ in range(1000)]

values2 = [random()**3 for _ in range(100)]

bins = [0.0, 0.25, 0.5, 0.75, 1.0]

for i, ht in enumerate(

[ 'bar' , 'barstacked' , 'step' , 'stepfilled' ],

start=1):

plt. subplot (2, 2, i)  # start new plot

plt. hist ([values1, values2],  # data sets

bins,        # bucket boundaries

histtype =ht , # default ht ='bar'

rwidth =0.7,  # fraction of bucket width

label =['$x^2$', '$x^3$'],  # labels

density =True)  # norm. prob. density

plt. title ( ht )         # plot title

plt. xticks (bins) # ticks on x - axis

plt.legend()

plt. suptitle ('Histogram') # figure title

plt.show()

matplotlib.org/api/_as_gen/matplotlib.pyplot.hist.html

Histogram

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.hist.html


matplotlib - pie.py

import matplotlib.pyplot as plt

plt.title('My Pie')

plt. pie ([2, 3, 2, 7],        # relative wedge sizes

labels =['A','B','C','D'], 

colors =['r', 'b', 'y', 'm'],

explode =(0, 0.1, 0.3, 0),  # radius fraction

startangle =5,        # angle above horizontal

counterclock =True,   # default True

rotatelabels =False,  # default False

shadow =True,         # default False

textprops =dict(      # text properties, dict

color ='black',   # text color

style ='italic'), # text style

wedgeprops =dict(     # wedge properties, dict

width =0.8,       # width (missing center)

linewidth =1,     # wedge boundary width

edgecolor ='black'),  # boundary color

autopct ='%1.1f %%')  # percent formatting

plt.show() 

matplotlib.org/api/_as_gen/matplotlib.pyplot.pie.html

Pie

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.pie.html


matplotlib - stackplot.py

import matplotlib.pyplot as plt

x = [1, 2, 3, 4]

y1 = [1, 2, 3, 4]

y2 = [2, 3, 1, 4]

y3 = [2, 4, 1, 3]

plt. style.use ('dark_background')

for i, base in enumerate(

[ 'zero' , 'sym' , 'wiggle' , 'weighted_wiggle' ],

start=1):

plt. subplot (4, 1, i)

plt. stackplot (x, y1, y2, y3,

colors =['r', 'g', 'b'],

labels =['Red', 'Green', 'Blue'],

baseline =base )

plt. grid ( axis='both',  # 'x', 'y', or 'both'

linewidth=0.5, linestyle =' - ', alpha=0.5)

plt. legend (title=base, loc='upper left')

plt. xticks (x) # a tick for each value in x

plt. suptitle ('Stackplot')

plt.show()

matplotlib.org/api/_as_gen/matplotlib.pyplot.stackplot.html

Stackplot

To list all available styles:
print( plt.style.available )

Stacked Graphs ςGeometry & Aesthetics
Lee Byron & Martin Wattenberg, 2008

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.stackplot.html
http://leebyron.com/streamgraph/stackedgraphs_byron_wattenberg.pdf


Subplot
(2 rows, 3 columns)

matplotlib - subplot.py

import matplotlib.pyplot as plt

from math import pi, sin

x_min, x_max, n = 0, 2 * pi, 100

x = [x_min + (x_max - x_min) * i / n for i in range(n + 1)]

y = [sin(v) for v in x]

ax1 = plt. subplot (2, 3, 1)  # 2 rows, 3 columns

ax1 . label_outer ()           # removes x - axis labels

plt. xlim ( - pi, 3 * pi)       # increase x - axis range

plt.plot(x, y, 'r - ')

plt.title('Plot A')

ax2 = plt. subplot (2, 3, 2)

ax2 . label_outer () # removes x - and y - axis labels

plt. xlim ( - 2 * pi, 4 * pi)   # increase x - axis range

plt.plot(x, y, 'g,')

plt.title('Plot B')

ax3 = plt. subplot (2, 3, 3, frameon =False)  # remove frame

ax3 . set_xticks ([])          # remove x - axis ticks & labels

ax3 . set_yticks ([])          # remove x - axis ticks & labels

plt.plot(x, y, 'b -- ')

plt.title('No frame')

ax4 = plt. subplot (2, 3, 4, sharex =ax1) # share x - axis range

plt. ylim ( - 2, 2)             # increase y - axis range

plt.plot(x, y, 'm:')

plt.title('Plot C')

ax5 = plt. subplot (2, 3, 5, sharex =ax2, sharey =ax4) # share ranges

ax5 . set_xticks (range( - 5, 15, 5))  # specific x - ticks & x- labels

ax5 . label_outer ()           # removes y - axis labels

plt.plot(x, y, 'k - .')

plt.title('Plot D')

ax6 = plt. subplot (2, 3, 6, projection ='polar')  # polar projection

ax6 . set_yticks ([ - 1, 0, 1])                   # y - labels

ax6 . tick_params ( axis ='y', labelcolor ='red')  # color of y - labels

plt.plot(x, y, 'r')

plt.title('Polar projection \ n')  # \ n to avoid overlap with 90 Á

plt. suptitle ('2 x 3 subplots', fontsize =16)

plt. show()

ÁSubplots arenumbered1..6 row-by-row, startingtop-left

Ásubplot returnsan axesto accessthe plot in the figure

matplotlib.org/api/_as_gen/matplotlib.pyplot.subplot.html

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.subplot.html


Subplots
matplotlib - subplots.py

import matplotlib.pyplot as plt

from math import pi, sin, cos

times = [2 * pi * t / 1000 for t in range(1001)]

fig , (( ax1 , ax2 ), ( ax3 , ax4 ), ( ax5 , ax6 )) = \

plt. subplots (3, 2, sharex =True, sharey =True)

for i, ax in enumerate([ ax1 , ax2 , ax3 , ax4 , ax5 , ax6 ], 

start=1):

x = [i * sin(i * t) for t in times]

y = [i * cos(3 * t) for t in times]

ax . plot (x, y, label=f'$i = {i}$') # plot to axes

ax . legend (loc='upper right') # axes legend

fig . suptitle ('subplots', fontsize=16)  # figure title

plt.show()

create6 axesin 3 rowswith 2 colums
sharethe x- and y-axis ranges (automatically
applieslabel_outerto createdaxes)
returnsa pair (figure, axes) matplotlib.org/api/_as_gen/matplotlib.pyplot.subplots.html

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.subplots.html


subplot2grid (5 x 5)
matplotlib - subplot2grid.py

import matplotlib.pyplot as plt

import math

x_min, x_max, n = 0, 2 * math.pi, 20

x = [x_min + (x_max - x_min) * i / n 

for i in range(n + 1)]

y = [math.sin(v) for v in x]

plt. subplot2grid ((5, 5), (0,0) , 

rowspan =3, colspan =3)

plt. fill_between (x, 0.0, y, 

alpha=0.25, color='r')

plt.plot(x, y, 'r - ')

plt.title('Plot A')

plt. subplot2grid ((5, 5), (0,3) , 

rowspan =2, colspan =2)

plt.plot(x, y, 'g.')

plt.title('Plot B')

plt. subplot2grid ((5, 5), (2,3) , 

rowspan =1, colspan =2)

plt.plot(x, y, 'b -- ')

plt.title('Plot C')

plt. subplot2grid ((5, 5), (3,0) , 

rowspan =2, colspan =5)

plt.plot(x, y, 'mx:')

plt.title('Plot D')

plt. tight_layout ()  # adjust padding

plt.show()

upper left corner(row, column)

matplotlib.org/api/_as_gen/matplotlib.pyplot.subplot2grid.html

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.subplot2grid.html


log scales

Á Therearemanywaysto makethe x- and/or y-axis logarithmicwith pyplot

matplotlib - log.py

import matplotlib.pyplot as plt

x = [i / 10 for i in range(1, 101)]

y1 = [i ** 2 for i in x]

y2 = [i ** 3 for i in x]

y3 = [3 ** i for i in x]

for i in range(1, 7):

ax = plt. subplot (3, 2, i)

plt.plot(x, y3, label='$3^x$')

plt.plot(x, y2, label='$x^3$')

plt.plot(x, y1, label='$x^2$')

if i == 1:

plt.ylim(0, 2000)       

plt. xscale ('linear')  # default

plt. yscale ('linear')  # default

plt.legend()

plt.title('linear')

if i == 2:

plt. yscale ('log')

plt.title('ax.yscale')

if i == 3:

ax . set_xscale ('log')

ax . set_yscale ('log')

plt.title('ax.set_xscale & ax.set_yscale')

if i == 4:

plt. loglog ()

plt.title('plt.loglog')

if i == 5:

plt.ylim(0, 2000)

plt. semilogx ()

plt.title('plt.semilogx')

if i == 6:

plt. semilogy ()

plt.title('semilogy')

plt.show()



matplotlib - savefig.py

import matplotlib.pyplot as plt

from math import pi, sin, cos

n = 1000

points = [(cos(2 * pi * i / n), 

sin(4 * pi * i / n)) for i in range(n)]

x, y = zip(*points)

plt.plot(x, y, 'k - ', linewidth=5)

plt. savefig ('butterfly.png')  # save plot as PNG

plt. savefig ('butterfly - grey.png',

dpi =100,                  # dots per inch

bbox_inches ='tight',      # crop to bounding box

pad_inches =0.1,           # space around figure

facecolor ='lightgrey',    # background color

format ='png')             # optional if file extension

plt. savefig ('butterfly.pdf')  # save plot as PDF

plt.show()                    # interactive viewer

Savingfigures

butterfly.png

butterfly-grey.png
facecolor pad_inchesmatplotlib.org/api/_as_gen/matplotlib.pyplot.savefig.html

https://matplotlib.org/api/_as_gen/matplotlib.pyplot.savefig.html


Á plot returns ά[ƛƴŜн5έ objects representing the plotted data
Áέ[ƛƴŜн5έ objectscanbeupdatedusingset_data

Á To makean animation youneedto repeatedlyupdateǘƘŜ έƭƛƴŜн5έ objects
Á FuncAnimation repeatedlycallsfunc in regularintervals interval, each

time with the nextvaluefrom frames(if frames is None, then the frame 
valuesprovidedto funcwill be the infinite sequence0,1,2,3,...)

matplotlib - animation.py

import matplotlib.pyplot as plt

from matplotlib.animation import FuncAnimation

from math import pi, cos, sin

n, tail_length = 200, 75

points = []                # tail_length recent poins

def point(i):

t = 2 * pi * i / n 

return (cos(3 * t), sin(2 * t))

fig = plt. figure ()         # new figure

ax = plt. gca ()             # get current axes

ax . set_facecolor ('black')  # set background color

plt.xlim( - 1.1, 1.1)        # set x - axis range

plt.ylim( - 1.1, 1.1)        # set y - axis range

plt.xticks([])             # remove x - ticks & labels

plt.yticks([])             # remove y - ticks & labels

plt.title('Moving point')  # plot title

x, y = point(0)

plt.plot(x, y, 'w.')       # start point

plt. text (x - 0.025, y, 'start', color='w', # text label

ha='right', va='center')               # alignment

tail , = plt. plot ([], [], 'w - ', alpha=0.5)  # init. tail

head , = plt. plot ([], [], 'ro')    # init. current point

def move(frame):      # frame = value from frames

points.append(point(frame))

del points[: - tail_length] # limit tail

tail . set_data (*zip(*points))  # update tail points

head . set_data (*points[ - 1])    # update head point

animation = FuncAnimation ( fig ,    # figure to animate

func =move,        # function called for each frame

frames =range(n),  # array like to iterate over

interval =25,      # milliseconds between frames

repeat =True,      # repeat frames when done

repeat_delay =0)   # wait milliseconds before repeat

plt.show()

matplotlib.animation.FuncAnimation

matplotlib.org/api/_as_gen/matplotlib.animation.FuncAnimation.html

https://matplotlib.org/api/_as_gen/matplotlib.animation.FuncAnimation.html


jupyter.org

The JupyterNotebook
The JupyterNotebook is an open-source web application that allows you to create and 
share documents that contain live code, equations, visualizations and narrative text. 
Uses include: data cleaning and transformation, numerical simulation, statistical 
modeling, data visualization, machine learning, and much more.



Web Browser

JupyterServer
(e.g. runningon
localmachine)

User



matplotlib / 
numpy/ ... 

output

pythoncode

formatted text: 
Markdown/ 

LaTeX/ HTML / 
...

pythonshell
output

cells



Jupyter - installing

ÁOpen a windowsshelland run: pip install jupyter



Jupyterςlaunchingthe jupyterserver
ÁOpen a windowsshelland run: jupyter notebook

ÁIf this doesnot work, then try python - m notebook

url







Try:
Help > User Interface Tour
Help > Markdown

github.com/adam-p/markdown-here/wiki/Markdown-Cheatsheet

https://github.com/adam-p/markdown-here/wiki/Markdown-Cheatsheet


Command Mode
ÁUsedto naviagtebetweencells

ÁCurrentcell is marked with bluebar

ÁKeyboard shortcuts

h show keyboard shortcuts

enter enterEdit Mode on currentcell

shift-enter run cell+ selectbelow

ctrl-enter run selectedcells

alt-enter run celland insertbelow

YM R changecell type (code, markdown, raw text)

1 2 3 4 56 changeheadinglevel

ctrl-A selectall cells

downup moveto next/previouscell

spaceshift-space scrolldown/up

shift-up shift-down extendselectedcells

A B insertcellabove/below

X C V shift-VZ DD cut, copy, pastebelow/above, undo, deletecells

shift-L toggleline numbersin cells

shift-M mergeselectedcells(or with cellbelow)

O toggleoutput of selectedcells

shift-O togglescrollbar on selectedcells(long output)



Edit Mode

ÁUsedto edit currentcell

ÁCurrentcell is marked with greenbar

ÁKeyboard shortcuts

esc enterCommand Mode

shift-enter run cell+ selectbelow

ctrl-enter run selectedcells

alt-enter run celland insertbelow

ctrl-shift- - split cellat cursor

ctrl-shift-f commandpalette

tab indentor codecompletion

shift-tab show docstring

ctrl-a -x -c -v -z -y selectall, cut, copy, paste, undo, redo

ctrl-d deleteline



Evaluatingcells

ÁTo evaluatecell
ctrl-enter, alt-enter, shift-enter

ÁOutput from program shownbelowcell

ÁResultof last evaluatedline

ÁOrder of codecellsevaluated
bƻǘŜ έȄ ϝϝ нέ computedafterέȄ Ґ пέ

Á[*] arecellsbeingevaluated/ waiting

Á[  ] not yet evaluated

ÁRecomputeall cellstop-down
or  Kernel> Restart & Run all



Magic lines
ÁJupytercode cells support magic 

commands (actually it is IPython)

Á% is a line magic

Á%% is a cell magic

%lsmagic list magiccommands

%quickref quickreference sheetto IPython

%pwd print workingdirectory(current folder)

%cd directory changedirectory(absolut or relative)

%ls list contentof currentdirectory

%pip or %conda run pip or condafrom jupyter

%load script insertexternal script into cell

%run program run external program and show output

%automagic toggle if %-prefix is required

%matplotlib inline no zoom & resize,allows multiple plots

%matplotlib notebook a single plot can be zoomed & resized

%%writefile file write content of cell toa file

%%time measure timefor cell execution

%timeit expression time for simple expression



Jupyter
and matplotlib

Á%matplotlib inline

pyplot figures are shown without
interactive zoom and pan(default)

ÁConsider changing default figure size 
plt.rcParams [' figure.figsize ']

ÁStart each figure with plt.figure

ÁFinal call to show can be omitted



Jupyter
and matplotlib

Á%matplotlib notebook

pyplot figures are shown with
interactive zoom and pan

ÁStart each figure with plt.figure

(also allows setting figure size)

ÁFinal call to show can be omitted

resize
button

end
interaction



ÁWidespread tool used for data science applications

ÁDocumentation, code for data analysis, and resulting 
visualizations are stored in one common format

ÁEasy to update visualizations

ÁWorks with about 100 different programming languages 
(not only Python 3), many special features, ....

ÁEasy to share data analysis

ÁMany online tutorials and examples are available

https:// www.youtube.com/results?search_query=jupyter+python

https://www.youtube.com/results?search_query=jupyter+python


scipy.optimize.minimize

ÁFind point p minimizing function f

ÁSupports 13 algorithms ςbut no 
guarantee that result is correct

ÁKnowledge about optimization will help 
you know what optimization algorithm to 
select and what parameters to provide 
for better results

Á WARNING
Many solvers return the wrong value 
when used as a black box

docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.htmlpip install scipy

https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html


minimize.py

from math import sin

import matplotlib.pyplot as plt

from scipy.optimize import minimize

trace = []  # remember calls to f

def f (x):

value = x ** 2 + 10 * sin(x)

trace .append((x, value))

return value

X = [ - 8 + 18 * i / 9999 for i in range(1000)]

Y = [f(x) for x in X]

plt.style.use('dark_background')

plt.plot(X, Y, 'w - ')

for start, color in [( 8, 'red'), ( - 6, 'yellow')]:

trace = []

solution = minimize ( f , [ start ], method ='nelder - mead')

x, y = solution.x[0], solution.fun

plt.plot(*zip(* trace ), '. - ', c=color, label=f'start {start:.1f}') # trace

plt.plot(* trace[0], 'o', c=color)                   # first trace point

plt.text(x, - 23, f'{x:.3f}', c=color, ha='center') # show minimum x

plt.plot([x, x], [ - 18, y], ' -- ', c=color)           # dash to minimum

plt.xticks(range( - 5, 15, 5))

plt.yticks(range( - 25, 100, 25))

plt.minorticks_on()

plt.legend()

plt.show()

Python shell

> print(solution)

| final_simplex : (array([[ - 1.3064209 ],

| [ - 1.30649414]]), array([ - 7.94582337, - 7.94582336]))

| fun : - 7.94582337348758

| message: 'Optimization terminated successfully.'

| nfev : 38

| nit: 19

| status: 0

| success: True

| x: array([ - 1.3064209 ])

minimize tries to find a local minimum for f

by repeatedly evaluating f for different x values



Example: Minimum enclosing circle

ÁFind c such that r = maxp | p - c| is minimized

ÁA solution is characterized by either 
1) three points on circle, where the triangle 

contains the circle center 
2) two opposite points on diagonal

ÁTry a standard numeric minimization solver

Á Computation involves maxand ὼ, which 
can be hard for numeric optimization solvers

c = (x, y)

r



Python/scipy
vs MATLAB

Some basic differences

Áάendέ ŎƭƻǎŜǎ ŀ a!¢[!. ōƭƻŎƪ

Áά;έ at end of command avoids 
command output

Áa(i) instead a[i]

Á1st element of a list a(1)

Áa(i:j) includes both a(i) and a(j)

like R, Mathematica, Julia, AWK, Smalltalk, ...



Minimum enclosing circle in MATLAB

enclosing_circle.m

% Minimum enclosing circle of a point set

% fminsearch uses the Nelder - Mead algorithm

global x y

x = [1.0, 3.0, 2.5, 4.0, 5.0, 6.0, 5.0];

y = [3.0, 1.0, 3.0, 6.0, 7.0, 7.0, 2.0];

c = fminsearch (@(x) max_distance(x), [0,0]);

plot(x, y, "o");

viscircles(c, max_distance(c));

function dist = max_distance(p)

global x y

dist = 0.0;

for i=1:length(x)

dist = max(dist, pdist([p; x(i), y(i)], 

'euclidean'));

end

end



Minimum enclosing circle in MATLAB (trace)
enclosing_circle_trace.m

global x y trace_x trace_y

x = [1.0, 3.0, 2.5, 4.0, 5.0, 6.0, 5.0];

y = [3.0, 1.0, 3.0, 6.0, 7.0, 7.0, 2.0];

trace_x = [];

trace_y = [];

c = fminsearch (@(x) max_distance (x), [0,0]);

hold on

plot(x, y, "o", 'color', 'b', ' MarkerFaceColor ', 'b'); 

plot( trace_x , trace_y , "* - ", "color", "g");

plot(c(1), c(2), "o", 'color', 'r', ' MarkerFaceColor ', 'r'); 

viscircles (c, max_distance (c)," color","red ");

function dist = max_distance (p)

global x y trace_x trace_y

trace_x = [ trace_x , p(1)];

trace_y = [ trace_y , p(2)];

dist = 0.0;

for i=1:length(x)

dist = max( dist , pdist ([p; x(i), y(i)], ' euclidean ' ));

end

end



Minimum enclosing circle in Python
enclosing_circle.py

from math import sqrt

from scipy.optimize import minimize

import matplotlib.pyplot as plt

x = [1.0, 3.0, 2.5, 4.0, 5.0, 6.0, 5.0]

y = [3.0, 1.0, 3.0, 6.0, 7.0, 7.0, 2.0]

def dist(p, q):

return sqrt((p[0] - q[0])**2 + (p[1] - q[1])**2)

def max_distance(c):

return max(dist(p, c) for p in zip(x, y))

c = minimize (max_distance, [0.0, 0.0],

method ="nelder - mead").x

ax = plt.gca()

ax.set_xlim((0, 8))

ax.set_ylim((0, 8))

ax.set_aspect("equal")

plt.plot(x, y, "g.")

ax.add_artist(plt.Circle(c, max_distance(c), 

color="r", fill=False))

plt.show()

manually set axis (force circle inside plot)

import modules

force optimization method



Minimum enclosing circle in Python (trace)
enclosing_circle_trace.py

from math import sqrt

from scipy.optimize import minimize

import matplotlib.pyplot as plt

x = [1.0, 3.0, 2.5, 4.0, 5.0, 6.0, 5.0]

y = [3.0, 1.0, 3.0, 6.0, 7.0, 7.0, 2.0]

trace = []

def dist(p, q):

return sqrt((p[0] - q[0])**2 + (p[1] - q[1])**2)

def max_distance(c):

trace.append(c)

return max(dist(p, c) for p in zip(x, y))

c = minimize(max_distance, [0.0, 0.0], 

method="nelder - mead").x

ax = plt.gca()

ax.set_xlim((0, 8))

ax.set_ylim((0, 8))

ax.set_aspect("equal")

plt.plot(x, y, "g.")

plt.plot(*zip(*trace), "b. - ")

ax.add_artist(plt.Circle(c, max_distance(c), 

color="r", fill=False))

plt.show()



Minimum enclosing circle ςsearch space



enclosing_circle_search_space.py ( previous slide)

from math import sqrt

from scipy.optimize import minimize

import matplotlib.pyplot as plt

import numpy as np

from mpl_toolkits.mplot3d import Axes3D

points = [(1.0, 3.0), (3.0, 1.0), (2.5, 3.0), 

(4.0, 6.0), (5.0, 7.0), (6.0, 7.0), (5.0, 2.0)]

#  Minimum enclosing circle solver

trace = []

def distance (p, q):

return sqrt((p[0] - q[0])**2 + (p[1] - q[1])**2)

def distance_max (q):

dist = max( distance (p, q) for p in points)

trace.append((*q, dist))

return dist

solution = minimize ( distance_max , [0.0, 0.0],

method='nelder - mead')

center = solution.x

radius = solution.fun

#  unzip point coordinates

points_x, points_y = zip(*points)

trace_x, trace_y, trace_z = zip(*trace)

#  Bounding box [x_min, x_max] x [y_min, y_max]

xs, ys = points_x + trace_x, points_y + trace_y

x_min, x_max = min(xs), max(xs)

y_min, y_max = min(ys), max(ys)

# enforce apsect ratio

x_max = max(x_max, x_min + y_max - y_min)

y_max = max(y_max, y_min + x_max - x_min)

#  Minimum enclosing circle - 3D surface plot

#  (plot_surface requires X, Y, Z are 2D numpy.array s)

X, Y = np.meshgrid( np.linspace(x_min, x_max, 100),

np.linspace(y_min, y_max, 100))

Z = np.zeros(X.shape)

for px, py in points:

Z = np.maximum(Z, (X - px)**2 + (Y - py)**2)

Z = np.sqrt(Z)

ax = plt.subplot(1, 2, 1, projection ='3d' )

ax .plot_surface (X, Y, Z, cmap='plasma', alpha=0.7)

ax. plot (trace_x, trace_y, trace_z, '. - ', c='darkblue')

ax. scatter (*center, radius, 'o', c='red')

ax. set_xlabel ('x')

ax. set_ylabel ('y')

ax. set_zlabel ('max distance')

ax. set_title ('plot_surface')

#  Minimum enclosing circle - contour plot

plt.subplot(1, 2, 2)

plt.title('pyplot.contour')

plt.plot(trace_x, trace_y, '. - ', color='darkblue')

plt.plot(points_x, points_y, 'o', color='darkgreen')

plt.plot(*center, 'o', c='red')

qcs = plt. contour (X, Y, Z, levels=30, cmap='plasma')

plt. clabel ( qcs , inline=1, fontsize=8, fmt='%.1f')

plt.suptitle('Maximum distance to an input point')

plt.tight_layout()

plt.show()

numpy
arrays



scipy.minimize█╬ ÍÁØ
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docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.minimize.html


