
I/O-E�cient Dynamic Point Location inMonotone Planar Subdivisions(Extended Abstract)Pankaj K. Agarwal� Lars Argey Gerth St�lting Brodalz Je�rey S. VitterxAbstractWe present an e�cient external-memory dynamic data struc-ture for point location in monotone planar subdivisions. Ourdata structure uses O(N=B) disk blocks to store a monotonesubdivision of size N , where B is the size of a disk block.It supports queries in O(log2B N) I/Os (worst-case) and up-dates in O(log2B N) I/Os (amortized).We also propose a new variant of B-trees, called level-balanced B-trees, which allow insert, delete, merge, and splitoperations in O((1+ bB logM=B NB ) logbN) I/Os (amortized),2 � b � B=2, even if each node stores a pointer to its par-ent. Here M is the size of main memory. Besides being es-sential to our point-location data structure, we believe thatlevel-balanced B-trees are of signi�cant independent inter-est. They can, for example, be used to dynamically main-tain a planar st-graph using O((1 + bB logM=B NB ) logbN) =O(log2B N) I/Os (amortized) per update, so that reachabilityqueries can be answered in O(logB N) I/Os (worst case).1 IntroductionPlanar point location, a widely studied problem in com-putational geometry, is de�ned as follows: Given a pla-nar subdivision � with N vertices (i.e., a decomposi-tion of the plane into polygonal regions induced by astraight-line planar graph), preprocess � into a data� Center for Geometric Computing, Department of ComputerScience, Duke University, Durham, NC 27708. Supported inpart by National Science Foundation research grants CCR{93{01259 and EIA{9870724, by Army Research O�ce MURI grantDAAH04{96{1{0013, by a Sloan fellowship, by a National ScienceFoundation NYI award and matching funds from Xerox Corpo-ration, and by a grant from the U.S.-Israeli Binational ScienceFoundation. Email: pankaj@cs.duke.edu.y Center for Geometric Computing, Department of ComputerScience, Duke University, Durham, NC 27708. Supported in partby the Army Research O�ce MURI grant DAAH04{96{1{0013and by National Science Foundation ESS grant EIA{9870724.Email: large@cs.duke.edu.z BRICS, University of Aarhus, DK-8000 Aarhus C., Denmark.Supported by the Carlsberg foundation under grant 96-0302/20.Partially supported by the ESPRIT Long Term Research Programof the EU under contract 20244 (project ALCOM-IT). Part ofthis work was done while at Max-Planck-Institut f�ur Informatik,Saarbr�ucken, Germany. Email: gerth@brics.dk.x Center for Geometric Computing, Department of ComputerScience, Duke University, Durham, NC 27708. Supported in partby Army Research O�ce MURI grant DAAH04{96{1{0013 andby National Science Foundation grants CCR{9522047 and EIA{9870724. Email: jsv@cs.duke.edu.

structure so that the face of � containing a query pointcan be reported quickly. This problem arises in sev-eral applications, including graphics, spatial databases,and geographic information systems. The planar sub-divisions arising in many of these applications are toomassive to �t in internal memory and must reside ondisk. In such instances, the I/O communication is thebottleneck instead of the CPU running time. Mostof the work to date, especially when we also allow tochange the edges and vertices of � dynamically, hasfocused on minimizing the CPU running time underthe assumption that the subdivision �ts in main mem-ory [7, 9, 10, 14, 15, 22]. Only a few static (or batcheddynamic) results are known for I/O-e�cient point lo-cation when the subdivision is stored in external mem-ory [5, 16, 25].In this paper we develop the �rst space- and I/O-e�cient dynamic data structure for planar point loca-tion in monotone subdivisions. We also propose a vari-ant of B-trees in which each node stores a pointer toits parent and show that insert, delete, merge, and splitoperations can be performed e�ciently. This structureis of independent interest and can, for example, be usedto obtain I/O-e�cient dynamic data structure for an-swering various queries in planar st-graphs.11.1 Previous resultsA polygon is calledmonotone in direction � if any line indirection �=2 + � intersects the polygon in a connectedinterval; a convex polygon is monotone in every direc-tion. A planar subdivision � is monotone if all faces of� are monotone in a �xed direction. Every convex sub-division is a monotone subdivision. In the remainder ofthis paper we use the term a monotone subdivision todenote a subdivision that is monotone in the x-direction.In internal memory, Edelsbrunner et al. [14] pro-posed an optimal data structure for point location inmonotone subdivisions with O(N) space, O(N) pre-processing time, and O(logN) query time. For ar-bitrary planar subdivisions, the preprocessing time isO(N logN); see also [22]. If we allow the edges and1A planar directed acyclic graph, with a given embedding, iscalled an st-graph if it has unique source and sink vertices lyingon the boundary of the same face.



vertices to be changed dynamically, two linear-spacestructures are known for general subdivisions: oneby Cheng and Janardan [9] that answers queries inO(log2N) time and supports updates in O(logN) time;the other by Baumgarten et al. [7] that supports queriesin O((logN) log logN) time (worst-case), insertions inO((logN) log logN) time (amortized), and deletions inO(log2N) time (amortized). Both structures store theedges of the subdivision in an interval tree [13] con-structed on their x-projection (as �rst suggested in [15])and use this structure to answer vertical ray-shootingqueries: for a query point p, �nd the �rst edge, if any, of� hit by the ray emanating from p in the (+y)-direction.The face containing p can then be found in O(logN)time [20]. A summary of known results can be found inthe recent survey [23].In this paper we are interested in the problem of dy-namically maintaining a monotone subdivision on disk,so that the number of I/O operations (or I/Os) used toperform a query or an update is minimized. We con-sider the problem in the standard two-level I/O modelproposed by Aggarwal and Vitter [1]. In this model Ndenotes the number of elements in the problem instance,M is the number of elements �tting in internal memory,and B is the number of elements per disk block, whereM < N and 2 � B �M=2. An I/O is the operation ofreading (or writing) a disk block from (or into) externalmemory. Computations can only be done on elementspresent in internal memory. Our measures of perfor-mance are the number of I/Os used to solve a problemand the amount of space (disk blocks) used.Aggarwal and Vitter [1] considered sorting and re-lated problems in the I/O model and proved that sort-ing requires �(NB logM=B NB ) I/Os. Subsequently, I/O-e�cient algorithms and data structures have been de-veloped for numerous problems|see recent surveys fora sample of these results [2, 3, 26]. All previous re-sults on point location in external memory have beeneither static or batched dynamic: Goodrich et al. [16]designed a static data structure using O(N=B) space tostore a monotone subdivision of size N so that a querycan be answered in optimal O(logB N) I/Os. They alsodeveloped a structure for answering a batch of K point-location queries in optimal O(N+KB logM=B N) I/Os.Arge et al. [5] extended the batched result to generalsubdivisions and Arge et al. [4] to an o�-line dynamicsetting in which a sequence of queries and updates aregiven in advance and all the queries should be answeredas the sequence of operations are performed. Vahren-hold and Hinrichs considered the problem under somepractical assumptions about the input data [25].1.2 Our resultsIn this paper we present the �rst provably I/O-e�cientdynamic data structure for point location in a monotone

planar subdivision �. Our structure uses O(N=B) diskblocks to store �, answers queries in O(log2B N) I/Osin the worst-case, and inserts/deletes edges and verticesin O(log2B N) I/Os amortized per edge/vertex. Herewe assume that an update operation is admissible onlyif the subdivision remains planar and monotone afterthe operation. Our algorithm �rst detects whether anupdate operation is admissible and carries it out only ifit is.In order to answer the queries e�ciently, we intro-duce a total order �� on the edges of �, as in [21, 24].As edges are inserted or deleted the order may changeconsiderably. We maintain the order in a separate B-tree-like data structure using split and merge opera-tions. Each node of this structure stores a pointer to itsparent. Although merge and split operations on stan-dard B-trees can be performed in O(logB N) I/Os, up-dating the parent pointers requires 
(B logB N) I/Os.We therefore introduce a new variant of B-trees calledlevel-balanced B-trees in which parent pointers can bemaintained e�ciently. For 2 � b � B=2, level-balancedB-trees use O(N=B) blocks to store N elements, andsupport insert, delete, merge, and split operations inO((1 + bB logM=B NB ) logbN) = O(log2B N) I/Os amor-tized.We believe that the level-balanced B-trees are of sig-ni�cant independent interest. They can, for example, beused to dynamically maintain a planar st{graph usingO((1 + bB logM=B NB ) logbN) = O(log2B N) I/Os amor-tized per update, so that reachability queries (of theform \is there a path from x to y?") can be answeredin O(logB N) I/Os worst-case.2 Static Point LocationIn this section we present a static data structure forpoint location, which we will dynamize in the next sec-tion. Let � be a monotone subdivision with N ver-tices. We assume that all vertices in � have distinctx-coordinates, and that there are no unbounded edgesin �. Our structure can easily be extended to handlesubdivisions in which these assumptions do not hold.We use s and t to denote the leftmost and the right-most vertices of �. We present a data structure forthe vertical ray-shooting problem: Preprocess � into adata structure so that the �rst edge of �, if any, hitby a query ray in the (+y)-direction emanating from aquery point p can be reported e�ciently. As in internalmemory, the face containing p can easily be found oncethe ray-shooting query is answered. Our data structureextends to an arbitrary set of disjoint segments, but wefocus on monotone subdivisions because at present wedo not know how to dynamize the structure for arbitrarysegments.



2.1 Ordering the edgesWe �rst de�ne a total order on the edges of �, originallyintroduced by Tamassia and Preparata [24], which willbe crucial for our structure. We regard � as a directedplanar st-graph with the edges of � directed from left toright. We de�ne the dual graph of �, denoted by ��, tobe the directed planar graph in which there is a vertexf� for every bounded face f of � and two vertices s�and t� for the unbounded face. For every edge e 2 �,adjacent to two faces f1 and f2 with f1 lying below f2,we add the edge e� = (f�1 ; f�2 ) in ��; if f1 (resp., f2)is the unbounded face, then the edge in �� is (s�; f�2 )(resp., (f�1 ; t�)). See Figure 1 a) and b).
ts

a)

*

b)

t

ts

1

2

5

6

11
12

13
14

16

17

18

c)

s*

10 15

8

4

3

7

9

Figure 1: a) �. b) Dual ��. c) Order of edges in �.We say that there is a path from an edge e to anotheredge e0 in � if there is a path e = e1; e2; : : : ; el = e0in �. It can be shown that there is a path from ei toej in � if and only if there is no path from e�i to e�j in��; see e.g. [24]. For a pair ei; ej 2 � of edges, we sayei �� ej if either there is a path from ei to ej in � orthere is a path from e�i to e�j in ��. See Figure 1 c).Lemma 1 (Tamassia-Preparata [24])(i) �� de�nes a total order on the edges of �.(ii) Let E be a subset of the edges of � so that all seg-ments in E intersect a vertical line `. If E is sortedaccording to �� then ` intersects the edges in E insorted order.2.2 Overall structureIn the following we make frequent use of (a; b)-trees [18].In (a; b)-trees the leaves are all on the same level andthey contain the elements stored in the structure. Allinternal nodes (except possibly the root) have betweena and b children. In most of this paper, a; b = �(Bc) forsome constant 0 < c � 1, and each leaf contains �(B)data elements. Such a structure storing N elements isthus a �(Bc)-ary tree over O(N=B) leaves. Each leaf aswell as internal node �ts in one disk block, and thus thetree occupies O(N=B) blocks. The height of the treeis O(logBc N) = O(logB N). Insert, delete, and searchoperations can be performed in O(logB N) I/Os [18]. A

normal B-tree [8, 11] is just such a structure with c = 1.For c = 1=2 we call the structure a pB-tree.To simplify the presentation we assume without lossof generality that N = Bk=2 for some integer k > 0. LetS be the set of edges in �. Our point-location structureis a two-level tree structure similar to the external in-terval tree, developed by Arge and Vitter [6]. The �rstlevel, called the base tree, is a pB-tree T over the x-coordinates of the endpoint of the segments in S. Thesegments in S are stored in secondary structures associ-ated with the nodes of T . Each node v of T is associatedwith a vertical slab sv; the root is associated with thewhole plane. For each interior node v, sv is partitionedinto pB vertical slabs s1; : : : ; spB , separated by verti-cal lines which we call slab boundaries (the dotted linesin Figure 2), so that each slab contains the same numberof vertices of �. Here si is the slab associated with thei-th child of v. A segment e of S is stored at the highestnode v of T at which it intersects a slab boundary asso-ciated with v. Let Sv � S be the set of segments storedat v. A leaf z stores segments whose both endpoints liein the interior of the slab sz. The number of segmentsstored in a leaf is less than 3B� 6 and they can thus bestored in at most three blocks.
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Figure 2: A node in the base tree. For segment e wehave l = 1, r = 4. Its middle segment spans s2 and s3.Let v be an internal node of T , let e be a segmentof Sv, and suppose the left (resp., right) endpoint of elies in the vertical slab sl (resp., sr) associated with v.We call the subsegment e \ sl the left subsegment ande \ sr the right subsegment of e. If r > l + 1, then theportion of e lying in sl+1; : : : ; sr�1 is called the middlesubsegment; if r = l+1, then the middle subsegment isthe intersection point of e with the common boundaryof sl and sr. See Figure 2. Let M denote the set ofmiddle subsegments of segments in Sv. For each 1 �i � pB, let Li (resp., Ri) denote the set of left (resp.,right) subsegments that lie in the slab si. We store thefollowing secondary structures at v.(i) A multislab structure 	v on the set of middle seg-ments M that requires O(jMj=B) disk blocks.(ii) For each i � pB, we have the following two struc-tures:{ A left structure Li on all segments of Li;



{ A right structure Ri on all segments of Ri.Li and Ri, over all slabs of v, require a total ofO(jSv j=B) blocks.A segment in Sv is thus stored in at most three sec-ondary structures: the multislab structure, a left struc-ture, and a right structure. For example the segment ein Figure 2 is stored in the multislab structure, the leftstructure of s1, and in the right structure of s4. Eachnode v requires O(jSv j=B) space, therefore the overalldata structure requires O(N=B) disk blocks.
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iFigure 3: Answering a query.Let �+ be the ray emanating from a point p in the(+y)-direction. To �nd the �rst segment of S hit by�+, we search T along a path from the root to a leafz, such that Sz contains p, using O(logB N) I/Os. The�rst segment of Sz hit by �+ is computed by testing allsegments of Sz explicitly. At each internal node v visitedby the query procedure, we compute the �rst segmentof Sv hit by �+. In particular, we �rst search 	v to �ndthe �rst segment of M hit by �+. Next, we �nd thevertical slab si that contains p and search Li and Ri to�nd the �rst segments of Li and Ri, respectively, thatintersect �+ (refer to Figure 3). We will show belowthat each of the three operations can be performed inO(logB N) I/Os. By repeating this procedure for eachnode and choosing the �rst segment hit by �+ amongthese O(logB N) segments, we can answer a query inO(log2B N) I/Os.Theorem 1 A monotone planar subdivision � with Nvertices can be stored in a data structure using O(N=B)disk blocks, so that a vertical ray-shooting query can beanswered in O(log2B N) I/O operations.If S is an arbitrary set of disjoint segments, wecan de�ne another ordering on the segments of S, asin [17], that has essentially the same property as the��-ordering, and prove the following (details omitteddue to space constraints).Theorem 2 A set S of N disjoint segments can bestored in a data structure using O(N=B) disk blocks,so that a vertical ray-shooting query can be answered inO(log2B N) I/O operations.

2.3 Left/right structuresIn this subsection we sketch how to construct the leftand right structures. These structures use ideas similarto the ones used by Cheng and Janardan [9]. We onlydescribe how to construct and query a left structure;the right structure is analogous.Let L be a set of K segments so that the right end-points of all segments in L have the same x-coordinate,i.e., all of them lie on a vertical line. We will use L todenote the sequence of segments sorted by y-coordinateof their right endpoints. We construct a B-tree L on L.For each node v of L, let Lv � L be the set of seg-ments stored in the subtree rooted at v. Let �v be thesegment of Lv whose left endpoint has the minimum x-coordinate; �v is called the minimal segment of v. Ateach internal node v we store the minimal segments ofall its children. Note that each node �ts in O(1) blocksand that the tree can be constructed (bottom-up) inO(K=B) I/Os assuming the segments in L are sorted.Let p be a query point, and let �+ (resp., ��) be theray emanating from p in the (+y)-direction (resp., (�y)-direction). We actually answer the ray-shooting queriesfor both �+ and ��. To do so we explore L in a top-down fashion. In the ith step, the query procedure visitstwo nodes v1 and v2 at level i of L, so that among theminimal segments stored at all level i nodes, v1 (resp.,v2) contains the �rst segment hit by �+ (resp. ��). If�+ (resp., ��) does not intersect any of the minimalsegments, v1 (resp., v2) is unde�ned. Note that v1 andv2 may be the same node. When we reach the leaf level,the leaf v1 contains the desired segment.In the ith step, among the O(B) minimal segmentsstored at v1 and v2, we �nd the �rst segment �w (resp.,�z) hit by �+ (resp., ��), and set v1 to w and v2 to z.Lemma 2 Among the minimal segments stored at level(i+ 1) nodes, w and z contain the �rst segments hit by�+ and ��, respectively.The correctness of the query procedure follows fromthe above lemma, therefore we obtain the following.Lemma 3 A set L of K segments all of whose rightendpoints lie on a single vertical line can be stored in adata structure using O(K=B) blocks, so that a verticalray-shooting query can be answered in O(logBK) time.If L is sorted by the y-coordinates of the right endpoints,then the structure can be constructed in O(K=B) I/Os.2.4 Multislab structureWe now describe the multislab structure. Let M be aset ofK disjoint segments whose endpoints havepB+1distinct x-coordinates, i.e., they lie on pB + 1 verticallines b1; : : : bpB+1. Some of the segments in M may be



points. For 1 � i � pB, let si be the vertical slabbounded by bi and bi+1. All vertical lines in the interiorof a slab intersect the same subset of M, so if we knowthe sorted (according to ��) set of linesM0 intersectingthe slab containing the query ray, we can easily answerthe query in O(logB N) I/Os using a B-tree on M0.However, we cannot a�ord to construct a data structurefor each slab separately, so we will construct a singledata structure. Lemma 1 (ii) will be crucial for ourconstruction.Let M denote the sequence of segments sorted by��-ordering. We �rst construct a pB-tree 	 on M.For a node v 2 	, letMv denote the subsequence ofMstored in the subtree rooted at v. We store a number ofsegments of Mv at each internal node v of 	 to facili-tate the query procedure. Let w1; : : : ; wpB denote thechildren of an internal node v. For 1 � i; j � pB,let �ij denote the maximal segment of Mwi (in the��-ordering) that intersects the vertical slab sj . If nosegment of Mwi intersects sj , �ij is unde�ned. For1 � i � pB; 1 � j � pB + 1, let �ij denote the maxi-mal segment ofMwi that intersects the vertical line bj .If there is no such segment, �ij is unde�ned. All lessthan 2B + pB segments �ij and �ij are stored at v.The pB-tree 	 requires O(K=B) disk blocks and canbe constructed (bottom-up) in O(K=B) I/Os, assumingthat Mv is sorted according to the ��-ordering.Let p be a query point and �+ the ray emanating fromp in the (+y)-direction. To answer the query we follow apath from the root to a leaf z of 	 so thatMz containsthe �rst segment hit by �+. At each node v visitedby the procedure we do the following: If p lies in theinterior of a slab sr, let Ev = f�ir j 1 � i � pBg. Sinceall segments in Ev intersect the vertical line containingp, by Lemma 1 and the de�nition of �ij , if �ir is the�rst segment of Ev intersected by �+, then wi containsthe �rst segment of M hit by �+. We therefore visitwi next. If p lies on the slab boundary br, then we setEv = f�ir j 1 � i � pBg and determine the child of vthat we visit next, following a similar approach.Lemma 4 A set M of K disjoint segments whose end-points have pB + 1 distinct endpoints can be stored ina data structure using O(N=B) blocks, so that a verticalray-shooting query can be answered in O(logBK) I/Os.If M is sorted according to �� then the structure canbe constructed in O(N=B) I/Os.If we store both \maximal" and \minimal" segmentsin the internal nodes of 	, it is possible to �nd the�rst segment hit by �� as well. Note that the abovelemma can also be used to determine whether a segment
 2M: the query ray is the ray emanating from the leftendpoint of 
; 
 2 M if the query procedure returns 
itself.

3 Dynamic Point LocationIn this section we show how to dynamize the data struc-ture described in the previous section. Preparata andTamassia [21] showed that the operations of insertingor deleting a chain of edges between two existing ver-tices are complete for monotone subdivisions (i.e., anarbitrary subdivision can be assembled or dissembledusing O(N) such operations). Because of space con-straints, we only consider the insertion of a single edgein this extended abstract. Insertion (and deletion) of achain of edges can be handled using a similar, thoughmore involved, procedure. Recall that an update is ad-missible only if the subdivision remains monotone andplanar after the update operation. It can be checked inO(logB N) I/Os if an update is admissible using a mod-i�ed version of the normal internal memory algorithm.Details will appear in the full paper.In order to dynamize our data structure, we need e�-cient procedures for updating the base tree (when end-points are inserted/deleted) and the secondary struc-tures (when segments are inserted/deleted). Using thenormal B-tree updating procedures the base tree can beupdated in O(logB N) I/Os. However, as rebalancing isdone by splitting and fusing nodes we need to rebuildthe corresponding secondary structures when perform-ing such an operation. As in [6], we use a weight bal-anced B-tree to implement the base tree, in which anode v with � elements in its subtrees can only be in-volved in a rebalance operation for every 
(�) updatesthat access v. This allows us to rebalance the base treeI/O-e�ciently while maintaining the secondary struc-tures. Details will appear in the full paper.To insert a new segment e we traverse down the basetree, using O(logB N) I/Os, to �nd the �rst node v atwhich e intersects one or more slab boundaries. Thenwe insert the left, right, and middle subsegments of e inthe left, right, and multislab structures stored at v. Asegment can be inserted into a left or right structures inO(logB N) I/Os using a slightly modi�ed version of thestandard B-tree insert procedure. The di�cult part isupdating the multislab structure. There are two maindi�culties: First, insertion of an edge may change the�� ordering considerably, so we may have to rearrangemultislab structures at many nodes of the base tree.Second, it seems impossible to determine in O(1) I/Oswhether ei �� ej , for two edges ei; ej 2 �, and thus asegment cannot be inserted in a multislab structure us-ing the standard B-tree insertion algorithm. The key toperform the update e�ciently, is to maintain a seconddata structure on the ��-ordering of the whole subdi-vision. In Section 3.1 we �rst describe how to maintainthis structure during insertions, and then in Section 3.2we explain how to use it to update the multislab struc-tures.



3.1 Updating ��In order to update the ��-ordering as � changes dy-namically, we extend the ��-ordering to include ver-tices and faces of �. Let �� be the dual graph of �,as de�ned in the previous section. Recall that the dualof a vertex (resp., face) of � is a face (resp., vertex) in��. We refer to the vertices, edges, and faces of � or�� as its features. For each feature � of � or ��, wede�ne two vertices l(�) and r(�). If � is a vertex, thenl(�) = r(�) = �. If � is a directed edge (�; �), thenl(�) = � and r(�) = �. The boundary of a face � of �(or ��) consists of two paths from a vertex � to anothervertex �. We set l(�) = � and r(�) = �. We say thatthere is a path from a feature �1 to another feature �2of � if there is a path in � from r(�1) to l(�2). For twofeatures �i; �j 2 �, we de�ne �i �� �j if either thereis a path from �i to �j in � or a path from ��i to ��jin the dual graph ��. As argued in [24], �� is a totalorder on the features of �. Let h�i denote the sequenceof all features of � sorted by ��. The following lemmais due to Tamassia and Preparata [24] (refer to Figure 4for case (iv)).Lemma 5 (Tamassia-Preparata [24]) Let � be amonotone planar subdivision, and let �0 be the subdi-vision obtained after inserting an edge e = (�; �) thatsplits the face f of � into two faces f1; f2, with f1 lyingto the left of e. Then h�0i can be obtained from h�i asfollows.(i) � �� � �� f :h�i = A�B�CfD =) h�0i = A�Bf1e�Cf2D.(ii) f �� � �� �:h�i = AfB�C�D =) h�0i = Af1B�ef2C�D.(iii) � �� f �� �:h�i = A�BfC�D =) h�0i = A�Bf1ef2C�D.(iv) � �� f �� �:h�i = A�BfC�D =) h�0i = Af1C�e�Bf2D.In order to maintain h�i e�ciently, we store it in alevel-balanced B-tree, denoted by �, in which each node
s
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also stores a pointer to its parent. In the most involvedcase (case (iv)) we need to swap two subsequences inh�i and perform a constant number of insertions anddeletions next to �, �, and f . Assuming that we havepointers to �; �, and f in the leaves of �, we can updateh�i using O(1) insert, delete, split, and merge opera-tions, provided that we can compute the paths from theroot of � to the leaves containing �; �, and f . Thesepaths can easily be found using the parent pointers. (Itis not possible to do a root-leaf search for a given fea-ture, as we cannot directly compare two features). Aswe will show in the next section, level-balanced B-treessupport each of the above operations in O(log2B N) I/Osamortized.Theorem 3 For a monotone planar subdivision �,h�i can be maintained after an insert operation inO(log2B N) I/Os amortizedWe will perform two types of queries on �. First,given two features �1; �2 of �, determine whether �1 ���2. To do so we follow the parent pointers from theleaves storing �1 and �2, in O(logB N) I/Os, until wereach their lowest common ancestor in �. We can theneasily determine whether the leaf storing �1 lies to theleft of that storing �2.Lemma 6 The relative order of two features of � (ac-cording to ��) can be determined in O(logB N) I/Os.Second, let � be a vertex of �, and let ` be a verticalline that lies between � and t. Find the edge on thebottom-most path from � to t intersecting `. Supposeat each node v of �, we also store the rightmost end-point among all the edges stored in the subtree of �rooted at v. (As � changes, this information can eas-ily be updated without using additional I/Os.) We canthen answer the query as follows: We follow the parentpointers, starting from the leaf of � storing �, until wereach a node w so that the right endpoint stored at wlies to the right of `. We then follow the leftmost possi-ble path in the subtree of � rooted at w so that at eachnode the rightmost endpoint lies to the right of `. Theleaf reached in this way stores the desired edge of �.Lemma 7 For a vertex � 2 � and a vertical line `, wewe can �nd in O(logB N) I/Os the edge of the bottom-most path from � to t that intersects `.3.2 Maintaining the multislab structureWe now describe how to maintain the multislab struc-tures. We will see that although the segments in a mul-tislab structure are ordered according to ��-ordering,we can still store them in a normal pB-tree, i.e., parentpointers are not required. Suppose we insert an edge



e = (�; �) into a face f of �, which is to be stored at anode v of the base tree. We assume that the pointers tothe leaves of � storing �; �, and f are given. In cases(i){(iii) of Lemma 5, ��-ordering remains the same ex-cept that e is inserted, so we simply insert the middlesubsegment of e into 	v. In case (iv), the ��-orderingchanges and thus we may have to modify the multislabstructure at many nodes of the base tree. However, wecan prove the following (proof omitted):Lemma 8 Let e = (�; �) be an edge to be inserted intoa face f where � �� f �� �, so that h�i changes fromA�BfC�D to Af1C�e�Bf2D. Let v be the node inthe base tree T at which e is to be stored. Insertion of edoes not a�ect the �� ordering for Mw if w is not anancestor of v.Hence, in all cases, only the multislab structures at vand possibly its O(logB N) ancestors are changed. Ateach such node w, we perform two steps: (i) re-organizethe multislab structure 	w to make it consistent withthe new ��-ordering, and (ii) update the maximal seg-ments �ij and �ij at the nodes a�ected by the updateprocedure. The second step is relatively easy to handle,so we just describe step (i). Let A;B;C; and D be thesame as in Lemma 5. Let Aw be the set of middle sub-segments of segments in A\Sw; de�ne Bw; Cw, and Dwsimilarly. Sw = Aw [Bw [ Cw [Dw. We �rst split 	winto four B-trees TA; TB; TC ; TD, by performing threesplit operations, which store Aw; Bw; Cw, and Dw, re-spectively. Then we merge TA with Tc and TB with TD,and merge the two resulting trees together to obtain thestructure 	w consistent with the new ��-ordering. Fi-nally, if w = v, we insert the middle subsegment of e intothe new 	w. In order to perform the splits e�ciently,we have to �nd the paths from the root to the leavesstoring the �rst segments of Bw; Cw, and Dw. The fol-lowing lemma suggests a way to �nd the �rst segmentof Bw.Lemma 9 Let e = (�; �) be an edge to be inserted intoa face f where � �� f �� �, so that h�i changesfrom A�BfC�D to Af1C�e�Bf2D. Suppose e is to bestored at a node v of the base tree. Let w be an ancestorof the node v, and let si be the vertical slab si of w inwhich � lies. Let 
 be the �rst segment on the path from� to t that intersects the right boundary bi+1 of si.Suppose Bw 6= ; and the �rst segment of Bw is themiddle subsegment of � 2 Sw. Then either � = 
 or �is the segment of Sw lying immediately above the point
 \ bi+1.Proof : We �rst prove that � intersects bi+1. Assumethat this is not the case; then � must intersect someother boundary bj to the right of bi+1. Now all segmentson the path from � to the left endpoint of � belong to B

and are smaller than � in the ��-ordering. Since theirmiddle subsegments are not in Bw, they must be storedat other nodes. One of these segments �0 must crossbi+1 | its left endpoint lies to the right of (or on) �and it right endpoint lies to the left of (or on) the leftendpoint of �. This contradicts the fact that �0 is storedin another node.Since � intersects bi+1, if � 6= 
, then 
 �� � andtherefore � lies above the point 
 \ bi+1. Refer to Fig-ure 5. This completes the proof of the lemma.
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Figure 5: Proof of Lemma 9.Using Lemma 9, we can compute the �rst segmentof Bw as follows. Using Lemma 7, we can �nd inO(logB N) I/Os the �rst segment 
 of B that inter-sects the vertical line bi+1. If 
 =2 Bw, then we �nd thesegment � in Mw immediately above the point 
 \ bi+1in O(logB N) I/Os using Lemma 4. Next we check inO(logB N) I/Os, using Lemma 6, whether � �� f . Ifthe answer is \no," then Bw = ;, otherwise � is the �rstsegment of Bw. Note that since the query procedurefor �nding � traverses the path from the root of 	w tothe leaf storing �, we have actually found the path tosplit 	w along (i.e., parent pointers are not needed).Similarly, we can �nd the �rst segments of Cw and Dw,as required, and split 	w into four pB-trees. Detailswill appear in the full paper. Putting everything to-gether, we conclude that we in total use O(logB N) I/Osin each of O(logB N) nodes to maintain the multislabstructures. Thus we have obtained the following:Theorem 4 There exists a data structure usingO(N=B) blocks to store a monotone subdivision ofsize N , such that a vertical ray shooting query can beanswered in O(log2B N) I/Os worst case and such thatupdates can be performed in O(log2B N) I/Os amortized.4 Level-Balanced B-TreesNormal B-trees do not contain parent pointers and thusone cannot follow a leaf-root path in such trees asneeded in our dynamic point-location structure. Aug-menting B-trees with parent pointers leads to an unde-sirable �(B logB N) I/O bound for the split operation,the reason being that �(logB N) B-tree nodes are splitand fused when performing a split and in each such op-eration �(B) parent pointers need to be updated.



In this section we describe level-balanced B-trees,which support insert, delete, split, and merge opera-tions while maintaining parent pointers as needed inour dynamic point-location structure. The main newproperties that allow us to perform all the above oper-ations I/O-e�ciently are that we (i) allow the degree ofa node to be arbitrarily small, and (ii) allow disk blocksto contain several nodes. By doing so we avoid fusingnodes altogether and we are able to split a node in a con-stant number of I/Os. Note that when we allow nodesto have degree o(B) we need some other way of assuringthat the tree has height O(logB N). We do so by impos-ing an invariant on the number of nodes on a given levelof the tree, and rebuilding the nodes at a level wheneverthe invariant is violated. (Thus the name level-balancedB-trees.) In the next subsection we describe the generalidea in level-balancing without discussing parent point-ers and how the tree are layed out on disk blocks. InSection 4.2 we then sketch how to adopt the techniqueto external memory while maintaining parent pointers.4.1 Level-balanced treesA level-balanced tree of degree b is similar to a (1; b)-tree, i.e., all leaves are on the same level and all internalnodes have degree between one and b. To simplify ourarguments, we assume that b is a power of 2 and 3 (thatis, b = 6k for some integer k � 0). Since we allow splitoperations, we will show how to maintain a collectionof trees (also called a forest) with a total of N leaves.As discussed, we impose an invariant on the number ofnodes on a given level in order to bound the height ofthe trees. Set Ni = N=( b3 )i. We de�ne the level of anode v to be the number of edges in a path from v toa leaf (i.e., leaves are on level zero), and maintain thefollowing level invariant for all levels:The number of non-root nodes at level i in theforest is at most 2Ni.The invariant insures that the height of a tree isbounded by a function of the total number of leavesin the forest.Lemma 10 The height of all trees in the forest isO(logbN).Update operations are now basically performed as in(1; b)-trees: To insert a new leaf e next to an existingleaf e0, e is added to the child list of the parent p of e0.If p now has b + 1 children, p is split into two nodesof degree b=2 and b=2 + 1. The newly created node isrecursively added to the parent of p. To delete a leaf z,we remove z from the tree. If the degree of the parent ofz becomes zero, the parent is recursively deleted. (Notethat no node fusions are performed).

To merge two trees of equal height h, we create a nodeat level h+1 and make the two roots the children of thenew node. To merge two trees of height h1 and h2, withh1 < h2, we make the root of the tree of height h1 a newchild of the rightmost or leftmost node at level h1 + 1of the other tree. If this node now has degree b+ 1, werecursively split the node as in insertions. To performa split operation at a leaf e, we split the ancestor nodesof e so that e becomes the leftmost leaf of one of theresulting trees. The degree of ancestors of e may nowbe arbitrarily small, but we allow nodes to have smalldegrees, so no rebalancing (node fusion) is needed unlessthe level invariant is violated.One main property of the operations above is sum-marized in the following lemma.Lemma 11 Insert, delete, split, and merge operationscreate at most one new node (perform one node split)at each level in the forest.After performing one of the above operations the re-sulting trees are (1; b)-trees, but the level invariant maybe violated. If the level invariant is violated, we applythe following level rebuilding strategy: Let h be the low-est level for which the level invariant is violated (recallthat the leaves are on level 0). For each tree T rooted ata level greater than h we simply replace level h and thesubtree of T above level h with a new subtree in whichall nodes, except possibly for the root, have degree atleast b=2 and at most b.Note that before the level rebuilding there are 2Nh+1non-root nodes at level h with a total of at most 2Nh�1children, i.e., the average degree of the nodes at levelh is less than b3 . After the rebuilding, each non-rootnode has degree at least b=2 and the number of non-root nodes on level h is at most 2Nh�1=( b2 ) � 43Nh.The rebuilding step reduces the number of non-rootnodes at level h by increasing the average degree of thenodes at level h. In general, the number of non-rootnodes at level i � h in the resulting forest is at most2Nh�1=( b2 )i�h+1 � 43Ni. This means that �(Ni) nodesnow need to be created at level i � h before the levelinvariant can be violated for level i. Since each tree op-eration creates O(logbN) nodes (Lemma 11) and 
(Ni)nodes are rebuilt before the level invariant is violatedfor level i again, we obtain the following.Lemma 12 The operations insert, delete, split, andmerge each rebuild O(logbN) nodes in the amortizedsense.4.2 External-memory representationWe now sketch how to lay out level-balanced trees ondisk blocks and how to maintain parent pointers during



insert, delete, split, and merge operations. As men-tioned, the key property that allows us to maintain par-ent pointers I/O-e�ciently is that we allow each diskblock to store several nodes. When splitting a node wecan thus keep both resulting nodes in the same origi-nal block and avoid updating the parent pointers of thea�ected children.We represent each node v in a level-balanced B-treeby up to b + 1 constant-size records: One node recordand between 1 and b child records. For each level i,node records of all nodes at level i are stored in a se-quence of disk blocks such that each disk block contains�(B) records. All child records at level i are stored inanother sequence of blocks such that each disk blockcontains �(B) records and such that all child records ofa node are stored in the same block. (We require thatall records in a block are from the same level). Note thatthe node and the child records of a node v are stored indi�erent disk blocks.Each child record of a node v stores a pointer to thenode record of v and a pointer to the node record of achild node. The child records are kept in left-to-right or-der in a double linked list. The node record of v storesa pointer to the left-most child record of v, as well apointer to a child record of the parent of v (which storesa pointer to the node record of v). A pointer is repre-sented as a pair consisting of a disk block identi�er anda record o�set within the block (for example the pointer(27; 95) would point to record 95 in disk block number27). Note that because of the way records are stored inblocks, it is possible to update the parent pointer in thenode record of v without having to load the child recordsof v, which in turn means that all the parent pointers ofa level with X nodes can be updated in O(X=B) I/Os.This will be crucial when rebuilding a level.It is easy to realize that except for node splittingand level rebuilding, each operation as described in Sec-tion 4.1 can be performed in O(logbN) I/Os (the heightof the tree). Thus we only sketch how to split a nodeI/O-e�ciently and how to rebuild a level I/O-e�ciently.Details will appear in the full paper.Assume that 2b � B. A node can be split as follows:First the double linked list of child records are updatedto re
ect the split. Then a new node record is createdand the pointers between the node record and the childrecords are set up. Finally, we have to create a new childrecord at the parent. There are two cases to consider.If the disk block storing the child list of the parent hasspace left for an additional child record, we create thenew child record in the block. Otherwise, we �rst movebetween 14B and 34B of the child records to a new diskblock and update the a�ected pointers with O(B) I/Osbefore creating the new child record.Except for the creation of the new child record, asplit can be done in O(1) I/Os as only records in a

constant number of blocks are updated. It can be shownthat a new child record can be created with O(1) I/Osamortized.Lemma 13 A node in a level-balanced B-tree can besplit in O(1) I/Os amortized.The level i of the forest is rebuilt as follows: First, wevisit the level-i nodes of all trees rooted at level greaterthan i and generate a list of pointers to the children atlevel i�1, using O(Ni) I/Os. Using another O(Ni) I/Oswe then reconstruct the nodes at levels i; i + 1; : : : , aspreviously described, so that all new nodes have degreebetween b=2 and b and so that each disk block stores atmost B=2 records. Finally, we need to update the parentpointers of the node records at level i � 1. In order todo so we �rst scan the child records of level-i nodes. Foreach child record r visited, we construct the pair (p; q),where p is the pointer (to the node record at level i�1)stored at r, and q is the pointer to r itself. We then sortthese pairs using p as the key, in O(Ni�1B logM=B Ni�1B )I/Os; let L be the sorted list. Finally, we scan L and thesequence of node records at level i � 1 simultaneously,and for each pair (p; e) 2 L, we set the parent pointer inthe node record p at level i� 1 to e. This step requiresO(Ni�1=B) I/Os. The total number of I/Os used torebuild level i is O(Ni + Ni�1B logM=B Ni�1B + Ni�1B ) =O(Ni(1 + bB logM=B NiB )).Lemma 14 Level i of a forest of level-balanced B-treescan be rebuilt in O(Ni(1 + bB logM=B NB ) I/Os.Since tree operations create at most one node at eachof the O(logbN) levels (Lemma 11), level i is only re-built once every 
(Ni) tree operations. Thus the amor-tized cost of rebuilding level i is O(1 + bB logM=B NiB )I/Os per tree operation. The number of I/Os chargedto each tree operation for rebuilding steps is thusO((1 + bB logM=B NB ) logbN). Since all other steps re-quire O(logbN) I/Os, we obtain the following.Theorem 5 A set of N elements can be stored in a for-est of level-balanced B-tree using O(N=B) blocks, suchthat insert, delete, split, merge operations can be per-formed in O((1 + bB logM=B NB ) logbN) I/Os amortized,2 � b � B=2, while maintaining parent pointers.Choosing b = BlogB and using the fact bB logM=B NB =logM=B NBlogB � logB N , we obtain the following.Corollary 1 A set of N elements can be stored in a for-est of level-balanced B-tree using O(N=B) blocks, suchthat insert, delete, split, merge operations can be per-formed in O(log2B N) I/Os amortized while maintainingparent pointers.
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