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Content

* Introduction to algorithms and data structures
= Examples of applications

ambitious [ = Advanced algorithms and data structures
= Research results



Course elements

_ Lectures cover the material
Teaching forms Exercise sessions work with the material
Lectures 2 + 2 hours/week

Exercise sessions (“TQ@” = Teoretiske Qvelser) 3 hours/week

Study café 5 x 2 hours/week Teaching assistant help with exercises
Online discussion forums [Brightspace] tand assignments (cs.au.dk/studiecafe)
Assignments (groups, 1-3 students, must be approved)
9 theoretical assignments ﬁ:’ractice algorithmic formulations \
4 weeks with programming exercises Handed in on Brightspace

Deadline set by you and your TA
Exam Resubmission (positive) = TA feedback
2 hours multiple choice, no aids, 7-scale grading and possibility to improve

Recommended groups with 2-3 students
Language \for ongoing discussion of the problems /
English

Exercise sessions and study café, also Danish Previous exams and practice exercises
on course webpage



https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2

3 hours each week with a teaching assistant
Work load hours x weeks A set of exercises for each TQ
Lectures 4x14 = 56 Exercises on “Course plan” associated with the
Exercise sessions (TJ) 3x14 =F lectures since your last T
. _ Format
Study café 1x14=14
Assignments 3 x 14 = 42 1. Prepare before T@ with your study group and try
P tion lect 2% 14 = 28 to understand and solve all exercises
Prepara !on 'I?; ures 5 X 14 : 08 Use the study café & discussion forum to get help
reparat!on XA = 2. At TQ students present solutions to the exercises
Preparation exam 45 The TA helps fixing minunderstandings and
Exam 2 emphasizing important points
Total hours 257 Make sure to have an ongoing dialog with your TA
about the best usage of your T@ hours




‘ THOMAS H. CORMEN Supplementary Lecture notes

CHARLES E. LEISERSON

o S Algorithms
~ and Data Structures

Gerth Stglting Brodal

‘ Over
\ 1 MILLION
copies sold

worldwide

INTRODUCTION TO

ALGORITHMS

FOURTH EDITION

Primary textbook (updated as the course progresses)


https://mitpress.mit.edu/9780262046305/introduction-to-algorithms/

If 0 is considered a natural
number depends who you ask !

A "cheat sheet” with mathematical
notation and formulas used in the
course can be found in
'Supplementary Lecture Notes”

—

Mathematics Cheat Sheet
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Rt ={zeR |z >0}

Floor |x], ceiling [x]
Associativity
(a-b)-c=a-(b-c), (a+b)+c=a+(b+c)
Commutativity
a-b=b-a, a+b=b+a
Distributivity
a-(b+c)=a-b+a-c
Powers

=1, al=a, daTc=dab.a°
(ub)c =abe o =al) a7 a—lb
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Roots
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Logarithms
logya=cs b =a, plogs e = g
Natural logarithm
Ina=log,a, ¢=27T1828...

Binary logarithm log, a =lga

log, 1 =0, logyb=1

logy(a - ¢) = logy a + log,
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Matriz addition (m X n og m X n)

C=A

+ B,

€ = aij + by

Matriz multiplication (m X n og n x p)

C=A

n
B, cij =Y 5 i b

Constant multiplication (m x n)

C'=cA,

Cij = € a4

(ALB)+C=A+ (B+C)

A+DB=
c(dA) =

(A+B) =

(AB)C
AB+

B+A
(cd)A
(cA) +
"= A(BC)
C) = (AB) +

(cB)

(AC)

(
(A+ B)C = (AC) + (BC)

Sets

Set A ={ay.as...., an}

Size |A|

Membership x € A, non-member = ¢ A
Empty set 0, 0] =0

Subset AC B,iec.xe A=z B

Set intersection AN DB

Set union AU DB

Set d'zﬁeience A\BorA-B

4\3 /-mB\ B\»DB

4\
AUB=( A\B AﬂB U(B\A4)
Commutativity
ANB=DBNA, AUB=BUA
Associativity
AUBUC)=(AUB)UC
ANBNC)=(AnB)NC
Distributivity
AUBNC)=(AUB)N(AUC)
ANBUC)=(ANB)U(ANC)
DeMorgan’s laws
ANENO) =(\BU0)
AN(BUC)=(A\B)n(A\C)

Idempotence 4 UA=A=ANnA
Empty set AUD=A, AnP=10
Complement A wrt. universe U
A=U\ A where ACU, A=A
AUB=4AnB, AnB=4AUB
A and B are disjoint < ANB =10
Cross product | Cartesian product
AxB= ANbe B}
Sums (2

Z,n:lui =ay+azx+ - +ap

Z,nzl (a; +b;) = 211:1 a; + Z;lzl b;
Zznl( sap) =c- Z?l(li

o2 71+71+ e |
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Siyi=l+24+3 4
T oo n(n+1)(2n+l)
=1 = 3
Z;l i-a' = ﬁg(lfuﬂfw(t"Jrn-uﬂ*l)
Yy iat = glgy for |a] < 1
Polynomial P(x) = E?:o ¢t
Telescoping sum
n—1
Yot (@i —ai) =an, —ag
n-te harmonic number H, =31 1
=t+3+-+

Inn +% <H,<lhn+1
lim (Hn, —Inn) =~ = 0.577215...
n—r00

= Euler-Mascheroni constant
Products
M,z =120y

! noo. ;

Fucto:ml nl = Hln:lr =1-2---n
In(TLis; @) = 2200 In(as)
O<n(m!) —(nnn—n+1) <lnn
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Probability theory &
Mean T = TitZatodan

Binomial coefficient (;) = m
(number of ways to select £ elements
among n, indepedent on the order)
Linearity of expectation
E[YF, e X = Th, o EIXY)
Bernoulli distribution X ~ Bern(p)
PrlX=1=p, Pr[lX=0=1-p
Binomial distribution X ~ Bin(n,p)
(sum of n Bernoulli ni;\ls)
PriX =k] = ( ) pF(L—pnF
Expected value p =E[X] =p-n
Geometric distribution X ~ Geom(p)
(number of Bernoulli trials before 1)
PrlX =kl =p- (1 —p)k?!
E[X] = Y5, k- Pr(X = 4] = 1
Logical expressions
Or/disjunction U V'V
And / conjunction U ANV
Not [negation =U
Implication/ conditional U = V'
Equivalent / biconditional U < V'
FEzists 3z Ulx)
For all Vo : Ulx)
VIFT A
FIFT F
T ‘ T™T T ‘ T
=|F T «|F XOR
FITT F|TF F
T ‘ FT T ‘ FT T
F = false, T = true
Asymptotic notation ()
fla)=0(g(2)) &
e, zo¥x 2 20 1 f(z)
Fl2) = Qg(a)) &
Je > 0,2Ve > ag: f(x) > ¢
fla)=08(g(z)) &
f(x) = O(g(x)) A f(x)
Master Theorem (1)
Constants a,c,d>0, p>0 and b>1

FT
FF F
FT
T

=l =
= =

IA

= Q(g(x))

c forn<d
T(n)= aT(n/b)+c-nP forn>d
Fooremn for a < 1P
T(n)=4 O(n? log,n) for a==5b"
O(nlogs @) for a > P
Growth of functions
2 ] 2

—4 =2

Literature

Mathematical formulas (high school, stx A),
Thomas H. Cormen et al., Introduction to Algorithms, 4th Edition, appendix A-C,
Seiden, Theoretical computer science cheat sheet, ACM SIGACT News, 27(4), 1996

Steve ¢

Mathematical formulas and terms (primary school), Ministry of Education, June 2017 [in Danish|
Undervisningsministeriet, May 2018 [in Danish]

2022

Covered in Mthis course, Pintroduction to mathematics course, © probability course, Plinear algebra course




Learning outcomes and competences
(from course description)

At the end of the course, the participants will be able to

Formulate and execute algorithms and data structures in the form of
pseudo code.

Construct, implement and analyze algorithms using standard algorithm
paradigms.

|dentify and compare data structures and graph algorithms for solving
algorithmic problems.

Construct, implement and evaluate the performance of algorithms for
simple algorithmic problems.

Analyze and compare the time and space usage of algorithms and data
structures.

|dentify valid invariants and prove the correctness of simple algorithms.



Questions ?

See Brightspace and slides for info!



Study

Computer science (1st year)

Data science (2" year)

I'T product development (31 year)
Mathematics (usually 31 year)
Physics (usually 3 year)

other (usually supplement in programming)



Programming experience

(for the programming language you know the best)

a)
b) Basic knowledge
c) Foundational knowledge
)
)

d) Advanced
e) Expert



= The course Algorithms and Data Structures is about the
efficiency of computer programs

= Really requires you can program...

Computer
Science
Introduction to

Mathematics Programming

Data Science (Java)

Introduction to
Programming with
Scientific Applications
IT Product (Python)

Development

Introduction to Algorithms and

Programming Data Structures
(Java)

= Programming exercises will be basic Java



Tent pole problem




Algorithms and Data Structures

Puzzle, SelectionSort






”Lokes Hgj”

= 64 pieces
= Score = 500 — # of swaps
= High score 430, i.e., 50 swaps

How do you achieve a low
number of swaps
— luck or cleverness ?




Optimal number of swaps ?

a) 5 Tgmﬁn
@06 ZQMEE
c) 7/ OL“J
o

f) Don't know § 1"6
[ OANPE

One solution: 1-9 2-6 5-6 8-3 4-8 8-7



Cycles (Permutations)
C
sSK N
A< { | >D

S B

b

Each arrow points to the piece's correct position

The arrows define a set of cycles (e.g. cycles A,B,C,D)



Optimal number of swaps ?

5 FAFARN
g lﬂé_ﬂl
° e

One solution: 2-6 5-6

Puzzle




Swaps and cycles

Y

| : x

/ /’“\ I

j Yy J
swap x and y

U
/ x Y €

,11
el

« Swapping two pieces in the same cycle increases the

« Swapping two pieces in two distinct cycle decreases the

Lemma

number of cycles by one.

number of cycles by one.




Lemma
When all n pieces are placed correctly there are exactly n cycles.

Lemma
To solve a puzzle with n pieces and initially k cycles requires =2 n — k swaps.

We have proved a lower bound for

ALL algorithms solving the problem



A (greedy) algorithm

Algorithm PUZzZLE
I while there exists a misplaced piece x do
2 Let y be the piece at x’s correct position

3 swap - and vy



Lemma
The algorithm never swaps correctly placed pieces.

Lemma
The algorithm performs < n - 1 swaps

Lemma
To solve a puzzle with n pieces and initially k cycles the

algorithm performs exactly n — k swaps.

We have proved an upper bound for a specific algorithm

The algorithm is optimal since the number of swaps is best
possible (the proved lower and upper bounds are identical)



Theorem

To solve a puzzle with n pieces and
initially k cycles requires exactly
n — k swaps




Distribution of number of cycles

n =64, 10.000.000 permutations

number of cycles

o~
O
o8

ln.
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1 2 3 4

O =N
LN

1422
5463
18833
59330
168591
418886
886375
1547248
2144855
2239366
1632232
728362
148529



Algorithmic insights...

= Mathematical insights (cycles)

= Resource usage (hnumber of swaps)

= Lower bound ( = n - k swaps)

= Greedy algorithm

= Analyzed algorithm ( < n - k swaps)

= Optimal algorithm (argued best possible)

* Input dependent resource usage
(size and number of cycles in input)



Random permutations...

More information on random permutations
e asanme e can be found in David J.C. MacKay,

.- . appendix to Information Theory, Inference,
- © . = andLearning Algorithms, on

LA "Random Permutations”, 4 pages.

W Bed)

www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf



http://www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf

SelectionSort

Move smallest card

H .
! LL
| ‘&
; *
cr S (&l | L v
| e
: L ¢ *J
: )
Unsorted Sorted

Invariant S sortedand C > S



Minimum

Discarded candidate |
f* 5 ~ :
S
| /& 3 A\
[ /—(
L \_ S */ M : — * 1
.................................................................. | &
: €%
: . ¢ */
: \_ ! *J

o U
Not S
considered
yet
& o

Invariant
Ssorted, UULUM >S,L>M,|M|<1,and |L| >1= |M| =1



Implicit SelectionSort

Algorithm SELECTIONSORTABSTRACT(A) 1 Invar-ant

I fori=1to |A|—1 do O B G

2 swap Ali] and minimum of Ali..|Al] \ v L ~ _
sorted S < C

A 3415 2
— 1 =1 Algorithm SELECTIONSORT(A)
L (43|52 1 for i=1to |A]—1 do
~N— @ @@ 7 = 9 2 k=1
1 5 1315 |4 3 for j=i+4+1 to \A[ clp
~ 3 # Alk| = min Ali..7 — 1]
— ¢ 5 if A[j] < A[k] then
I {235 |4 6 k=j
h ~~ - 7 1 =4 7 # Alk] = min Ali..|A|]
L {23415 8 tmp = Al
~ ~ 9 Ali] = A[k]
o 10 Alk] = tmp




Analysis SelectionSort

Lemma
To find the smallest card among k cards requires k — 1 comparisons

Lemma
SelectionSort on n cards makes (n—-1)+ (n-2)+--+1=n(n-1)/2
comparisons




1+2+ - +n =

+ n/2 =

n(n+1)

1 2 3 4



Algorithms and Data Structures

Binary and linear search, logarithms,
longest increasing subsequence, Erdos Szekeres theorem



Searching an unsorted list

241113 | 7132147/ 5] 2 {8912 SUCE:

. 1 7 n
Visual _
invariant 4 7 X i !
Formal : . .
variant 1<i:<n+4+1ANaj#xforall<j<e

at most n comparisons



Searching an unsorted list

1 (

Visual

. ) a, 2
invariant 4 # X t ;

Algorithm LINEARSEARCH(A, x)

Input  Array A[l..n| and search key x
Output Index ¢ where Ali| =x; —1ifx ¢ A

1 1=1

2 while : < |A| do

3 if Ali] =« then
4 return ¢

5 =1+ 1

6 return —1



Searching a sorted list

(3 |7 9 111]13]27/33)37]42]89 IELLR

_ 1 low mid high n
. VlSl{aI < T (L mid > T
Invariant
< low < high < n
Eormal (1 < low < high <n+1) A

(x < a; for all high < j <n)



Algorithm BINARYSEARCH(A, x)

Input  Sorted array A[l..n] and search key x

Output Index ¢ where Ali] =x; —1ifx ¢ A

1 low =1

2 high =n+1

3 while low < thh do Exercise

4 mid = [(l0w + high) /2| Gee—\\hat happens if floor is

5 if © = A|mid] then replaced by ceil?

6 return mud

7 else if x < A[mid] then
Exercise 3 high = mid
Modifylalgorithm tolet else if © > Almidl then
low point here 10 low = mid + 1

11 return —1

low mad high n
A < X CLmad > T




Binary search — number of comparisons

A

1

low

maid

high

n

<X

(L mid

>

Number of candidates after one comparison <: n — |[n/2]

n— [n/2] = |In/2] /2] = [[In/2] /2] /2] = - =0

After k comparisons < n/2k candidates
done the latest when n/2k<1 & n<2k < log,n<k < 1+llog, nl<k

at most 1 + |log, n] comparisons



I'HE CLASSIC WORK
JPDATEIL

Binary search in the literature e P o

The Art of

. _ . _ _ Computer
= According to Knuth first discussed in the literature Programming

— John Mauchly i [Theory and techniqeus for the design of electronic digital A SO
computers, ed. G. W. Patterson, 3 (1946), 22.8-22.9] for n = 2k -1, cond Bdit ”

— H. Bottenbruch [Structure and Use of ALGOL 60, Journal of the ACM, DONALD E. KNUTH
9 (1962), 214], for all n

: . . o Programming Pearls
= Bentley’'s experience from Bell Labs and IBM in the beginning of JUBERS

the 80s, where he asked peopler to implement binary search:

...given ample time, only about ten percent of professional programmers
were able to get this small program right...

Donald E. Knuth, The Art of Computer Programming: Volume 3, Sorting and Searching, Chapter 6.2.1, 1973

Jon Bentley, Programming Pearls, Chapter 4.1, 1986



EXAMPLES OF ALGOL PROCEDURES

43,  Program for Binary Search

The following procedure assumes that the elements of an array « ate arranged
in descending order, that is, all] = a[2] = a[3] = - - . Given a number b and g
subscript 7 such that a[l] = & > af] the program determines in | + logyj com-
parisons & subscript p for which alp| = b > alp + 1.

procedure binary search (a, b, j, p);
value j, b; integer j, p; realb; real array a;

begin integer pl;

p =1
test forend: if j — p = 1 then go to M;
pl:= () + p) + 2;
if alpl] = b thenp := pl else j := pl;
go to test for end;
M:

H. Bottenbruch, Structure and Use of ALGOL 60, Journal of the ACM, 1962, doi: 10.1145/321119.321120



https://doi.org/10.1145/321119.321120

Binary search In standard libaries

= Java java.util.Collections.binarySearch
= C++ std::lower bound

* Python bisect.bisect left

Finds first A[/] = x



https://docs.oracle.com/en/java/javase/18/docs/api/java.base/java/util/Collections.html
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html

Searching a sorted list — lower bound

379 ]11]13]27/33]37]42/89

For any algorithm, an adversary can answer the comparison such that
number of candidates is at least

n— [n/2] = [[n/2] /2] = [[[n/2] /2] /2] = -+ =0

n = 2Ueg.nl = after k comparisons = 2lleg: nl-k candidates
= after Llog, n| comparisons at least 1 candidate remains

at least 1 + |_Iog2 nl comparisons (in the worst case)



Problem 1.9*

o 3|79 [11113]15]33/37]42]89
i 4| 6]8[18]23127]51

Given X and Y sorted, find the r" smallestin XU Y

(the 9" smallest element is 15)



Definition

Logarithms

y=1log,x & b ==z

- natural logarithm

log,
3
1 L0 e
2+ ‘};ﬂ S i .].0\ %‘ ‘bilrr - ]‘Il X
B ro ==
=== (;:1?0,_ In ;;1:0)
1 | - lOglU £
1 2 3 4 5 6 7 8 9 10
' d o1
-1 %ln._z ==




Logarithms — rules of arithmetic

log,(z-y) = log,z +log,y
log,(z/y) = log,z —logy,y
logy(z") = p-logya
o log, x
T —
S log, b
log, (b") = p
d 1 1
" 1n _ =
dx * X
Y1
Iny = / —dx
. T

: o no 1
H,—Inn — for n — oo Harmonic number H, =2 iy 3
n ,7 Euler-Mascheroni constant v = 0.577215664901 . ..



An algorithmic example
(using binary search)



Patience Diff

&
Longest Increasing Subsequences



Shell command: diff

#include <stdio.h>

int 1i;
for(i = 0; 1 <
{
printf ("Yo
printf ("%d

int fact (int n)

if(n > 1)
{

return facf

}

return 1;

}

int main (int argc,
{
frobnitz (fact (]

}

// Frobs foo heartily
int frobnitz (int foo)

#include <stdio.h>

int fib (int n)

$ diff A.c B.c
3,4c3

< // Frobs foo heartily
< int frobnitz(int foo)

> int fib(int n)

6,7c5

< int i;

< for(i = 0; i < 10; i++)

> if(n > 2)

9,10c7

< printf("Your answer is: ");
< printf("%d\n", foo);

> return fib(n-1) + fib(n-2);
11a9

> return 1;

14c12,13

< int fact(int n)

<« // cvrahce FAAn hoar+a v,

fib(n-2) ;

*argv)

wikipedia.org/wiki/Diff



https://en.wikipedia.org/wiki/Diff

L ]
lefcheclmr Home Images PDF Contact CLI

fa)
Create a free account

Recent Diffs

Unsaved diff 1. #include <stdio.h>
2.

Clear diffs

Recent diffs are deleted
on refresh

Saved Diffs
No diffs yet

3. // Frobs foo heartily
4. int frobnitz(int foo)
5.4

6. int i;
8.

10. printf("%d\n",
11. }
12. }

13.
14.

15.
16.
17.
18.
19.
20.
21.
22.

24. {

796 )

7. -For(i =0; i< 10;

i++)

9-_ _

foo);

23. int main(int argc, char **argv)

11 removals 10 additions

1. #include <stdio.h>

2.
3.

W N p

10.

11.
12. // Frobs foo heartily

13. int frobnitz(int foo)

14. {
15. int i;
16. -For(i =0; i< 10; i++)

printf("%d\n", foo);

19. }
20. }
21.

22. int main(int argc, char **argv)
23. {

24| frobnitz(fib(10));

25 1


https://www.diffchecker.com/

Email this comparison

Text Compare!

J| 1 [#include <stdio.h>

4
2
3 |// Frobs foo heartily
4 |int frobnitz (int foo)
5 |({
6 int i;
7 for(i = 0; i < 10; i++)
8 1
',- printf ("Your answer is: ");
10 printf ("sd\n", foo);
11 }
12|}
13
‘ int fact (int n)
{
if(n > 1)
1
return fact(n-1) * n;
}
return 1;
}
23|int main (int argc, char **argv)
{
. frobnitz (fact (10)) ;
26|}
27

J 1 |#include <stdio.h>
\J
int fib{int n)
{
if(n > 2)
{
return fib(n-1) + fib(n-2);
}
return 1;
}
11
12|// Frobs foo heartily
13|/int frobnitz (int foo)
14|{
15 int i;
16 for(i = 0; 1 < 10; i++)
17 {
] |
18 printf ("%d\n", foo);
19 1
20/}
21
4
22|int main(int argc, char **argv)
Gl
f frobnitz (fib (10) ) ;
25|}
26

Edit texts ... Switch texts

Comparel!

Clear all



https://text-compare.com/

. File Left Right View Options Mergely Social

> £ 382 A vV « » 2z

1 #include <stdio.h> 1 #include <stdio.h>
02 2
3 // Frobs foo heartily [ k] int fib({int n)
4 int frobnitz(int foo) 4
51 5 if(n > 2)
6 int i; 6 {
7 for(i = 0; 1 < 10; i++4) 7 return fib(n-1) + fib(n-2);
8 { 8 }
|j 9 e S return 1;
10 printf ("%d\n", foo): 10 ]
1 } 11
12} " 12 // Frobs foo heartily
13 13 int frobnitz(int foo)
014 int faetfintn) 14 {
15 + 15 int i;
16 e — 16 for(i = 0; 1 < 10: i+4)
17 — ¢ 017 I
18 T e L | 18 printf ("%d\n", foo);
19 —3 19 }
20 e 201}
21 ¥ 021
22 7 22 int main(int argc, char **argv)
23 int main(int argc, char **argv) ) 23 1
24 { 024 frobnitz (£ib(10)) :
025 £robaitz{fact {10}, 25}
26 } 26|

27


https://editor.mergely.com/

Patience Diff

(Bram Cohen, inventor of BitTorrent)

= Tries to create readable and meaningful output
— opposed to minimal output

= Used in the Bazaar version control system

Finding a smallest possible edit sequence is covered
later in the course (topic Dynamic Programming)

alfedenzo.livejournal.com: Patience Diff, a brief summary



https://alfedenzo.livejournal.com/170301.html
https://alfedenzo.livejournal.com/170301.html

00

11

12
14
15

17

21

25 }

fact (int n)

if(n > 1)
{

eturn fact (n-1) *

return 1;

argc, char *

frobnitz (fact (10)) ;

(00 Jtinclude <stdio.h>
01

02 int fib(int n)

03 {

04 if(n > 2)

05 {

06 return fib(n-1) + fib(n-2);:

07 }

(08) return 1;
09 }

10
// Frobs foo heartily
(12 )int frobnitz(int foo)
13 {

(147

>

(15
(17

18

int i;
for(i = 0; i < 10; i++)
{

n; printf ("%d\n", foo);

}

‘Patience Diff

1) Find lines occurring exactly once in both texts
2) Find alongest increasing (common) subsequence
3) Repeat (recursively) on the blocks created




Longest increasing subsequence
(Problem 1.2)

~50-83-75-60(59/63) (74) 6-90(09)57-45-00~

Problem

Erase as few numbers as possible,
so that the remaining number are in increasing order



Longest increasing subsequence
(Problem 1.2)

3083 738059634178 6882533122746 3699 574360

1 223232 445|3215136141435
'\ p— ’\_/
K
longest
Length Sm?"es’t IfSt Increasing
elemen subsequence
1 30 ending with 53
2 41
3 63 53 =|binary search
4 68 .
5 82 < n-(1+ Llog, k1) comparisons




Theorem (Erdos and Szekeres, 1935)

Any sequence of n numbers has an increasing or decreasing
subsequence of length at least [v/n|.

31417642108 13 11 28 (increasing)

243121671426 82021 (decreasing)

Paul Erdés, George Szekeres, A combinatorial problem in geometry, Compositio Mathematica, 1935, doi: 10.1007/978-0-8176-4842-8 3



https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3

Theorem (Erdos and Szekeres, 1935)

3083738059 634178688253 3122746 3699 57 43 60

1 2 2 3 2 3 2 4 45 3 2 1 4 4 5
\/Vvv\/
Length Smallest last element

1 30226

2 83 73 59 41 31

3 80 63 53 36

4 78 68 57 43

5 82 74 60

6 99

Either many (= /n) rows (long increasing subsequence) or
at least one long (= +/n) row (long decreasing subsequence)



Algorithms and Data Structures

Integer arithmetic: Binary and decimal numbers,
addition, subtraction, multiplication, division



For every small integer we have a special symbol



Value of

n—1

Base-10 system (10 =9 + 1)

Ap—10p—2 - - dy1dg

where d; € {0,1,2,3,4,5,6,7,8,9}

Zdé 100 =d,_-10" "t +d,_5-10"" 2+ .. +dy - 10"+ dy - 10°

1=0

Example:

18499 =1-10° +8-10% +4-10' +9- 10"



Representation base b

Value of dn_ldn_g v e dldo

Z?:_()l dfzi ' bi

abcd

ey b
Example: 184935 = 111001110012 = 34713 = 73916

1-103+8:10%+4:101+9-100 210+29+28+25+24+23+20 3:83+4-82+7-8'+1-80  7-162+3-16'+9-16°

Decimal value 012 3 45 6 78 9 10 11 12 13 14 15
Binary symbol 0 1

Octal symbol 012 3 45 6 7

Hexadecimal symbol 0 1 2 3 4 5 6 7 8 9 A B C D E F



Color picker

* RGB = Red-Green-Blue system

= Atypical value consists of three
values R, G and B, each value
consisting of 8 bits, i.e., a value

. e in the decimal range 0..255 and
#1affS0 26 255 80 hexadecimal 00..FF
concel (D " R: 1A = 26,

= G: FF,4 = 255,

docs.google.com



https://docs.google.com/

5 4 3 2 1 0

101010, in base 10 ?

a) 14,
b) 26,
c) 374,
@ d)42,,=25+23+21=32+8+2
e) 84,

f) Don't know



42.,,in base 5 ?

a) 42
b) 825

@ c) 132, =1-52+3-5"+2-50
d) 134, =25+ 15+ 2
e) 210;

f) Don't know



Addition
+ 10 1 2 3 4 5 §) 7T 8 9
010 1 2 3 4 5 §) 7T 8 9
1 [1 2 3 4 5 §) 7 8 9 10
212 3 4 5 O 7T 8 9 10 11
313 4 5 §) 7 8 9 10 11 12
414 5 O 7T 8 9 10 11 12 13
515 6 7 8 9 10 11 12 13 14
6c|l6 7 & 9 10 11 12 13 14 15
717 8 9 10 11 12 13 14 15 16
I8 9 10 11 12 13 14 15 16 17
919 10 11 12 13 14 15 16 17 18



Addition — school method

843 +572 = (8-10°+4-10'+3-10") +(5-10* +7-10" +2-10")
1 1 (84+5)-10°+(4+17)-10" +(3+2)-10"
= (845)-10°+ (4+7)-10' +5- 10"
8 4 3 = (8+5)-10* +11-10" +5- 10°
= (8+45)-10°+(1-10+1)-10" +5-10°
-+ 5 7 9 = (845)-10°+(1-10>+1-10") +5 - 10°
= ((8+5)+1)-10*+1-10" +5-10°
1 4 1 5 = (a3 + 1)|- 10> +1-10" +5-10°

1410 +1-10"' +5- 10"
= (1-10+4)-10° +1-10' +5-10°

| 1-10° +4-10*+1-10" +5- 10
Must (recursively) add — 1415

numbers with multiple digits



Binary addition

— Ol O

| 111
1 1 110>
10 + 10115

11001-

School method



Addition of several numbers

1 1 1
277
1 11 10 + 955
99 11
3 3 2
+ 9 9 1232
27 7 9 9
| + + 776
+ 955 9 9
, + 2008
+ 776 9 9
| T + 491
+ 15924 L
o + 99 24909
+ 336 9 9
: / + + 1524
1359 9 9
-+ ) 5 40 2 3
4+
. + 33606
Generalized + 99 1359
+ 9 9 o
school method — Repeated addition

...carry can have multiple digits of two numbers



Subtraction — school method

1 0010 15

b 347
— 1 363

1 10109
001011,

-10 + 8



Multiplication

O© 00 ~J O Ol = Wb~ Of -

OO OO O OO o O OO

O© 00 J O Ui W — Ol

00 O N Ol

0 DN O

14
21
28
39
42
49
316
63



Multiplication

365 -427

2 1 4 1281

6 - 427 256 2
2006 2 2135
Multiplication with 155855

smgle dlglt 365 - 427 (3-10%° +6-10" +5-10") - 427
3-427-10%° +6-427-10' +5-427- 10"
1281 - 10 4+ 2562 - 10! 4 2135 - 10°
128100 + 25620 + 2135

155855



Binary multiplication

1
0
1

— O
o O O



Binary multiplication

-=»0 0 0 0 0o

1010 1y
1010 I,
1010 1,
11110001 15




Binary multiplication of blocks with 1s

J 7 i+ 0
A~ " — A~
11111 000002 = 100000000002 — 1000002

—
10111,-1010 15
1010 15

<’+ 1010 1,
| — 1010 1,
11110001 1,



et |t

-

0100

—_ O =IO = =

—t] e O O Of =t ]

Rl OO RO RO ==

——_ OO == OO O

Algorithm INTEGERDIVISION(z,y)

Input Integers z > 0 and y > 1

Output Integer i = |z/y|,ie. 0<z—1-y <y
I p=0

2 while y-2PT1 < g

3 p=p+1
4

3)

1 =10
r=x
6 # Invariant: x=1i-y+r andr < y-2PT!
7 while y <r
8 if y-2P <r
9 1 =1+ 2P # set position p in 1 = 1
10 r=r—y-2°
11 p=p—1

12 return 1



Conversion to base b

Algorithm BASEREPRESENTATION(z, D)
Input Integers > 0 and base b > 2

Output Digits dy, dy, ... of the b-ary representation of x

1 p=20

| . x=42 b=2

2 owhile x>0 do o eromisioe b

) . x) p X l l* pd

3 1 = |_:1? / bJ — 0 42 21 42 0 0

4 {if} —xr—1- b <« remainder 1 21 10 20 1 10

- -'1‘-— ; 2 10 5 10 O 010

"_' - 3 5 2 4 1 1010

6 p=p-+1 4 2 1 2 0 01010
5 1 0 0 1 101010
6 0



not curriculum

Redundant number systems

n—1 i
:i—() ;b

Normally one assumes 0<d.<b = unique representation
Redundant number systems also allow other digits, e.g. ...,-2,-1,b,b+1,...
42,,=101010,=21002,=22-1-10, = not unique

| |
2*24+1*23+2*20 27 24+2%23+-1%22+-172]

Advantage can avoid cascaded carries under addition
ldea used in hardware and many algorithms and data structures

Amr Elmasry, Jyrki Katajainen, Regular numeral systems for data structures, Acta Informatica, 2022, doi: 10.1007/s00236-021-00407-9



https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9

Algorithms and Data Structures

Induction and invariants



Proof by induction

= We wish to prove an infinite sequence of statements

u,, U,, Uy, Uy, U, ..., U, U ., ...
__ n(n+1)(2n+1)
6

= E.g., U could be the statement Y|, i =

The statements can be proved by using the induction
principle, by proving the following two statements:

1. Base case:

Prove that U, istrue

2. Induction step:
Assume for an n 2 1 that U, is true (induction hypothesis)

and prove that then U, ,, istrue,i.e., prove that U = U, ,,




Example: Prove )ii{1 = nin+1)

2
[CLRS A.1] (A.1)
1 . 1(1+1)
" Basecasen=1: )i i=1=—
" [nduction step:
. n(n+1)

Induction hypothesis: )\I" i = ,

+1)((n+1)+1
We must prove: {”fl—m )((: 1)

nn+1)
2

Proof: Y li=(m+1)+ 37" 1i'fn+1+

2n+D+nn+1) @Z+n)(n+1)
B 2 B 2
C(+D((n+1)+1)

B 2




Example: Prove Y1 2! =2nt1 —1

[CLRS A.1] (A.6)

= Basecasen=0: Y, ,2t=20=1=20t1—-1

= |[nduction step:

Induction hypothesis: Y 2t = 21 — 1

. 150 _
We must prove: Y2t = 2n++1 g

Proof:
ih.

Z?=+01 Zi — 2n+1 + Z?:() Zi al 2n+1 + 2n+1 —1

=2.2TL+1_1 =27’l+2_1 =2(Tl+1)+1_1 ]



n+1_1

X
Example: Prove Y1 x! = —— forx #1
[CLRS A.1] (A.6)
= Base casen=0:
0+1_1
D oxt = xo=1=xx_1 x # 1
* |[nduction step:
; n+1_1
Induction hypothesis: ),/ x" = xx—1
(TL+1)+1_1
We must prove: Yl xl =2 —
Proof: ) Cih g o xHq
n +1 n —
img x' = ™M xt =TT
(x—l)xn+1+xn+1—1 B xt+2_q _ x(+1)+1_4q =

x—1 x—1 x—1



.2 n(n+ 1)(2n+1)
6

Example: Prove )i ¢ i

[CLRS A.1] (A.4)

=Basecasen=1: Yi_,i2=1= 1(1+1)6(2'1+1)

® Induction step:
Induction hypothesis: > i? = "("“)6(2"“)

We must prove: Y11 i% = (n+1)((n+1)+61)(2(n+1)+1)

Proof Y 1i2=(n+1)%+ X", i?

Lh. (n41)2 4 n(n + 1)6(2n +1) _ 6(n+ 1)% + n(6n +1)(2n+ 1)
_(m+1D2n*+7n+6) (n+1)(n+2)(2n+3)
- 6 - 6

_(+D((+ D+ 1)+ 1) + 1)
— s )




Planar graphs — Euler's formula

Q G V| =5 nodes
' .G E| = 7 edges
# faces =4
(D)

A connected planar graph satisfies

Euler's formula: | |V| - |E| + # faces =2

Corollary: |E| £3|V] -6 (for [V] 2 3,

no self-loops,
no parallel edges)




Dictionary Thesaurus invaria nd n Games Word of the Day

Dictionary invariant adjective

}Deﬁnition in-vari-ant ( ()in-'ver-é-ant«)

Synonyms of invariant >
Synonyms

: CONSTANT, UNCHANGING
Example Sentences

specifically : unchanged by specified mathematical or physical
operations or transformations

Phrases Containing invariant factor

Word History

Rhymes
Entries Near invarian’[ noun

WWW.merriam-webster.com



https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant

1 « O

X « 100

while i1 < 10 do
X « X + 7

1 « 1 + 1



What is the value of x when the program terminates ?

1 « O

X « 100

while i < 10 do
X « X + 7

1 « 1 + 1

a)100 b)107 «¢)110 d)111 e)170 f)177 g)Don’t know




Loop invariant = statement

Examples for I 1 0 X" and i’ are the new values
<—
¢ i
. ;;200 ?< — 100 i=0 A x=100 - x¥100+7*i A<l
.+ igx { I } while i = 10 do
X  xX + 7 x=100+7* N i<11 A <10
N x'=x+7 N I’=i+l
x=100+7*1 A i<11 } : DA
' ' > x’=(100+7*i)+7 =100+7*1" A i'<11
A x and 1 are integers 1 <1 + 1 X'=(100+7%i)+7 =100+771" 1

A

—(i<10) A (x=100+7* A i<11)>i=11 A x=177

An invariant I should satisfy

1) When the loop is reached Use I and that the loop
the first time, I is satisfied I is automatically condition is false when

2) If I is satisfied before the satisfied when we the loop terminations
loop, then I is satisfied after get out of the loop to draw a conclusion

an iteration of the loop



Binary search (in a sorted array)

1 n

”too small” : "too large”

low mid high

<< 1nitialize >>
{ I } while << loop condition >> do
mid « << f(low,high) >>
<< update >>



Binary search (in a sorted array)

1 n << i1nitialize >>
JAl"too small”. ?  "too large” { I } while << loop condition >> do
I mid « << f(low,high) >>
low !high

mid << update >>

I,: (Afi]<xforl<i<low)” (x<Ali] for high<i<n)
I,: (Afli]<xforl<i<low)” (x<Ali] for high<i<n)
IT,: (Afil <xforl<i<low)” (x <Ali] for high<i<n
I,: (Afi]<xforl<i<low)” (x<Ali] for high<i<n)




<< initialize >>

a) OW(—O, 1ig1<—n+1

g b) low — 1; high —n

c) low — 0; high —n

d) OW 1, 'ﬂg'] —h+l
e) Don't know

(A[i] < xfor1<i<low)” (x <AJi] for high<i<n)




<< |oop condition >>

a) low = high
b) low # high
c) low < high

d) low < high

e) low > high

f) Don't know

I: (Ali]l<xforl<i<low)”(x<A[i]forhigh<i<n)




<< update >>

I:

a) if Almid]

b) if A[mid.

c) if Almid

gd) if Al

Don't know

mid]

<xt
<Xt
<Xt

<Xt

Nen
nen

nen

NenN

ow — mid else high — mid

ow — mid+1 else high — mid
ow — mid else high — mid+1
ow — mid+1 else high — mid-1

(A[i] < xfor1<i<low)” (x <AJi] for high<i<n)




Binary search (in a sorted array)

1 n
JA"too small” ?  ”too large”

low Thigh
mid
low « 1; high <« n
{ I } while low £ high do
mid < [low+ (high-low) /2]
if A[mid] < x then
low « mid+1
else
high <« mid-1

I: (Ali]<xforl<i<low)”(x<A[i]forhigh<i<n)



Where is the answer located ?

ow -1
oW

ow + 1
nigh - 1
Nigh

nigh + 1
g) Don't know

I: (Ali]<xforl<i<low)”(x<A[i]forhigh<i<n)




Algorithm POWER(z, p)

Input : Integer x > Oandp > 0
Output =P
Method cr 1

{I} while p>1 do
if p even then
T xxx;pp/2
else
r«—rxx;p<—p—1
Do = initial value of p

\ Yes No

P =< DPo
= X
A
s Bt = e X

0 =r.zp X

Exam, Algorithms and Data Structures, March 2017, problem 21




Algorithm LOG2(n)

Input . Integern > 2
Output . r = intlog(n) = |log, n|
Method 14— 1

r < 1;

p <2

{I} while 2p <n do
if pxp <n then

Yes No p < P *D:
1<r<p 4 ré&—2x%r
else
Zp=n D 2% p;
p=2 X rer+1
p=2r X
D= Qintlog(p) 4

Exam, Algorithms and Data Structures, March 2015, problem 21



Invariants

" Atool to analyze the states of a loop in an algorithm

|)I

= Design tool “Invariant - Code”

" Can be used to identify central properties of the state
of a data structure



Algorithms and Data Structures

Analysis tools, RAM model,
Insertion-Sort, O-notation
[CLRS, Chapter 1-3.2]



What is the running time of an
algorithm?



|dea

From idea to program execusion

Divide and
combine ?

for each x in m up to middle
add x to left

for each x in m after middle
add x to right

Pseudocode

if (t1[t1index] <= t2[t2indeX] )
alindex] = t1[t1index++];
else
alindex] = t2[t2index++];

(Java) code

Microcode

Virtual memory

TLB [

L1, L2,... cache
Branch Prediction

Pipelining | =

Program
execursion

AMD Athlon (2006)
chipsandcheese.com

Compiler

Machine code

Assembler

wikipedia.org/wiki/Java virtual machine



https://en.wikipedia.org/wiki/Java_virtual_machine
https://en.wikipedia.org/wiki/Java_virtual_machine
https://chipsandcheese.com/p/amds-athlon-64-getting-the-basics-right

What is the running time of an
ALGORITHM?

a) Time (min/sec) to run a program
b) # instructions executed

c) # memory cells read/written

d) # procedure calls

e) Other



Machines computation time vary...

Machine | Time (sec)

camel19 8.9

molotov 10.2
harald 20.2
gorm 7.8

Time to sort 65 MB of web log
activity around year 2000 on
various machines at the
Department of Computer Science

Idea:

Argue about algorithms independently of machines used



Design of Algorithms

Correct algorithm

the algorithm terminates on all inputs
output correct on all inputs

Efficiency

Optimize algorithms to use minimal time
space, additions,... or maximal parallelism...
~ n? is better than ~ n® : asymptotic time
Less important . constants

Resource usage: Worst-case or average?



RAM Model

(Random Access Machine)

CPU

< =030 =

= Data is stored in the memory
= Computations happen in the CPU (Central Processing Unit)
= Basic operations take 1 time unit:
+, -, *, AND, OR, XOR, get(i), set(i,v), ...
= A machine word contains c:log n bits



Example

INSERTION-SORT (A, n)

1 fori =2ton

2 key = Ali]

3 // Insert A[i] into the sorted subarray A[l :i — 1]
4 j=i—1

5 while j > O and A[j] > key

6 Alj + 1] = AlJ]

7 j =7J—1

8 Alj + 1] = key



How many times is line 6 executed ?

INSERTION-SORT (A, n)

1 fori = 2ton

2 key = Ali]
// Insert A[i] into the sorted subarray A[l:i — 1]

j=1i-1

while j > O and A[j]| > key
Alj +1] = A[J]
j=j—1

Alj + 1] = key

input. NI I I N N N



Example o

6n -2

(n-1) x 4

(n-1) x 3
<ix7

n
E: <(i-1)x 5
' < (i-1) % 3

(n-1)x 5

/I write 2 to i : 1 instruction

nx3 while i <n //readi read n, compare : 3 instructions

INSERTION-SORT (A, n)

O 1 O WDn B~ W o =

f()r | — 2 to n (n-1)x3 =7+ 1 /readi add 1, writei:3 instructions

k L A . // read i, add address of A to get address of A[l], read AJl],
ey - [l] write to key : 4 instructions

// Insert A[i] into the sorted subarray A[l:i — 1]

j — l — 1 /I read i, subtract -1, write j : 3 instructions

. . . // read j, compare j > 0, add address of A to get address of A[]],
Whlle ] > O and A [] ] > key read A[j], read key, compare A[j] > key, and : 7 instructions

A . 1 o A . /l read j, add address of A to get address of A[j], read A[]],
[] _I' ] — [] ] add 1 to get address A[j+1], write to A[j+1] : 5 instructions

] — ] — 1 /I read j, subtract -1, write j : 3 instructions

A [] _I_ 1] — key // read j, add +1, add address of A to get address of A[j+1],

read key, write to A[j+1] : 5 instructions

Total number of instructions < 18n -14 + Z?:z (15i-8)=7.5n°+17.5n - 21

memory

key | i | j | n |A4[11]4121]413] Alf] Ali] Aln]




1+2+ - +n =

+ n/2 =

n(n+1)

1 2 3 4



insertion:

|
_ |
pushl Sebp
| movl Ses Seb
- i pushl %edlja_, P
o r | pushl $esi
pushl Sebx
| i;gi $12, %esp
: e $ié 12 (%ebp)
movl 3 (2
| nov: g(eebpg, Fedx
xor s ge?x, sebx
| mov ${ﬁebp),o%eax
| movl 4(é 516(6§bp)
| movs $4oegx), Fedx
movl Sea =
I movl %232, :gg(:f»ebp)
| L. .p2align 4,,7 ’ (reop)
insertion (i N
int af] 1 | o 3
{ int i a[]l, int N) | leal 0 by 41 e
ln l . . | movl (/,ecx c o
% ,%ebx,4), %e
14 J ’/ keYI | (.:mpl TR ’%e; )
jle .18 ’ :
| movl secx, %edi
| leal —4(9és§?dl°
| real 4(% , %ecx
for ( —1 . . | . ! . (%ecx, %edi), %ed
_ Jjmp .L roeE
kJ 7 < N; j++) | s Forige 17
{ key = a[]l]; l m
ovl %
y a j , I mov: o(/oedx), $eax
. . %ecx, %esi
l Y ) . ! subl 4
J 1 , | subl 23, gggi
. | cmpl —221(°O
. . %ebp), %
while( i>=0 && a[i] > ke | .19 e e
. y ) | movl
. -20 (%ebp), %edi
a[i+l] = a] o e
a l] ; | movl iié ﬁebi( i
i__ . I N oy ?le, (%edi, %esi)
, | -Le
} | ﬁgzi -16 (%ebp), %edi
8 (%eb %
| Tovs { p), %edx
| +1 | s ($edx, $edi, 4), S%eax
a [1 ] _ . movl -
key, I mov} _gg(cebp), $ecx
| novs (%ebp), %edx
addl $1, -16(%ebp)
| movl ;ég(oelzp), s
secx, edx, %ebx, 4
} i qmpl %edi, 2 (%eb , D) o)
| jle .13
movl %
I m 4 (%eax), %edx
ovl %edi, %eb
| addl s, bean
subl 31 sebx
| movl %e&xoe—§4(9
I %gg wed , sebp)
| .L3: e
| addl $
12, %esp
i pgpi Sebx
I pop $esi
popl Sedi
| popl Sebp

ret



Example: Insertion-Sort

= Example of pseudocode

= Detailed analysis — cumbersome work

= Time: worst-case (~ n?) and best-case (~ n) very different
= Time: average (~ n?)

= Faster on ~ sorted input: adaptive



Asymptotic notation

= Basic assumptions:
— ~ n?is better than ~ n3
— constants are not essential

= Mathematical precise way to work with "~”
= Examples:
87 - n? "< 12 - nd
1089 -n 7<” 0.33-n?
7/-n°+25-n 7<” N2
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- notation

.. and friends

Q (big omega)

® (theta)

w (small omega)
o (small o)



O-notation
Definition: f(n) = O(g(n))

if f(n) and g(n) are functions N — R and
there exist constants ¢ > 0 and N, such that for alln = N, :

f(n) < c-g(n)

A

i c-g(n)
>q/ "

NO

Intuitively: f(n) is "smaller or equal to” g(n), or g(n) "dominates” f(n)



10-n = O(n?) ?

a) No

b) Yes —c=1 and Ny=1
c) Yes —c=10 and N,=1
d) Yes —c=1and Ny,=10
e) Both c) and d)

f) Don't know



O-notation

O(g(n)) is really the set of functions which
are asymptotically bounded by g(n)

Computer science Mathematical
notation notation

f(n) = O(g(n)) f(n) € O(g(n))
O(f(n)) = O(g(n)) O(f(n)) = O(g(n))
Examples:
n? = O(n3)
—Q{H%;HL

O(n?) = O(n®)
O} =0(n2)



Example: Insertion-Sort

INSERTION-SORT (A, n)

1 fori =2ton

2 key = Ali]

3 // Insert A[i] into the sorted subarray A[l:i — 1]
4 j=i-1

5 while j > 0 and A[j] > key

6 Al + 1] = A[J]

7 jg=7J—1

8 Alj + 1] = key

Time O(n?)



Example : O —rules

f(n) = O(g(n)) = c¢f(n)=0(g(n)) for c20

f()=0(g,(n) | [ fi(n) + fy(n) = O( max(gy(n), ga(n)) )
BN =0(g,(n) |~ | fi(n) - £(n) = O(gy(n) - goln))

( for positive monotone functions )



f1(x) = O(g4(x)) and f,(x) = O(g,(x))
implies
F1(X) - 1(X) = O(g4(X) - go(X)) ?

a) Yes

@ b) No

c) Don't know




Examples : O

= 3:n°+ 7-n = O(n?)

= n¢=0(n3)

= log, n = O(n°°)

" (log, n)® = O(n®1)

= n2- log, n + 7-n?5 = O(n25)
= 27 = ((3")

- n5 L O(Sn)



Visual test of n° - 2"

Plot of two functions
— not very informative

Plot of two functions
with logarithmic y-axis

— first plot misleading

111111

000000

111111

111111

O(3") ?

Plot of fraction

between two functions
— first plot misleading

111111




Proof of n°-2" = O(3")

Prove n°>-2n<c-3" forall n=N,, for appropriate choices of c and N,

Proof:
(5/log, (3/2))? < n forn= 73
j 5/log, (3/2) < \Nn = nNn < nflog, n since \n 2 log, n for n = 17
, 9 log; n=n-log, (3/2) |

, 109, (n°) < log, (3/2)"
U n° < (3/2)r=3n]2n

n5.2ns3n

l.e., the desired statement holds for c =1 and N, = 73. O

Theorem poly(n)-a"=0(b") forall 1<a<b



Q) —notation (capital Omega)

Definition: f(n) = Q(g(n))
if f(n) and g(n) are functions N - R and
there exist constants ¢ > 0 and N, such that forallnz N, :
f(n) = c-g(n)

t f(n)

l >
Ny

Intuitively: f(n) is "larger than or equal to” g(n), or g(n) is "dominated by” f(n)



O-notation (Theta)

Definition: f(n) = O(g(n))
if f(n)=0(g(n)) and f(n) = Q(g(n)

A

i c,-g(n)
; f(n)
I C,"g(n)

>
NO

Intuitively: f(n) and g(n) are "asymptotical identical”



o-notation (small o/omicron)

Definition: f(n) =o(g(n))
if f(n) and g(n) are functions N —- R and

for all ¢ > O, there exists and N, such that forallnz= N,

f(n) = c-g(n)

Intuitively: f(n) is "strictly smaller than™ g(n)



w-notation (small omega)

Definition: f(n) = w(g(n))
if f(n) and g(n) are functions N —- R and

for all c > O, there exists an N, such that for all n = N :

f(n) 2 c-g(n)

Intuitively: f(n) is "strictly larger than™ g(n)



wikipedia.org/wiki/Big O notation#Multiple variables

Multi-variable O-notation

We would like to be able to write
3n°-m+7n-m=0(n?-m)
The literature is not precise/consistent...
f(n, m) = O(g(n, m)) ?

N > NO-/ ,m)<c-g(n, m)

n=>=Ny Am=>=N, = f(n,m)<c-:-gnm) n=>N,Vm=>=N, = f(n,m)<c-:-g(nm)


https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables
https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables

Algorithm Analysis

= RAM model
= O-notation

.. do not need to describe and analyze
algorithms in full detail !
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