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1 Introdu
tionThe evolutionary relationship for a set of spe
ies is 
ommonly des
ribed by anevolutionary tree, where the leaves 
orrespond to the spe
ies, the root 
orre-sponds to the most re
ent 
ommon an
estor for the spe
ies, and the internalnodes 
orrespond to the points in time where the evolution has diverged in dif-ferent dire
tions. The evolutionary history for a set of spe
ies is rarely known,hen
e estimating the true evolutionary tree for a set of spe
ies from obtainableinformation about the spe
ies is of great interest. Estimating the true evolu-tionary tree 
omputationally requires a model des
ribing how to use availableinformation about spe
ies to estimate aspe
ts of the true evolutionary tree.Given a model, the problem of estimating the true evolutionary tree is oftenreferred to as 
onstru
ting the evolutionary tree in that model.In this paper we study the problem of 
onstru
ting evolutionary trees inthe experiment model proposed by Kannan, Lawler and Warnow in [16℄. Inthis model the information about the spe
ies is obtained by experiments whi
h
an yield the evolutionary tree for any triplet of spe
ies, 
f. Figure 1. Theproblem of 
onstru
ting an evolutionary tree for a set of n spe
ies in the ex-periment model is to 
onstru
t a rooted tree with no unary internal nodes and
n leaves labeled with the spe
ies su
h that the topology of the 
onstru
tedtree is 
onsistent with all possible experiments involving the spe
ies. Hen
e,the topology of the 
onstru
ted tree should be su
h that the indu
ed tree forany three spe
ies is equal to the tree returned by an experiment on those threespe
ies.The relevan
e of the experiment model depends on the possibility of per-forming experiments. A standard way to express phylogeneti
 informationis by a distan
e matrix. A distan
e matrix for a set of spe
ies is a matrixwhere entry Mij represents the evolutionary distan
e between spe
ies i and j,measured by some biologi
al method (see [16℄ for further details). For threespe
ies a, b and c where Mab < min{Mac,Mbc} it is natural to 
on
lude thatthe least 
ommon an
estor of a and b is below the least 
ommon an
estor of aand c, i.e. the out
ome of an experiment on a, b and c 
an be de
ided byinspe
ting Mab, Mac and Mbc. The 
onsisten
y of experiments performed byinspe
ting a distan
e matrix depends entirely on the distan
e matrix. Kan-nan et al. in [16℄ de�ne a distan
e matrix as noisy-ultrametri
 if there existsa rooted evolutionary tree su
h that for all triplets of spe
ies a, b and c itholds that Mab < min{Mac,Mbc} if and only if the least 
ommon an
estor of aand b is below the least 
ommon an
estor of a and c in the rooted evolutionarytree. Hen
e, if a noisy-ultrametri
 distan
e matrix for the set of spe
ies 
anbe obtained, it 
an be used to perform experiments 
onsistently. Another andmore dire
t method for performing experiments is DNA-DNA hybridization asdes
ribed by Sibley and Ahlquist in [23℄. In this experimental te
hnique one2



measures the temperature at whi
h single stranded DNA from two di�erentspe
ies bind together. The binding temperature is 
orrelated to the evolution-ary distan
e, i.e. by measuring the binding temperatures between DNA strandsfrom three spe
ies one 
an de
ide the out
ome of the experiment by de
idingwhi
h pair of the three spe
ies bind together at the highest temperature.Kannan et al. introdu
e and study the experiment model in [16℄ underthe assumption that experiments are �awless in the sense that they do not
ontradi
t ea
h other, i.e. it is always possible to 
onstru
t an evolutionarytree for a set of spe
ies that is 
onsistent with all possible experiments in-volving the spe
ies. They present algorithms for 
onstru
ting evolutionarytrees with bounded as well as unbounded degree, where the degree of a treeis the maximum number of 
hildren for an internal node. For 
onstru
tingbinary evolutionary trees they present three di�erent algorithms with runningtimes O(n log n), O(n log2 n) and O(n2) respe
tively, using 4n log n, n log3/2 nand n log n experiments respe
tively, where log n denotes log2 n. For 
on-stru
ting an evolutionary tree of degree d they present an algorithm withrunning time O(n2) using O(dn log n) experiments. Finally, for the general
ase they present an algorithm with running time O(n2) using O(n2) experi-ments together with a mat
hing lower bound. Kao, Lingas, and Östlin in [17℄present a randomized algorithm for 
onstru
ting evolutionary trees of degree dwith expe
ted running time O(nd log n log log n). They also prove a lowerbound Ω(n log n + nd) on the number of experiments. The best algorithm sofar for 
onstru
ting evolutionary trees of degree d is due to Lingas, Olsson, andÖstlin, who in [19℄ present an algorithm with running time O(nd log n) usingthe same number of experiments.In this paper we present the �rst tight upper and lower bounds for the prob-lem of 
onstru
ting evolutionary trees of degree d in the experiment model.We present an algorithm whi
h 
onstru
ts an evolutionary tree for n spe
iesin time O(nd logd n) using at most n⌈d/2⌉(log2⌈d/2⌉−1 n + O(1)) experimentsfor d > 2, and at most n(log n + O(1)) experiments for d = 2, where d is thedegree of the 
onstru
ted tree. The algorithm is a further development of analgorithm from [19℄. Our 
onstru
tion improves the previous best upper boundby a fa
tor Θ(log d). For d = 2 the previously best algorithm with runningtime O(n log n) had a bound of 4n log n on the number of experiments. Theimproved 
onstant fa
tors on the number of experiments are important be-
ause experiments are likely to be expensive in pra
ti
e, 
f. Kannan et al. [16℄.By an expli
it adversary argument, we show an Ω(nd logd n) lower bound,mat
hing our upper bounds and improving the previous best lower bound bya fa
tor Θ(logd n).Our algorithm also supports the insertion of new spe
ies with a runningtime of O(md logd(n + m)) using at most m⌈d/2⌉(log2⌈d/2⌉−1(n + m) + O(1))experiments for d > 2, and at most m(log(n + m) + O(1)) experiments for3



d = 2, where n is the number of spe
ies in the tree to begin with, m is thenumber of insertions, and d is the maximum degree of the tree during thesequen
e of insertions.Central to our algorithm is the 
onstru
tion and maintenan
e of separatortrees of small height. We refer the reader to Se
tion 2 for a detailed de�nition.The spe
ial 
lass of separator trees we in Se
tion 2 denote 1/2-separator trees
an also be denoted 
entroid trees, sin
e the separating nodes are then 
en-troids. A 
entroid of a tree is a node whose removal dis
onne
ts the tree into
omponents ea
h 
ontaining at most half of the nodes in the tree. Jordan's
lassi
al result establishes that any tree has either one or two 
entroid [15, 14℄.Goldman [12℄ and Megiddo et al. [21℄ showed how to 
ompute a 
entroid ofa tree in O(n) time. Re
ursively lo
ating 
entroids for ea
h resulting 
ompo-nent gives a 
entroid tree. By re
ursive appli
ations of the algorithms from[12, 21℄ it follows that a 
entroid tree 
an be 
onstru
ted in time O(n log n)(see Lemma 1 for further details). In Se
tion 2, Lemma 2, we present an al-gorithm for 
onstru
ting 
entroid trees, i.e. 1/2-separator trees, with optimalrunning time O(n). S
hwarz, Smid and Snoeyink [22℄ des
ribe how to 
ompute1/2-separator trees (in [22℄ denoted 1/2-de
omposition trees) for the 
ase ofbinary trees in time O(n), by modifying the algorithm of Guibas, Hershberger,Leven, Sharir and Tarjan [13℄ for 
omputing 
entroid de
ompositions (in [13℄,
entroid refers to a 
entroid edge in a binary tree).In general, separator trees are a relaxation of 
entroid trees where the
omponents resulting from deleting a node are not required to 
ontain at mosthalf of the nodes. S
hwarz et al. [22℄ showed how to maintain 3/4-separatortrees in amortized time O(log n) per insertion for the 
ase of binary trees.The height of a 3/4-separator tree is bounded by log4/3 n. In Se
tion 2 weshow how to maintain separator trees in amortized logarithmi
 time under theinsertion of new nodes, su
h that the height of the separator tree is bounded by
log n+O(1). Our main result for the dynami
 
ase is summarized in Theorem 2.Inequality (1) is the essential bound required in the analysis of the number ofexperiments performed in our appli
ation to evolutionary trees.The basi
 idea of transforming a tree into a new tree with logarithmi
height is a fundamental approa
h used in many algorithms. For designing dy-nami
 algorithms on trees several other general tree transformation te
hniquesexist: Frederi
kson's topology trees [10, 11℄, Sleator and Tarjan's dynami
trees [24℄, and Alstrup et al.'s top trees [1, 2℄. One appli
ation of su
h a treetransformation is in Cohen and Tamassia's algorithm for dynami
 expressiontree evaluation [7℄. For parallel algorithms on trees related te
hniques exist,e.g. the 
entroid de
omposition te
hnique of Megiddo [20℄ and the a

elerated
entroid de
omposition te
hnique of Cole and Vishkin [8℄ (in [8, 20℄, 
entroidrefers to the 
entroid paths in a tree).The rest of this paper is organized as follows. In Se
tion 2 we de�ne4
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omes of an experiment for three spe
ies a, band c.separator trees and des
ribe how to 
onstru
t and e�
iently maintain separatortrees of small height. In Se
tion 3 we present our algorithm for 
onstru
tingand maintaining evolutionary trees. In Se
tion 4 and 5 the lower bound isproved using an expli
it adversary argument. The adversary strategy used isan extension of an adversary used by Borodin, Guibas, Lyn
h, and Yao [5℄for proving a trade-o� between the prepro
essing time of a set of elementsand membership queries, and Brodal, Chaudhuri, and Radhakrishnan [6℄ forproving a trade-o� between the update time of a set of elements and the timefor reporting the minimum of the set.2 Separator TreesIn this se
tion we de�ne separator trees and present e�
ient algorithms fortheir 
onstru
ting and maintenan
e.De�nition 1 Let T be an unrooted tree with n nodes. A separator tree STfor T is a rooted tree on the same set of nodes, de�ned re
ursively as follows:The root of ST is a node u in T , 
alled the separator node. The removal of ufrom T dis
onne
ts T into disjoint trees T1, . . . , Tk, where k is the number ofedges in
ident to u in T . The 
hildren of u in ST are the roots of separatortrees for T1, . . . , Tk.Clearly, there are many possible separator trees ST for a given tree T . Anexample is shown in Figure 2.For later use, we note the following fa
ts for separator trees:Fa
t 1 Let ST be a separator tree for T , and let v be a node in T . If Svdenotes the subtree of ST rooted at v, then:1. The subgraph Tv indu
ed by the nodes in Sv is a tree, and Sv is a separatortree for Tv.2. For any edge from T with exa
tly one endpoint in Tv, the other endpointis an an
estor of v in ST , and ea
h an
estor of v 
an be the endpoint ofat most one su
h edge. 5
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h iFigure 2: A tree T (left) and a separator tree ST for T (right).The main point of a separator tree ST is that it may be balan
ed, evenwhen the underlying tree T is not balan
ed for any 
hoi
e of root. The notionof balan
ed separator trees is 
ontained in the following de�nition, where thesize |T | of a tree T denotes the number of nodes in T , and where Ti refers tothe trees T1, . . . , Tk from De�nition 1.De�nition 2 A separator tree is a t-separator tree, for a threshold t ∈ [1/2, 1],if |Ti| ≤ t|T | for ea
h Ti and the separator tree for ea
h Ti is also a t-separatortree.Note that a t-separator tree is also a t′-separator tree for all t′ ≥ t. InSe
tion 2.1 we �rst show how to 
onstru
t 1/2-separator trees in linear time.Su
h a tree has height at most ⌊log n⌋. We then in Se
tion 2.2 
onsider dynami
separator trees and show how to maintain separators trees with small height inlogarithmi
 time per insertion. A simple algorithm yields height O(log n) anda more involved algorithm improves the height bound to log n+O(1). Finally,we in Se
tion 2.3 show how to extend the algorithms with a spe
i�
 ordering ofthe 
hildren fa
ilitating the use in Se
tion 3 of separator trees for the e�
ient
onstru
tion and maintenan
e of evolutionary trees in the experiment model.2.1 Constru
ting Separator TreesIn Lemma 1 below we �rst give a simple algorithm for 
onstru
ting 1/2-separator trees in time O(n log n). In Lemma 2 we then improve the runningtime of the algorithm to O(n) by adopting additional data stru
tures.We need the following de�nitions for our algorithms. For a node v in arooted tree T , we de�ne the size of v, denoted |v|, to be the number of nodesin the subtree rooted at v. We let the heavy-
hild of a node be a 
hild ofmaximum size, where ties are broken arbitrarily. The edges to the heavy-
hildren de�ne a de
omposition of T into disjoint heavy-paths. All nodes on aheavy-path, ex
ept the �rst node, are heavy-
hildren, and the last node is aleaf. 6



Lemma 1 Given a tree T with n nodes, a 1/2-separator tree for T 
an be
onstru
ted in time O(n log n).Proof. We �rst make T a rooted tree by letting an arbitrary node of T be theroot. For all nodes v in T we 
ompute |v| and identify the heavy-paths in Tin one traversal of T in time O(n). We identify the root of the 1/2-separatortree ST as follows: We start at the root r of T and follow the heavy-pathfrom r to the lowest node u where |u| ≥ n/2 (possibly u = r), i.e. |v| < n/2for all 
hildren v of u. The node u be
omes the root of ST . By removing ufrom T , the tree T splits into disjoint trees T1, . . . , Tk, where ea
h tree Ti hassize ni ≤ n/2, sin
e the tree Tj 
ontaining the parent of u has size at most
n − |u| ≤ n/2. We re
ursively 
ompute 1/2-separator trees for ea
h Ti. Theroot of ea
h re
ursively 
onstru
ted 1/2-separator tree be
omes a 
hild of uin ST .Lo
ating u takes time O(n) sin
e the heavy-path starting at the root of T
ontains at most n nodes. This implies that the 
onstru
tion time is boundedby T (n), where T (n) is given by the re
urren
e

T (n) ≤ cn +
k

∑

i=1

T (ni) ,for some positive 
onstant c, where ∑k
i=1 ni = n − 1 and ni ≤ n/2 for all

i = 1, . . . , k. By indu
tion it follows that T (n) ≤ cn(log n + 1). 2The algorithm of Lemma 1 re
omputes the sizes of all nodes and the heavy-paths for ea
h re
ursive 
all. Furthermore it does not exploit that the sizesalong a heavy-path is monotoni
ally de
reasing when sear
hing for the rootof the separator tree. The following lemma shows how to exploit these twoobservations to redu
e the 
onstru
tion time to O(n).Lemma 2 Given a tree T with n nodes, a 1/2-separator tree for T 
an be
onstru
ted in time O(n).Proof. The basi
 algorithm is identi
al to the algorithm des
ribed in theproof of Lemma 1. To improve the sear
h for separator nodes we keep tra
kof the heavy-paths as balan
ed sear
h trees. Ea
h heavy-path is stored in asear
h tree where the elements are the nodes on the heavy-path and the keysare the sizes of the nodes. The sear
h trees should support the operations:key, join, split, su

essor, and addpath
ost. Given a pointer to an element, keyreturns the key of the element. The operation join 
on
atenates two sear
htrees, provided that the keys in one sear
h tree are all smaller than the keys inthe other sear
h tree, and split splits a sear
h tree at a parti
ular element. Theoperation addpath
ost adds the same value to all keys in a sear
h trees. Given7
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T2 TkFigure 3: The separator node u on the heavy-path R = Rtop ∪ {u}∪Rbot , andthe nodes w1, . . . , wℓ where to update the left-to-right order of the 
hildren.a key, su

essor �nds the element with the smallest key larger than, or equal to,the given key. As des
ribed by Tarjan [25, Chapter 5℄, all these operations 
anbe supported in time O(log n), where n is the number of elements in the sear
htree. Given a sorted list, the 
orresponding sear
h tree 
an be 
onstru
ted inlinear time.Initially, we make T rooted, 
ompute |v| for all nodes v in T , identifyheavy-paths in T , and 
onstru
t a sear
h tree for ea
h heavy path. In totalthis takes time O(n). At ea
h node whi
h is the head of a heavy-path, westore a link to the sear
h tree storing the heavy-path starting at that node.For ea
h node we store a link to a priority queue whi
h stores the 
hildrenof the node, ex
ept the heavy-
hild, with priorities equal to their sizes. Thepriority queues should support insertion of an element with arbitrary priorityand deletion of the element with maximum priority in logarithmi
 time, and
onstru
tion of a queue in linear time, as e.g. binary heaps [9, 26℄ do. Thetotal time for 
onstru
ting the initial priority queues at the nodes is O(n).We �nd the root of the 1/2-separator tree ST using the sear
h tree R storingthe heavy-path starting at the root r of T . We �rst observe that |r| is themaximal key in R, whi
h 
an be found in time O(log n) by the operation key.To �nd the root of ST we perform the query su

essor(|r|/2) on R, whi
h by
onstru
tion lo
ates a node u in T where |u| ≥ |r|/2 and all 
hildren v of uhave |v| < |r|/2, i.e. u is a valid node for the root of ST . Removing u from Tsplits T into disjoint trees T1, . . . , Tk, where ea
h subtree Ti has size ni ≤ n/2.See Figure 3. We re
ursively 
ompute a 1/2-separator tree for ea
h Ti. The rootof ea
h 
onstru
ted 1/2-separator tree be
omes a 
hild of u in the separatortree ST . 8



To avoid re
omputing the heavy-paths for ea
h of the re
ursive 
alls weupdate the already 
omputed heavy-paths, and 
orresponding sear
h trees, asdes
ribed below in time O(log2 n). This implies that the total 
onstru
tiontime is bounded by O(n + T (n)), where
T (n) ≤ c(1 + ⌊log n⌋2) +

k
∑

i=1

T (ni) ,for some positive 
onstant c, where ∑k
i=1 ni = n − 1 and ni ≤ n/2 for all

i = 1, . . . , k. By indu
tion it follows that T (n) ≤ cn + cn
∑⌊log n⌋

i=0 i2/2i ≤ 7cn,sin
e ∑∞
i=0 i2/2i = 6. We 
on
lude that the total 
onstru
tion time is O(n).To update the heavy-paths, we start by splitting the sear
h tree R 
on-taining u into three parts, Rtop , u, and Rbot , where Rtop stores the part of theheavy-path above u, and Rbot stores the part of the heavy-path below u. SeeFigure 3. This 
an be done in time O(log n) by applying the split operationtwi
e. By adding a link from the heavy 
hild of u in T , i.e. the node in Rbotwith maximum key, to the sear
h tree Rbot , it follows that for all the Ti treesthat were rooted at the 
hildren of u the heavy-paths are 
orre
tly stored assear
h trees.What remains is to update the sear
h trees storing the heavy-paths in thetree Tj that 
ontains the parent of u from T , i.e. the part of T above u. Firstwe update the keys (i.e. sizes) of all nodes in Rtop by subtra
ting the size of thesubtree of T that was rooted at u, i.e. the key of u. This takes time O(log n) bythe addpath
ost operation, and ensures that the keys of all nodes in Tj equaltheir new sizes. What remains is to reorder the sear
h trees for the pathsin Tj su
h that they represent the heavy-paths in Tj, i.e. to identify the newheavy-
hildren of the nodes in Rtop.We de�ne nodes w1, w2, . . . , wℓ as follows. Let w1 be the parent of u in T ,and wi+1 the an
estor of wi in Rtop determined by su

essor(2 |wi|), where

|wi| = key(wi). See Figure 3. Sin
e |wi+1| ≥ 2 |wi| and |Tj | ≤ n/2, it followsthat |wi| ≥ 2i−1 and ℓ ≤ log n. We now argue that w1, . . . , wℓ are the onlynodes in Rtop where the 
hild also in Rtop is no longer a heavy-
hild. Considera node z in Rtop between wi and wi+1. Sin
e |wi| < |z| < 2 |wi|, it follows thatthe 
hild of z in Rtop is still the heavy 
hild of z in Tj sin
e it has at least size
|wi| > |z|/2, i.e. the 
hildren of z are 
orre
tly pla
ed.Now 
onsider wi. Let x be the heaviest 
hild of wi in T and let Q be thepriority queue storing the remaining 
hildren of wi. If Q is empty no updatesare ne
essary at wi. Otherwise let y be the 
hild of wi with maximum key in Q,i.e. the se
ond heaviest 
hild of wi in T . If i = 1, then x = u and y be
omesthe new heavy 
hild of w1. We delete the maximum element y from Q; join
Rtop with the sear
h tree storing the heavy-path starting in y; and let Rtop bethe resulting sear
h tree. We 
ontinue re
ursively updating Rtop at wi+1.9



Otherwise i ≥ 2. If |x| ≥ |y| in Tj , i.e. if |x| is larger than or equal to thekey of y in Q, then x is also the heavy-
hild of wi in Tj . Otherwise, x is not theheavy-
hild of wi in Tj, and we must update the heavy-paths a

ordingly. First,we split Rtop between x and wi, this results in two sear
h trees R′
top, storing thenodes on the path from the root to wi, and R′′

top , storing the heavy-path whi
hstarts at x. We then delete the maximum element y from Q; insert x into Q;and let x have a pointer to R′′
top . The node y is the new heavy-
hild of wi.We join R′

top with the sear
h tree storing the heavy-path starting at y, andlet Rtop be the resulting sear
h tree. We 
ontinue re
ursively updating Rtopat wi+1.It takes time O(log n) to �nd ea
h wi, and at ea
h wi we use time O(log n)to update the heavy 
hild information. Sin
e ℓ ≤ log n, the total time forreestablishing the heavy-paths is O(log2 n), whi
h 
on
ludes the proof. 22.2 Maintaining Separator TreesIn this se
tion, we �rst dis
uss how to insert new nodes into a tree T and its
orresponding separator tree ST , and then present methods for maintainingbalan
e and height in a separator tree ST during su
h insertions.We allow two types of node insertions in T : Type 1, whi
h is the additionof a new leaf node 
onne
ted to an existing node in T by a new edge, andType 2, whi
h is the addition of a new node by breaking an existing edge intotwo edges. Figure 4 shows a tree before and after one addition of ea
h type,with new nodes in bold.
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hFigure 4: Insertions into a tree T .In the separator tree ST for T , we for a Type 1 insertion insert the newnode as a 
hild of the single node in T to whi
h it is 
onne
ted, and for aType 2 insertion we insert the new node as a 
hild of the deepest node in STamong the two nodes in T to whi
h it is 
onne
ted. The two nodes are on thesame root to leaf path follows from 2. in Fa
t 1 The resulting tree is easily seento be a separator tree for the updated tree T . Figure 5 shows the insertionsinto ST 
orresponding to the insertions into T shown in Figure 4.The methods we now present for maintaining balan
e and height in sepa-rator trees during insertions of new nodes are based on rebuilding of subtrees,and are inspired by methods of Andersson and Lai des
ribed in [3, 4℄ for main-10
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orresponding to Figure 4.taining small height in binary sear
h trees. We �rst show how the linear time
onstru
tion algorithm for 1/2-separator trees from Lemma 2 leads to a sim-ple algorithm for keeping separator trees well balan
ed. The height bounda
hieved by this algorithm is O(log n), using O(log n) amortized time per up-date. We then use a two-layered stru
ture to improve the height bound to
log n+O(1) without sa
ri�
ing the time bound. The improved 
onstant fa
torin the height bound is signi�
ant for our use of separator trees for maintainingevolutionary trees in the experiment model, sin
e the number of experimentsfor an insertion of a new spe
ies will turn out to be proportional to the heightof the separator tree. Furthermore, this height bound is within an additive
onstant of the best bound possible, as trees exist where any separator treemust have height at least ⌊log n⌋, e.g. a tree whi
h is a single path.Statements about amortized 
omplexity for data stru
tures normally as-sume an initially empty stru
ture�this is a spe
ial 
ase of the statementsbelow.Lemma 3 For any 0 < ε < 1/4, a (1/2 + ε)-separator tree 
an be maintainedin amortized time O((log n)/ε) per insertion, provided that the initial tree is a1/2-separator tree.Proof. We let ea
h node v in the separator tree store the size |v| of its subtree(its number of des
endants in the separator tree, in
luding v itself), as well asits depth (the number of edges on the path to the root in the separator tree).During insertions, we update this information along the path to the root,and 
he
k for violations of the threshold. If any violating nodes are found, werebuild the subtree rooted at the highest node v among these, using Lemma 2,and then restore the size and depth information by a traversal of the rebuiltsubtree. Let u denote the largest 
hild of v just before the rebuild. We have
|u| > (1/2 + ε)|v|. Immediately after the last time we did a rebuild involv-ing v, either u was not present, or we had |u|then ≤ |v|then/ 2 ≤ |v|now/ 2. As
|u|now > (1/2 + ε)|v|now, at least ε|v|now insertions have taken pla
e below vsin
e then. Charging these insertions O(1/ε) ea
h will 
over the O(|v|now)
ost for rebuilding the subtree of v and restoring the information at the nodes.11



Thus, if an insertion is 
harged O(1/ε) for ea
h node on the path from the newnode to the root, the 
ost of all rebuildings are 
overed. Sin
e the height ofthe separator tree is at most log1/(1/2+ε) n, whi
h is O(log n) by ε < 1/4, thestated time bound follows. 2Lemma 4 A (

1
2 + 1

3⌈log n⌉

)-separator tree 
an be maintained with a heightbound of ⌈log n⌉ in amortized time O(log2 n) per insertion, provided that theinitial tree is a 1/2-separator tree.Proof. In the method of Lemma 3, we maintain ε = 1
3⌈log N⌉ , where N denotesa power of two larger than or equal to n. Initially N = 2⌈log n⌉+1, i.e. thesmallest power of two larger than or equal to 2n. Whenever n ex
eeds N , wedouble N , whi
h 
auses ε to 
hange, and we rebuild the entire separator tree asa new 1/2-separator tree by applying the algorithm of Lemma 2. Note that nmust at least be doubled before the �rst rebuild 
an o

ur and between tworebuilds, i.e. we 
an 
harge the pre
eding insertions the 
ost of a rebuldingFor a separator tree with threshold t, the size of a subtree rooted at depth iis at most n · ti. Using the standard inequality (1 + x/y)y ≤ ex, we have

n

(

1

2
+

1

3⌈log N⌉

)⌈log n⌉

≤ n
1

2⌈log n⌉

(

1 +
2

3⌈log n⌉

)⌈log n⌉

≤ e2/3 < 2 ,i.e. a subtree rooted at depth ⌈log n⌉ must be a single node. It follows thatthe height of a separator tree is at most ⌈log n⌉.By Lemma 3 the amortized time for insertions is O((log n)/ε) = O(log2 n),as the amortized 
ost of the global rebuildings isO(1) per insertion by Lemma 2.
2In the next theorem, we redu
e the amortized time bound to O(log n).Theorem 1 Let T be an unrooted tree initially 
ontaining n nodes. After O(n)time prepro
essing, a separator tree for T with a height bound of log(n+m)+5
an be maintained during m insertions in time O(m log(n + m)).Proof. We use a two-layered rebalan
ing me
hanism to redu
e the time boundfrom Lemma 4 by a fa
tor of Θ(log n). The top rebalan
ing s
heme will workon a sample U of the nodes of the underlying tree T . If the nodes in U andall the edges with whi
h they are in
ident are removed from T , it will breakinto a set of 
onne
ted 
omponents. We denote these the 
omponents indu
edby U .We maintain the following invariants on U , where ∆ is a multiple of fourwithin Θ(log n).1. Ea
h 
omponent indu
ed by U 
ontains less than ∆ nodes.12



2. Ea
h 
omponent indu
ed by U is 
onne
ted to at most two nodes from U .We view U as a graph by letting two nodes in U be 
onne
ted by an edge ifthey in T are 
onne
ted to the same indu
ed 
omponent, or if they are alreadyneighbors in T . By Invariant 2, ea
h 
omponent is 
onne
ted to either one ortwo nodes in U (unless U is empty, in whi
h 
ase T itself is a single 
omponent).The 
omponents 
onne
ted to only one node in U we denote leaf 
omponents.The 
omponents 
onne
ted to two nodes in U may be asso
iated with the
orresponding edge in U , and we denote these edge 
omponents. Assigning anempty edge 
omponent to edges in T whi
h 
onne
t two nodes in U , we obtaina one-to-one 
orresponden
e between the edges of U and the edge 
omponents.Using this, it is easy to see that sin
e T is a tree, U is also a tree.The separator tree for T will be a separator tree for U where separator treesfor the indu
ed 
omponents are atta
hed as extra 
hildren of the nodes. Theseparator tree for a leaf 
omponent is atta
hed as a 
hild of the single node in
U to whi
h it is 
onne
ted in T . The separator tree for an edge 
omponentis atta
hed as a 
hild of the node of largest depth in the separator tree for U ,among the two nodes in U to whi
h it is 
onne
ted in T .We remark that this 
ombined stru
ture really does 
onstitute a separatortree for T : removing the root r of the stru
ture (i.e. the root of the separatortree for U) from T breaks T into pie
es, of whi
h the pie
es 
ontaining nonodes from U exa
tly are the leaf 
omponents atta
hed as 
hildren of r, andthe pie
es 
ontaining nodes from U are in one-to-one 
orresponden
e with thepie
es of U left when removing r from U . Continuing re
ursively proves theremark true.We now dis
uss how to update the separator tree for T after an insertioninto T . For a Type 1 insertion, the existing node to whi
h the new node is
onne
ted may belong to U . In this 
ase, the new node will form a new leaf
omponent of size one, whi
h is added to the stru
ture. For all other insertions,an existing (but possibly empty) leaf or edge 
omponent C will grow by exa
tlyone node. After inserting into C, the 
omponent is rebuilt to threshold 1/2 bythe algorithm from Lemma 2. If the number of nodes in C has rea
hed ∆ dueto the insertion, it is now split into 
omponents of size at most ∆/2 by addingthe root v of the separator tree for C to the sample U . For edge 
omponents,one of the new 
omponents formed by the split may be 
onne
ted to threenodes in U . Spe
i�
ally, this happens if and only if v is not lo
ated on theunique path in T between the two nodes u1, u2 ∈ U to whi
h C is 
onne
ted.To maintain Invariant 2, we also add to U the node w lo
ated where the pathsfrom v to u1 and from v to u2 separate. In total, this splits the violating
omponent into three or more 
omponents ea
h being 
onne
ted to at mosttwo nodes in U , reestablishing the invariant.We build a 1/2-separator tree for ea
h of the 
omponents whi
h arise bythe in
lusion of w in U , let these 
omponents be 
hildren of w, and let w be13



the single 
hild of v in the separator tree for U .The addition of v and w into U 
onstitutes two insertions into the separatortree for U , below the node of whi
h C was a 
hild. To maintain balan
e in theseparator tree for U after these insertions, we use the rebalan
ing s
heme fromLemma 4.After a rebuild of a subtree S in the separator tree for U during su
hrebalan
ing, the depth of ea
h node in S may have 
hanged. As said, an edge
omponent in the separator tree for T should be a 
hild of the node of largestdepth in the separator tree for U , among the two nodes in U to whi
h it is
onne
ted (these nodes are an
estors of ea
h other in the separator tree for U ,as follows from Fa
t 1). Therefore, for edge 
omponents 
onne
ted to at leastone node in S we must after the rebuild 
he
k the updated depth informationof these nodes, and 
hange parent of the 
omponent if ne
essary. This is doneby a traversal of S during whi
h we inspe
t all edge 
omponents 
onne
ted tonodes in it. By the one-to-one 
orresponden
e between edge 
omponents andedges of U , the number of 
omponents to inspe
t is equal to the number ofedges in U with at least one endpoint in S. By Fa
t 1, this number is boundedby |S|− 1 plus the depth of the root of S in the separator tree for U . Thus, bythe height bound in Lemma 4, inspe
tion of edge 
omponents will only add anadditive logarithmi
 term to the rebalan
ing 
ost for the separator tree for U ,whi
h therefore remains amortized O(log2 |U |).To maintain the value of ∆, we rebuild the entire stru
ture whenever n hasdoubled, setting ∆ to 4⌈(log n)/4⌉. We now dis
uss how to perform su
h aglobal rebuilding in O(n) time. The same algorithm is also used as prepro
ess-ing to 
onstru
t the separator tree for the initial tree T . Thus, prepro
essingtakes O(n) time.To 
onstru
t the separator tree for some existing tree τ , we �rst generatethe sample U and its indu
ed 
omponents. We then use the algorithm fromLemma 2 to 
onstru
t a separator tree for U and for ea
h 
omponent. Finally,we atta
h ea
h leaf 
omponent to the single node from U to whi
h it is 
on-ne
ted, and atta
h ea
h edge 
omponent as a 
hild of the lowest of the twonodes in U to whi
h it is 
onne
ted. In the 
ase of the prepro
essing, we willneed the generated U to ful�ll Invariant 1 with a value of ∆/2 instead of ∆ inorder to obtain the stated time bound for the �rst n insertions. We use thisvalue in the des
ription here.The sample U is generated by a traversal of τ using e.g. a depth �rstsear
h, during whi
h we maintain a sample and its indu
ed 
omponents forthe part of τ traversed so far. The algorithm for this is similar to the insertionpro
edure des
ribed above, ex
ept that no separator trees are maintained forneither U nor the edge and leaf 
omponents. Spe
i�
ally, when a new node vis en
ountered during the traversal, we 
onsider the node w from whi
h it wasrea
hed. If w is in U , we start a new 
omponent. If not, v is added to the14




omponent of w. If the number of nodes in a 
omponent rea
hes ∆/2, we splitit into 
omponents 
ontaining at most ∆/4 nodes ea
h by adding one of itsnodes to U . To lo
ate this node, we use the method des
ribed in the �rst linesof the proof of Lemma 1. If ne
essary, we also split one of the new 
omponentsto maintain Invariant 2.When a 
omponent over�ows, at least ∆/4 nodes have been inserted into itsin
e it was 
reated by a 
omponent split or by the start of a new 
omponent.Hen
e, at most 4n/∆ over�ows 
an o

ur during the generation of U . As ea
hover�ow 
an be handled in time O(∆), the generation of U 
an be performedin time O(n). By the time bound from Lemma 2, the entire separator treefor τ 
an be 
onstru
ted in O(n) time. This 
on
ludes our des
ription of theglobal rebuilding of the stru
ture.We now analyze the time for m insertions in the separator tree. Clearly, weonly need to 
onsider the 
ase m < n, as the rebalan
ing s
heme is reset by aglobal rebuild ea
h time n has doubled, and as ea
h su
h rebuild ex
ept the ini-tial 
onstru
tion amounts to O(1) amortized work per insertion. The insertioninto an indu
ed 
omponent and the rebuilding of its separator tree by Lemma 2takes O(∆) = O(log n) time, in
luding any splitting of the 
omponent due toover�ow. Ea
h over�owing 
omponent gives rise to at most two insertions intothe separator tree for U . When a 
omponent is 
reated by a 
omponent splitor by the start of a new 
omponent, it 
ontains at most ∆/2 nodes. The sizeof the 
omponents after the 
onstru
tion of the initial separator tree is alsobounded by ∆/2. Hen
e, after m insertions, at most 2m/∆ over�ows of 
om-ponents 
an have o

urred. Ea
h over�ow gives rise to at most two insertionsinto the separator tree for U , ea
h of whi
h 
osts O(log2 |U |) = O(log2 n).The total 
ost of these insertions is then O((m log2 n)/∆) = O(m log n). Thestated time bound follows.To prove the stated height bound, note that in the initial tree, U 
ontainsat most 8n/∆ nodes. At most 2m/∆ over�ows of 
omponents have o

urredduring insertions, ea
h of whi
h inserts at most two more nodes into U . Hen
e,the size of U is bounded by 8(n + m)/∆. By Lemma 4, the height of theseparator tree for U is most log(8(n + m)/∆) + 1 = log(n + m) + 4 − log ∆.By Invariant 1, the height of the separator trees for the indu
ed 
omponentsis at most log ∆, as these are 1/2-separator trees. Adding one to the height toa

ount for the edges 
onne
ting the root of the separator trees for 
omponentsto nodes in the separator tree for U gives the stated height bound. 22.3 Ordered Separator TreesWe now extend the separator trees maintained by the algorithm from Theo-rem 1 with a spe
i�
 ordering of the 
hildren, fa
ilitating our use of separatortrees in Se
tion 3 for �nding insertion points for new spe
ies in evolutionary15



trees. The basi
 idea is to speed up the sear
h in the separator tree by 
onsid-ering the 
hildren of the nodes in de
reasing size-order. This ensures a largerredu
tion of subtree size in the 
ase that many 
hildren have to be 
onsideredbefore the subtree to pro
eed the sear
h in is found.The below lemma shows that size order 
an be assumed after a rebuild ofa separator tree.Lemma 5 A separator tree of size n 
an be pro
essed in time O(n) su
h that
hildren of nodes are sorted in de
reasing size-order.Proof. We �rst traverse the separator tree in linear time and 
ompute the sizeof all nodes. Sin
e the sizes are bounded by n, a list of all nodes 
an be sortedin de
reasing size order in linear time using bu
ket-sort [18℄. By s
anningthrough the sorted list of nodes in in
reasing size order making the nodesvisited the �rst 
hild of their respe
tive parents, we in linear time update theorder of 
hildren at ea
h node in the separator tree su
h that they are sortedin de
reasing size-order. 2However, for the two layered stru
ture from Theorem 1, further details areneeded to a
hieve the following.Theorem 2 Let T be an unrooted tree initially 
ontaining n nodes. After O(n)time prepro
essing, an ordered separator tree for T 
an in time O(m log(n+m))be maintained during m insertions in a way su
h that the height is bounded by
log(n + m) + 5 and su
h that for any path (v1, v2, . . . , vℓ) from the root v1 to anode vℓ in the separator tree, it holds that

∏

di≤2

2 ·
∏

di>2

di < 16d(n + m) , (1)where di is the number whi
h vi+1 has in the ordering of the 
hildren of vi,for 1 ≤ i < ℓ, and d is max{d1, . . . , dℓ−1}.Proof. The proof is by an extension of the 
onstru
tion from Theorem 1, andfamiliarity with the proof of this theorem is assumed here.We extend the 
onstru
tion by an ordering of the 
hildren of the nodes ofthe separator tree as follows. For a node v in U , the 
hildren whi
h belong to Uwill be �rst in the ordering, followed by the the 
hildren not in U . Furthermore,the 
hildren belonging to U will be in de
reasing order in terms of the size oftheir subtrees in the separator tree for U (whi
h is not the same as the size oftheir subtrees in the entire separator tree for T ). For a node v in U , we do notde�ne any parti
ular order among the 
hildren not in U . For a node v not in U ,the 
hildren (none of whi
h 
an be in U), will be in de
reasing order in termsof the size of their subtree in the separator tree for the indu
ed 
omponent inwhi
h they are 
ontained. 16



The above ordering must be maintained during insertions and rebalan
ingof the stru
ture. Whenever an insertion o

urs in an indu
ed 
omponent, itis 
ompletely rebuilt by the algorithm from Lemma 2. This algorithm is alsoused as the fundamental operation in the rebalan
ing of the separator treefor U . After an invo
ation of this algorithm, the order order 
an be restoredwithout a�e
ting the time bound, by Lemma 5. When an insertion into Uo

urs due to the splitting of a 
omponent, the ordering may have to 
hangeamong 
hildren of nodes on the path from the insertion point to the root in theseparator tree for U . With a proper linked list representation of the 
hildren ofa node in groups of 
hildren with equal size, this 
an be done in 
onstant timeper node on the path, as the size of only one 
hild per node 
hanges, and thein
rease in size is only one. Thus, this takes time proportional to the heightof the separator tree of U . All in all, the ordering 
an be maintained withouta�e
ting the time bound from Theorem 1. The height bound also follows fromTheorem 1.To prove the last 
laim of the lemma, i.e. inequality (1), note that a path
(v1, v2, . . . , vℓ) will �rst pass through nodes from U , then through nodes froma single indu
ed 
omponent. Let vj be the last node from U on the path.We �rst 
onsider the part (v1, v2, . . . , vj) of the path lying within theseparator tree for U . This separator tree by Lemma 4 has a threshold of
1
2 + 1

3⌈log |U |⌉ . For di ≥ 2, a des
ent into the di'th 
hild must redu
e by a fa
torof at least di the number of nodes in the 
urrent subtree of the separator treefor U . For di = 1, we 
an only 
laim a fa
tor given by the threshold of theseparator tree. Sin
e this part of the path ends at the latest when there is asingle node left in the subtree of the separator tree for U , we have the followingfor this part of the path:
1 ≤ |U | ·

(

1

2
+

1

3⌈log |U |⌉

)k

·
∏

di≥2

i<j

1

di
,where k = |{i < j | di = 1}|. From Lemma 4 the height of the separator treefor U is bounded by ⌈log |U |⌉. Using this and the inequality (1 + x/y)y ≤ ex,we get

(

1

2
+

1

3⌈log |U |⌉

)k

≤
1

2k
·

(

1 +
2

3⌈log |U |⌉

)⌈log |U |⌉

≤
1

2k
· e2/3 <

2

2k
.Re
alling that |U | ≤ 8(n + m)/∆, we get

1 < 16(n + m)/∆ ·
1

2k
·

∏

di≥2

i<j

1

di
. (2)17



The part (vj+1, . . . , vℓ) of the path lies within a separator tree for an in-du
ed 
omponent, whi
h has a threshold of exa
tly 1/2. By a similar butsimpler argument, we get
1 ≤ ∆ ·

1

2k′ ·
∏

di≥2

i>j

1

di
, (3)where k′ = |{i > j | di = 1}|.At vj, the ordering of the 
hildren not in U is arbitrary, and the measureof size in the above argument 
hanges, hen
e the above argument is not valid.By de�nition we have the inequality

dj ≤ d . (4)Multiplying left sides and right sides in the inequalities (2), (3) and (4), andrearranging the result proves (1). 23 Algorithm for Constru
ting and Maintaining Evo-lutionary TreesIn this se
tion we des
ribe an algorithm for 
onstru
ting an evolutionary tree Tin the experiment model for a set of n spe
ies in time O(nd logd n), where dis the degree of the tree. Note that d is not known by the algorithm in ad-van
e. The algorithm is a further development of an algorithm by Lingas et al.in [19℄. Our algorithm also supports the insertion of new spe
ies with runningtime O(md logd(n + m)) using at most m⌈d/2⌉(log2⌈d/2⌉−1(n + m)+ O(1)) ex-periments for d > 2, and at most m(log(n+m)+O(1)) experiments for d = 2,where n is the number of spe
ies in the tree to begin with, m is the numberof insertions, and d is the maximum degree of the tree during the sequen
e ofinsertions.The 
onstru
tion algorithm inserts one spe
ies at the time into the treein time O(d logd n) until all n spe
ies have been inserted. Figure 6 shows thethree possible 
hanges to an evolutionary tree when inserting a new spe
ies:(i) The new spe
ies is a leaf below an existing node; (j) the spe
ies 
auses anew root to be 
reated; (h) an existing edge is split by 
reating a new internalnode.The sear
h for the insertion point of a new spe
ies a is guided by a separatortree ST for the internal nodes of the evolutionary tree T for the spe
ies insertedso far. The sear
h starts at the root of ST . In a manner to be des
ribed below,we de
ide by experiments whi
h subtree, rooted at a 
hild of the root in ST ,the sear
h should 
ontinue in. This is repeated re
ursively until the 
orre
t18
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hFigure 6: The three possible 
hanges to an evolutionary tree when inserting anew spe
ies i, j or h.insertion point in T for a is found. We keep links between 
orresponding nodesin ST and T for swit
hing between the two trees. To fa
ilitate the experiments,we for ea
h internal node in T maintain a pointer to an arbitrary leaf in itssubtree. When inserting a new internal node in T this pointer is set to pointto the new leaf whi
h 
aused the insertion of the node.We say that the insertion point of a is in
ident to a node v, if1. a should be inserted dire
tly below v, or2. a should split an edge whi
h is in
ident to v by 
reating a new internalnode on the edge and make a a leaf below the new node, or3. if v is the root of T , a new root of T should be 
reated with a and v asits two 
hildren.The invariant for the sear
h is the following. Assume we have rea
hednode v in the separator tree for the internal nodes in T , and let Sv be theinternal nodes of T whi
h are 
ontained in the subtree of ST rooted at v(in
luding v). Then the insertion point of the new spe
ies a is in
ident to anode in Sv.Let v be the node in ST for whi
h we want to de
ide if the insertion pointfor the new spe
ies a is in the subtree above v in T ; if it is in a subtree rootedat a 
hild of v in T ; or if a should be inserted as a new 
hild of v. We denoteby u1, . . . , uk the 
hildren of v in T , where u1, . . . , uk′ are nodes in distin
tsubtrees T1, . . . , Tk′ below v in ST , whereas uk′+1, . . . , uk are leaves in T or arenodes above v in ST . The order of the subtrees T1, . . . , Tk′ below v in ST isgiven by the ordered separator tree ST and determines the order of u1, . . . , uk′ .The remaining 
hildren uk′+1, . . . , uk of v may appear in any order.We perform at most ⌈k/2⌉ experiments at v. The i'th experiment is onthe spe
ies a, b and c, where b and c are leaves in T below u2i−1 and u2irespe
tively. The leaves b and c 
an be lo
ated using the pointers storedat u2i−1 and u2i. Note that the least 
ommon an
estor of b and c in T is v.If k is odd then the spe
ies b and c in the ⌈k/2⌉'th experiment is 
hosen as19



leaves in T below uk and u1 respe
tively, and note that the two leaves aredistin
t be
ause k ≥ 2 by de�nition. There are four possible out
omes ofthe i'th experiment 
orresponding to Figure 1:1. (a, b, c) implies that the insertion point for a is in
ident to a des
endentof uj , where b and c are not des
endents of uj , or a is a new leaf below v.2. ((a, b), c) implies that the insertion point for a is in
ident to a des
endentof u2i−1, sin
e the least 
ommon an
estor of a and b is below v in T .3. ((a, c), b) is symmetri
 to the above 
ase and the insertion point of a isin
ident to a des
endent of u2i (u1 for the ⌈k/2⌉'th experiment if k odd).4. ((b, c), a) implies that the insertion point of a is in the subtree above v,sin
e the least 
ommon an
estor of a and b is above v. If v is the presentroot of T , a new root should be 
reated with 
hildren a and v.We perform experiments for in
reasing i until we get an out
ome di�eren
efrom Case 1, or until we have performed all ⌈k/2⌉ experiments all with out
ome
f. Case 1. In the latter 
ase spe
ies a should be inserted dire
tly below vin T as a new 
hild. In the former 
ase, when the out
ome of an experiment isdi�erent from Case 1, we know in whi
h subtree adja
ent to v in T the insertionpoint for spe
ies a is lo
ated. If there is no 
orresponding subtree below v in
ST , then we have identi�ed the edge in
ident to v in T whi
h the insertionof spe
ies a should split. Otherwise we 
ontinue re
ursively sear
hing for theinsertion point for spe
ies a at the 
hild of v in ST whi
h roots the separatortree for the subtree adja
ent to v whi
h has been identi�ed to 
ontain theinsertion point for a. When the insertion point for spe
ies a is found, we insertone leaf and at most one internal node into T , and ST is updated a

ording toTheorem 2.Lemma 6 Given an evolutionary tree T for n spe
ies with degree d, anda separator tree ST for T a

ording to Theorem 2, then a new spe
ies a
an be inserted into T and ST in amortized time O(d logd n) using at most
⌈d/2⌉(log2⌈d/2⌉−1 n + O(1)) experiments for d > 2, and at most log n + O(1)experiments for d = 2.Proof. Let v1, . . . , vℓ be the nodes in ST (and T ) visited by the algorithmwhile inserting spe
ies a, where v1 is the root of ST and vj+1 is a 
hild of vjin ST . De�ne di by vi+1 being the di'th 
hild of vi in ST , for 1 ≤ i < ℓ.For d = 2 we perform exa
tly one experiment at ea
h vi. The total numberof experiments is thus bounded by the height of the separator tree. By Theo-rem 2 it follows that the number of experiments is bounded by log n + O(1).In the following we 
onsider the 
ase where d ≥ 3.20



For i < ℓ, let xi denote the number of experiments performed at node vi.We have xi ≤ ⌈d/2⌉ and di ≥ 2xi − 1, sin
e ea
h experiment 
onsiders two
hildren of vi in T and the �rst experiment also identi�es if a should be insertedinto the subtree above vi. At vℓ we perform at most ⌈d/2⌉ experiments.For d1, . . . , dℓ−1 we from Theorem 2 have the 
onstraint ∏

di≤2 2·
∏

di>2 di ≤
16dn, sin
e |ST | ≤ n−1. To prove the stated bound on the worst 
ase numberof experiments we must maximize ∑ℓ

i=0 xi under the above 
onstraints. Wehave
log(16dn) ≥

∑

di≤2

1 +
∑

di>2

log di

≥
∑

xi=1

1 +
∑

xi>1

log di

≥
∑

xi=1

xi +
∑

xi>1

xi
1

xi
log(2xi − 1)

≥
1

⌈d/2⌉
log(2⌈d/2⌉ − 1)

ℓ−1
∑

i=1

xi ,where the se
ond inequality holds sin
e xi > 1 implies di ≥ 3. The lastinequality holds sin
e for f(x) = 1
x log(2x − 1) we have 1 > f(2) > f(3) and

f(x) is de
reasing for x ≥ 3, i.e. f(x) is minimized when x is maximized.We 
on
lude that ∑ℓ−1
i=1 xi ≤ ⌈d/2⌉ log2⌈d/2⌉−1(16dn), i.e. for the total num-ber of experiments we have ∑ℓ

i=1 xi ≤ ⌈d/2⌉(log2⌈d/2⌉−1(16dn) + 1).The time needed for the insertion is proportional to the number of experi-ments performed plus the time to update ST . By Theorem 2 the total time isthus O(d logd n). 2From Lemma 6 and Theorem 2 we get the following bounds for 
onstru
tingand maintaining an evolutionary tree under the insertion of new spe
ies in theexperiment model.Theorem 3 After O(n) prepro
essing time an evolutionary tree T for n spe
ies
an be maintained under m insertions in time O(dm logd(n + m)) using atmost m⌈d/2⌉(log2⌈d/2⌉−1(n + m) + O(1)) experiments for d > 2, and at most
m(log(n + m) + O(1)) experiments for d = 2, where d is the maximum degreeof the tree during the sequen
e of insertions.4 Adversary for Constru
ting Evolutionary TreesTo prove a lower bound on the number of experiments required for 
onstru
t-ing an evolutionary tree of n spe
ies with degree at most d, we des
ribe anadversary strategy for de
iding the out
ome of experiments. The adversary is21



required to give 
onsistent answers, i.e. the reported out
ome of an experimentis not allowed to 
ontradi
t the out
ome of previously performed experiments.A 
onstru
tion algorithm is able to 
onstru
t an unambiguous evolutionarytree based on the performed experiments when the adversary is not able toanswer any additional experiments in su
h a way that it 
ontradi
ts the 
on-stru
ted evolutionary tree. The role of the adversary is to for
e any 
onstru
-tion algorithm to perform provably many experiments in order to 
onstru
t anunambiguous evolutionary tree.To implement the adversary strategy for de
iding the out
ome of exper-iments in a 
onsistent way, the adversary maintains a rooted in�nite d-arytree, D, where ea
h of the n spe
ies are stored at one of the nodes, allowingnodes to store several spe
ies. Initially all n spe
ies are stored at the root. Forea
h experiment performed, the adversary 
an move the spe
ies downwardsby performing a sequen
e of moves, where ea
h move shifts a spe
ies from thenode it is 
urrently stored at to a 
hild of the node.By de
iding the out
ome of experiments, the adversary reveals informationabout the evolutionary relationships between the spe
ies to the 
onstru
tionalgorithm performing the experiments. The distribution of the n spe
ies on Drepresents the information revealed by the adversary (together with the for-bidden and 
on�i
ting lists introdu
ed below). The evolutionary tree T to beestablished by the 
onstru
tion algorithm will be a 
onne
ted subset of nodesof D in
luding the root. Initially, when all spe
ies are stored at the root, the
onstru
tion algorithm has no information about the evolutionary relation-ships. The evolutionary relationships revealed to the 
onstru
tion algorithmby the 
urrent distribution of the spe
ies on D 
orresponds to the tree formedby the paths from the root of D to the nodes storing at least one spe
ies.More pre
isely, the 
orresponden
e between the �nal evolutionary tree T andthe 
urrent distribution of the spe
ies on D is that if v is a leaf of T labeled athen spe
ies a is stored at some node on the path in D from the root to thenode v.Our obje
tive is to prove that if an algorithm 
omputes T , then the n spe
ieson average must have been moved Ω(logd n) levels down by the adversary, andthat the number of moves by the adversary is a fra
tion O(1/d) of the numberof experiments performed. These two fa
ts imply the Ω(nd logd n) lower boundon the number of experiments required.To 
ontrol its strategy for moving spe
ies on D, the adversary maintainsfor ea
h spe
ies a a forbidden list F(a) of nodes and a 
on�i
ting list C(a) ofspe
ies. If a is stored at node v, then F(a) is a subset of the 
hildren c1, . . . , cdof v, and C(a) is a subset of the other spe
ies stored at v. If ci ∈ F(a), then ais not allowed to be moved to 
hild ci, and if b ∈ C(a) then a and b must bemoved to two distin
t 
hildren of v. It will be an invariant that b ∈ C(a) ifand only if a ∈ C(b). Initially all forbidden and 
on�i
ting lists are empty.22



The adversary maintains the forbidden and 
on�i
ting lists su
h that the sizeof the forbidden and 
on�i
ting lists of a spe
ies a is bounded by the invariant
|F(a)| + |C(a)| ≤ d − 2 . (5)The adversary uses the sum |F(a)| + |C(a)| to de
ide when to move aspe
ies a one level down in D. Whenever the invariant (5) be
omes violatedbe
ause |F(a)|+|C(a)| = d−1, for a spe
ies a stored at a node v, the adversarymoves a to a 
hild ci /∈ F(a) of v. Sin
e |F(a)| ≤ d − 1, su
h a ci /∈ F(a) isguaranteed to exist. When moving a from v to ci, the adversary updates theforbidden and 
on�i
ting lists as follows: For all b ∈ C(a), a is deleted from C(b)and ci is inserted into F(b). If ci was already in F(b), the sum |F(b)| + |C(b)|de
reases by one, if ci was not in F(b) the sum remains un
hanged. Finally,

F(a) and C(a) are assigned the empty set.For two spe
ies a and b, we de�ne their least 
ommon an
estor, LCA(a, b),to be the least 
ommon an
estor of the two nodes storing a and b in D. Wedenote LCA(a, b) as �xed if it 
annot be 
hanged by future moves of a and bby the adversary. If LCA(a, b) is �xed then the least 
ommon an
estor of thetwo spe
ies a and b in T is the node LCA(a, b). If a is stored at node va and bis stored at node vb, it follows that LCA(a, b) is �xed if and only if one of thefollowing four 
onditions is satis�ed.1. va = LCA(a, b) = vb and a ∈ C(b) (and b ∈ C(a)).2. va 6= LCA(a, b) = vb and ci ∈ F(b), where ci is the 
hild of vb su
h thatthe subtree rooted at ci 
ontains va.3. va = LCA(a, b) 6= vb and ci ∈ F(a), where ci is the 
hild of va su
h thatthe subtree rooted at ci 
ontains vb.4. va 6= LCA(a, b) 6= vb.In Case 1, spe
ies a and b are stored at the same node and 
annot be movedto the same 
hild be
ause a ∈ C(b), i.e. LCA(a, b) is �xed as the node whi
h
urrently stores a and b. Cases 2 and 3 are symmetri
. In Case 2, spe
ies ais stored at a des
endant of a 
hild ci of the node storing b, and b 
annotbe moved to ci be
ause ci ∈ F(b), i.e. LCA(a, b) is �xed as the node whi
h
urrently stores b. Finally, in Case 4, spe
ies a and b are stored at nodes indisjoint subtrees, i.e. LCA(a, b) is already �xed.The operation Fix(a, b) ensures that LCA(a, b) is �xed as follows:1. If va = LCA(a, b) = vb and a /∈ C(b) then insert a into C(b) and insert binto C(a).2. If va 6= LCA(a, b) = vb and ci /∈ F(b), where ci is the 
hild of vb su
hthat the subtree rooted at ci 
ontains va, then insert ci into F(b).23



3. If va = LCA(a, b) 6= vb and ci /∈ F(a), where ci is the 
hild of va su
hthat the subtree rooted at ci 
ontains vb, then insert ci into F(a).Otherwise Fix(a, b) does nothing. If performing Fix(a, b) in
reases |F(a)| su
hthat |F(a)| + |C(a)| = d − 1, then a is moved one level down as des
ribedabove. Similarly, if |F(b)| + |C(b)| = d − 1 then b is moved one level down.After performing Fix(a, b) we thus have that |F(a)| + |C(a)| ≤ d − 2 and
|F(b)| + |C(b)| ≤ d − 2, whi
h ensures that the invariant (5) is not violated.When the 
onstru
tion algorithm performs an experiment on three spe
ies
a, b and c, the adversary de
ides the out
ome of the experiment based on the
urrent distribution of the spe
ies on D and the 
ontent of the 
on�i
ting andforbidden lists. To ensure the 
onsisten
y of future answers, the adversary�rst �x the least 
ommon an
estors of a, b and c by applying the operation
Fix three times: Fix(a, b), Fix(a, c) and Fix(b, c). After having �xed LCA(a, b),
LCA(a, c), and LCA(b, c), the adversary de
ides the out
ome of the experimentby examining LCA(a, b), LCA(a, c), and LCA(b, c) in D as des
ribed below.The four 
ases 
orrespond to the four possible out
omes of an experiment 
f.Figure 1.1. If LCA(a, b) = LCA(b, c) = LCA(a, c) then return (a, b, c).2. If LCA(a, b) 6= LCA(b, c) = LCA(a, c) then return ((a, b), c).3. If LCA(a, c) 6= LCA(a, b) = LCA(b, c) then return ((a, c), b).4. If LCA(b, c) 6= LCA(a, b) = LCA(a, c) then return ((b, c), a).5 Lower Bound AnalysisWe will argue that the above adversary strategy for
es any 
onstru
tion algo-rithm to perform at least Ω(nd logd n) experiments before being able to 
on-
lude unambiguously the evolutionary relationships between the n spe
ies.Theorem 4 Constru
ting an evolutionary tree of n spe
ies requires Ω(nd logd n)experiments, where d is the degree of the 
onstru
ted tree.Proof. We �rst observe that an appli
ation of Fix(a, b) at most in
reases thesize of the two 
on�i
ting lists, C(a) and C(b), by one, or the size of one ofthe forbidden list, F(a) or F(b), by one. If performing Fix(a, b) in
reases thesum |F(a)| + |C(a)| to d − 1, then spe
ies a is moved one level down in Dand F(a) and C(a) are emptied, whi
h 
auses the overall sum of the sizes offorbidden and 
on�i
ting lists to de
rease by d − 1. This implies that a totalof k Fix operations, starting with the initial 
on�guration where all 
on�i
tingand forbidden lists are empty, 
an 
ause at most 2k/(d − 1) moves. Sin
e an24



experiment involves three Fix operations, we 
an bound the total number ofmoves during m experiments by 6m/(d − 1).Now 
onsider the 
on�guration, i.e. the distribution of spe
ies and the
ontent of 
on�i
ting and forbidden lists, when the 
onstru
tion algorithm
omputing the evolutionary tree terminates. Some spe
ies may have nonemptyforbidden lists or 
on�i
ting lists. By for
ing one additional move on ea
h ofthese spe
ies as des
ribed in Se
tion 4, we 
an guarantee that all forbidden and
on�i
ting lists are empty. At most n additional moves must be performed.Let T ′ be the tree formed by the paths in D from the root to the nodesstoring at least one spe
ies. We �rst argue that all internal nodes of T ′ have atleast two 
hildren. If a spe
ies has been moved to a 
hild of a node, then theforbidden list or 
on�i
ting list of the spe
ies was nonempty. If the forbiddenlist was nonempty, then ea
h of the forbidden subtrees already 
ontained atleast one spe
ies, and if the 
on�i
ting list was nonempty there was at least onespe
ies on the same node that was required to be moved to another subtree,at the latest by the n additional moves. It follows that if a spe
ies has beenmoved to a 
hild of a node then at least one spe
ies has been moved to another
hild of the node, implying that T ′ has no node with only one 
hild.We next argue that all n spe
ies are stored at the leaves of T ′ and thatea
h leaf of T ′ stores either one or two spe
ies. If there is a non-leaf nodein T ′ that still 
ontains a spe
ies, then this spe
ies 
an be moved to at leasttwo 
hildren already storing at least one spe
ies in the respe
tive subtrees,implying that the adversary 
an for
e at least two distin
t evolutionary treeswhi
h are 
onsistent with the answers returned. This is a 
ontradi
tion. Itfollows that all spe
ies are stored at leaves of T ′. If a leaf of T ′ stores threeor more spe
ies, then an experiment on three of these spe
ies 
an generatedi�erent evolutionary trees, whi
h again is a 
ontradi
tion. We 
on
lude thatea
h leaf of T ′ stores exa
tly one or two spe
ies, and all internal nodes of T ′store no spe
ies. It follows that T ′ has at least n/2 leaves.For a tree with k leaves and degree d, the sum of the depths of the leaves isat least k logd k. Sin
e ea
h leaf of T ′ stores at most two spe
ies, the n spe
ies
an be partitioned into two disjoint sets of size ⌈n/2⌉ and ⌊n/2⌋ su
h that inea
h set all spe
ies are on distin
t leaves of T ′. The sum of the depths of allspe
ies is thus at least ⌈n/2⌉ logd⌈n/2⌉+ ⌊n/2⌋ logd⌊n/2⌋ ≥ n logd(n/2). Sin
ethe depth of a spe
ies in D is equal to the number of times the spe
ies hasbeen moved one level down in D, and sin
e m experiments generate at most
6m/(d − 1) moves and we perform at most n additional moves, we get theinequality

n logd(n/2) ≤ 6m/(d − 1) + n ,from whi
h the lower bound m ≥ (d − 1)n(logd(n/2) − 1)/6 follows. 225
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