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Content

* Introduction to algorithms and data structures
= Examples of applications

ambitious [ = Advanced algorithms and data structures
= Research results



Course elements

_ Lectures cover the material
Teaching forms Exercise sessions work with the material
Lectures 2 + 2 hours/week

Exercise sessions (“TQ@” = Teoretiske Qvelser) 3 hours/week

Study café 5 x 2 hours/week Teaching assistant help with exercises
Online discussion forums [Brightspace] tand assignments (cs.au.dk/studiecafe)
Assignments (groups, 1-3 students, must be approved)
9 theoretical assignments ﬁ:’ractice algorithmic formulations \
4 weeks with programming exercises Handed in on Brightspace

Deadline set by you and your TA
Exam Resubmission (positive) = TA feedback
2 hours multiple choice, no aids, 7-scale grading and possibility to improve

Recommended groups with 2-3 students
Language \for ongoing discussion of the problems /
English

Exercise sessions and study café, also Danish Previous exams and practice exercises
on course webpage



https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2

3 hours each week with a teaching assistant
Work load hours x weeks A set of exercises for each TQ
Lectures 4x14 = 56 Exercises on “Course plan” associated with the
Exercise sessions (TJ) 3x14 =F lectures since your last T
. _ Format
Study café 1x14=14
Assignments 3 x 14 = 42 1. Prepare before T@ with your study group and try
P tion lect 2% 14 = 28 to understand and solve all exercises
Prepara !on 'I?; ures 5 X 14 : 08 Use the study café & discussion forum to get help
reparat!on XA = 2. At TQ students present solutions to the exercises
Preparation exam 45 The TA helps fixing minunderstandings and
Exam 2 emphasizing important points
Total hours 257 Make sure to have an ongoing dialog with your TA
about the best usage of your T@ hours




‘ THOMAS H. CORMEN Supplementary Lecture notes

CHARLES E. LEISERSON

o S Algorithms
~ and Data Structures

Gerth Stglting Brodal

‘ Over
\ 1 MILLION
copies sold

worldwide

INTRODUCTION TO

ALGORITHMS

FOURTH EDITION

Primary textbook (updated as the course progresses)


https://mitpress.mit.edu/9780262046305/introduction-to-algorithms/

If 0 is considered a natural
number depends who you ask !

A "cheat sheet” with mathematical
notation and formulas used in the
course can be found in
'Supplementary Lecture Notes”

—

Mathematics Cheat Sheet
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Rt ={zeR |z >0}

Floor |x], ceiling [x]
Associativity
(a-b)-c=a-(b-c), (a+b)+c=a+(b+c)
Commutativity
a-b=b-a, a+b=b+a
Distributivity
a-(b+c)=a-b+a-c
Powers

=1, al=a, daTc=dab.a°
(ub)c =abe o =al) a7 a—lb
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Roots
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Logarithms
logya=cs b =a, plogs e = g
Natural logarithm
Ina=log,a, ¢=27T1828...

Binary logarithm log, a =lga

log, 1 =0, logyb=1

logy(a - ¢) = logy a + log,
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Matriz addition (m X n og m X n)

C=A

+ B,

€ = aij + by

Matriz multiplication (m X n og n x p)

C=A

n
B, cij =Y 5 i b

Constant multiplication (m x n)

C'=cA,

Cij = € a4

(ALB)+C=A+ (B+C)

A+DB=
c(dA) =

(A+B) =

(AB)C
AB+

B+A
(cd)A
(cA) +
"= A(BC)
C) = (AB) +

(cB)

(AC)

(
(A+ B)C = (AC) + (BC)

Sets

Set A ={ay.as...., an}

Size |A|

Membership x € A, non-member = ¢ A
Empty set 0, 0] =0

Subset AC B,iec.xe A=z B

Set intersection AN DB

Set union AU DB

Set d'zﬁeience A\BorA-B

4\3 /-mB\ B\»DB

4\
AUB=( A\B AﬂB U(B\A4)
Commutativity
ANB=DBNA, AUB=BUA
Associativity
AUBUC)=(AUB)UC
ANBNC)=(AnB)NC
Distributivity
AUBNC)=(AUB)N(AUC)
ANBUC)=(ANB)U(ANC)
DeMorgan’s laws
ANENO) =(\BU0)
AN(BUC)=(A\B)n(A\C)

Idempotence 4 UA=A=ANnA
Empty set AUD=A, AnP=10
Complement A wrt. universe U
A=U\ A where ACU, A=A
AUB=4AnB, AnB=4AUB
A and B are disjoint < ANB =10
Cross product | Cartesian product
AxB= ANbe B}
Sums (2

Z,n:lui =ay+azx+ - +ap

Z,nzl (a; +b;) = 211:1 a; + Z;lzl b;
Zznl( sap) =c- Z?l(li

o2 71+71+ e |
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Siyi=l+24+3 4
T oo n(n+1)(2n+l)
=1 = 3
Z;l i-a' = ﬁg(lfuﬂfw(t"Jrn-uﬂ*l)
Yy iat = glgy for |a] < 1
Polynomial P(x) = E?:o ¢t
Telescoping sum
n—1
Yot (@i —ai) =an, —ag
n-te harmonic number H, =31 1
=t+3+-+

Inn +% <H,<lhn+1
lim (Hn, —Inn) =~ = 0.577215...
n—r00

= Euler-Mascheroni constant
Products
M,z =120y

! noo. ;

Fucto:ml nl = Hln:lr =1-2---n
In(TLis; @) = 2200 In(as)
O<n(m!) —(nnn—n+1) <lnn
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Probability theory &
Mean T = TitZatodan

Binomial coefficient (;) = m
(number of ways to select £ elements
among n, indepedent on the order)
Linearity of expectation
E[YF, e X = Th, o EIXY)
Bernoulli distribution X ~ Bern(p)
PrlX=1=p, Pr[lX=0=1-p
Binomial distribution X ~ Bin(n,p)
(sum of n Bernoulli ni;\ls)
PriX =k] = ( ) pF(L—pnF
Expected value p =E[X] =p-n
Geometric distribution X ~ Geom(p)
(number of Bernoulli trials before 1)
PrlX =kl =p- (1 —p)k?!
E[X] = Y5, k- Pr(X = 4] = 1
Logical expressions
Or/disjunction U V'V
And / conjunction U ANV
Not [negation =U
Implication/ conditional U = V'
Equivalent / biconditional U < V'
FEzists 3z Ulx)
For all Vo : Ulx)
VIFT A
FIFT F
T ‘ T™T T ‘ T
=|F T «|F XOR
FITT F|TF F
T ‘ FT T ‘ FT T
F = false, T = true
Asymptotic notation ()
fla)=0(g(2)) &
e, zo¥x 2 20 1 f(z)
Fl2) = Qg(a)) &
Je > 0,2Ve > ag: f(x) > ¢
fla)=08(g(z)) &
f(x) = O(g(x)) A f(x)
Master Theorem (1)
Constants a,c,d>0, p>0 and b>1

FT
FF F
FT
T

=l =
= =

IA

= Q(g(x))

c forn<d
T(n)= aT(n/b)+c-nP forn>d
Fooremn for a < 1P
T(n)=4 O(n? log,n) for a==5b"
O(nlogs @) for a > P
Growth of functions
2 ] 2

—4 =2

Literature

Mathematical formulas (high school, stx A),
Thomas H. Cormen et al., Introduction to Algorithms, 4th Edition, appendix A-C,
Seiden, Theoretical computer science cheat sheet, ACM SIGACT News, 27(4), 1996

Steve ¢

Mathematical formulas and terms (primary school), Ministry of Education, June 2017 [in Danish|
Undervisningsministeriet, May 2018 [in Danish]

2022

Covered in Mthis course, Pintroduction to mathematics course, © probability course, Plinear algebra course




Learning outcomes and competences
(from course description)

At the end of the course, the participants will be able to

Formulate and execute algorithms and data structures in the form of
pseudo code.

Construct, implement and analyze algorithms using standard algorithm
paradigms.

|dentify and compare data structures and graph algorithms for solving
algorithmic problems.

Construct, implement and evaluate the performance of algorithms for
simple algorithmic problems.

Analyze and compare the time and space usage of algorithms and data
structures.

|dentify valid invariants and prove the correctness of simple algorithms.



Questions ?

See Brightspace and slides for info!



Study

Computer science (1st year)

Data science (2" year)

I'T product development (31 year)
Mathematics (usually 31 year)
Physics (usually 3 year)

other (usually supplement in programming)



Programming experience

(for the programming language you know the best)

a)
b) Basic knowledge
c) Foundational knowledge
)
)

d) Advanced
e) Expert



= The course Algorithms and Data Structures is about the
efficiency of computer programs

= Really requires you can program...

Computer
Science
Introduction to

Mathematics Programming

Data Science (Java)

Introduction to
Programming with
Scientific Applications
IT Product (Python)

Development

Introduction to Algorithms and

Programming Data Structures
(Java)

= Programming exercises will be basic Java



Tent pole problem




Algorithms and Data Structures

Puzzle, SelectionSort






”Lokes Hgj”

= 64 pieces
= Score = 500 — # of swaps
= High score 430, i.e., 50 swaps

How do you achieve a low
number of swaps
— luck or cleverness ?




Optimal number of swaps ?

a) 5 Tgmﬁn
@06 ZQMEE
c) 7/ OL“J
o

f) Don't know § 1"6
[ OANPE

One solution: 1-9 2-6 5-6 8-3 4-8 8-7



Cycles (Permutations)
C
sSK N
A< { | >D

S B

b

Each arrow points to the piece's correct position

The arrows define a set of cycles (e.g. cycles A,B,C,D)



Optimal number of swaps ?

5 FAFARN
g lﬂé_ﬂl
° e

One solution: 2-6 5-6

Puzzle




Swaps and cycles

Y

| : x

/ /’“\ I

j Yy J
swap x and y

U
/ x Y €

,11
el

« Swapping two pieces in the same cycle increases the

« Swapping two pieces in two distinct cycle decreases the

Lemma

number of cycles by one.

number of cycles by one.




Lemma
When all n pieces are placed correctly there are exactly n cycles.

Lemma
To solve a puzzle with n pieces and initially k cycles requires =2 n — k swaps.

We have proved a lower bound for

ALL algorithms solving the problem



A (greedy) algorithm

Algorithm PUZzZLE
I while there exists a misplaced piece x do
2 Let y be the piece at x’s correct position

3 swap - and vy



Lemma
The algorithm never swaps correctly placed pieces.

Lemma
The algorithm performs < n - 1 swaps

Lemma
To solve a puzzle with n pieces and initially k cycles the

algorithm performs exactly n — k swaps.

We have proved an upper bound for a specific algorithm

The algorithm is optimal since the number of swaps is best
possible (the proved lower and upper bounds are identical)



Theorem

To solve a puzzle with n pieces and
initially k cycles requires exactly
n — k swaps




Distribution of number of cycles

n =64, 10.000.000 permutations

number of cycles

o~
O
o8

ln.
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1 2 3 4

O =N
LN

1422
5463
18833
59330
168591
418886
886375
1547248
2144855
2239366
1632232
728362
148529



Algorithmic insights...

= Mathematical insights (cycles)

= Resource usage (hnumber of swaps)

= Lower bound ( = n - k swaps)

= Greedy algorithm

= Analyzed algorithm ( < n - k swaps)

= Optimal algorithm (argued best possible)

* Input dependent resource usage
(size and number of cycles in input)



Random permutations...

More information on random permutations
e asanme e can be found in David J.C. MacKay,

.- . appendix to Information Theory, Inference,
- © . = andLearning Algorithms, on

LA "Random Permutations”, 4 pages.

W Bed)

www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf



http://www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf

SelectionSort

Move smallest card

H .
! LL
| ‘&
; *
cr S (&l | L v
| e
: L ¢ *J
: )
Unsorted Sorted

Invariant S sortedand C > S



Minimum

Discarded candidate |
f* 5 ~ :
S
| /& 3 A\
[ /—(
L \_ S */ M : — * 1
.................................................................. | &
: €%
: . ¢ */
: \_ ! *J

o U
Not S
considered
yet
& o

Invariant
Ssorted, UULUM >S,L>M,|M|<1,and |L| >1= |M| =1



Implicit SelectionSort

Algorithm SELECTIONSORTABSTRACT(A) 1 Invar-ant

I fori=1to |A|—1 do O B G

2 swap Ali] and minimum of Ali..|Al] \ v L ~ _
sorted S < C

A 3415 2
— 1 =1 Algorithm SELECTIONSORT(A)
L (43|52 1 for i=1to |A]—1 do
~N— @ @@ 7 = 9 2 k=1
1 5 1315 |4 3 for j=i+4+1 to \A[ clp
~ 3 # Alk| = min Ali..7 — 1]
— ¢ 5 if A[j] < A[k] then
I {235 |4 6 k=j
h ~~ - 7 1 =4 7 # Alk] = min Ali..|A|]
L {23415 8 tmp = Al
~ ~ 9 Ali] = A[k]
o 10 Alk] = tmp




Analysis SelectionSort

Lemma
To find the smallest card among k cards requires k — 1 comparisons

Lemma
SelectionSort on n cards makes (n—-1)+ (n-2)+--+1=n(n-1)/2
comparisons




1+2+ - +n =

+ n/2 =

n(n+1)

1 2 3 4



Algorithms and Data Structures

Binary and linear search, logarithms,
longest increasing subsequence, Erdos Szekeres theorem



Searching an unsorted list

241113 | 7132147/ 5] 2 {8912 SUCE:

. 1 7 n
Visual _
invariant 4 7 X i !
Formal : . .
variant 1<i:<n+4+1ANaj#xforall<j<e

at most n comparisons



Searching an unsorted list

1 (

Visual

. ) a, 2
invariant 4 # X t ;

Algorithm LINEARSEARCH(A, x)

Input  Array A[l..n| and search key x
Output Index ¢ where Ali| =x; —1ifx ¢ A

1 1=1

2 while : < |A| do

3 if Ali] =« then
4 return ¢

5 =1+ 1

6 return —1



Searching a sorted list

(3 |7 9 111]13]27/33)37]42]89 IELLR

_ 1 low mid high n
. VlSl{aI < T (L mid > T
Invariant
< low < high < n
Eormal (1 < low < high <n+1) A

(x < a; for all high < j <n)



Algorithm BINARYSEARCH(A, x)

Input  Sorted array A[l..n] and search key x

Output Index ¢ where Ali] =x; —1ifx ¢ A

1 low =1

2 high =n+1

3 while low < thh do Exercise

4 mid = [(l0w + high) /2| Gee—\\hat happens if floor is

5 if © = A|mid] then replaced by ceil?

6 return mud

7 else if x < A[mid] then
Exercise 3 high = mid
Modifylalgorithm tolet else if © > Almidl then
low point here 10 low = mid + 1

11 return —1

low mad high n
A < X CLmad > T




Binary search — number of comparisons

A

1

low

maid

high

n

<X

(L mid

>

Number of candidates after one comparison <: n — |[n/2]

n— [n/2] = |In/2] /2] = [[In/2] /2] /2] = - =0

After k comparisons < n/2k candidates
done the latest when n/2k<1 & n<2k < log,n<k < 1+llog, nl<k

at most 1 + |log, n] comparisons



I'HE CLASSIC WORK
JPDATEIL

Binary search in the literature e P o

The Art of

. _ . _ _ Computer
= According to Knuth first discussed in the literature Programming

— John Mauchly i [Theory and techniqeus for the design of electronic digital A SO
computers, ed. G. W. Patterson, 3 (1946), 22.8-22.9] for n = 2k -1, cond Bdit ”

— H. Bottenbruch [Structure and Use of ALGOL 60, Journal of the ACM, DONALD E. KNUTH
9 (1962), 214], for all n

: . . o Programming Pearls
= Bentley’'s experience from Bell Labs and IBM in the beginning of JUBERS

the 80s, where he asked peopler to implement binary search:

...given ample time, only about ten percent of professional programmers
were able to get this small program right...

Donald E. Knuth, The Art of Computer Programming: Volume 3, Sorting and Searching, Chapter 6.2.1, 1973

Jon Bentley, Programming Pearls, Chapter 4.1, 1986



EXAMPLES OF ALGOL PROCEDURES

43,  Program for Binary Search

The following procedure assumes that the elements of an array « ate arranged
in descending order, that is, all] = a[2] = a[3] = - - . Given a number b and g
subscript 7 such that a[l] = & > af] the program determines in | + logyj com-
parisons & subscript p for which alp| = b > alp + 1.

procedure binary search (a, b, j, p);
value j, b; integer j, p; realb; real array a;

begin integer pl;

p =1
test forend: if j — p = 1 then go to M;
pl:= () + p) + 2;
if alpl] = b thenp := pl else j := pl;
go to test for end;
M:

H. Bottenbruch, Structure and Use of ALGOL 60, Journal of the ACM, 1962, doi: 10.1145/321119.321120



https://doi.org/10.1145/321119.321120

Binary search In standard libaries

= Java java.util.Collections.binarySearch
= C++ std::lower bound

* Python bisect.bisect left

Finds first A[/] = x



https://docs.oracle.com/en/java/javase/18/docs/api/java.base/java/util/Collections.html
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html

Searching a sorted list — lower bound

379 ]11]13]27/33]37]42/89

For any algorithm, an adversary can answer the comparison such that
number of candidates is at least

n— [n/2] = [[n/2] /2] = [[[n/2] /2] /2] = -+ =0

n = 2Ueg.nl = after k comparisons = 2lleg: nl-k candidates
= after Llog, n| comparisons at least 1 candidate remains

at least 1 + |_Iog2 nl comparisons (in the worst case)



Problem 1.9*

o 3|79 [11113]15]33/37]42]89
i 4| 6]8[18]23127]51

Given X and Y sorted, find the r" smallestin XU Y

(the 9" smallest element is 15)



Definition

Logarithms

y=1log,x & b ==z

- natural logarithm

log,
3
1 L0 e
2+ ‘};ﬂ S i .].0\ %‘ ‘bilrr - ]‘Il X
B ro ==
=== (;:1?0,_ In ;;1:0)
1 | - lOglU £
1 2 3 4 5 6 7 8 9 10
' d o1
-1 %ln._z ==




Logarithms — rules of arithmetic

log,(z-y) = log,z +log,y
log,(z/y) = log,z —logy,y
logy(z") = p-logya
o log, x
T —
S log, b
log, (b") = p
d 1 1
" 1n _ =
dx * X
Y1
Iny = / —dx
. T

: o no 1
H,—Inn — for n — oo Harmonic number H, =2 iy 3
n ,7 Euler-Mascheroni constant v = 0.577215664901 . ..



An algorithmic example
(using binary search)



Patience Diff

&
Longest Increasing Subsequences



Shell command: diff

#include <stdio.h>

int 1i;
for(i = 0; 1 <
{
printf ("Yo
printf ("%d

int fact (int n)

if(n > 1)
{

return facf

}

return 1;

}

int main (int argc,
{
frobnitz (fact (]

}

// Frobs foo heartily
int frobnitz (int foo)

#include <stdio.h>

int fib (int n)

$ diff A.c B.c
3,4c3

< // Frobs foo heartily
< int frobnitz(int foo)

> int fib(int n)

6,7c5

< int i;

< for(i = 0; i < 10; i++)

> if(n > 2)

9,10c7

< printf("Your answer is: ");
< printf("%d\n", foo);

> return fib(n-1) + fib(n-2);
11a9

> return 1;

14c12,13

< int fact(int n)

<« // cvrahce FAAn hoar+a v,

fib(n-2) ;

*argv)

wikipedia.org/wiki/Diff



https://en.wikipedia.org/wiki/Diff

L ]
lefcheclmr Home Images PDF Contact CLI

fa)
Create a free account

Recent Diffs

Unsaved diff 1. #include <stdio.h>
2.

Clear diffs

Recent diffs are deleted
on refresh

Saved Diffs
No diffs yet

3. // Frobs foo heartily
4. int frobnitz(int foo)
5.4

6. int i;
8.

10. printf("%d\n",
11. }
12. }

13.
14.

15.
16.
17.
18.
19.
20.
21.
22.

24. {

796 )

7. -For(i =0; i< 10;

i++)

9-_ _

foo);

23. int main(int argc, char **argv)

11 removals 10 additions

1. #include <stdio.h>

2.
3.

W N p

10.

11.
12. // Frobs foo heartily

13. int frobnitz(int foo)

14. {
15. int i;
16. -For(i =0; i< 10; i++)

printf("%d\n", foo);

19. }
20. }
21.

22. int main(int argc, char **argv)
23. {

24| frobnitz(fib(10));

25 1


https://www.diffchecker.com/

Email this comparison

Text Compare!

J| 1 [#include <stdio.h>

4
2
3 |// Frobs foo heartily
4 |int frobnitz (int foo)
5 |({
6 int i;
7 for(i = 0; i < 10; i++)
8 1
',- printf ("Your answer is: ");
10 printf ("sd\n", foo);
11 }
12|}
13
‘ int fact (int n)
{
if(n > 1)
1
return fact(n-1) * n;
}
return 1;
}
23|int main (int argc, char **argv)
{
. frobnitz (fact (10)) ;
26|}
27

J 1 |#include <stdio.h>
\J
int fib{int n)
{
if(n > 2)
{
return fib(n-1) + fib(n-2);
}
return 1;
}
11
12|// Frobs foo heartily
13|/int frobnitz (int foo)
14|{
15 int i;
16 for(i = 0; 1 < 10; i++)
17 {
] |
18 printf ("%d\n", foo);
19 1
20/}
21
4
22|int main(int argc, char **argv)
Gl
f frobnitz (fib (10) ) ;
25|}
26

Edit texts ... Switch texts

Comparel!

Clear all



https://text-compare.com/

. File Left Right View Options Mergely Social

> £ 382 A vV « » 2z

1 #include <stdio.h> 1 #include <stdio.h>
02 2
3 // Frobs foo heartily [ k] int fib({int n)
4 int frobnitz(int foo) 4
51 5 if(n > 2)
6 int i; 6 {
7 for(i = 0; 1 < 10; i++4) 7 return fib(n-1) + fib(n-2);
8 { 8 }
|j 9 e S return 1;
10 printf ("%d\n", foo): 10 ]
1 } 11
12} " 12 // Frobs foo heartily
13 13 int frobnitz(int foo)
014 int faetfintn) 14 {
15 + 15 int i;
16 e — 16 for(i = 0; 1 < 10: i+4)
17 — ¢ 017 I
18 T e L | 18 printf ("%d\n", foo);
19 —3 19 }
20 e 201}
21 ¥ 021
22 7 22 int main(int argc, char **argv)
23 int main(int argc, char **argv) ) 23 1
24 { 024 frobnitz (£ib(10)) :
025 £robaitz{fact {10}, 25}
26 } 26|

27


https://editor.mergely.com/

Patience Diff

(Bram Cohen, inventor of BitTorrent)

= Tries to create readable and meaningful output
— opposed to minimal output

= Used in the Bazaar version control system

Finding a smallest possible edit sequence is covered
later in the course (topic Dynamic Programming)

alfedenzo.livejournal.com: Patience Diff, a brief summary



https://alfedenzo.livejournal.com/170301.html
https://alfedenzo.livejournal.com/170301.html

00

11

12
14
15

17

21

25 }

fact (int n)

if(n > 1)
{

eturn fact (n-1) *

return 1;

argc, char *

frobnitz (fact (10)) ;

(00 Jtinclude <stdio.h>
01

02 int fib(int n)

03 {

04 if(n > 2)

05 {

06 return fib(n-1) + fib(n-2);:

07 }

(08) return 1;
09 }

10
// Frobs foo heartily
(12 )int frobnitz(int foo)
13 {

(147

>

(15
(17

18

int i;
for(i = 0; i < 10; i++)
{

n; printf ("%d\n", foo);

}

‘Patience Diff

1) Find lines occurring exactly once in both texts
2) Find alongest increasing (common) subsequence
3) Repeat (recursively) on the blocks created




Longest increasing subsequence
(Problem 1.2)

~50-83-75-60(59/63) (74) 6-90(09)57-45-00~

Problem

Erase as few numbers as possible,
so that the remaining number are in increasing order



Longest increasing subsequence
(Problem 1.2)

3083 738059634178 6882533122746 3699 574360

1 223232 445|3215136141435
'\ p— ’\_/
K
longest
Length Sm?"es’t IfSt Increasing
elemen subsequence
1 30 ending with 53
2 41
3 63 53 =|binary search
4 68 .
5 82 < n-(1+ Llog, k1) comparisons




Theorem (Erdos and Szekeres, 1935)

Any sequence of n numbers has an increasing or decreasing
subsequence of length at least [v/n|.

31417642108 13 11 28 (increasing)

243121671426 82021 (decreasing)

Paul Erdés, George Szekeres, A combinatorial problem in geometry, Compositio Mathematica, 1935, doi: 10.1007/978-0-8176-4842-8 3



https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3

Theorem (Erdos and Szekeres, 1935)

3083738059 634178688253 3122746 3699 57 43 60

1 2 2 3 2 3 2 4 45 3 2 1 4 4 5
\/Vvv\/
Length Smallest last element

1 30226

2 83 73 59 41 31

3 80 63 53 36

4 78 68 57 43

5 82 74 60

6 99

Either many (= /n) rows (long increasing subsequence) or
at least one long (= +/n) row (long decreasing subsequence)



Algorithms and Data Structures

Integer arithmetic: Binary and decimal numbers,
addition, subtraction, multiplication, division



For every small integer we have a special symbol



Value of

n—1

Base-10 system (10 =9 + 1)

Ap—10p—2 - - dy1dg

where d; € {0,1,2,3,4,5,6,7,8,9}

Zdé 100 =d,_-10" "t +d,_5-10"" 2+ .. +dy - 10"+ dy - 10°

1=0

Example:

18499 =1-10° +8-10% +4-10' +9- 10"



Representation base b

Value of dn_ldn_g v e dldo

Z?:_()l dfzi ' bi

abcd

ey b
Example: 184935 = 111001110012 = 34713 = 73916

1-103+8:10%+4:101+9-100 210+29+28+25+24+23+20 3:83+4-82+7-8'+1-80  7-162+3-16'+9-16°

Decimal value 012 3 45 6 78 9 10 11 12 13 14 15
Binary symbol 0 1

Octal symbol 012 3 45 6 7

Hexadecimal symbol 0 1 2 3 4 5 6 7 8 9 A B C D E F



Color picker

* RGB = Red-Green-Blue system

= Atypical value consists of three
values R, G and B, each value
consisting of 8 bits, i.e., a value

. e in the decimal range 0..255 and
#1affS0 26 255 80 hexadecimal 00..FF
concel (D " R: 1A = 26,

= G: FF,4 = 255,

docs.google.com



https://docs.google.com/

5 4 3 2 1 0

101010, in base 10 ?

a) 14,
b) 26,
c) 374,
@ d)42,,=25+23+21=32+8+2
e) 84,

f) Don't know



42.,,in base 5 ?

a) 42
b) 825

@ c) 132, =1-52+3-5"+2-50
d) 134, =25+ 15+ 2
e) 210;

f) Don't know



Addition
+ 10 1 2 3 4 5 §) 7T 8 9
010 1 2 3 4 5 §) 7T 8 9
1 [1 2 3 4 5 §) 7 8 9 10
212 3 4 5 O 7T 8 9 10 11
313 4 5 §) 7 8 9 10 11 12
414 5 O 7T 8 9 10 11 12 13
515 6 7 8 9 10 11 12 13 14
6c|l6 7 & 9 10 11 12 13 14 15
717 8 9 10 11 12 13 14 15 16
I8 9 10 11 12 13 14 15 16 17
919 10 11 12 13 14 15 16 17 18



Addition — school method

843 +572 = (8-10°+4-10'+3-10") +(5-10* +7-10" +2-10")
1 1 (84+5)-10°+(4+17)-10" +(3+2)-10"
= (845)-10°+ (4+7)-10' +5- 10"
8 4 3 = (8+5)-10* +11-10" +5- 10°
= (8+45)-10°+(1-10+1)-10" +5-10°
-+ 5 7 9 = (845)-10°+(1-10>+1-10") +5 - 10°
= ((8+5)+1)-10*+1-10" +5-10°
1 4 1 5 = (a3 + 1)|- 10> +1-10" +5-10°

1410 +1-10"' +5- 10"
= (1-10+4)-10° +1-10' +5-10°

| 1-10° +4-10*+1-10" +5- 10
Must (recursively) add — 1415

numbers with multiple digits



Binary addition

— Ol O

| 111
1 1 110>
10 + 10115

11001-

School method



Addition of several numbers

1 1 1
277
1 11 10 + 955
99 11
3 3 2
+ 9 9 1232
27 7 9 9
| + + 776
+ 955 9 9
, + 2008
+ 776 9 9
| T + 491
+ 15924 L
o + 99 24909
+ 336 9 9
: / + + 1524
1359 9 9
-+ ) 5 40 2 3
4+
. + 33606
Generalized + 99 1359
+ 9 9 o
school method — Repeated addition

...carry can have multiple digits of two numbers



Subtraction — school method

1 0010 15

b 347
— 1 363

1 10109
001011,

-10 + 8



Multiplication

O© 00 ~J O Ol = Wb~ Of -

OO OO O OO o O OO

O© 00 J O Ui W — Ol

00 O N Ol

0 DN O

14
21
28
39
42
49
316
63



Multiplication

365 -427

2 1 4 1281

6 - 427 256 2
2006 2 2135
Multiplication with 155855

smgle dlglt 365 - 427 (3-10%° +6-10" +5-10") - 427
3-427-10%° +6-427-10' +5-427- 10"
1281 - 10 4+ 2562 - 10! 4 2135 - 10°
128100 + 25620 + 2135

155855



Binary multiplication

1
0
1

— O
o O O



Binary multiplication

-=»0 0 0 0 0o

1010 1y
1010 I,
1010 1,
11110001 15




Binary multiplication of blocks with 1s

J 7 i+ 0
A~ " — A~
11111 000002 = 100000000002 — 1000002

—
10111,-1010 15
1010 15

<’+ 1010 1,
| — 1010 1,
11110001 1,



et |t

-

0100

—_ O =IO = =

—t] e O O Of =t ]

Rl OO RO RO ==

——_ OO == OO O

Algorithm INTEGERDIVISION(z,y)

Input Integers z > 0 and y > 1

Output Integer i = |z/y|,ie. 0<z—1-y <y
I p=0

2 while y-2PT1 < g

3 p=p+1
4

3)

1 =10
r=x
6 # Invariant: x=1i-y+r andr < y-2PT!
7 while y <r
8 if y-2P <r
9 1 =1+ 2P # set position p in 1 = 1
10 r=r—y-2°
11 p=p—1

12 return 1



Conversion to base b

Algorithm BASEREPRESENTATION(z, D)
Input Integers > 0 and base b > 2

Output Digits dy, dy, ... of the b-ary representation of x

1 p=20

| . x=42 b=2

2 owhile x>0 do o eromisioe b

) . x) p X l l* pd

3 1 = |_:1? / bJ — 0 42 21 42 0 0

4 {if} —xr—1- b <« remainder 1 21 10 20 1 10

- -'1‘-— ; 2 10 5 10 O 010

"_' - 3 5 2 4 1 1010

6 p=p-+1 4 2 1 2 0 01010
5 1 0 0 1 101010
6 0



not curriculum

Redundant number systems

n—1 i
:i—() ;b

Normally one assumes 0<d.<b = unique representation
Redundant number systems also allow other digits, e.g. ...,-2,-1,b,b+1,...
42,,=101010,=21002,=22-1-10, = not unique

| |
2*24+1*23+2*20 27 24+2%23+-1%22+-172]

Advantage can avoid cascaded carries under addition
ldea used in hardware and many algorithms and data structures

Amr Elmasry, Jyrki Katajainen, Regular numeral systems for data structures, Acta Informatica, 2022, doi: 10.1007/s00236-021-00407-9



https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9

Algorithms and Data Structures

Induction and invariants



Proof by induction

= We wish to prove an infinite sequence of statements

u,, U,, Uy, Uy, U, ..., U, U ., ...
__ n(n+1)(2n+1)
6

= E.g., U could be the statement Y|, i =

The statements can be proved by using the induction
principle, by proving the following two statements:

1. Base case:

Prove that U, istrue

2. Induction step:
Assume for an n 2 1 that U, is true (induction hypothesis)

and prove that then U, ,, istrue,i.e., prove that U = U, ,,




Example: Prove )ii{1 = nin+1)

2
[CLRS A.1] (A.1)
1 . 1(1+1)
" Basecasen=1: )i i=1=—
" [nduction step:
. n(n+1)

Induction hypothesis: )\I" i = ,

+1)((n+1)+1
We must prove: {”fl—m )((: 1)

nn+1)
2

Proof: Y li=(m+1)+ 37" 1i'fn+1+

2n+D+nn+1) @Z+n)(n+1)
B 2 B 2
C(+D((n+1)+1)

B 2




Example: Prove Y1 2! =2nt1 —1

[CLRS A.1] (A.6)

= Basecasen=0: Y, ,2t=20=1=20t1—-1

= |[nduction step:

Induction hypothesis: Y 2t = 21 — 1

. 150 _
We must prove: Y2t = 2n++1 g

Proof:
ih.

Z?=+01 Zi — 2n+1 + Z?:() Zi al 2n+1 + 2n+1 —1

=2.2TL+1_1 =27’l+2_1 =2(Tl+1)+1_1 ]



n+1_1

X
Example: Prove Y1 x! = —— forx #1
[CLRS A.1] (A.6)
= Base casen=0:
0+1_1
D oxt = xo=1=xx_1 x # 1
* |[nduction step:
; n+1_1
Induction hypothesis: ),/ x" = xx—1
(TL+1)+1_1
We must prove: Yl xl =2 —
Proof: ) Cih g o xHq
n +1 n —
img x' = ™M xt =TT
(x—l)xn+1+xn+1—1 B xt+2_q _ x(+1)+1_4q =

x—1 x—1 x—1



.2 n(n+ 1)(2n+1)
6

Example: Prove )i ¢ i

[CLRS A.1] (A.4)

=Basecasen=1: Yi_,i2=1= 1(1+1)6(2'1+1)

® Induction step:
Induction hypothesis: > i? = "("“)6(2"“)

We must prove: Y11 i% = (n+1)((n+1)+61)(2(n+1)+1)

Proof Y 1i2=(n+1)%+ X", i?

Lh. (n41)2 4 n(n + 1)6(2n +1) _ 6(n+ 1)% + n(6n +1)(2n+ 1)
_(m+1D2n*+7n+6) (n+1)(n+2)(2n+3)
- 6 - 6

_(+D((+ D+ 1)+ 1) + 1)
— s )




Planar graphs — Euler's formula

Q G V| =5 nodes
' .G E| = 7 edges
# faces =4
(D)

A connected planar graph satisfies

Euler's formula: | |V| - |E| + # faces =2

Corollary: |E| £3|V] -6 (for [V] 2 3,

no self-loops,
no parallel edges)




Dictionary Thesaurus invaria nd n Games Word of the Day

Dictionary invariant adjective

}Deﬁnition in-vari-ant ( ()in-'ver-é-ant«)

Synonyms of invariant >
Synonyms

: CONSTANT, UNCHANGING
Example Sentences

specifically : unchanged by specified mathematical or physical
operations or transformations

Phrases Containing invariant factor

Word History

Rhymes
Entries Near invarian’[ noun

WWW.merriam-webster.com



https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant

1 « O

X « 100

while i1 < 10 do
X « X + 7

1 « 1 + 1



What is the value of x when the program terminates ?

1 « O

X « 100

while i < 10 do
X « X + 7

1 « 1 + 1

a)100 b)107 «¢)110 d)111 e)170 f)177 g)Don’t know




Loop invariant = statement

Examples for I 1 0 X" and i’ are the new values
<—
¢ i
. ;;200 ?< — 100 i=0 A x=100 - x¥100+7*i A<l
.+ igx { I } while i = 10 do
X  xX + 7 x=100+7* N i<11 A <10
N x'=x+7 N I’=i+l
x=100+7*1 A i<11 } : DA
' ' > x’=(100+7*i)+7 =100+7*1" A i'<11
A x and 1 are integers 1 <1 + 1 X'=(100+7%i)+7 =100+771" 1

A

—(i<10) A (x=100+7* A i<11)>i=11 A x=177

An invariant I should satisfy

1) When the loop is reached Use I and that the loop
the first time, I is satisfied I is automatically condition is false when

2) If I is satisfied before the satisfied when we the loop terminations
loop, then I is satisfied after get out of the loop to draw a conclusion

an iteration of the loop



Binary search (in a sorted array)

1 n

”too small” : "too large”

low mid high

<< 1nitialize >>
{ I } while << loop condition >> do
mid « << f(low,high) >>
<< update >>



Binary search (in a sorted array)

1 n << i1nitialize >>
JAl"too small”. ?  "too large” { I } while << loop condition >> do
I mid « << f(low,high) >>
low !high

mid << update >>

I,: (Afi]<xforl<i<low)” (x<Ali] for high<i<n)
I,: (Afli]<xforl<i<low)” (x<Ali] for high<i<n)
IT,: (Afil <xforl<i<low)” (x <Ali] for high<i<n
I,: (Afi]<xforl<i<low)” (x<Ali] for high<i<n)




<< initialize >>

a) OW(—O, 1ig1<—n+1

g b) low — 1; high —n

c) low — 0; high —n

d) OW 1, 'ﬂg'] —h+l
e) Don't know

(A[i] < xfor1<i<low)” (x <AJi] for high<i<n)




<< |oop condition >>

a) low = high
b) low # high
c) low < high

d) low < high

e) low > high

f) Don't know

I: (Ali]l<xforl<i<low)”(x<A[i]forhigh<i<n)




<< update >>

I:

a) if Almid]

b) if A[mid.

c) if Almid

gd) if Al

Don't know

mid]

<xt
<Xt
<Xt

<Xt

Nen
nen

nen

NenN

ow — mid else high — mid

ow — mid+1 else high — mid
ow — mid else high — mid+1
ow — mid+1 else high — mid-1

(A[i] < xfor1<i<low)” (x <AJi] for high<i<n)




Binary search (in a sorted array)

1 n
JA"too small” ?  ”too large”

low Thigh
mid
low « 1; high <« n
{ I } while low £ high do
mid < [low+ (high-low) /2]
if A[mid] < x then
low « mid+1
else
high <« mid-1

I: (Ali]<xforl<i<low)”(x<A[i]forhigh<i<n)



Where is the answer located ?

ow -1
oW

ow + 1
nigh - 1
Nigh

nigh + 1
g) Don't know

I: (Ali]<xforl<i<low)”(x<A[i]forhigh<i<n)




Algorithm POWER(z, p)

Input : Integer x > Oandp > 0
Output =P
Method cr 1

{I} while p>1 do
if p even then
T xxx;pp/2
else
r«—rxx;p<—p—1
Do = initial value of p

\ Yes No

P =< DPo
= X
A
s Bt = e X

0 =r.zp X

Exam, Algorithms and Data Structures, March 2017, problem 21




Algorithm LOG2(n)

Input . Integern > 2
Output . r = intlog(n) = |log, n|
Method 14— 1

r < 1;

p <2

{I} while 2p <n do
if pxp <n then

Yes No p < P *D:
1<r<p 4 ré&—2x%r
else
Zp=n D 2% p;
p=2 X rer+1
p=2r X
D= Qintlog(p) 4

Exam, Algorithms and Data Structures, March 2015, problem 21



Invariants

" Atool to analyze the states of a loop in an algorithm

|)I

= Design tool “Invariant - Code”

" Can be used to identify central properties of the state
of a data structure



Algorithms and Data Structures

Analysis tools, RAM model,
Insertion-Sort, O-notation
[CLRS, Chapter 1-3.2]



What is the running time of an
algorithm?



|dea

From idea to program execusion

Divide and
combine ?

for each x in m up to middle
add x to left

for each x in m after middle
add x to right

Pseudocode

if (t1[t1index] <= t2[t2indeX] )
alindex] = t1[t1index++];
else
alindex] = t2[t2index++];

(Java) code

Microcode

Virtual memory

TLB [

L1, L2,... cache
Branch Prediction

Pipelining | =

Program
execursion

AMD Athlon (2006)
chipsandcheese.com

Compiler

Machine code

Assembler

wikipedia.org/wiki/Java virtual machine



https://en.wikipedia.org/wiki/Java_virtual_machine
https://en.wikipedia.org/wiki/Java_virtual_machine
https://chipsandcheese.com/p/amds-athlon-64-getting-the-basics-right

What is the running time of an
ALGORITHM?

a) Time (min/sec) to run a program
b) # instructions executed

c) # memory cells read/written

d) # procedure calls

e) Other



Machines computation time vary...

Machine | Time (sec)

camel19 8.9

molotov 10.2
harald 20.2
gorm 7.8

Time to sort 65 MB of web log
activity around year 2000 on
various machines at the
Department of Computer Science

Idea:

Argue about algorithms independently of machines used



Design of Algorithms

Correct algorithm

the algorithm terminates on all inputs
output correct on all inputs

Efficiency

Optimize algorithms to use minimal time
space, additions,... or maximal parallelism...
~ n? is better than ~ n® : asymptotic time
Less important . constants

Resource usage: Worst-case or average?



RAM Model

(Random Access Machine)

CPU

< =030 =

= Data is stored in the memory
= Computations happen in the CPU (Central Processing Unit)
= Basic operations take 1 time unit:
+, -, *, AND, OR, XOR, get(i), set(i,v), ...
= A machine word contains c:log n bits



Example

INSERTION-SORT (A, n)

1 fori =2ton

2 key = Ali]

3 // Insert A[i] into the sorted subarray A[l :i — 1]
4 j=i—1

5 while j > O and A[j] > key

6 Alj + 1] = AlJ]

7 j =7J—1

8 Alj + 1] = key



How many times is line 6 executed ?

INSERTION-SORT (A, n)

1 fori = 2ton

2 key = Ali]
// Insert A[i] into the sorted subarray A[l:i — 1]

j=1i-1

while j > O and A[j]| > key
Alj +1] = A[J]
j=j—1

Alj + 1] = key

input. NI I I N N N



Example o

6n -2

(n-1) x 4

(n-1) x 3
<ix7

n
E: <(i-1)x 5
' < (i-1) % 3

(n-1)x 5

/I write 2 to i : 1 instruction

nx3 while i <n //readi read n, compare : 3 instructions

INSERTION-SORT (A, n)

O 1 O WDn B~ W o =

f()r | — 2 to n (n-1)x3 =7+ 1 /readi add 1, writei:3 instructions

k L A . // read i, add address of A to get address of A[l], read AJl],
ey - [l] write to key : 4 instructions

// Insert A[i] into the sorted subarray A[l:i — 1]

j — l — 1 /I read i, subtract -1, write j : 3 instructions

. . . // read j, compare j > 0, add address of A to get address of A[]],
Whlle ] > O and A [] ] > key read A[j], read key, compare A[j] > key, and : 7 instructions

A . 1 o A . /l read j, add address of A to get address of A[j], read A[]],
[] _I' ] — [] ] add 1 to get address A[j+1], write to A[j+1] : 5 instructions

] — ] — 1 /I read j, subtract -1, write j : 3 instructions

A [] _I_ 1] — key // read j, add +1, add address of A to get address of A[j+1],

read key, write to A[j+1] : 5 instructions

Total number of instructions < 18n -14 + Z?:z (15i-8)=7.5n°+17.5n - 21

memory

key | i | j | n |A4[11]4121]413] Alf] Ali] Aln]




1+2+ - +n =

+ n/2 =

n(n+1)

1 2 3 4



insertion:

|
_ |
pushl Sebp
| movl Ses Seb
- i pushl %edlja_, P
o r | pushl $esi
pushl Sebx
| i;gi $12, %esp
: e $ié 12 (%ebp)
movl 3 (2
| nov: g(eebpg, Fedx
xor s ge?x, sebx
| mov ${ﬁebp),o%eax
| movl 4(é 516(6§bp)
| movs $4oegx), Fedx
movl Sea =
I movl %232, :gg(:f»ebp)
| L. .p2align 4,,7 ’ (reop)
insertion (i N
int af] 1 | o 3
{ int i a[]l, int N) | leal 0 by 41 e
ln l . . | movl (/,ecx c o
% ,%ebx,4), %e
14 J ’/ keYI | (.:mpl TR ’%e; )
jle .18 ’ :
| movl secx, %edi
| leal —4(9és§?dl°
| real 4(% , %ecx
for ( —1 . . | . ! . (%ecx, %edi), %ed
_ Jjmp .L roeE
kJ 7 < N; j++) | s Forige 17
{ key = a[]l]; l m
ovl %
y a j , I mov: o(/oedx), $eax
. . %ecx, %esi
l Y ) . ! subl 4
J 1 , | subl 23, gggi
. | cmpl —221(°O
. . %ebp), %
while( i>=0 && a[i] > ke | .19 e e
. y ) | movl
. -20 (%ebp), %edi
a[i+l] = a] o e
a l] ; | movl iié ﬁebi( i
i__ . I N oy ?le, (%edi, %esi)
, | -Le
} | ﬁgzi -16 (%ebp), %edi
8 (%eb %
| Tovs { p), %edx
| +1 | s ($edx, $edi, 4), S%eax
a [1 ] _ . movl -
key, I mov} _gg(cebp), $ecx
| novs (%ebp), %edx
addl $1, -16(%ebp)
| movl ;ég(oelzp), s
secx, edx, %ebx, 4
} i qmpl %edi, 2 (%eb , D) o)
| jle .13
movl %
I m 4 (%eax), %edx
ovl %edi, %eb
| addl s, bean
subl 31 sebx
| movl %e&xoe—§4(9
I %gg wed , sebp)
| .L3: e
| addl $
12, %esp
i pgpi Sebx
I pop $esi
popl Sedi
| popl Sebp

ret



Example: Insertion-Sort

= Example of pseudocode

= Detailed analysis — cumbersome work

= Time: worst-case (~ n?) and best-case (~ n) very different
= Time: average (~ n?)

= Faster on ~ sorted input: adaptive



Asymptotic notation

= Basic assumptions:
— ~ n?is better than ~ n3
— constants are not essential

= Mathematical precise way to work with "~”
= Examples:
87 - n? "< 12 - nd
1089 -n 7<” 0.33-n?
7/-n°+25-n 7<” N2



Se+0E

Be+06

Te+0G

Be+06

De+0G

4e+0R

Ze+0G

2e+06

1e+06

1089-:x vs 0.33-x?

1085%:x
0,33%:"2

0 1000

2000

2000

4000

5000



- notation

.. and friends

Q (big omega)

® (theta)

w (small omega)
o (small o)



O-notation
Definition: f(n) = O(g(n))

if f(n) and g(n) are functions N — R and
there exist constants ¢ > 0 and N, such that for alln = N, :

f(n) < c-g(n)

A

i c-g(n)
>q/ "

NO

Intuitively: f(n) is "smaller or equal to” g(n), or g(n) "dominates” f(n)



10-n = O(n?) ?

a) No

b) Yes —c=1 and Ny=1
c) Yes —c=10 and N,=1
d) Yes —c=1and Ny,=10
e) Both c) and d)

f) Don't know



O-notation

O(g(n)) is really the set of functions which
are asymptotically bounded by g(n)

Computer science Mathematical
notation notation

f(n) = O(g(n)) f(n) € O(g(n))
O(f(n)) = O(g(n)) O(f(n)) = O(g(n))
Examples:
n? = O(n3)
—Q{H%;HL

O(n?) = O(n®)
O} =0(n2)



Example: Insertion-Sort

INSERTION-SORT (A, n)

1 fori =2ton

2 key = Ali]

3 // Insert A[i] into the sorted subarray A[l:i — 1]
4 j=i-1

5 while j > 0 and A[j] > key

6 Al + 1] = A[J]

7 jg=7J—1

8 Alj + 1] = key

Time O(n?)



Example : O —rules

f(n) = O(g(n)) = c¢f(n)=0(g(n)) for c20

f()=0(g,(n) | [ fi(n) + fy(n) = O( max(gy(n), ga(n)) )
BN =0(g,(n) |~ | fi(n) - £(n) = O(gy(n) - goln))

( for positive monotone functions )



f1(x) = O(g4(x)) and f,(x) = O(g,(x))
implies
F1(X) - 1(X) = O(g4(X) - go(X)) ?

a) Yes

@ b) No

c) Don't know




Examples : O

= 3:n°+ 7-n = O(n?)

= n¢=0(n3)

= log, n = O(n°°)

" (log, n)® = O(n®1)

= n2- log, n + 7-n?5 = O(n25)
= 27 = ((3")

- n5 L O(Sn)



Visual test of n° - 2"

Plot of two functions
— not very informative

Plot of two functions
with logarithmic y-axis

— first plot misleading

111111

000000

111111

111111

O(3") ?

Plot of fraction

between two functions
— first plot misleading

111111




Proof of n°-2" = O(3")

Prove n°>-2n<c-3" forall n=N,, for appropriate choices of c and N,

Proof:
(5/log, (3/2))? < n forn= 73
j 5/log, (3/2) < \Nn = nNn < nflog, n since \n 2 log, n for n = 17
, 9 log; n=n-log, (3/2) |

, 109, (n°) < log, (3/2)"
U n° < (3/2)r=3n]2n

n5.2ns3n

l.e., the desired statement holds for c =1 and N, = 73. O

Theorem poly(n)-a"=0(b") forall 1<a<b



Q) —notation (capital Omega)

Definition: f(n) = Q(g(n))
if f(n) and g(n) are functions N - R and
there exist constants ¢ > 0 and N, such that forallnz N, :
f(n) = c-g(n)

t f(n)

l >
Ny

Intuitively: f(n) is "larger than or equal to” g(n), or g(n) is "dominated by” f(n)



O-notation (Theta)

Definition: f(n) = O(g(n))
if f(n)=0(g(n)) and f(n) = Q(g(n)

A

i c,-g(n)
; f(n)
I C,"g(n)

>
NO

Intuitively: f(n) and g(n) are "asymptotical identical”



o-notation (small o/omicron)

Definition: f(n) =o(g(n))
if f(n) and g(n) are functions N —- R and

for all ¢ > O, there exists and N, such that forallnz= N,

f(n) = c-g(n)

Intuitively: f(n) is "strictly smaller than™ g(n)



w-notation (small omega)

Definition: f(n) = w(g(n))
if f(n) and g(n) are functions N —- R and

for all c > O, there exists an N, such that for all n = N :

f(n) 2 c-g(n)

Intuitively: f(n) is "strictly larger than™ g(n)



wikipedia.org/wiki/Big O notation#Multiple variables

Multi-variable O-notation

We would like to be able to write
3n°-m+7n-m=0(n?-m)
The literature is not precise/consistent...
f(n, m) = O(g(n, m)) ?

N > NO-/ ,m)<c-g(n, m)

n=>=Ny Am=>=N, = f(n,m)<c-:-gnm) n=>N,Vm=>=N, = f(n,m)<c-:-g(nm)


https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables
https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables

Algorithm Analysis

= RAM model
= O-notation

.. do not need to describe and analyze
algorithms in full detail !



Algorithms and Data Structures

Programming exercises



Programming exercises

See Brightspace for links to the exercises

Approximately 14 days to solve the exercises

Don't copy from others or let an Al assistant solve your exercises
Usernames and passwords will be available at Brightspace > Grades
Status of submitted solutions: domjudge.cs.au.dk

Submitting a wrong solution after having submitted a correct solution
does not remove the points

For each round of programming exercises is stated "Full points X/ Y”,
and a round is passed when you achieve at least X points


https://domjudge.cs.au.dk/public

Booom! Look at that!
Who's the Jedi master here?!

A— ¥ o
We've been stuck on
a bug for Z hours... A

The bug is still there,
but now the error message jg
\ is different

...and he fixed it?
Well done

\ ~g: &i

Ahn!! It feels
areat to finally
make orogress!

g o |
ot quite... A4

n
=

[

CommitStrip.com

www.commitstrip.com/en/2018/05/09/progress/



https://www.commitstrip.com/en/2018/05/09/progress/

Algorithms and Data Structures

Merge-Sort [CLRS, Chapter 2.3]
Heaps [CLRS, Chapter 6]



Merge-Sort

(example of the divide-and-conquer technique)

MERGE-SORT(A, p,r)

1
2
3
4
5
6
7

if p>r // zero or one element?
return

q = |(p+r)/2] // midpoint of A[p :r]

MERGE-SORT (A, p, q) // recursively sort A[p :¢]

MERGE-SORT(A,q + 1,r) // recursively sort Alg + 1:r]

// Merge A[p:q]and A[g + 1:r] into A[p:r].
MERGE(A, p,q,r)

4 | soted [ sored |

1 p q gtl r n

Initial call is MERGE-SORT(4,1,n)
von Neumann, 1945



MERGE(A, p,q,T1)

np=q—p+1 // length of A[p :q]
HR =F—( // length of Alg + 1:7]
let L[0:n; — 1] and R[0:ng — 1] be new arrays
fori = Otony —1 // copy A[p:q]into L[0:ny — 1]
Lli] = A[p + 1]
for j = 0tong—1 // copy A[g+ 1:r]into R[0:ng — 1]
R[j] = Alg +j + 1]
i =0 // i indexes the smallest remaining element in L
j =0 // j indexes the smallest remaining element in R
k=p // k indexes the location in A to fill 1 p

// Aslong as each of the arrays L and R contains an unmerged element,

// copy the smallest unmerged element back into A[p : r]. A sorted
12 whilei <ny and j < ng % ) \ J
13 if L[i] < R[j]

14 Alk] = LJi] copy
15 i =1i+1

16 else Alk] = R[j]

17 j=j+1 R
18 k=k+1

0 j MR
19 // Having gone through one of L and R entirely, copy the L -
0 n;

O 0 1 N WD =

—
e}

[a—
[a—

sorted

// remainder of the other to the end of A[p :r].
20 whilei < ny,

21 Alk] = LJi]
22 i =i+4+1
23 k=k+1
24 while j <np

25 Alk] = R[J]
26 j=j+1

27 k=k+1



MERGE(A, p,q,r)

n=q—p+1
Nyp =71 —(
let L[1..n; + 1]
fori = 1ton,

e .
SOOI P W

U T
o =

13
14
15
16
17

L

for j = 1ton,

R

R[ny, + 1] = o0

I =1
j=1

fork = ptor

if L[i]

else A[k]

[ =

< R[j]
Alk]

= L

il =Alp+i—-1]

Jjl = A4lg +Jj]

i]

= R[7/

J]

j=J+1

-d. R[1..n, + 1] be new array'sl

—

1 P k g r

[CLRS, 3" edition]

A

Hrn-’Hr-’

)
R sorted 0.0)

L -




How many times can an element y
be compared ?

(worst-case)

MERGE-SORT(A, p, 1)

1 ifp>r // zero or one element?
return

3 g=1[(p+r)/2] // midpoint of A[p :r]

MERGE-SORT (A, p,q) // recursively sort A[p :q]
5 MERGE-SORT(A,q + 1,r) // recursively sort Alg + 1:7]
, // Merge A[p:q]and A[g + 1:r]into A[p:r].

MERGE(A, p,q,r1)

A EIIE R



Merge-Sort : Analysis

Recursion tree

/ \>
] -
s ™\ Ve ™\ & N\ s ™\
| I 1 - Lo ] . LT I (I
V S \ V S N V S N V S N V S N V S N V S N\ V S \
] | I I B 11 I |l I 11 111 111 1] |

Observation : Total work per level in the tree is O(n)
Total work : O(n - # levels) = O(n - log, n)



MERGE-SORT(A, p,r)

if p>r // zero or one element?
return

1
9
3 g=|(p+r)/2] // midpoint of A[p : r]
5

MERGE-SORT(A, p,q) // recursively sort A[p : g]

MERGE-SORT(A,g + 1,r) // recursively sort Alg + 1: 7]
6 // Merge A[p:q]and A[g + 1:r]into A[p:r].

MERGE(A, p,q,r)

# procedure # element .
# comparisons
calls movements
a) O(log n) O(n) O(n log n)
b) O(log n) O(n log n) O(n log n)
C) O(n) O(n) O(n log n)
d) O(n) O(n log n) O(n log n)
e) O(nlog n) O(n log n) O(n log n)

f) Don't know



Heap-Sort



Binary (Max-)Heap

1

heap order @ G

12 <17 2

7
8 9 10 11 12 13

[19]17]16[12] o [15] 1 J2 11 7 ] 3 J10]14]}
1 2 3 Z 5 6 14 8 9 10 1 12 13 Williams, 1964




Valid Max-Heap ?

a) Yes

b) No — 1 element does not satisfy heap order
g c) No — 2 elements do not satisfy heap order

d) No — 3 elements do not satisfy heap order

e) No — 4 elements do not satisfy heap order

f) Don't know
@ @
N\ ~ I
8 ]9 ]7]2]6]5]4]3]1




Max-heap : Properties

(19

= Root : node 1 1
= Children of node i : 2/ and 2/+1 m @

= Parentofnode/: /2, i 3
= Depth : 1+ log, n.
( n = # elements)
olojolojala

( Exercise How to compute parent/children when nodes are numbered 0,1,2,...7)



Max-Heapify

MAX-HEAPIFY (A,1)

I [ = LEFT(i)

2 r = RIGHT(q)

3 if [ < A.heap-size and A[l] > Ali]

4 largest = [

5 else largest = i

6 if r < A.heap-size and A[r] > Allargest]
7 largest = r

8 1if largest # i

9 exchange A[i| with A[largest]

10 MAX-HEAPIFY (A, largest)

Time O(log n)



Heap-Sort

BUILD-MAX-HEAP(A,n) Floyd, 1964
1 A.heap-size = n

2 fori = |[n/2]| downto 1 m
3 MAX-HEAPIFY (A, 1) g

sorted

7 6 5 1 3 4 8 10 M
HEAPSORT(A,n) Williams, 1964 e
1 BUILD-MAX-HEAP(A,n)
2 fori = n downto 2 _
3 exchange A[1] with A[i] Time
4 A.heap-size = A.heap-size — 1 O(n-log n)
5 MAX-HEAPIFY (A4, 1)

J. W. J. Williams, Algorithm 232: Heapsort, Communications of the ACM, 1964, doi: 10.1145/512274.3734138
Robert W. Floyd, Algorithm 245: Treesort, Communications of the ACM, 1964, doi: 10.1145/355588.365103



https://doi.org/10.1145/512274.3734138
https://doi.org/10.1145/355588.365103

Result of applying Build-Max-Heap ?
nput N N N

g 615 |4f3]2]1
a 1 2 3 4 5 6
® ) RS
1 2 3 4 5 6
) 6|5 ]al1]2]3
C 1 2 3 4 5 6
o 6 | 5] 1]4]2]3
1 2 3 4 5 6

e) Don't know




Build-Max-Heap

Max-Heapify paths (example) Non-overlapping paths with same
# edges (right, left, left, left, ....)

Time for Build-Max-Heap < # red edges
= 2 time for Max-Heapify = n - depth
= # red edges = 0(n) log n

Time O(n) z E



Sorting algorithms

Algorithm Worst-Case Time
Heap-Sort _
Merge-Sort O(n-log n)

Selection-Sort

2
Insertion-Sort o)




Max-Heap operations

HEAP-MAXIMUM (A)
1 return A[l]

HEAP-EXTRACT-MAX(A)

if A.heap-size <1

error “heap underflow”
max = A[l]
A[l] = A[A. heap-size]
A.heap-size = A.heap-size — 1
MAX-HEAPIFY (4, 1)
return max

NN B W

MAX-HEAP-INSERT (A, key)

1 A.heap-size = A.heap-size + 1
2 AlA.heap-size] = —o0
3 HEAP-INCREASE-KEY (A, A.heap-size, key)

HEAP-INCREASE-KEY (A, i, key)

1 ifkey < A[i]

2 error “new key is smaller than current key”
3 Ali] = key

4 whilei > 1 and A[PARENT(i)] < A[i]

5 exchange A[i] with A[PARENT(7)]

6 i = PARENT(i)

[CLRS, 3" edition]



[CLRS, 4t edition]

Max-Heap operations

MAX-HEAP-MAXIMUM (A)

1
2
3

if A.heap-size < 1
error “heap underflow”
return A[1]

MAX-HEAP-EXTRACT-MAX(A)

[ T S O R S

max = MAX-HEAP-MAXIMUM (A)
A[l] = A[A.heap-size]
A.heap-size = A.heap-size — 1
MAX-HEAPIFY (A, 1)

return max

New interface to INCREASE-KEY :
An "object" instead of an index —

MAX-HEAP-INSERT (A, x, n)
needs a secondary structure

1 if A.heap-size == n (map) to keep track of where
2 error “heap overflow” elements are in the heap

3 A.heap-size = A.heap-size + 1

4 k = x.key

5 Xx.key = —o0

6 A[A.heap-size] = x
7 map x to index heap-size in the array
8 MAX-HEAP-INCREASE-KEY (A4, x,k)

MAX-HEAP-INCREASE-KEY (A, x,k)

1 ifk < x.key

2 error “‘new key is smaller than current key”

3 Xx.key =k

4 find the index i in array A where object x occurs

5 whilei > 1 and A[PARENT(i)].key < A[i].key

6 exchange A[i] with A[PARENT(i)], updating the information that maps
priority queue objects to array indices

7 i = PARENT(Q)



Max-Heap operations

Operation Worst-Case Time

Max-Heap-Insert
Max-Heap-Extract-Max O(log n)

Max-Heap-Increase-Key

Max-Heap-Maximum O(1)

n = current number of elements in the heap




Priority queue

A priority queue is an abstract data structure to store a set of

values with associated keys and supporting the following
operations:

— Insert(S, x)
— Maximum(S)
— Extract-Max(S)

Maximum is with respect to the associated keys.

A possible implementation of a priority queue is a heap.



Algorithms and Data Structures

Quicksort
[CLRS, Chapter 7]



Probability theory
background?

c)
b) High school

c) High school + University
d) University

e) Somewhere else

f) Don't know



NQ4L7AN 2 2) 4

head (en) tail en)
plat (dk) krone (dk)

Probability for tail when flipping a coin
1/2



Experiment
Throw a coin



https://www.random.org/coins/?num=1&cur=60-dkk.10kr

Experiment
Number of throws before getting tail ?

Theorem
Expected number of throws to get tail = 2
Proof i1 i

5

=
probability it throw shows tail
probability 7 - 1 first throws show head

# throws 0

Generalization to tail probability p:

: 1
2,(1—p)1_1p —
A p
=1

random.org cs.au.dk/~qgerth/slides/math.pdf



https://www.random.org/coins/?num=1&cur=60-dkk.10kr
https://cs.au.dk/~gerth/slides/math.pdf

Quicksort

Sort A[p..r]

QUICKSORT(A, p,r)
1 ifp<r
2 // Partition the subarray around the pivot, which ends up in A[g] ) »
3 g = PARTITION(A, p,r) n »
4 QUICKSORT(A, p,q — 1) // recursively sort the low side pivot
5 QUICKSORT(A,q + 1,r) // recursively sort the high side A <x |x| >x

P q r
PARTITION(A, p,r)
1 x = Alr] // the pivot
2 I =p—1 // highest index into the low side
3 forj =ptor —1 // process each element other than the pivot
4 if A[j] <x // does this element belong on the low side?
5 I =1i+1 // index of a new slot in the low side ! J
6 exchange A[i| with A[j] // put this element there 4 sx|>x| ?Ox
7 exchange A[i + 1] with A[r] // pivot goes just to the right of the low side p r
8§ returni 4+ 1 // new index of the pivot

Worst-case time O(n?)

C. A. R. Hoare, Algorithm 64: Quicksort, Communications of the ACM, 1961, doi: 10.1145/366622.36664



https://doi.org/10.1145/366622.36664

Quicksort on 23 elements

10

11

12

13

14

15

16

17

18

19

20

21

22

23

18 (10 | 5 4 (20 |11 (22|15 | 3 |17 |14 | 16 | 19 | 8 6 | 21 7 |13 | 9 |12 | 23| 2 1
1 10| 5 4 (20 |11 (22 15| 3 |17 |14 | 16 | 19 | 8 6 | 21 7 |13 9 |12 (23| 2 | 18
10 | 5 4 (11 |15 3 |17 (14 | 16 | 8 6 7 |13 ] 9 |12 | 2 |18 | 20 | 21 | 23 | 19 | 22
2 5 4 (11 |15 3 |17 (14 | 16 | 8 6 7 |13 9 |12 | 10 20 (21 | 19 | 22 | 23
5 4 3 8 6 7 9 (10 |15 (11 |17 | 13 |14 | 12 | 16 19 | 21 | 20 23
5 4 3 8 6 7 9 15 |11 (13 |14 (12 | 16 | 17 20 | 21
5 4 3 6 7 8 11 112 [ 13 | 14 | 15 17 21
5 4 3 6 8 1 13 | 14 | 15
3 4 5 13 | 14
4 | 5 13
4




Number of calls to Partition ?

QUICKSORT(A, p,r)

1

2
3
4
5

if p<r
// Partition the subarray around the pivot, which ends up in A[g]
g = PARTITION(A, p,r)
QUICKSORT(A, p,q — 1) // recursively sort the low side
QUICKSORT(A,q + 1,r) // recursively sort the high side




Quicksort — recursion for element 15
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Quicksort — depths for an input of size n = 220

80000

70000 [

60000 (-

50000

40000

# elements

30000

20000

10000 [

0
0

Depth



Randomized-Quicksort

RANDOMIZED-PARTITION (A, p, 1)

1 |i = RANDOM(p,r)

2 exchange A|r| with A[i]
3 return PARTITION(A, p,r)

RANDOMIZED-QUICKSORT (A4, p,r)

1 ifp<r

2 g = RANDOMIZED-PARTITION(A, p,r)
3 RANDOMIZED-QUICKSORT (A, p,g — 1)
4 RANDOMIZED-QUICKSORT(A,q + 1,r)

Expected time O(n-log n)



Expected number of coin-flips
before you have seen 3 tails?

None of the below
Don't know

Theorem

Expected number of coin flips
to get k tails is 2k

© 00 N O O & W



Randomized-Quicksort — analysis

Jevelo B T
| X |
level 1 | X |
| X |
Jevelz ]
evels x| _ _ ____________ } level j arrays of length < n(3/4)
level 4 E'

= An array is in level j if and only if it has n(3/4)*" < length < n(3/4y

= A partition is good if both subproblems < 3/4 of the elements
(i.e., both advance by at least one level) — probability = 0.5

= x; expected < 2 times in each level (can also skip levels)
= Expected depth of x; < 2-log,;s n



Randomized-Quicksort — analysis

Expected time for randomized quicksort
= O(2,-1 , expected depth of input x;)
= C)(zi=‘l..n |Og n)

= O(n-log n) 0



Sorting algorithms

Algorithm Worst-Case Time
Heap-Sort _
Merge-Sort O(n-log n)

Insertion-Sort

Selection-Sort O(n2)
Quicksort

(Deterministic and randomized)

Algorithm Expected time

Randomized-Quicksort O(n-log n)




Sorting
— some experimental results



Quicksort + Insertion-sort
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Merge-sort + Insertion-sort
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time

Sorting algorithms
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Sorting in practice

Often QuickSort is the standard (C, C++, Java)

— Inplace (requires no additional arrays)
— Fast

...with some twists
— use Insertion-Sort for small subproblems

— use Merge-Sort if QuickSort takes too long time
— Select pivot as the median of O(1) (random) elements



How Branch Mispredictions Affect Quicksort
Kanela Kaligosi and Peter Sanders

14th Annual European Symposium on Algorithms (ESA 2006) “r T T T
doi: 10.1007/11841036 69 2N
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3GHz Pentium 4 Prescott, GCC 3.3, PAPI, avg. 100 runs with random permutations of [1..n]


https://doi.org/10.1007/11841036_69

Algorithms and Data Structures

Randomized-select
[CLRS, Chapter 9.1-9.2]



Computation of
minimum and maximum

= To find the minimum (or maximum) of n elements
requires n - 1 comparisons

= To find both the minimum and the maximum
of n elements requires 3/2-n - 2 comparsisons

1000000
1000000

3
3
3
c
3
3
Q
%
3
c
3



Randomized-Select

Find the /t" smallest element in A[p..r] (1 <i<r-ptl)

RANDOMIZED-SELECT (A, p,r,i)

1
2
3
4
5

6

if p==r
return A[ p] //1<i<r—p+1when p==r means that| = 1
g = RANDOMIZED-PARTITION (A, p,r)
k=qg—p+1
if [ == pivot
return A[q] // the pivot value is the answer =x x| >x
elseif i < k %ﬁ '

return RANDOMIZED-SELECT (A, p,q — 1,1)
else return RANDOMIZED-SELECT(A,q + 1,r,i — k)

C. A. R. Hoare, Algorithm 65: Find, Communications of the ACM, 1961, doi: 10.1145/366622.366647



https://doi.org/10.1145/366622.366647

Randomized-Select 15
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Worst-case time for Randomized-Select ?

RANDOMIZED-SELECT (A, p,r,i)
if p==r
return A[ p] //1<i<r—p+1when p==r meansthati = 1
g = RANDOMIZED-PARTITION (A, p,r)
k=qg—p+1
ifi ==k
return A[q] // the pivot value is the answer
elseif i < k
return RANDOMIZED-SELECT(A4, p,qg — 1,1)

else return RANDOMIZED-SELECT(A,q + 1,r,i —k)

e) Don't know



Randomized-Select — analysis

Jevelo B T
| X |
level 1 | X |
| X |
Jevelz ]
evels x| _ _ ____________ } level j arrays of length < n(3/4)
level 4 E'

Expected time for randomized select

= O(2, expected time for level j)

= O(Z,; n-(3/4) - expected # arrays in level j)
= 0O(Z; n-(3/4) - 2) $2yci = for0<c<1

= O(n) g



Selection

Algorithm

Time

Randomized-Select
[CLRS, Chapter 9.2]

O(n) expected
O(n?) worst-case

Deterministic-Select
[CLRS, Chapter 9.3]

O(n) worst-case




Algorithms and Data Structures

Lower bound for comparison-based sorting,
Counting-Sort, Radix-Sort, Bucket-Sort
[CLRS, Chapter 8]



Sorting algorithms

(comparison based)

Algorithm Worst-Case Time
Heap-Sort _
Merge-Sort O(n-log n)
Insertion-Sort
Quicksort O(n?)
(Deterministic and randomized)
Algorithm Expected time

Randomized Quicksort O(n-log n)




What is a sorting algorithm?

Deterministic algorithm

- On a given input the algorithm always does the same
Randomized algorithm

- Algorithm can make random choices

- Execution depends on both input and random choices
Output

- a permutation of the input
Comparison based algorithm

- output depends only on the outcome of comparing input



# comparisons to correctly sort 2 elements ?

a) No comparisons

@ b) At least 1 comparison
c) At least 2 comparisons
d) Don't know



# comparisons to correctly sort 3 elements ?

1 2 3

a) No comparisons

b) At least 1 comparison

c) At least 2 comparisons
d)

e)

At least 3 comparisons

At least 4 comparisons
f) At least 5 comparisons
g) Don't know




Comparisons for Insertion-Sort

1 2 3

X1 X5 X3

INSERTION-SORT (A, n)

1 fori =2ton

2 key = Ali]

3 // Insert A[i] into the sorted subarray A[l:i — 1]
4 Jj=1i—-1

5 while j > 0 and A[j]| > key

6 Alj +1] = Alj]

7 j=7J—1

8 Alj + 1] = key



Comparison-based sorting: Lower bound

@ Decision tree for Insertion-Sort forn =3

< >

Internal node / : j comparison of x; and x;
Leaves describe output permutation



Comparison-based sorting: Lower bound

n! different outputs < leaves

tree of height h has < 2" leaves

1,3,2 3,1,2 2,3,1 3,2,1

< 2h

»\4

h =z log(n!) = | m 2 -nl k nl -1) = |
= logln) = 1og (2) = 51095 2(ogn ) ogn
Worst-case Q(n-log n) comparisons forn =4



# comparisons to sort 10 elements ?

) At least 9 comparisons
) At least 10 comparisons
c) At least 21 comparisons
)
)

@ d) Atleast 22 comparisons
At least 23 comparisons
f) Don't know

n 1 2 3

..n 5.040 | 40.320 | 362.880 | 3.628.800 | 39.916.800 | 479.001.600

d 0123 4 5 6 7 8 9

IIIE 16.38432.768|65.536] 131.072| 262.144]524.288}1.048 576
2.097.152 | 4.194.304 | 8.388.608 | 16.777.216 | 33.554.432 | 67.108.864 | 134.217.728 | 268.435.456 | 536.870.912



# comparisons to sort 1-12 elements ?

n 1 2 3 4 5 6 7 8 9 10 11 12
_zcomparsons [ 0f1]3] 5] 7 ]10f13]16]19]22f26]20

...n 5.040 | 40.320 | 362.880 | 3.628.800 | 39.916.800 | 479.001.600

d 0123 4 5 6 7

|||a 10304 2 760]5.536| 131 072]62. 14 24 258 .08 57
2.097.152 | 4.194.304 | 8.388.608 | 16.777.216 | 33.554.432 | 67.108.864 | 134.217.728 | 268.435.456 | 536.870.912



Upper
boEFr)\ds

Lower
bounds

Sorting — Fewest # comparisons
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Florian Stober, Armin Weil}, Lower Bounds for Sorting 16, 17, and 18 Elements, ALENEX 2023, doi: 10.1137/1.9781611977561.ch17



https://doi.org/10.1137/1.9781611977561.ch17

Sorting integers

...exploit that integers are binary numbers



Counting-Sort:
Input: 4, output: B, integers from {0,1, ....k}

COUNTING-SORT(A, n, k)

let B[1:n] and C[0: k| be new arrays
fori =0tok

Cli]=0
for j = 1ton

ClAljI] = ClAlj]]1 +1
// C|i] now contains the number of elements equal to i.
fori = 1tok

Cli] =Cli]|+ Cl|i —1]
// C[i] now contains the number of elements less than or equal to i.
// Copy A to B, starting from the end of A.
for j = n downto 1

O 00 1 N D B W =

p—
_ O

12 BIC[A[j]I] = Alj]
13 C|A[j]] = ClA[j]] =1 // to handle duplicate values
14 return B

Worst-case time O(n + k)



Which algorithms are not stable ?

a) Insertion-Sort
b)
c) Quicksort
d) Merge-Sort
& ¢) Heap-Sort and Quicksort
f) Insertion-Sort and Heap-Sort
g) Merge-Sort and Quicksort
h) Insertion-Sort and Quicksort
1) Don't know



Radix-Sort:
Input: array A, integers with d digits from {0,1,...,k}

RADIX-SORT(A,n,d)
1 fori = 1tod

2 use a sort to sort array A[l :n] on digit i
7682 7540 3423 2342 2342
3423 7682 3434 5398 3423
7584 2342 7540 3423 3434
3434 3423 2342 3434 5398
2342 7584 7682 7540 7540
7540 3434 7584 7584 7584
5398 5398 5398 7682 7682

Worst-case time O(d-(n + k))



Sorting A5 window envelopes

Gerth Stelting Brodal

Aarhus University

Dept. of Computer Science
Abogade 34, DK-8200 Aarhus N



Radix-Sort at work at Gl U

.........

Step 1: Sort by number



n <

b

A
4 N

(010101111

011101011
001010100
011100110
111010101
011110111
111011010

-~ 011010101

n =38,

Radix-Sort:

Input: array 4, n integers with b bits

111011010
011101011
001010100
111010101
011010101
011100110
010101111
011110111

k =7 (3 bits = log n bits),

001010100
111010101
011010101
111011010
011100110
011101011
010101111
011110111

001010100
010101111
011010101
011100110
011101011
011110111
111010101
111011010

d =3 (3 x 3 bits)

Input n integers with b bits: Worst-case time O(n - b/ log n)



Radix-Sort: Experiments

500 -

-_ memory-tuned heapsort —

450 tiled mergesort -+ :
memory-tuned quicksort =

400 radix sort > ]

350 | L _
300 | 33 =
250 | 5 L
00 s et
woif@f~&~“”Wwamﬁyffm»»f”““f
100 bt e _

per key

0 L : ! L L
10000 100000 let+06
set size 1n keys

A. LaMarca, R. E. Ladner, The Influence of Caches on the Performance of Sorting, SODA 1997, dl.acm.org/doi/10.5555/314161.314324



https://dl.acm.org/doi/10.5555/314161.314324
https://dl.acm.org/doi/10.5555/314161.314324
https://dl.acm.org/doi/10.5555/314161.314324

@(cyc]es per key)

Radix-Sort: Experiments
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LaMarca, Ladner '97



ber key

Radix-Sort: Experiments

6 o j T T T j T
memory-tuned heapsort ——

tiled mergesort
5 F memory-tuned quicksort = il
radix sort ~—x--

o
|
P

I

0 L] L R R T S SR I
10000 100000

set size 1 keys

le+06

LaMarca, Ladner '97



BUCKET-SORT (A, n) 2

DN B W N =

~

Bucket-Sort:

Input: A, real numbers from [0..1]

18

A7

let B|0:n — 1] be a new array

39

fori =0ton —1 26

12

make B[i]| an empty list
21

94

fori = 1ton
12

N e R R =) e S e S

.insert Ali] into list)|B[|n - Ali]]] 0

fori = 0ton — 1 10|68

sort list B[i] with insertion sort

e} [ee] ~ )} th ~ 98] A8} — <

——>.17]./]

N
N

|
| 3—>1.23] —{26]/]

12
21
’%

N

Ny \ 78]/ |

B
/
/
/
/

concatenate the lists B[0], B[1],..., B[n — 1] together in order

return the concatenated lists

Expected time O(n) — for random inputs

N



not curriculum

Sorting — state-of-the-art

Best known sorting bound on RAM model (with unlimited word size) is a
randomized algorithm using O(n) space and has expected running time

O (n\/log log n)

If this can be achieved without randomization is unknown.
O(n loglog n) is known. Is it possible to get expected O(n time?
With randomization and assuming word—sizecggggagm\??) there exists a

randomized algorithm with expected O(n) time.

Han, Thorup, Integer Sorting in O (nw/log log n) Expected Time and Linear Space, FOCS 2002, doi: 10.1109/SFCS.2002.1181890
Andersson, Hagerup, Nilsson, Raman, Sorting in linear time?, STOC 1995, doi: 10.1145/225058.225173

Belazzougui, Brodal, Nielsen, Expected Linear Time Sorting for Word Size Q(log? n-loglog n), SWAT 2014, doi: 10.1007/978-3-319-08404-6_3



https://doi.org/10.1109/SFCS.2002.1181890
https://doi.org/10.1145/225058.225173
https://doi.org/10.1007/978-3-319-08404-6_3

not curriculum

Sorting algorithms in Java, Python, C++ and C

Method

Java (JDK SE 24.0.2)

Java.util.Arrays.sort

Python (CPython 3.13.7)

sorted

C++ (GCC 15.2)
std::sort

C (GNU C)
gsort

Documentation

https://docs.oracle.com
/en/javaljavase/25/docs
/api/java.base/java/util
[Arrays.html#sort(int[])

https://docs.python.org/3

http://www.cplusplus.com

llibrary
[functions.html#sorted

[reference/algorithm/sort/

https://sourceware.org

/glibc/manual/latest/html node

[Array-Sort-Function.html

Algorithm

Dual Pivot Quicksort
Insertion-Sort for few
elements

Merge-Sort for few sorted
“runs”

Counting-Sort for BYTE
and SHORT input

Power-Sort

Merge-Sort variant that
identifies sorted “runs” to
reduce the number of
merges

Introsort
Quicksort
(max depth 2-log n)

otherwise change to Heap-Sort
Insertion-Sort < 16 elements

Quicksort
Not recursive

Source code

Install JDK from
www.oracle.com/java
[/technologies/downloads/
Fil java.base\java\util\
DualPivotQuicksort.java
from C:\Program
Files\Java\jdk-25\lib\src.zip

https://qgithub.com/python
[cpython/blob/master/Objects

https://qgithub.com/gcc-mirror
/gcc/blob/master/libstdc++-v3

llistobject.c

https://github.com/python
[cpython/blob/master/Objects
[listsort.txt

/include/bits/stl_algo.h

https://code.woboq.org/userspace

/glibc/stdlib/gsort.c.html



https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/Arrays.html#sort(int[])
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/Arrays.html#sort(int[])
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/Arrays.html#sort(int[])
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/Arrays.html#sort(int[])
https://docs.python.org/3/library/functions.html#sorted
https://docs.python.org/3/library/functions.html#sorted
https://docs.python.org/3/library/functions.html#sorted
http://www.cplusplus.com/reference/algorithm/sort/
http://www.cplusplus.com/reference/algorithm/sort/
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://sourceware.org/glibc/manual/latest/html_node/Array-Sort-Function.html
https://www.oracle.com/java/technologies/downloads/
https://www.oracle.com/java/technologies/downloads/
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/python/cpython/blob/master/Objects/listsort.txt
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_algo.h
https://code.woboq.org/userspace/glibc/stdlib/qsort.c.html
https://code.woboq.org/userspace/glibc/stdlib/qsort.c.html

not curriculum

Binary heaps in Java, Python, C++

Java (JDK 25) Python (CPython 3.13.7) C++ (GCC 15.2)
Method java.util.PriorityQueue heapq std::priority _queue
Documentation https://docs.oracle.com/en  https://docs.python.org/3 http://www.cplusplus.com
/javal/javase/25/docs/api [library/heapqg.html [reference/queue
/java.base/java/util /priority queue/

[PriorityQueue.html

Source code Install JDK from https://github.com/python https://qgithub.com/gcc-mirror
www.oracle.com/java /cpython/blob/master/Lib /gcc/blob/master/libstdc++-v3
/technologies/downloads/ /heapq.py /include/bits/stl heap.h

File java.base\java\util
\PriorityQueue.java
from C:\Program
Files\Java\jdk-25\lib\src.zip

All three implementations use 0-indexed arrays, with
left(/) = 2-i + 1 right(/) =2-i+2  parent(i) = (i— 1)/ 2,


https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html
https://docs.python.org/3/library/heapq.html
https://docs.python.org/3/library/heapq.html
http://www.cplusplus.com/reference/queue/priority_queue/
http://www.cplusplus.com/reference/queue/priority_queue/
http://www.cplusplus.com/reference/queue/priority_queue/
https://www.oracle.com/java/technologies/downloads/
https://www.oracle.com/java/technologies/downloads/
https://github.com/python/cpython/blob/master/Lib/heapq.py
https://github.com/python/cpython/blob/master/Lib/heapq.py
https://github.com/python/cpython/blob/master/Lib/heapq.py
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_heap.h

Algorithms and Data Structures

Stacks, queues
[CLRS, Chapter 10]



[CLRS, Part 3] : Data structures

Maintain a structure for a
dynamic set of data




Abstract data structures for sets +* "
o o o’ﬁ
Operation Return value N\\«Q N\@{Q ,O‘\C’\\O
Minimum(S) pointer to element | @
Maximum(S) pointer to element O
.% Search(S, x) pointer to element ®
8 Member(S, x) True or False
Successor(S, x) pointer to element
Predecessor(S, x) | pointer to element
Insert(S, x) pointer to element O O O
. Delete(S, x) - ®
% DeleteMin(S) element P
s DeleteMax(S) element O
Join(S,, S,) set S
Split(S, x) sets S, and S,




Abstract data structures for lists

¢ ¥
Operation Return value S o0
Empty(S) True or False ® ®
.§ Head(S), Tail(S) pointer to element
§ Next(S, x), Prev(S, x) | pointer to element
Search(S, x) pointer to element
Push(S, x) - ®
¢ | Pop/Dequeue(S) element o o
-‘é Enqueue(S, x) - ®
= | Delete(S, x) element
InsertAfter(S, x, y) pointer to element

Pop/Dequeue ‘//o\@,m, 6,8,20,-7,6,5 25\/7\;, 11,-3,13 4\
Head T Prev  Next Tail

Push(27) InsertAfter(6,4) Enqueue(43)



Stack




Stack : array implementation

STACK-EMPTY ()

1 2 3 4 5 6 7 8 1 if S.top ==
2 return TRUE
2/1]7]3]6 ; - 3 else return FALSE
S.top =6 PUSH(S, x)
Pop =4 Push(4) 1 if S.rop == S.size

2 error “overflow”
3 else S.top = S.top + 1
4 S[S.top] = x

A POP(S)

if STACK-EMPTY ()

2 error “underflow”

3 else S.top = S.top— 1
4 return S[S.top + 1]

%
)
o
I
N

Stack-Empty, Push, Pop : O(1) time



Stak : Overflow

Push(13)

11 12 13 14 15 16

Array doubling : O(n) time



Array doubling

Double array when it is full

1

2

. Time for n extensions: 1+2+4+---+n/2+n = O(n)

16

32

Halve the array when it is <1/4 full

= Time for n extensions/reductions: O(n)

16




Array doubling + halving

— a general technique

Time for n extensions/reductions is O(n)
Space < 4 - current number of elements

Array implementation of a stack:
n push and pop operations take time O(n)




Factor 4/3 increase

L 4/3-L
me) BB 75% full

On overflow let the new size be 4/3 times

the current size, and when the array 2/3-L.

: L
becomes half full reduce the size to 2/3 Bl = BEEE 5%l
50% full

What is maximal size of the array when it stores n elements ?

a) 3/2-n

b) 4/3 - n
@ c2n

d) 8/3 - n

e) Don't know



not curriculum

Reallocation strategies in Java, Python and C++

Language

Java ArrayList (JDK SE 25)

Python list (CPython 3.15)

C++ vector (GCC 15.2)

On overflow

+ 50 %

+12.5%

+ 100 %

Shrinking

No (can call trimToSize)

<50 %

No (can call shrink to_fit)

https://docs.oracle.com/javase/25/docs/api

https://docs.python.org/3/library

Documentation

[java/util/ArrayList.html

[stdtypes.html#sequence-types-list-tuple-range

http://www.cplusplus.com/reference/vector/vector/

Installer JDK fra
www.oracle.com/technetwork/javal/javase/downloads/

github.com/python/cpython

Source code

Fil java.base\java\uti\ArrayList.java
fra C:\Program Files\Java\jdk-25\lib\src.zip

[blob/master/Objects/listobject.c

github.com/gcc-mirror/gcc
[blob/master/libstdc++-v3/include/bits/stl_vector.h

Java ArrayL.ist

Python list

C++ vector

private Object[] grow(int minCapacity) {
int oldCapacity = elementData.length;
if (oldCapacity > 0 || elementData != DEFAULTCAPACITY EMPTY ELEMENTDATA) {
int newCapacity = ArraysSupport.newLength (oldCapacity,
minCapacity - oldCapacity, /* minimum growth */
oldCapacity >> 1 /* preferred growth */);

return elementData = Arrays.copyOf (elementData, newCapacity) ;

} else {

return elementData = new Object[Math.max (DEFAULT_CAPACITY, minCapacity)];

static int
list resize(PyListObject *self, Py ssize t newsize)
{

size t new_allocated, target bytes;

Py ssize_ t allocated = self->allocated;

if (allocated >= newsize && newsize >= (allocated >> 1)) {
assert (self->ob _item != NULL || newsize == 0);
Py SET_SIZE(self, newsize);

return 0;

new allocated = ((size t)newsize + (newsize >> 3) + 6) & ~(size t)3;

_M check len(size_type _ n, const char* _ s) const
{
if (max_size() - size() < _ n)
__throw_length _error(_N(__s));:

size_type

const size_type _ len = size() + (std::max) (size(), _ n);
return (__len < size() || _ len > max_size()
? max_size()

__len;



https://docs.oracle.com/javase/10/docs/api/java/util/ArrayList.html#trimToSize()
http://www.cplusplus.com/reference/vector/vector/shrink_to_fit/
https://docs.oracle.com/javase/10/docs/api/java/util/ArrayList.html
https://docs.oracle.com/javase/10/docs/api/java/util/ArrayList.html
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
https://docs.python.org/3/library/stdtypes.html#sequence-types-list-tuple-range
http://www.cplusplus.com/reference/vector/vector/
https://www.oracle.com/technetwork/java/javase/downloads/index.html
https://github.com/python/cpython/blob/master/Objects/listobject.c
https://github.com/python/cpython/blob/master/Objects/listobject.c
https://github.com/python/cpython/blob/master/Objects/listobject.c
https://github.com/python/cpython/blob/master/Objects/listobject.c
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_vector.h

Queues




Queue : array Implementation

1 2 3 4 5 6 7 8 ENQUEUE(Q,)C)
- r 3 .6 3 - I Q[O0.1ail] = x
T T 2 it Q.tail == Q.size
Q.head=3 Q.tail=7 3 Q.tail = 1
Enqueue(2) 4 else Q.tail = Q.tail + 1
Enqueue(7)
Engueue(-4) DEQUEUE(Q)
Dequeue =7
5 6 7 8 I ?;‘ZhQ[g.hean] _
2 if Q.head == Q.size
6|83]2]|7 ] 0.head = 1
4 else Q.head = Q.head + 1
Q.tail=2 Q.head=4 5  return x

Enqueue, Dequeue : O(1) time



Maximal capacity of a queue
implemented in an array of size n ?

a) n
g b) n—1
C) n—2
d) n/2
e) Don't know




Queue : array implementation

1 5 6 7 8

2 3 4
4 5003 6327 Empty:Q.tail= Qhead ?
P

Q.tail=3 Q.head=4 Overflow : array doubling/halving
Enqueue(9)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

3 6 32 7 4 5 o [T
T T

Q.head=1 Q.tail=9

Array implementation of queue:
n enqueue and dequeue operations take time O(n)



Arrays (with doubling/halving)

Push(S, x) .

Stack Pop(S) O(1)
Enqueue(S, x) .

Queue Dequeue(S) o)

* Worst-case without doubling/halving
Amortized ([CLRS, Chapter 16]) with doubling/halving



Linked lists



Linked lists

Singly linked (non-circular and circular)

key next

head —»| g | +—®»| 3| +—®| 3| +—®|2| —>

key next

head —>_—> 3| T—®|-3 2| +—»

Doubly linked (non-circular and circular)

prev key next

head ——| ¢ | 8 - 4 - 3| A% |2 | 4=

L prev key next
head :__><—— 4| 11 |3 4T | 2 —

sentinel/nil




Doubly linked lists

prev key next
head — | e |8 | 15T (4| 4T |3 4T |2 | 41T |-3]

LIST-SEARCH (L, k) LIST-INSERT(x, y) LIST-DELETE (L, x)
I x = L.head | Xx.next = y.next 1 if x.prev # NIL
2 while x # NIL and x.key #k 2 Xx.prev =Y 2 X.prev.next = Xx.next
3 X = X.next 3 if y.next # NIL 3 else L.head = x.next
4 return x 4 y.next.prev = x 4 if x.next # NIL

5 y.next = X 5 X.next.prev = X.prev
LIST-PREPEND (L, Xx)
1 x.next = L.head List-Search O(n)
2 X.prev = NIL _
3 if L.head # NIL List-Prepend
4 L.head.prev = x List-Insert O(1)
5 L.head = x :

List-Delete




Doubly linked circular lists

prev key next

<;£|IIIIIIII———*"
head —&

| |3 | 1=

IER—)

sentinel/nil

LIST-INSERT (x, )

1  X.next = y.next
2 X.prev =Yy
3 y.next.prev = X
4 y.next = Xx

LIST-DELETE’ (x)

X.next
X.prev

1 X.prev.next
2 X.next.prev

[CLRS4]

LIST-SEARCH' (L, k)

1
2

<~ N n B W

L.nil.key = k
x = L.nil.next
while x.key # k
X = X.next
if x == L.nil
return NIL
else return x

[CLRS3]

LIST-SEARCH' (L, k)

1 x = L.nil.next

2 while x # L.nil and x.key # k
3 X = X.next

4 return x

List-Search®  O(n)

List-Insert’

O(1
List-Delete’ (1)




Doubly linked circular lists

L prev key next
5T |4]| 44T |3]| 44T |2| 441 |3

entinel/ni

Push(S, x)
Stack Pop(S) O(1)
Enqueue(S, x)
Queue Dequeue(S) O(1)




Dancing Links
Donald E. Knuth, Stanford University

My purpose is to discuss an extremely simple technique that deserves to be better known.
Suppose = points to an element of a doubly linked list; let L|z] and R|z| point to the
predecessor and successor of that element. Then the operations

L[R[xﬂ — Lz, R[L[{L‘H — Rlz] (1)

remove x from the list; every programmer knows this. But comparatively few programmers
have realized that the subsequent operations

Donald E. Knuth (1938-)

L|R[z]] < z, R|L[z]] « (2)

will put = back into the list again.

Donald E. Knuth, Dancing links, Millennial Perspectives in Computer Science, 187-214, 2000, Palgrave. Also arXiv, doi: 10.48550/arXiv.cs/0011047



https://doi.org/10.48550/arXiv.cs/0011047
https://doi.org/10.48550/arXiv.cs/0011047
https://doi.org/10.48550/arXiv.cs/0011047

”The Challenge Puzzle”




”The Challenge Puzzle”

B := Empty board
P := All pieces
Solve(B, P) lower-left

free
procedure Solve(Partial solution B, Pieces P)

if |P| = 0 then
report solution B
else
forallpin P
remove p from P
for all orientations of p (* max 8 distinct *)
if p can be placed in lower-left free cell then
insert pin B
Solve(B, P)
remove p from B
reinsert pin P



”The Challenge Puzzle”

4.040 solutions

Solve function places
8.387.259 pieces




(Jo'Fge Stolfi)



Binary tree representation

T.mm\ /
o Ry \< >/
vz // /| /

%
Data fields: left child, right child, parent



Tree representation

Data fields: left child, right sibling, parent



Time to access the /-th child of a node ?

a) O(1)
@ b) O)
c) O(log /)
d) Don't know



Algorithms and Data Structures

Hashing
[CLRS, Chapter 11.1-11.4]



Dictionary Thesaurus

hash . verb hash :.: noun (1)

hash <) 1 :chopped food

hashed; hashing; hashes specifically : chopped meat mixed with potatoes and browned

>
synonyms of hash 2 :arestatement of something that is already known

transitive verb the same old hash
1 a :tochop (food, such as meat and potatoes) into small pieces
b : CONFUSE, MUDDLE 3 a :HODGEPODGE, JUMBLE

b : a confused muddle

2 :totalk about : REVIEW — often used with over or out made a hash of the whole project
hash over a problem

hashing out their differences 4 :POUND SIGN sense 2

hash .. noun (2)

: HASHISH
www.merriam-webster.com/dictionary/hash



https://www.merriam-webster.com/dictionary/hash
https://www.merriam-webster.com/dictionary/hash
https://www.merriam-webster.com/dictionary/hash

Abstract data structure: dictionary

Search(S, k)
Insert(S, x)

Delete(S, x)

Can we exploit that x for all practical
purposes is a sequence of bits? Yes !



All keys are numbers...

"Cat” = 01000011.01100001.01110100, = 4415860,

o 1,2 3 4 | 5|6 7
0 | MNUL | DLE |space| [] @ F ' Al
1 son RS 1 1 A Q@ a | g
2 | STH | Dc2 2 B F u] r
3 em |53 # 3 C S o o=
4 EcT oot F |4 DT d t
$ |EMNa Mak | % | 5 E | = L
B |ACK SYM | & | B F ooy f W
7 | BEL ETB ToG0W g ow
8 | BS | CAM| [ g H X h x
9 | HT | EM | ] 5 | b i y
A | LF =g * : J I Z yd
B | vT |ESC| + : Ko k|
C | FF | Fs < | L |\ | |
O | ck | GS = Il ] i }
E |50 | RS | | = M 0 o | o~
F | = | Uz ! Y O O | del



What number does "AU” correspond to ?

0 1|2 |3 4|5 6
RUL | DLE |space| [ ':.'-if:_:l P -
ST | DC2

o | # | 3| ¢

EQT | DC4 I"

a) 4155,
b) 6175,
@ c) 16725,
d) 24949,
e) Don't know

EMG | MaK | % | &
ACK | SYM | &

BEL ETE | '

BS |CAN | o
HT | EM ] !
LF | 5U *

WT SC +

FF g .

0
1
2
3
4
5
6
7
8
9
A
B
C
D
E
F

4-163+1:16°+5-16'+5-16° = 4-4096+1-:256+5-16+5

"AU” = 4155,, = 0100 0001 0101 0101, = 16725,



Direct adressing: keys {0,1, 2, ..., m-1}

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

o |lo | o |3 |eoe]|e|OB|T71ee]|leo]e|11] ¢ |13]114]

DIRECT-ADDRESS-SEARCH (T, k)
| return 7 [k]

DIRECT-ADDRESS-INSERT (7, x)
I Tlx.key] = x

DIRECT-ADDRESS-DELETE (T, X)
I  T[x.key] = NIL

+ Good for small key universes
+ Can manually define keys to be 0, 1, 2, 3, ...
— Huge space overhead if only few keys used



Hash function

X
7

= (Huge) key universe U 257
519
= Hash function .

h:U—{0,1,.., m-1} 1231

3409
m << |U| 12001
12002
24123
25964

h(k) = (5-k) mod 7

e

>

+ [Easy to distribute keys evenly
— Multiple keys can hash to the same value
— Nearly identical keys can be arbitrarily distributed



# possible (hash) functions
h:U—{0,1,.. m1}7?

[U|™
f) Don't know



# possible (hash) functions
describable by 6 characters ?

X h(x)
7 | o
BN
| 309 | 0

e | 6

h(k) = 5kmod7



m <

Hash table with chaining

12001

tl1ls
]

1 1231

w
o

| 257

519

v

15K
]

1 746

v

= Store set of keys K

3409

24123

25964

12002

X
7
257
519
746
1231
3409
12001
12002
24123
25964

h(k) = (5-k) mod 7

~—"

>
oloflo|l2|lo|M|lo|la|s|o]lx

= Choose random hash funktion h: U — {0, 1, ..., m-1}

= Store keys in table by hash value

= Collision lists for keys with same hash value



Hash table with chaining

3409

12001

111l
]

1 1231

m< 3

| 257

519

'

24123

25964

1K
]

| 746

'

12002

= Choose uniform random hash function

CHAINED-HASH-INSERT (7, x)
I LIST-PREPEND (T [h(x.key)], x)

CHAINED-HASH-SEARCH (T, k)
I return LIST-SEARCH(T [h(k)], k)

CHAINED-HASH-DELETE (T, x)
I LIST-DELETE(T [h(x.key)], x)

= Expected # keys in one table entry chain |K| / m
= |nsert, Delete, Search expected time O(|K| / m), i.e., O(1) for m = Q(|K])



What is a good hash function ?

—  For all hash functions there exist a bad set of keys,
where all keys hash to the same value

+  For each set there exists a good hash function
distributing evenly the keys (if the hash function can be
described succinctly is a different question)

Goal Find a small set of hash functions, where a random hash
function works sufficiently well for a given set



Hash functions — examples

h(k) = kmod m (typically m is a prime)

m = 28 ignores all except the last 8 bits:
h(...x3x,x,10101111) = h(...y3y,y,10101111)

m = 28-1 ignores all swaps of characters
h("csc,c,”) = h("cqc5C57)

h(k) = .k-s/2";mod 2! (k = w-bit, h(k)= t-bit)

h(0101000010101010) = 01000
0101000010101010 - 1001111000110111

=00110001110110100100000010000110
H_/

I y J
W




Universal hash functions

Find prime p = |U|.
Define p-(p-1) hash functions h, ,, where 1sa<pand0<b<p

h, »(k) = ((a-k + b) mod p) mod m

Theorem
For two keys x # y and a random hash function h, , we have
Prih, ,(x) = h, ,(¥)] <= 1/m (Universal)

Corollary

For a hash table using chaining and a random hash function h, ,
Insert, Delete, and Search take expected time O(|K| / m)



Hash table with chaining

Search(S, k)
Insert(S, x)

Delete(S, x)

O(1)
expected




CLRS, Exercise 11.3-6 %«

Hashing of numbers with many bits...

(s bits) XS/W-1 (w bits) X1 (w bits) XO (w bits)

X = (Porber-PeaPomt - Pou|Prwt--PuriPulPrs-D2B1Bs

— XS/W_1.2W(3/W-1) + XS/W_Z.ZW(S/W-Z) 4+ -+ X1.2W+ X,

p > 2% prime

s/w-

0 <a < prandom

= ((...((XS/W-1.a + Xs/w—2)'a T XS/W-3)'a +os X1)'a + Xo) mod P
Polynomial evaluation h_(x)
y=0
fori=s/w-1 downto 0

y=(-a+x;)modp (a-b) mod p=((a mod p)-b) mod p
ha(X) =y (a+b) mod p=((a mod p)+b) mod p




Open addressing

-

HASH-INSERT(T, k)

1 1 =0

2 repeat

3 g = hk,i)
4 if 7'[g] == NIL
5 T'lgl =k
6 return ¢
7 else; =1 +1

8 untili == m
9 error ‘hash table overflow”

7

8

9

10

11 12 13 14 15 16

HASH-SEARCH(T, k)

1
2
3
4
5
6

7
8

1 =0
repeat
q = h(k,i)
if T'[q] ==
return ¢
i =1i+1

until 7'|g] == NILori ==m
return NIL



Open addressing — analysis

0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Uniform hashing
h(k, 0), h(k, 1), h(k, 2), ... is a uniform random sequence (unrealistic)

Theorem [CLRS Chapter 11.4, Corollary 11.7]

Uniform hashing requires expected 1/(1-a) lookups for insertions,
where a = |K|/m is the load factor



Linear probing

Insert k in first available slot

) ¢ h'(x)

h(k, i) = (h’(k) + i) mod m =
fori=0,1,2... -
9 1

11 5

Example 12 7
19 4

Insert 9, 3, 20,6, 12, 2,19, 11,5 20 6

h’(x) = (2-x) mod 17
0o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

9 219 3 201211 5 6




Quadratic probing

Insert k in first available slot
h(k, i) = (h’(k) + ¢,i + ¢,"?) mod m
fori=0,1, 2, ... where c, and ¢, # 0 are constants
(k)
W\ — P
[T 7T D T T T TTTTTT e

Double hashing

Insert k in first available slot
h(k,i) = (h,(k) *+ i-h,(k)) mod m

fori=0,1, }120{)... where h,and h, are hash functions
v N\ N\
[TT I T T T TTTTT Jnwe=s




Double hashing — where is 1 inserted ?

a) 1

@ s h,(K) = (2k) mod 10
Z; ; h,(k) = 1+((2k) mod 9)
e) Don't know

0 1 2 3 4 5 6 7 8 9
5] J6f3f2f1ls] 7]

exam question August 2010



CLRS 31 edition, Chapter 11.5
— not curriculum

Perfect hashing (static)

0| @
1| @&—» 67| h,
n keys 2|@&—> 7| |24]| |h,
2 levels of hash functions 19
Buckets separate hash functions T s =Py
5| &1T—»
h hash table with n slots 6| & T—> 33|48 hg
Bucket with n, keys, n2slots ") "1®
8 | &T— 2 811 22 11 hg
Universal hash functions oo
10| @1—» 4 h10
o n 1| @
E[collisions] = (2) | # slots 12| @
13| @4—»{ (313 (999 h,,
\_ 14| @
h

Fredman, Komlds, Szemerédi, Storing a Sparse Table with 0(1) Worst Case Access Time. Journal of the ACM, 1984, DOI: 10.1145/828.1884



https://doi.org/10.1145/828.1884

Experimental comparison

Chaining

Linear |
probing
0 0.2 0.4 0.6 0.8 1

Load factor

Average cache misses
per lookup
I

> 7 [of={3a00]¢]
= [12001] « ]

g a0
o oo [ [tz [ [zsoea] < Linear probing

| 746 | o] 12002] * |
Chaining

HRRNBRRR

wikipedia.orq



https://en.wikipedia.org/wiki/Hash_table

Hashing

= Choice of hash function

— Try different options...

— Universal hash functions h, (k) = ((a-k + b) mod p) mod m
= Hash tables [ F TG

— Collision lists (chaining) ::

. =g FZa0
= Open addressing i M e v T Py e B o

—_— Linear pr()bing o | o= 746 | *1*|12002] ¢ |
— Quadratic probing o 12 s 4 s s 7 8 s 1o m 12131 15 s

— Double hashing ?&/kﬂ/’s.




Algorithms and Data Structures

Binary search trees
[CLRS, Chapter 12]



Abstract data structure: dictionary

Search(S, k)
Insert(S, x)

Delete(S, x)

Elements can only be compared using "<”



(Static) dictionary: sorted array

Search(4)

M

10 11 12 13

Search(S, x) O(log n)

Insert(S, x)
Delete(S, x) o)




Worst-case search time

How many comparisons do a search after an element require in a
sorted array with 8 elements, when elements can only be compared ?

c)
b)
C)

1

2 1 2 3 4 5 6 7 8

3 2] 5|7 ]ofn]3]42]7]

4

5

6

/ Theorem

8 .

Don't know Searching among = 2/ elements

requires at least / + 1 comparisons



Binary search tree

O
(2) 10,

OO0 (12
OBNONOA®
OO (1%

15

Invariant Each node stores an element, and elements in the left (right)
subtree are smaller (larger) than or equal to the element in a node



Where can 5.5 be inserted ?

Q

O

A
B
C

O

d) AorB
e) BorC
f) Don't know

)
)
)
)
)




TREE-SEARCH (x, k) Sea rCheS

1 if x == NIL or k == x.key

2 return x

3 ifk < x.key

4 return TREE-SEARCH(x. left, k)

5 else return TREE-SEARCH (x.right, k)

ITERATIVE-TREE-SEARCH (x, k)

1 while x # NIL and k # x.key
2 if k < x.key
3 X = Xx.left
4 else x = x.right
5 return x INORDER-TREE-WALK (x)
TREE-SUCCESSOR (x) 1 ifx # NIL
. : 2 INORDER-TREE-WALK (x. left)
1 if x.right # NIL :
2 return TREE-MINIMUM (x.right) ; print x. key
' 4 INORDER-TREE-WALK (x.right)
3 else
M Ay TREE-M TREE-M
s while y # NIL and x == y. right REE-MINIMUM (X) REE-MAXIMUM/(X)
6 x =y 1 while x.left # NIL I while x.right # NIL
7 y = y.p 2 X = Xx.left 2 X = X.right
8 return y 3 return x 3 return x



~

O OO0 1 O Ut B W N =

Ilterative search
A

f

Insertions

TREE-INSERT(T, 2)

i e e
w N = O

x = T.root

y = NIL
while x £ NIL
y =X
if z.key < x.key
x = x.left
else x = x.right
.p =y
if y == NIL
I.root = 7
elseif z. key < y.key
y.left = z

else y.right = 2




Deletions

TREE-DELETE(T, 2)

O 00 1 O Ui B W N =

p—
o = O

if z./left == NIL
TRANSPLANT(T, z, z.right)
elseif z.right == NIL
TRANSPLANT(T, z, z.left)
else y = TREE-MINIMUM(z.right)
if y £ z.right
TRANSPLANT(T, y, y.right)
y.right = Z.right
y.right.p =y
TRANSPLANT(T, z, y)
y.left = z.left
y.leftp =y

TRANSPLANT(T, u, v)
I ifu.p==NIL
2 T.root = v
3 elseif u == u.p.left
4 u.p.left = v
5 elseu.p.right = v
6 if v # NIL

v.p = u.p



Warning /A\

ﬁ T.root ﬁ T.root ﬁ T.root ﬁ T.root
TREE-DELETE(T, x) ‘ TREE-INSERT(7, x) ‘

T'= MAKETREE() ‘ TREE-INSERT(7, x)
x =MAKENODE(l) NIL  TREE-INSERT(7,y) x y Y
y = MAKENODE(3) ‘\ ‘\
1 \
Y \ x !
1 4 !
" ~ - /'

KR @

= CLRS pseudocode does not reset the deleted nodes
pointers, and assumes the inserted node's pointers are NIL

» TREE-SEARCH(T.root, 2) infinite loop



Binary search trees

Inorder-Tree-Walk O(n)

Tree-Search

Iterative-Tree-Search
Tree-Minimum

Tree-Maximum
Tree-Insert
Tree-Delete

h = height, n =# elements




Height
of a binary search tree?



Largest and smallest heights

Insert in increasing order
— Height n

Perfect balanced
(smallest possible height)
— Height 1+ log, n. DO ® &G




Random insertions into binary search trees

Algorithm

Insert n elements in random order

= As QuickSort argument, the expected depth of an element is
O(log n) [CLRS, Problem 12.3]

= The expected height of a tree is O(log n), i.e., all nodes have
expected depth O(log n) [CLRS 31 edition, Chapter 12.4]



RandomizedQuicksort = random insertions

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23

18 |10 | 5 4 (20 |11 |22 15| 3 |17 |14 |16 |19 | 8 6 (21 7 (13| 9 |12 | 23 | 2 1
1 22 |15 | 3 (17 (14 (16 [ 19 [ 8 6 (21 7 (13| 9 [12 23 | 2 | 18
10| 5 4 (11|15 3 |17 (14 |16 | 8 6 7 (13 9 (12 2§ 18 0|21 (23|19 | 22
2 5 4 (11|15 3 |17 (14 |16 | 8 6 7 (13 (9 (12| 10 20 | 21 | 19§} 22 3
5 4 3 8 6 7 94 10 5(11 (17 (13 [ 14 [ 12 | 16 19 1321 | 20 23
5 4 3 8 6 9 15111 |13 | 14 16 | )17 20 1
5 4 3 6 7 8 11} 12 (13 | 14 | 15 17 21
5 4 6 8 11 13 | 14§| 15
3 4 5 13§| 14
a4( 5 13




Balanced search trees

Balanced search trees restructure the trees during
updates to guarantee O(log n) height

* AVL-trees [CLRS Pr. 13-3] = Randomized trees/treaps [CLRS 3ed Pr. 13-4]
= BB[a]-trees = (2,3)-trees

= Splay trees " (2,4)-trees [CLRS Ch. 18.1, Pr. 18-2]

= | ocally balanced trees = B-trees [CLRS Ch. 18]

= Red-black trees [CLRS ch. 13] * Weight balanced B-trees



Algorithms and Data Structures

Balanced binary search trees: Red-black trees
[CLRS, Chapter 13]



Red-black trees

Goal
Binary search trees with height O(log n)

Invariants

= Every node is red or black

= Every red node has a black parent

= All paths from the root to an external leaf (nil)
have the same number of black nodes

Theorem
A red-black tree has height < 2:log (n+1)

Leo J. Guibas, Robert Sedgewick, A Dichromatic Framework for Balanced Trees, FOCS, 1978, doi: 10.1109/SFCS.1978.3



https://doi.org/10.1109/SFCS.1978.3

Which nodes should be colored red to
make the tree a valid red-black tree ?

a) 1, 4,10, 14

b) 2,5, 10, 14

c) 1,3,4,7,12, 16
)

)

@ o) 1,3, 4,10, 14
e) None
f) Don't know

In general, not all binary search trees can be colored to become a valid
red-black tree, and possible valid colorings are not necessarily unique



Red-black vs (2,4)-trees

11 14
- (3 5 8) (12 Ty
| AN
(2,4)-tree

XL -7 Red-black tree

(2,4)-tree = red-black tree
where all red nodes are merged with parent

[(2,4)-trees = CLRS Chapter 18.1 & Problem 18-2]



(2,4)-tree properties

= All interne nodes 2 to 4 children
= Node with / children stores /-1 elements
* Root-to-leaf paths all have equal length

11 14

-

(3 5 8)
AN

A -\ Red-black tree (2,4)-tree




(2,4)-tree insertion

@
&

(3) (9) 14 17 22 27 (33) 38)

ofoNoRrgrgrdnrmu-grR- Nl N R

------}}il---------------------

Split node wth ______________
Split into two nodes 20 [ ltnode ]

and move separating m H”

key one level up a B yid e aByoe

20 30
24) 35)
14 17 (22) 27) (33) 38)
(2) (5) (8) (1© (3 (o) (819 @) @) @6 @ GV G) G» @9




Red-black tree
updates




Rotations

LEFT-ROTATE(T, x)

y = x.right
x.right = y.left
lfy.ﬁ;eﬁe;j }? .lex / \ \ EEFT—ROTATE(T,X) ’x| N
y.p = X.p 75y - & &
if x.p ==T.nil /N RIGHT-ROTATE(T, ) /N
T _ o B B Y
.Toot =y
elseif x == x.p.left
x.p.left =y
else x.p.right = y
y.left = x
X.p =Yy

O OO0 1 &N DN K~ W N -

—_—
o = O



Insert



RB-INSERT(T, 2) Insert(9)
s (1 x= T. root '

y = T.nil
< | 3 whilex # T.nil
&
5< 4 y =X
& 5 if z.key < x.key
6 X = x.left
Unbal ; \7 else x = x.right
nbalance _
insertion [8 P =)o
9 ify==T.nil
10 T.root = 7
N |11 elseif z.key < y.key
)
*§< 12 y.left = 7
c |13 else y.right = 7
14 z.left = T.nil
15 z.right = T.nil

\ \16 Z.color = RED
17 RB-INSERT-FIXUP(T, 2)




Example : Rebalancing after insertion




Red-black tree insert rebalancing

Recolor C and its Ca 1<
two red children >

Final rebalancing




RB-INSERT-FIXUP(T, 2) Z.p.p

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
30

while z.p.color == RED
if z.p==z.p.p.left

Z.p
y = Z.p.p.right
if y.color == RED / o
Z.p.COZOF — BLACK nil/black
y.color = BLACK
Z.p.p.color = RED % case |
Z = Z.p.p
else
if z ==2z.p.right
Z =2Z.p
LEFT-ROTATE(T, )
Z.p.color = BLACK
Z.p.p.color = RED } case 3
RIGHT-ROTATE(T, z.p.p)
else // same as lines 3—15, but with “right” and “left” exchanged

T.root.color = BLACK

} case 2

Y (possibly nil)



Worst-case # rotations during
red-black tree insertion ?

o Q

d) 2:logn

) 1
) 2
c) logn
)
) Don't know

e



Delete



Unbalanced deletion

A

N W =

[T e RN |

10
11
12
13
14
15
16
17
18

19
\ 20
21
22

[ RB-DELETE(T, 2)

Yy =<
v-original-color = y.color
if z.left == T.nil

x = z.right

RB-TRANSPLANT(T, z, z.right)

elseif z.right == T.nil
x = z.left

RB-TRANSPLANT(T, z, z.left)
else y = TREE-MINIMUM (z.right)

v-original-color = y.color
x = y.right
if y # z.right

RB-TRANSPLANT(T, y, y.right)

y.right = z.right
y.right.p =y
else x.p =y
RB-TRANSPLANT(T,z,y)
y.left = z.left
y.left.p =y
y.color = z.color
if y-original-color == BLACK
RB-DELETE-FIXUP(T, x)

x and y.right can be T.nil

RB-TRANSPLANT(T, u,v)

1 ifu.p=="T.nil

2 T.root = v

3 elseif u ==u.p.left
4 u.p.left = v
5 elseu.p.right = v
6 V.p =U.p



"double black”

red or black

(b)

(d)

Case 1

Case 2

Case 3

Y

Y

Case 4

black/double black

new w

new x = T.root

Case1— 2,34

Case 2 — Problem x
moves closer to the
root or done

Case3 -4
(and done)

Case 4 — done



RB-DELETE-FIXUP (T, x)
while x # T.root and x.color == BLACK

13
14
15
16
17
18
19
20
21
22
23
44

if x == x.p.left

w = x.p.right

if w.color == RED
w.color = BLACK
Xx.p.color = RED
LEFT-ROTATE(T, x.p)
w = Xx.p.right

// is x aleft child?
// w is x’s sibling

case 1

"double black”

(a) J w

if w.left.color == BLACK and w.right.color == BLACK A

w.color = RED
X = X.p
else

if w.right.color == BLACK
w.left.color = BLACK
w.color = RED
RIGHT-ROTATE(T, w)
w = x.p.right

w.color = x.p.color

X.p.color = BLACK

w.right.color = BLACK

LEFT-ROTATE (T, x.p)

x = T.root

case 2

s case 3

v case 4

J

(b

(©

(d)

else // same as lines 3-22, but with “right” and “left” exchanged

x.color

= BLACK

Case 1

Case 2

Case 3

Case 4

e

new w £

a B y 0

black/double black

a B y 0 new x = T.root



Dynamic dictionary : red-black trees

Search(S, x)
Insert(S, x) O(log n)

Delete(S, x)




not curriculum

Red-black trees in Java and C++

Java (JDK SE 25) C++ (GCC 15.2)

Method java.util. TreeMap std::map

Documentation https://docs.oracle.com/en/javal/javase/25 http://www.cplusplus.com/reference/map/map/
/docs/api/java.base/java/util/ TreeMap.html

Source code Install JDK from https://qgithub.com/gcc-mirror
https://www.oracle.com/java/technologies /gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
/downloads/
File java.base\java\uti\TreeMap.java
from C:\ProgramFiles\Java\jdk-25\lib\src.zip



https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/TreeMap.html
http://www.cplusplus.com/reference/map/map/
http://www.oracle.com/technetwork/java/javase/downloads/
http://www.oracle.com/technetwork/java/javase/downloads/
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h
https://github.com/gcc-mirror/gcc/blob/master/libstdc++-v3/include/bits/stl_tree.h

Algorithms and Data Structures

Augmented search trees: Dynamic rank, interval trees
[CLRS, Chapter 17]

Fenwick trees (not curriculum)
[B, Chapter 2.1]



Dynamic rank (order statistics)

Insert(S, x)
Delete(S, x)
Select(S, /)
Rank(S, x)

O(log n)

Rank(S, 26) = 13
Select(S, 9) = 19 ank(s, 26)

1 2 3 4 5 6 7 89 10 MM 12 13 14 15 16 17 18 19 20

3|7(10[12|13]14]16 1>T19 20|21|23|26|28|30|35|38|39|41|47| sorted




Dynamic rank

= Find the i'" smallest, insert, delete
= Maintain red-black tree
= Augment each node with the size of the subtree



Computation of augmentation x.size ?

X.Size = |.size + r.size
X.Size = |.size + r.size + 1
X.Slze = x.size + |.size + r.size

Q)

O

O

d) x.size = x.size + [.size + r.size + 1
e) Don't know
x| key
size
Il key r{ key

l size | l size |



Dynamic rank

‘ LEFT-ROTATE(T, x) ‘

19 = 19
42 / \ N / \ 93
/ \ . RIGHT-ROTATE(T, ) - / \
6 4 4 7

* |[nsert / delete: update size on path to root
= Under rotations in red-black update size



Rank of 28 ?

) 13

) 14 =12+1+1
c) 16

)

)

28
Don't know




Dynamic rank

OS-RANK(T, x)

1
2
3
4
5
6
7

r = x.left.size + 1
y =X
while y #£ T.root
if y == y.p.right
r =r 4 y.p.left.size + 1

y =Jy.p
return r

OS-SELECT(x,1)

r = x.left.size + 1
ifi ==r
return x

elseif i < r
return OS-SELECT (x.left,1)
else return OS-SELECT (x.right,i —r)

AN Bk W N =



Dynamic rank

Insert(S, x)
Delete(S, x)
Select(S, /)
Rank(S, x)

O(log n)




Interval trees

= Store a set of intervals
= |nsert and delete intervals
= Find an interval with overlap with a query interval i

26126

251 130

1920
i 17+—19
] 161 121
151 123

0 5 10 15 20 25 30



Interval trees ...

251 130
19420
i 17——19
! ; 161 121
151 123
8+9
6 110
5———8

0——3

| | | | | | | | | | | | | | | | | | | | | | | | | | | | | | |)

0 5 10 15 20 25 30

[16,21]

[15,23] [17,19] [26,26]

[19,20]

= Red-black tree ordered by left endpoint
= Augment nodes with maximum right endpoint in subtree



Computation of augmentation x.max ?

Q)

X.max = r.max

X.max = r.high

x.max = max(r.max, x.high)
x.max = max(l.max, x.high)
x.max = max(l.max, r.max, x.high)
Don't know

X |[/ow,high] I

max

O

o O
SN SN Y N N

)

—h
S

| | [low,high] r | [low,high]

max max



Interval trees overtaps x

;
) i.low < x.high and x.low < i.high
INTERVAL-SEARCH (T, 1) I I

x = T.root /

|

2 while x # T.nil and i does not overlap x.int
3 if x.left # T.nil and x.left.max > i.low
4 x = x.left

5 else x = x.right

6 return x

[16,21]
30

26126
25— 30

191120
i 17+—119
—_——y 1621
151 123

[15.23] [17,19] [26,26]

26

89
6——10
5——8

[19,20]

0 5 10 15 20 25 30



Interval-Search(T, [ 9.5,15.5] ) ?

@ o 6 10

b) [15, 23]
c) Don't know

INTERVAL-SEARCH(T, 1)

[16.21]

1 x = T.root

2 while x # T.nil and i does not overlap x.int
3 if x.left # T.nil and x.left.max > i.low
4 x = x.left
5

6

12530 _— int

— max

[15,23]
23

[17,19] [26,26]

— else x = x.right

return x



Interval trees — correctness

xleftofi and x.left. max < i.low

x.low x.high i Iow i.high
A —

: X Lo
left subtree i I
: L x.left.max;
— y | '
— T I —
i T rightisubtree ST
AN — =

Sao
Sean

-
-

No overlap with / in left subtree, safe to go right

xleftof i and x.left. max = i.low

x.low x.high  ilow ihigh
- —

_______ e ———

right subtree T~ -

-
-~
-

.
sssss
Sees

-

i overlaps with interval y in left subtree, safe to go left

ileft of x and x.left max <i.low

ilow ihigh x.IﬁI w x.high
v | X

: | | |
— [ i | |
— x.left. max

44444
~
R

/' right subtree
[ —
o/

-
\\\\\

I does not overlap, safe to go right

ileft of x and x.left max = i.low

ilow ihigh x.low x.high
— —
— L LX
— i

i — e .

| —] x.leftmax 1 :
: 7 right subtree
| [ —

-
~ -
________

I no overlap with right subtree, safe to go left



Interval trees

Insert(S, /)
Delete(S, /) O(log n)
Search(S, /)




Fenwick trees

Dynamic prefix sums in O(log n)

R

I

04@
979€9'6'909€9€o¢

~
~
~
~
~
~
~
~
~
~
~
@ \

g

Als|is|2s|als|1]2|® 3]s 1{2]-5]3
0 1 2 3 4 5 6 7 8 9 11 12 14 15 17
=1011, U
suM(13) ZA = 14 = F[13] + F[11] + F[7] O
+
plalals|iols|1|s|7]2|63]% 8|51 5]
0 1 2 3 4 5 6 9 14 15 16 17

not curriculum

Algorithm INIT(n)
1 F|0..n] = array with zeros

Algorithm INC(7, d)
1 while 7 <n do
2 Fli| = Fli| +d

3 =1 | (i+1) (A
Algorithm suM(7)
I s=0
2 while 7 > 0 do
3 s = s+ Fli]
4 =& (i+1)-10O
o return s
O B
9 = 01001, 13 = 1101,
11 = 01011, 11 = 1011,
15 = 01111, 7 = 0111,
31 = 11111, -1

Peter M. Fenwick, A new data structure for cumulative frequency tables, Software: Practice and Experience, 1994, :10.1002/spe.4380240306



https://dx.doi.org/10.1002/spe.4380240306

Algorithms and Data Structures

Union-find
[CLRS, Chapter 19.1-19.3]



Union-find

MakeSet(x) Create set S={ x}

Replace S,={...,x,...}and S, ={..., y,...} with
S, U S, (assuming x and y are in different sets)

Union(x, y)

Return a representative for S, ={ ..., x,... }

FindSet(x) FindSet(x) = FindSet(y) if and only if x and y are
In the same set




.X9

Example : Union-find
@ X;

® X

x; | FindSet(x))
X4 X4
X, X3
X3 X3
X4 X4
Xs X4
Xg X4
X7 X7
Xg X4
X9 X4
X10 X10
X411 X4




Set representation (l)

= Set = doubly-linked list
= MakeSet = create new node
= FindSet = return rightmost node (tail)

= Union = concatenate lists

OO e D O e Oais Cane O,

MakeSet(S, x) O(1)
FindSet(x) O(|S,])
Union(x, y) O([S +[S,])




Set representation (ll)

Set = doubly-linked list + tail pointers

MakeSet = create new node ma"
_ | 125113

FindSet = return tail node

Union = concatenate lists and update tail pointers

MakeSet(S, x) O(1)
FindSet(x) O(1)
Union(x,y)  O(min(|S,], [S,]))




Set representation (ll)
sequence of unions

Theorem
A sequence of n Union takes time O(n-log n)

Proof

When a tail pointer is moved, the new list is at least
twice the size, i.e., can be moved at most log n times

12O~



Set representation (lll)

= Set = tree (only parent pointers, no child pointers)
= MakeSet = create new node
= FindSet = return root

= Union = attach "small” tree below root of "big” tree (size = # elements)

Fo gop - ¢
IR o

M. J. Fischer. Efficiency of equivalence algorithms, Symposium on the Complexity of Computer Computations, 1972, doi: 10.1007/978-1-4684-2001-2_14



https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14
https://doi.org/10.1007/978-1-4684-2001-2_14

Set representation (ll)

Height of a tree representing a set of size n ?



Path compression

MAKE-SET(x)

1 x.p=x
2 x.rank = 0

UNION(x, y)
1 LINK(FIND-SET(x), FIND-SET(y))

LINK(x, y)

@ > y.rank linking by rank

1

2 y.p =X
3 elsex.p =y
4
5

if x.rank == y.rank
y.rank = y.rank + 1

FIND-SET(x)
1 ifx # x.p

2 @ FIND—SET@ path compression

3 return x.p

Robert Endre Tarjan, Efficiency of a good but not linear set union algorithm, Journal of the ACM, 1975. doi:10.1145/321879.321884



https://dx.doi.org/10.1145/321879.321884

Set representation (lll)
analysis linking by rank

Lemma
height[roof] < rank[root]
Size[root] > Qrank[roof]

Proof Induction

MakeSet(S, x) O(1)
Union(x, y)  O((log |S,]) + (log |S,]))
FindSet(x) O(log |S,)

(above does not assume path compression)




# children at the root after Union(d, k) when
using linking-by-rank and path compression ?

1
2
3
4
e) 5
6
7
8
D

on't know




proof not curriculum

Set representation (lll)
analysis linking-by-rank and path compression

heorem ([CLRS, Theorem 19.14])

n MakeSet and m Union and Find operations take total
time O(m-a(n)) where a(n) is the inverse Ackerman
function, where a(n) < 4 for all practical values of n

Robert Endre Tarjan, Efficiency of a good but not linear set union algorithm, Journal of the ACM, 1975, doi: 10.1145/321879.321884



https://dx.doi.org/10.1145/321879.321884

Compact representation

= Elements = integers 1,...,n
= rank and p arrays

rank| O 0 0 0 2 1 0 3 2 0 1 1




Non-recursive

MAKESETS(7)

1 Let p and rank be arrays of size n
2 for i=1 ton

3 plil=i

4 rank[i] =0

UNION(x, y)
1 LINK(FINDSET(x), FINDSET()))

LINK(x, y)

1 if rank[x]> rank[y] then
2 plvl=x
3 else

4 plx]=y
5 if rank[x]= rank{y] then
6 rank[y] = rank[y] + 1

FINDSET(x)
I root=x

2 while root # p[root] do
3 root = p[root]

4 while p[x] #root do

5 y=plx]

6 plx] =root

7 X=y

8 return root

* FindSet requires 2 passes



Only path compression

MAKESETS(n) FINDSET(x)

1 Let p and rank be arrays of size n 1 root=x

2 fori=1ton 2 while root # p[root] do

3 plil=i 3 root = p[root]

bk —0 4 while x #root do

UNION(x, y) Z yp _[x] ,

1  LINK(FINDSET(x), FINDSET())) 7 ];[ic]y_ oo

LINK(x, y) 8 return Xx

- — ek e rank - then

2 pl=x

- —else . :

1 el — = FindSet requires 2 passes
5— i rankpel=rank}-then = Only requires array p

6 Fankty=rarky = m operations O(m log n) time

Robert Endre Tarjan and Jan van Leeuwen, Worst-case analysis of set union algorithms, Journal of the ACM, 1984, doi: 10.1145/62.2160



https://dx.doi.org/10.1145/62.2160

Single pass path compression @
(5

MAKESETS(n) FINDSET(x)
1 Let p and rank be arrays of size n 1  while x#x.p do e
2 for i=1 ton 2 plx] = plplx]]
3 pli]=i 3 x = plx] e
- rank[i] =0 4  return x 0
UNION(x, ¥) *
1  LINK(FINDSET(x), FINDSET())) G
LINK(x, y) @
1 if rank[x]> rank[y] then A
2 phl=x FindSet (9)
3 else
4 pf[X] :/f ) = FindSet makes 1 pass of path
5 I = th
6 l :22,{5?2 :ZZkLLVV]] n 1en = Shortcut every second edge

= m operations total time O(m-a(n))

Robert Endre Tarjan and Jan van Leeuwen, Worst-case analysis of set union algorithms, Journal of the ACM, 1984, doi: 10.1145/62.2160



https://dx.doi.org/10.1145/62.2160

Algorithms and Data Structures

Amortized analysis
[CLRS, Chapter 16]

Robert Endre Tarjan, Amortized computational complexity, SIAM Journal on Algebraic Discrete Methods, 1985, doi: 10.1137/0606031



https://doi.org/10.1137/0606031

E Arraylist (Java SE 25 & JDK 25) X -~ v = O X

¢« > C QO 8 docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/ArrayList.html BB nw & &L O @

Java SE 25 & JDK 25

java.base > java.util > ArraylList |Q Search documentation (type /)

Class ArraylList<E>

java.lang.Object
java.util.AbstractCollection<E>
java.util.AbstractList<E>
java.util.ArrayList<E>

Type Parameters:

E - the type of elements in this list

All Implemented Interfaces:

Serializable, Cloneable, Iterable<E>, Collection<E>, List<E>, RandomAccess, SequencedCollection<E>

Direct Known Subclasses:

Attributelist, RolelList, RoleUnresolvedList

public class ArrayList<E>
extends AbstractList<E>
implements List<E>, RandomAccess, Cloneable, Serializable

Resizable-array implementation of the List interface. Implements all optional list operations, and permits all elements,
including null. In addition to implementing the List interface, this class provides methods to manipulate the size of the
array that is used internally to store the list. (This class is roughly equivalent to Vector, except that it is unsynchronized.)

to an em t ”St
The size, isEmpty, get, set, getFirst, getLast, removelLast, iterator, listIterator, and reversed opﬁaii/ms-gjn 1n
constant time. The add, and addLast operations runs in amortized constant time, that is, adding n elements'requires O(n)
time. All of the other operations run in linear time (roughly speaking). The constant factor is low compared to that for the
LinkedList implementation.







Stack : array implementation

STACK-EMPTY ()

1 2 3 4 5 6 7 8 1 if S.top ==
2 return TRUE
2 1 7 3 6 ;’ - 3 else return FALSE
Stop =0 PUSH(S, x)
Pop =4 Push(4) 1 if S.top == S.size

2 error “overflow”
3 else S.top = S.top + 1
4 S[S.top] = x

A POP(S)

if STACK-EMPTY ()

2 error “underflow”

3 else S.top = S.top— 1
4 return S[S.top + 1]

»
H
S
T

I
N

Stack-Empty, Push, Pop : worst-case O(1) time



Stak : Overflow

Push(13)

11 12 13 14 15 16

Array doubling : O(n) time



Array doubling

Double array when it is full

1

2

. Time for n extensions: 1+2+4+---+n/2+n = O(n)

16

32

Halve the array when it is <1/4 full

= Time for n extensions/reductions: O(n)

16




Array doubling + halving

— a general technique

Time for n extensions/reductions is O(n)
Space < 4 - current number of elements

Array implementation of a stack :
n push and pop operations take time O(n)




Wish list for analysis technique...

Requirements
= Analyze worst-case time for a sequence of operations
= Only analyze single operations

Advantages

= Avoids considering interactions between operations in the sequence
= Applies to all sequences with the given operations

|

l |
o sy it sty st st s =
ate update update] update jupdate update up«



Intuition

= There are good/balanced and bad/unbalanced states
= Going from a bad to a good state is expensive
= Requires many operations to get from a good to a bad state

= The (many) cheap operations pay slightly more to make
later expensive operations nearly for free

i




Amortized analysis

1 € can pay for O(1) work
An operation taking O(t) time costs t €

When to pay/saving up is not important — just need to have sufficient
money when needed!

Cannot borrow money, i.e., need to save money before spending
money,

Amortized time for an operation = what we are willing to pay — but we
need sufficient savings to be able to pay for the operation

Use invariants to capture relationship between savings and state



Relationship between
worst-case time and savings @

worst-case time /

c)

B Bs, operations

-

worst-case time /

® )

| 10 EEEpEEEN operations

-

worst-case time /

C)

:

| 10 EEEpEEEN operations

d) Don't know



Example — stack

= A good stack is half full - no savings required
* |nvariant : ¢ = 2| S.ftop - |S|/2 |
= Assume: Cost 1 € per element inserted / copied
= Amortized time per push <3 € ?
(do we always have money to pay for the operation?)
= |f yes: n push operations cost < 3n €
BHER

|SI72 S.top =6




Example — stack
push = amortized 3€

= Push, no copying 1 2 3 4 @Ee40 7 3
— One new element: 1 € 21 7 3 6 -3
— @ = |[S]|/2 - top[S]| increases by at most 1, N v /
i.e., invariant satisfied if we save up 2 € |S1/2 S.top =6
— Amortlz.ed time: 1-+2 =3 € 12 g
= Push, with copying before| 2 | 1 37 ‘3
— Copy S: |S| € — !
— Insert new element: 1 € |18|/22 f‘t"f:“ C
- bef(?re = !Sl, ® after =2, i.e., |S|-2 € released sorl 21117136
— Amortized time: |S|+1-(|S]-2) = 3 € N . J A
IS/2  S.top =6

Invariant : ® = 2-| S.top - |S|/2 |



21

211713
&L

2(1|7|13|6|4|8

2(1|17(13|6[4[8]9

2(1|1713|6[4[8]9

) push(1)
) push(7)
) push(4)
) push(6)
> push(4)
> push(8)
> push(9)

> push(5)
5

potential

0

potential
increase

real time

2+1

4+1

8+1

amortized time

2+1=3

0+2+1 =3

2+1=3

2+4+1 =3

2+1=3

2+1=3

2+1=3

6+8+1 =3



00000000000000
00000000000001
00000000000010
00000000000011
00000000000100
00000000000101
00000000000110
0000000000011
00000000001000

10101110111111

111
10101111000000

Binary counter

1 bit
2 bits

—

What is a good savings- /
potential- / ®-function ?

; a) Position of most significant 1-bit
: b) Position of the rightmost O
2 c) # 1's in the binary number g
1 d) # O’s in the binary number
5 e) Don't know

D 7



Amortized analysis

= Analysis technique to argue about the worst-case
time for a sequence of operations

= Only need to analyze the operations individually

= The Art : Find a useful invariant for (D

|

l |
o e 5 €y i sy b st st 100 m
ate update update] update jupdate update up«



Example — red-black trees

Insert(x)
Search — O(log n) Case1<
+
Create new red leaf «— O(1)
+
Rebalance — # transitions

# transitions = amortized O(1)
® = # red nodes

Corollary: Insertion in a red-black tree
takes amortized O(1) time,
if insertion position is known




The Design
and Analysis
of Computer
Algorithms

AHO | HOPCROFT | ULLMAN

1974



Exercise **4.17 in Aho Hopcroft Ullman "The Design and Analysis of Computer Algorithms” (1974)

not curriculum

Union-Find with path compression (without rank)

MAKESET(x)
I xp=x

UNION(x, )
1  LINK(FINDSET(x), FINDSET(y))

LINK(x, y)

Il yp=x

FINDSET(x)

1 if x#xp do

2 x.p = FINDSET(x.p)
3  return xp

3

Amortized analysis
Definition rank(x) = (log, |T(x)|.
Lemma  rank(x.p) = rank(x)

Potential @ =}, rank(x)

Observation

Assume x and y rang r, i.e., both
subtrees have size [2/, 2]

If x is removed, the y getsrank < r

FINDSET(20)

# nodes with
unchanged rank

Amortized time

Real time (real time + A®)
MAKESET O(1) 0 Oo(1)
LINK O(1) <logn '/ O(log n)
FINDSET k <-k+2+logn O(log n)
UNION = 2 X FINDSET + LINK O(log n)




not curriculum

Union-Find with path compression and linking-by-rank

Theorem n MAKESET and m FINDSET and UNION operations take time O((n + m)-log* n)

2 ro=1 ry=24=16
n mgm . 2' . . 0 3
Definition log* n = smallest/iwhere n<r,=2 }tower of height / (2222 1= 2% = 6553
2~ - 57
Proof 9 3

= Only the rank of a root can change (increase during link)

= A non-root x never becomes a root again and rank(x.p) > rank(x)
= A root with rank r has subtree size = 2/, all non-roots rank < r

* Lemma #nodes withrankr <sn/2'

= Parent change increases rank difference to parent

= Define layer of a rank ras A(r) = log* r

= Total time O(n + m + # parent changes) FINDSET

O(n+m+m 10" N+ Fpyar; Trmrs ot 1127 1) = O(N+ M 10G* N + T gy 11 21+ 1) = O((n + m) - log* )

(B) parent is already in (A) parent is in same layer >t' dein | : 27i-1
different layer before parent change 'mes a node in fayer / can

have a parentin layer i (assumes r, = 0)



not curriculum

Skew heaps — ’self-balancing” heaps

= Priority queue
— FindMin, Insert, DeleteMin, Meld minimum —» 0

= Heap-ordered binary tree
— No requirements to structure or depth

= Node: left, right, element
= Priority queue = pointer to root

proc FindMin (H)
return H.element

proc Insert (H, e)
v = new Node (e, Null, Null)
return Meld(H, V)

proc DeleteMin (H)
return Meld(H.left, H.right) |Meld nextslide

Daniel Dominic Sleator and Robert Endre Tarjan, Self-Adjusting Heaps, SIAM Journal on Computing, 1986, doi: 10.1137/0215004



https://dx.doi.org/10.1137/0215004

Skew heaps
Meld

Hl‘,
0 Q@
@ ©® @
e @ O
©

Left subtrees increase in
size, i.e., <2 + 2-log n good
nodes can become bad

H2
. O
() ()
@

not curriculum

<1 + log, n good nodes
become bad, remaining k
nodes are bad and become
good (release potential)

proc Meld (H1, HZ2)
1f H1 = Null then return H2
i1f H2 = Null then return H1
1f Hl.element < H2.element then
return new Node (Hl.element,
else
return new Node (HZ.element,

Hl.right, Meld(Hl.left, HZ2))

H1))

H2.right, Meld (H2.left,

Amortized analysis

Definition Good node v: |v.left|<|v|/2

Lemma  # good nodes on left path <1 +log, n
Potential & =# bad nodes

Meld amortized time

AD from@ AD from
A Al
Ie N

4 N\ 4 N\
<2+2log,n+1+log,n—k+k+1+log,n=0(log n)

real time

= All operations amortized time O(log n)



Self-balancing data structures
with amortized running times

Fibonacci Splay
heaps trees

Minimum O(1) O(1) O,(1)
Insert Ox(log n) OA(1) O.(log n)
DeleteMin O,(log n) O,(log n) O,(1)
Delete O.(log n) O,(log n)
Meld O.(log n) OA(1)
DecreaseKey OA(1) O.(log n)
Search O.(log n)
Skew Heaps Sleator and Tarjan, SICOMP 1986 O, = amortized time

Fibonacci heaps Fredman and Tarjan, JACM 1987 [CLRS, 3" edition, Chapter 19]
Splay trees Sleator and Tarjan, JACM 1985 + Cole", SICOMP 2006

not curriculum


https://dx.doi.org/10.1137/0215004
https://doi.org/10.1145/28869.28874
https://doi.org/10.1145/3828.3835
https://doi.org/10.1137/S009753979732699X

Algorithms and Data Structures

Divide and conquer
[CLRS, Chapter 2.3, 4.1-4.5, Problem 30.1.c]



Divide and conquer

Algorithm design technique
Applicable to some problems (but far from all)

Partition a problem P into smaller problems P,,..,P, of the same type
which can be solved independently

Recursively solve subproblems P,,..,P, P %

(small problems are solved directly)
Combine solutions for P,,..,P, to a solution for P



Example — Merge-Sort

MERGE-SORT(A, p,r)

Small subproblem—)ifp >y

(size < 1) return @ Two smaller

subproblems
g =1p+nr/2__ &
@Solve 7 MERGE-SORK(A, p,

A




MERGE(A, p,q,T1)

O 0 1 N WD =

—_— =
—_— O

12
13
14
15
16
17
18
19

20
21
22
23
24
25
26
27

np=q—p+1 // length of A[p :q]

HR =F—( // length of Alg + 1:7]

let L[0:n; — 1] and R[0:ng — 1] be new arrays

fori = Otony —1 // copy A[p:q]into L[0:ny — 1]
Lli] = Al[p +i]

for j = 0tong—1 // copy A[g+ 1:r]into R[0:ng — 1]
R[j] = Alg +j + 1]

i =0 // i indexes the smallest remaining element in L
j =0 // j indexes the smallest remaining element in R
k=p // k indexes the location in A to fill

// Aslong as each of the arrays L and R contains an unmerged element,
// copy the smallest unmerged element back into A[p : r].

whilei <n; and j <npg
if L[i] < R[/]

Alk] = Ll[i]

i =1i+1
else Alk] = R[j]

J=J+1
k=k+1

// Having gone through one of L and R entirely, copy the
// remainder of the other to the end of A[p :r].
whilei <n;

Alk] = LJi]

[ =1+ 1

k=k+1
while j < np

Alk] = R[/]

J=J+1

k=k+1




Merge-Sort — analysis

Recursion tree

/ \>
] -
s ™\ Ve ™\ & N\ s ™\
| I 1 - Lo ] . LT I (I
V S \ V S N V S N V S N V S N V S N V S N\ V S \
] | I I B 11 I |l I 11 111 111 1] |

Observation : Total work per level in the tree is O(n)
Total work : O(n - # levels) = O(n - log, n)



Divide and conquer — examples

= MergeSort
— Partition into two equally sized parts
— Recursively sort
— Combine = merge sorted lists

= QuickSort

— Partition into two parts around random pivot (random partition)

— Recursively sort
— Combine = none (concatenation of left and right solutions)

= QuickSelect

— Partition into two parts around random pivot (random partition)

— One recursive call to select
— Combine = none (return result from recursion)



Analysis of divide and conquer
= analysis of a recursive procedure

Essentially two approaches

= Argue directly about recursion tree
(depth, #node at each level, work at the nodes/levels/tree)

= Solve a mathematical recurrence relation, e.g., by induction

T'(n) = a if n<c
I(n)=2-T(n/2)+an otherwise




What is the recurrence relation for MergeSort
when sorting recursively 3 parts of size n/3 ?

L p

r n

For n=3 ...
T(n)=3-T(n) + an®
T(n)=3-T(n)+ an
T(n)=3-T(n/3) + a'n
T(n)=3-T(n/2) + a-n
Don't know

o Q

O

O

)

...and T(n)=c for n<3



Solving a recurrence relation

I(n)=a if n<c
I(n)=2-T(n/2)+an  otherwise

= Unfold recurrence relation and argue about

the recursion tree .~ o o~

= Guess a solution and prove by induction by
increasing n



Recurrence relations — pitfalls

= Odd partitions ignored (n odd, recurrence relation
calls typically .n/2, and "'n/2') [CLRS, Chapter 4.7]

= Analysis typically only for n = 2k

= Never use O-notation in recurrence relations — use

constants (TN =Crée-=(T10/3)))

TI(n)=cn+a-T(n/3)



Master theorem
simplification of [CLRS, Theorem 4.1]

Theorem

It a, b, ¢, d and p are constants, where a is an integer and b, ¢, d and p are
real values,a > 1,b>1,¢c>0,d > 1 and p > 0, then the recurrence

C ifn <d
T(n) = .
a-T(n/b)+c-nP ifn>d
has the solutions
(O(n?) if a < bP

T(n) =<0’ -logn) ifa=1>0"
O (n'osr @) if a > 0.

\

Note that n'os»e = glogs .



Solution to the recurrence relation ?

TI(nN)=4-T(n/2)+n3 for n>1
T(n)=c for n=1



Solution to the recurrence relation ?

4:-T(n/2)+n for n>1
C for n=1



Solution to the recurrence relation ?

5T(n/4)+n? for n>1
C for n=1



Solution to the recurrence relation ?

T(n)=9T(n/3)+n? for n> 1

T(n)=c for n=1
a) T(n)=0(n?

@ b) T(n) =0O(n%log n)



Solution to the recurrence relation ?

T(n)=7-T(n/l2) + c:n®* for n=2
T(n)=c for n=1
a) T(n)=0O(n?)
b) T(n) = ©(n?log n)
c) T(n)=0©(n")
@ d) T(n)=0(n%7) = O(n28")
e) T(n)=0(n")

N
O
o
3—
~=
)
>
o
=



Depth of recursion ?

a-T(n/b)+c-nP

a) log n P
n/b n/b n/b
el T~ T

b) Ogb n n/b? n/b? n/b? n/b? n/b? n/b? n/b? n/b? n/b?

T
C) |09b (n/d) n/b3 n/b3 n/b3

|

d) log, (n/b) o

d d d
e) Don't know n/ipk<d ?



Depth i=0.log, (n/d) -1 log, (n/d) c ifn<d
# subproblems a a'ogp (n/d) Tn) = {a -T(n/b)+c-n? ifn>d
Size of subproblems n/b’ d .

Contribution per subproblem c-(n/b'yP C /<>a\
Contribution per level a’-c-(n/b'yp c-a'°9 (nd) n/b n/b n/b

log, (n/d)-1

n/b? n/b? n/b? n/b? n/b? n/b? n/b? n/b? n/b?

T(n)=0| c- a4+ Zai .c-(n/b)” T~
(bottom of recursion) j=0 (level i=0..log, (n/d) - 1) n/b3 n/b3 n/b3
|
log, n—1 log, n .
n i Cl/bp b _1 .
=0| c-a*®" +c-n”- Z(a/bp)% ( a/b)p—l for a#b" o
=0 d d d
[ ( 1 for a <b? ) ( n” for a<bp\
=0| n°®“ +n”-{ logn for a=b" |=0O|<n”-logn for a=>b"
a/b?)®" for a>b” n°®*  for a>b"
L e )l /
alogbn _ log, a (bp)logb” — I’lp




Multiplication of long integers

2387 * 3351
= (23 * 10° + 87) * (33 * 10° + 51)
= 23 * 33 * 104 + (23 * 51 + 87 * 33) * 10% + 87 * 51
= 759 * 104 + (1173 + 2871) * 10% + 4437

7590000
117300
287100
4437
7998837

+ + + |




Multiplication integers with n bits
n/2
| = J =

Q

T(n) = 2-T(n/2) + a-n?
T(n)=4-T(n/4) + a-n
) —

)
b)
) T(n)=4-T(n/2) + a'n
)
)

o O

T(n) =4-T(n/2) + a-n?
Don't know
...and T(n)=c for n=1 = T(n) = O(n?)

)



Multiplication of long integers

[CLRS, Problem 30.1.c]

n/2
/_H

I=‘Ih‘ll‘ J=‘Jh“"l‘

= [and J both n-bit integers
= Naive implementation O(n?) bit operations
" [J= 20 +((f-1) (Jrdp)H, - d)+ )22+l

I(n)=3-T(n/2)+ c-n fornz2
T(n)=rc forn=1

0 T(n) — O(n'0923) — O(n1.58)

Anatolii A. Karatsuba 1960 (wikipedia.org/wiki/Karatsuba_algorithm)



https://en.wikipedia.org/wiki/Karatsuba_algorithm
https://en.wikipedia.org/wiki/Karatsuba_algorithm

Multiplication of long integers

+4000 years O(n?)

Divide and conquer

log, 3
Karatsuba 1960 Oee:)

Schonhage-Strassen 1971 | O(n - log n - loglog n)

Firer 2007 O(n - log n - 20(og™ n))
Harvey, Hoeven 2018 O(n - log n - 229" n)
Harvey, Hoeven 2019 O(n - log n)

A paper on the history of multiplication,
Anatolii A. Karatsuba, The Complexity of Computations, Proceedings of the Steklov Institute of Mathematics, 1995 (Russian original)
David Harvey, Joris van der Hoeven, Integer multiplication in time O(n log n), Annals of Mathematics, 2021, doi: 10.4007/annals.2021.193.2.4



https://doi.org/10.1145/1250790.1250800
https://doi.org/10.1145/1250790.1250800
https://arxiv.org/abs/1802.07932
https://hal.archives-ouvertes.fr/hal-02070778
https://www.researchgate.net/publication/258001835_The_complexity_of_computations
http://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=tm&paperid=1120
https://dx.doi.org/10.4007/annals.2021.193.2.4

Matrices

m=3 represents linear
columns transformations R3 — R*

1
ows | 7 _9 0 X2 7 X1 —2 X2
\1 3 2 ] \x1 + 3X, + 2X,4
nx mmatrix  column vector column vector
m x 1 matrix n x 1 matrix
Rules
Matrix addition Matrix subtraction Multiplication by a
(n x m matrices) (n x m matrices) constant
1 2 5 6 6 8 6 2 2 6 4 -4 1 2 3 6
GGy CO6G ) ks
5 6 3 3 8 9 5 6 3 3 2 3 4 -1 12 -3
(A+B)+C=A+(B+0) c(dA) = (cd)A

A+B=B+A A-(B+CO)=(A-B-C c(A + B) = (cA) + (cB)



Matrix multiplication

= composition of linear transformations

i1 Cp 7 Gy :” 9 0 Gig\ [Py Dby by
C.2 : 022 : 02r _[ @ d 22 da 2 b21 b22 ‘e bzr
C C e C
p1 p2 pr ap1 ap2 apq bq1 bq2 bqr
p X r matrix p X g matrix q x r matrix

Ci = 2k=1.m Ay by

if
(AB)C = A(BO) 239 2)-(2 D
Rules A(B+C) = (AB)+(AC) 1 4
(A+B)C = (AC)+(BC) 3 Nyp 4 a4y (7 6 14
AB # BA (f i><1 3 2)_<2 3 13)



Matrix Multiplication

€y Cr 11 212 10\ [Py Dy,
ng Cgr = 21 22 2q b 21 22
C coe C a a cee a
p2 pr p1 p2 pq bq1 bq2
p X r matrix p X g matrix q x r matrix

RECTANGULAR-MATRIX-MULTIPLY (A, B,C, p,q,r)

1 fori =1top

2 for j = 1tor

3 fork = 1tog

4 Cij = Cij + ai - by

Nailve implementation O(pqr) time

O O

1r
2r

qr



Quadratic matrix multiplication

N M matrix [CLRS, Chapter 4.1-4.2]
272

W

I J A B E F
K L)I(C D)(G H)
n x n matrix n x n matrix n x n matrix
= A B, ..., K, Lare n/2x n/l2-matrices
I = AE4BG = |, J, K, L can be computed using
I = AF B  recurence rlaton mulpiketons
K = CE+DG on n/2 x n/2 -matricer
L = CF+DH = T(n)=8-T(n/2)+cn? for n=2
T(n)=c for n=1
" T(n) = O(n'%°®) = O(n°)




Strassen’s matrix multiplication

(x2)=(22)( )

I = S5486+54—35>

J = S48 51 = A{F—H) c:Dl
S2 = (A+ByH &
S3 = (C+D)E <
Ss = D{G—E) 3
£ 7 Ss = (A+DWME+H)|5
S¢ = (B—DXG+H)|8
$7 = (A—CHE+F) |3

L = 8§—8—S83+35s

Volker Strassen, Gaussian Elimination is not Optimal, Numerische Mathematik, 1969, doi:10.1007/BF02165411



https://doi.org/10.1007%2FBF02165411

Strassen’s matrix multiplication

. o i Year w, O(nv)
= Uses 18 matrix additions, time O(n?), 1969 28074
and 7 recursive matrix multiplications 1979 2.780
1981 2.522
1981 2.517

T(n)=7-T(n/2)+ ¢c:n?2  for n=2 ooy oaoe
1990 2.3755

= = 2010 2.3737
T(n) ¢ for /L 1 2013 2.3729

2014 2.3728639
2020 2.3728596

* T(n) = O(ns:7) = O(n2074) 22 23t
2025 2.371339

en.wikipedia.org/wiki/Computational complexity of matrix multiplication



https://en.wikipedia.org/wiki/Computational_complexity_of_matrix_multiplication
https://en.wikipedia.org/wiki/Computational_complexity_of_matrix_multiplication

MATHEMATICIANS ARE WEIRD

YOU KNOW
THAT THING THAT
WAS 2372%634-~

I'T DOWN TO
23728596

www.smbc-comics.com/comic/mathematicians



http://www.smbc-comics.com/comic/mathematicians
http://www.smbc-comics.com/comic/mathematicians
http://www.smbc-comics.com/comic/mathematicians

Convex hull

T(n)=2-T(n/2)+cn fornz2
T(n)=c forn=1

T(n) = O(n-log n)

Preparata, Hong, Convex Hulls of Finite Sets of Points in Two and Three Dimensions, Communications of the ACM, 1977, doi: 10.1145/359423.359430



https://doi.org/10.1145/359423.359430

Skyline

(assignment)

n=7-T(n/?)+? fornz=2
T(n)=c forn=1




Algorithms and Data Structures

Selection in worst-case linear time
[CLRS, Chapter 9.3]

M. Blum, R. W. Floyd, V. Pratt, R. L. Rivest, R. E. Tarjan, 1973, Journal of Computer and System Sciences, 1973, doi: 10.1016/S0022-0000(73)80033-9



https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9

Selection

Find the jth smallest element in a list

L= 10 5 12 3 1 7 42 9 15

SELECT(L, 5) =9

Algorithm Time
Randomized-Select O(n) expected
[CLRS, Chapter 9.2] O(n2) worst-case

Deterministic-Select

[CLRS, Chapter 9.3] O(n) worst-case




Randomized-Select

Find the /" smallest element in A[p..r] (1 <i<r-p+1)

RANDOMIZED-SELECT (A, p,r,i)

1 ifp==r
2 return A[ p] // 1 <i<r—p+1when p==r means thati = 1
3 g = RANDOMIZEA,p,r)
4 k=qg—p+1
5 ifi ==
6 return A[q] // the pivot value is the answer
elseif i < k
8 return RANDOMIZED-SELECT (A, p,q — 1,1)

else return RANDOMIZED-SELECT(A,q + 1,r,i — k)




Randomized-Select 15

10

1

12

13

14

15

16

17

18

19

20

21

22

23

7 9
18 | 10 20 [ 11| 22(15) 3 |17 |14 |16 [19] 8 | 6 | 21| 7 [13] o |12] 23] 2 | 1
g
1 | 10 20 [ 11| 22(15) 3 |17 |14 |16 10| 8 | 6 |21] 7 |13] o |12 ] 23] 2 | 18
N\ pivot
10 11(15) 3 |17 |14 |16 | 8 | 6 | 7 [13]| 9 [12| 2 [18]20]| 21|23 | 19| 22
g
A~
2 11(15) 3 |17 |14 |16 | 8 |6 | 7 [13] 9 [12] 10
p
58|67 ]9 10015)11]17]13]14]12] 16
g
N
(15 )11 |13 [ 14|12 16 | 17
g
1] 12 | 13 | 14( 15 )
g
13 [ 14 15 )




Randomized-Select

= Randomized algorithm (pivot chosen randomly)

— pivot is in the middle part with constant probability

= Example of divide and conquer

— only 1 smaller subproblem is solved recursively

— all time is spent in the partition
(combine step simply returns result from the recursive call)

= Time: worst-case O(n?), expected O(n)

— Analysis cannot be solved using the Master Theorem



Deterministic-Select

= Same ideas as Randomized-Select
— Choose one element as pivot
— Partition w.r.t. the pivot
— Make at most one recursive call on elements < or > pivot

= New idea
— Recursively use Select to find a good pivot

= Analysis
— Divide and conquer

T(n) < T(an)+ T(b-n)+cn

— Cannot use Master Theorem (instead analyze directly)



Deterministic-Select

SELECT(A, )

1 if |[A| <5 then

sort A and return i’th element
partition 4 into Gy,...,G,s: where |G| <5
medians = { g, | g; median of G, }
pivot = SELECT(medians, ||medians|/2))
partition A w.r.t. pivot into A_, A_ and A.
if i<|A_| then

return SELECT(A_, i)
if i>1]4_| +|A4A_| then

return SELECT(A.,i—|A|—|A4_|)
return pivot

small input -

[l

compute pivot —

[

O OO0 1 ON D & L 1N

make 1 recursive call _
(like randomized select)

ek
-

[
ek
ek



Example

A =30, 37,91, 78, 34, 76, 22, 72,
99, 63, 57, 57, 83, 97, 78, 44, 3,
25, 44, 86, 44, 82, 52, 26, 53,
90, 70, 17, 9, 56, 76, 89, 9, 37,
39, 80, 84, 23,42, 97,72, 26

sort each group independently

recursively find median — | 37 72

Quality of pivot ?

< pivot

groups permuted such that —»
medians are partitioned w.r.t. pivot

G, G Gy G, Gs G5
30 76 57 44 44 90 76 80
37 22 57 3 82 70 89 84 72
91 72 83 25 52 17 9 23 26 considerinput as 'n/51 groups
78 99 97 44 26 9 37 42
34 63 78 8 53 56 39 97
pivot = median(medians)

30 22 57 3 26 9 9 23
34 63 57 25 44 17 42 26 |

78 44 52 56 39 80 72 | medians
78 76 83 44 53 70 76 84 |
99 99 97 86 82 90 89 97
30 3 26 o o 22 [Hll 3 3
-----i----




Maximum size of A_ ?
A_ are all elements in A smaller than the pivot

a) ~3/10 - |A]
b) ~1/4 - |A|
c) ~1/2-|A|
d) ~7/10 - |A]
e) ~3/4 - |A]

f) Don't know




Recursion tree SELECT(A, /)

Left recursive call right recursive call

to compute pivot on A_orA.
among medians . /

——————————————

ol ~
ol =
S
—

[ 7.
10

7 11
[ 1055 ]

Note: Proof ignores that there can be O(1) additional elements to each recursive call




Analysis (recurrence)

recursive call to recursive call time to compute the median

. onA_orA
< > of each group and to create
compute pivot (upper bound) group

\ \ partition A_, A_and A,

1 4
T(n) < T(5n> T(mn) c'h for n>5
C for1<n<5

\

time to sort
< 5 elements

Note: Proof ignores that there can be O(1) additional elements to each recursive call



Analysis (considering recursion tree)

1 V4
+T|—n ) +c >
T(n) < T<5 ) T(’IO”) Cc'h for n>5
C for1<n<5s

Note: The sum of subproblem sizes from depth j + 1 to depth i

1,7_9
decreases by at least a factor 5t 75°70

9\ _ 1
T(n)_Z —g CN" (10) CN" 79710 =10-c'n

Note: Proof ignores that there can be O(1) additional elements to each recursive call



Analysis (by induction)

1 V4
T(n) < T<§n>+T<ﬁn> +Cc'n for n>5

C for1<n<5
Prove T(n) <k-n for some k
Proof
Base case 1<n<5: T(n) £10-¢c'n

T(n)=c<kn if csk
Induction step n > 5:

T(n) < T(1 n) +T(l n) + c-ni'<h'k- 1n+k-ln+c-n = (ki +c) n<kn
- \5 10 IS 10 10 B

. 9 9
If kﬁ+cSk = CSk(1_ﬁ) = 10c=sk

Note: Proof ignores that there can be O(1) additional elements to each recursive call



Precise analysis
(tighter analysis than CLRS)

|medians| /max{ A, 1A }
<u> (o[ 5] r2)on o ns
for n<5

Solution T(n) <c-max{1, 10n — 30}

Proof: For 1 < n <15 compute recurrence

8 9 10 11 12 13 14
1 8 16 25 35 46 28 38 49 61 44
10 20 30 40 50 60 70 80 90 100 110 120

—~ S

2 3
T(n)/c< 1 1 1
max{1,10n-30} 1 1 1

(continues)



Precise analysis (continued)

For n =2 16 proof by induction

Induction hypothesis (assume already proved)
T(k) < cmax{1, 10k = 30} for 1 <k<n-1
Induction step (prove for n)

T(n) < T(M ( [”/5

<c (10 =|-30+10 <n— 1/52 W +2> —30+n>
(10 (5 1) +10 <n—37+2> —60+n>

= ¢(10n-30)




Worst-case # comparisons for Select n =5 ?

@) Q)]
SN S Y N N

O
© 0O N O O & WIN -

s DO Q

— O @
N— N

vv

Don't know

o =



Even more precise analysis — # comparisons

compute compute
medians \_ |Adl, |A<| and [A, ]

rT([gD +T<”‘3 [[nfw +2) +7 [g} + n{1 for n>5

N 12345 for n<5
\ Ih)s 01 3 5 7

T(n) <

.

Solution T(n) £ max{n, 24n - 72}

Proof. n < 15 check manually, n = 16 by induction.
1 2 3 4 5 6 7 8 9

T(n) < o1 3 5 7 29 38 57 79 103 66 88 112 138 104
max{n, 24n-72} 1 2 3 24 48 72 96 120 144 168 192 216 240 264 268




Selection

Algorithm Time
Randomized-Select O(n) expected
[CLRS, Chapter 9.2] 5
Hoare 1961 O(n4) worst-case

Deterministic-Select
[CLRS, Chapter 9.3] O(n) worst-case
Blum et al. 1973

Median worst-case comparisons <2.95n

Dor, Zwick 1995, 1996 2(2+€)N e=2%

C. A. R. Hoare, Algorithm 65: Find, Communications of the ACM, 1961, doi: 10.1145/366622.366647

Blum, Floyd, Pratt, Rivest, Tarjan, Time bounds for selection, Journal of Computer and System Sciences, 1973, doi: 10.1016/S0022-0000(73)80033-9
Dorit Dor, Uri Zwick, Median Selection Requires (2+&)n Comparisons, SIAM Journal of Discrete Mathematics, 2001, doi: 10.1137/S0895480199353895
Dorit Dor, Uri Zwick, Selecting the Median, SIAM Journal of Computing, 1999, doi: 10.1137/S0097539795288611



https://doi.org/10.1145/366622.366647
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1016/S0022-0000(73)80033-9
https://doi.org/10.1137/S0895480199353895
https://doi.org/10.1137/S0097539795288611

Algorithms and Data Structures

Dynamic programming
[CLRS, Chapter 14]



Dynamic programming

= General algorithm design technique

— Works for a long sequence of problems

— A solution can be computed from solutions to subproblems
= Recursive solution

— Typical exponential time
= Dynamic programming

— Reuse solutions to already considered subproblems

— Approaches: recursive with memoization or systematic tabulation
— Typically, polynomial time



Example — rod cutting

Problem: Cut a rod into smaller pieces, where each
piece has a price, maximizing the sum of prices

identical solutions

A rod of length 4 can be partitioned in 8 ways — but only 5 different results

lengthi |1 2 3 4 5 6 7 8 9 10
pricep; |1 5 8 9 10 17 17 20 24 30



Maximum price for cutting rod of length 127
a) 12




Optimal cutting of rods of length 1..10

best price cutting
ri = 1 ]l =1 (nocuts),
r, = 5 2 =2 (nocuts),
ry = 8 3 =3 (nocuts),
rs = 10 4 =242,
rs = 13 5=243,
re = 17 6 =6 (nocuts),
r; = 18 T=14+6o0or 7=24+2+4+3,
rg = 22 8=246,
ro = 25 9=346,
10 = 30 10 =10 (no cuts) .

lengthi |1 2 3 4 5 6 7 8 9 10
pricep; [ 1 5 8 9 10 17 17 20 24 30



Optimal rod cutting — recursive solution

N 0 if n=0
n = maxj=1 n(pj+ rp—j) otherwise

CuT-ROD(p, n)

g = max{q, pli] + CUT-ROD(p,n —1i)}
return ¢

1 ifn==0

2 return O
3 g =—00

4 fori = 1ton
5

6



Optimal rod cutting — recursive solution

CuT-ROD(p,2) already known

_ 4
_ 0 if n=0 RO - “\
I'n = {maxi=1 n (pl + I’n_i) otherwise // 8 \\// \2\ | 0
\
V \\ 'I / \ \ |
2 1 0)y (1 0) 100
CUT-ROD(p, n) 1/ \0 (‘) ' (|) /
ifn==0 ’ \\ ’I
return 0 0 T~=t

1

2

3 g =—00

4 fori = 1ton
5 g = max {q, pli] + CUT-ROD(p,n — i)} _

6 return ¢ Time O(2")



Optimal rod cutting — recursive solution

_ 0 if n=0
n = max;—q p(pj+ rp—j) otherwise >< )<

e \\X

CuT-ROD(p, n) / &

1 ifn== ‘ X X

2 return { 0 avoid recomputations ?
3 g =—00

4 fori = 1ton

5 g = max {q, pli] + CUT-ROD(p,n — i)}

6 return g



Optimal rod cutting — memoized recursion

MEMOIZED-CUT-ROD (p, n)

— o o e —

1
2
3

let r[0: n] be a new array

fori = 0Oton

rli] = —oo
4 return MEMOIZED-CUT-ROD-AUX(p,n,r)

MEMOIZED-CUT-ROD-AUX(p,n,r)

N =

.— -

O o0

recurrence

—— e e R R M R R R e M e e M R M R M M R e R R R M M R e e ey,

—— e = = = —

g = max {g, p[i] + MEMOIZED-CUT-ROD-AUX(p,n —i,r)}/

o e o e e e M M e Mmm mmm mmn e Mmm Mmm mmm e Mmm Mmm M e Rmm Mmm Mmm e Mmm Mmm M e Gmm Mmm M e Mmm Mmm M e Mmm Mmm M e Mmm Mmm M e Mmm Mmm M e Mmm M M e M e e

if rjn] >0
_____ return r[n]
ifn==0
q —
elseg = —o¢
fori = 1ton
rin] =g
return ¢

remember result

subproblem
dependency

O €« — €&« D <€« W <<



Optimal rod cutting — systematic tabulation

subproblem
BoTrTOM-UP-CUT-ROD(p, 1) dependency
4
1 let r|0:n] be a new array )
2 r[0] =0 Y
3 fi =
orJ Hton =—vw0 order crucial ! y}
5 fori = 1toj |
6 q = maxiq, pli] +rlj — ] I
7 rlil =q 0
8 return r|n] \
i |01 23 4 5 6 7 8 9 10 .
/i1]0 1 5 8 10 13 17 18 22 25 30 Time O(n?)



Optimal rod cutting — printing solution

EXTENDED-BOTTOM-UP-CUT-ROD (p, n)

I letr[0:n]and s[]:n| be new arrays

2 r[0] =0

3 forj =1ton

4 q = —00

5 fori = 1to i |01 23 4 5 6 7 8 9 10
6 if g < pli]+r[j —1i] ri]/0 1 5 8 10 13 17 18 22 25 30
7 q = pli] +rlj —1i] slil]/o0 1 23 2 2 6 1 2 3 10
8 s[jl =i

9 rljl = ¢q

10 return r and s

PRINT-CUT-ROD-SOLUTION (p, n)

1 (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p, n)
2 whilen > 0

3 print s|n]
4

n=n=sin] Time O(n?)



Output forn=7 ?

PRINT-CUT-ROD-SOLUTION(p, n)

1 (r,s) = EXTENDED-BOTTOM-UP-CUT-ROD(p, n)
2 whilen > 0
3 print s[n]

4 n =n-—sln] ; 13 17 18 22 25 30
] 1 2 3 10

f) Don’'t know



Maximum weight for an increasing

subsequence?

a) 4
Let X = x,,...,x,and W= w,,...,w, be sequences, where b) 5
each element x; is assigned a weight w;. c) 6
Find an increasing subsequence of X with maximum d) 7
weight, i.e., find positions /,<i,<---<i, where x;, <x;,<--*<X; e) 8
and w;, +w,,*---+w; Is maximized. f) 9

e g) 10

2 1 s h) 11

Exam, august 2008, question 4 I) 1 2

j) Don't know



MEH(6) ?

We let MEH(i) (max-ending-here) denote the maximum
weight of an increasing subsequence ending with x;.

O T O
S S Y N N

O©OO~NOO AP, WDN -

w; +max{MEH(j) |1 <j<iAz; <z} ifthereexists 1 <j<iAx <ux
otherwise

MEH (i) = {

w,

O

3

= @

Exam, august 2008, question 4

o @
SN N’

(answer subquestion b)
fori=1ton
m =10
forj=1to1—1

h
N S’

Don't know

if ; <ax; and MEH(j) > m then m = MEH(j)

MFEH(j)=m+ w, |
if MEH(j) > msf then msf = MEH(j)

return msf




Longest common subsequence

BDCABA
|

\ /
ABCBDAB



Longest common subsequence ?

ABABGACBABAD
BACABAABABC

@ 2) BACBABA
b) BABBAB
Easy to check

)
)
g C) BAABABA subsequence (greedy)
)
)

Answer not unique

d) BACABAB |
' Exponential many
e) Don't know possible subsequences




Longest common subsequence

Y= BDCABA
]
X=ABCBDAB

0 ifti =0orj =0,
cli,jl=qcli—1,7—1]+1 ifi,j >0andx; =y, ,
| max {c[i,j —1],c[i = 1,j]} ifi,j >0and x; # y; .

length of longst common subsequence of x,--x;and y,-y,




c[5,3] ? a) 1
[5,3] S b)
A A C) 3
B A
AB d) 4
Y =|ABABGACBABAD e) 5
X =|BACABAABABC
— f) ©
5" A )
- h) Don't know

ifi =0o0rj =0,

cli,jl=48cli—-1,j —1]+1 ifi,j >0and x; =y, ,

max {cli,j —1],c[i = 1,j]} ifi,j >0andx; # y; .




Longest common subsequence

i 0 1 2 3 4 5 6

i vy B D € A B A
O % | ol ol ol ol ol ol o
- TN N
; 0ol ol ol ol 1l<1] 1
2 B 0\1<—1<—1 I\2<—2
Y= |[BDCABA AR i
\ o/ / 3 C | o] 1] 1] 2le2 p
X=[ABCBIDAB 4+ w| )| 11 ;@
i (N T 1 1)
S D o] 1] 2l 2| 21 3] 3
™ T TN TIN
6 A ol 1] 2| 2l 3] 3] 4
7 B AN T T TIN )
ol 1] 21 2| 3| 4] 4

0 ifi =0o0rj =0,
cli,jl=cli—1,]—1]+1 X ifi,j >0andx; =y, ,

max {c[i,j — 1].c[i = 1,j]} ifi,j >0andx; # y; .
“— A



Longest common subsequence

LCS-LENGTH(X,Y,m,n)

O 00 1 O W A W N -

— e ek e e e
AN D AW N = O

let b[1:m,1:n]and c[0:m,0:n] be new tables

fori = 1tom

cli,0] =0

for j =0ton

cl0,j] =0

fori = 1tom
for j =1

ton

if x; == y;

C

return ¢ and b

iy
bli, j]
elseif c[i —
cli
bli
else c|i

bli

=

ci—1,j—1]+1
66‘\9’
,J ] [ J—1]
cli —1,J]

CT”

i, ] — 1]

e9

=

> == O & aO = »

0O 1 2 3 4 5 6
vy B D €C A B A
0| 0/ o] 0l 0/ 0] 0
T TN AN
0 0l 0| O] 1]=1] 1
TIN
Of 1letie1] 1] 2}«
T TN T 1
0| 1| 1] 2)«2] 2| 2
Nt T TN
O] 1| 1] 2] 2] 3[«3
TN T T T
o 1| 2| 2 2] 3| 3
Tt I TN
o 1| 2| 2 3] 3| 4
T 1 NN
ol 1| 2] 2] 3| 4| 4

Time O(n - m)



Longest common subsequence

PRINT-LCS (b, X,1, j) i y @0 © A @ @

if i == | == O % | ol o ol ol o ol o
1 ifi==0o0rj==0 . AR N
2 return 0l 0l 0l 0 %:1 1
3 ifD[i, j]=="“\" 2 B o legler] 1 oles
4 PRINT-LCS (b, X.i — 1, j — 1) IR R
5 print Xx; s B o N 1A I
6 elseif b[i, j] == “4” s oo TN 0T H T
7 PRINT-LCS(b, X,i — 1, ) o @, I ; ;\2 1\4
8 else PRINT-LCS(b, X,i,j —1) ANl 1\4 1

Time O(n + m)



Space usage for LCS algorithm to find an LCS ?

a) O(n+m)
@ b) On-m)

c) Don't know

LCS length

Fill out table row-by-row, only
remember previous row

O(min(n, m)) space




m) space

Idea

Compute path without storing the full
dynamic programming table

1) Compute where the path crosses
the middle row

2) Recursively solve the two subproblems

Time O(n - m) Space O(n + m)

Example of divide and conquer used
inside a dynamic programming algorithm

3
n
x
>
n
=

D.S. Hirschberg, A linear space algorithm for computing maximal common subsequences, Communications of the ACM, 1975, doi: 10.1145/360825.360861



https://doi.org/10.1145/360825.360861

Longest common subsequence

O(n-m)time  dynamic programming

dynamic programming and

Otntm)ispace divide and conquer [Hirschberg 1975]

Open problem
Is it possible to compute the longest common subsequence of
two strings of length n in worst-case O(n%¢) time ?

— Would break with the "Strong Exponential Time Hypothesis”

Abboud, Backurs, Williams, Tight Hardness Results for LCS and Other Sequence Similarity Measures, FOCS, 2015, doi: 10.1109/FOCS.2015.14
Bringmann, Kinnemann, Quadratic Conditional Lower Bounds for String Problems and Dynamic Time Warping, FOCS, 2015, doi: 10.1109/FOCS.2015.15



https://dx.doi.org/10.1109/FOCS.2015.14
https://doi.org/10.1109/FOCS.2015.15

not curriculum

Hunt-Szymanski algorithm

N
[9)}

0 1 3 4 6 . .

v, B(A)YB C(A)B L Assume few pairwise matches
ox,10/0/0(0(0]0]|O0 | r:l{(i,j)|Xi=yj}| K nm
Tt AlO|O[1]|11]1]1]I2]

i A B C

s(A)| 0| 1T2d 2 |23 |3 |[1,2,5]
+C|0[1|2]2]38]3]3 :1,2,4] NN
sB|0|1|2[3]3]314a|[1,23,6] (1,5) (1,2) (2,6) (2,3) (2,1) (3,5) (3,2) (4,4) (5,6) (5,3) (5,1)

= LCS table not explicitly computed; only consider matches
= Observation: LCS(X, Y) = LIS(Matches(X, Y)), LIS = longest increasing subsequence
Sort increasing /, decreasing j; time O((m + n + r) - log min(n, m)), space O(r + m + n)

= |LCS|: Compute for each row L = first column with 1, 2, 3, ...
and only changes to L for each row — total r binary searches in L
Time O((r + m + n) - log min(n, m)), space O(min(n, m))

Hunt, Szymanski, A fast algorithm for computing longest common subsequences, Communications of the ACM, 1977, doi: 10.1145/359581.359603



https://doi.org/10.1145%2F359581.359603

Text formatting — line breaks

tex.stackexchange.com/questions/120271/alternatives-to-latex/120279

The first paragraph of Herman Melville’s Moby Dick typeset using three different programs.
The text is set using Garamond Premier Pro 12/14 in a 5 cm wide column, fully justified.

Created by Roel Zinkstok of Zink Typography (www.zinkcypografie.nl), January 2010

Microsoft Word 2008

Call me Ishmael. Some years
ago — never mind how long
precisely — having little or no
money in my purse, and not@
ing particular to interest me on
shore, I thought I would sail
abour a little and see the w

tery part of the world. It is a
way I have of driving off the
spleen, and regulating the ci

culation. Whenever I find m

self growing grim about the
mouth; whenever it is a damp,
drizzly November in my soul;
whenever I find myself inw

untarily pausing before coffin
warehouses, and bringing up
the rear of every funeral I
meet; and especially whenever
my hypos get such an upper
hand of me, that it requires a

Adobe InDesign cs4

Call me Ishmael. Some years
ago — never mind how long pr

cisely — having little or no mo

ey in my purse, and nothing
particular o interest me on
shore, I thought I would sail
about a little and see the watery
part of the world. It is a way I
have of driving oft the spleen,
and regulating the circulation.

Whenever 1 find myself grO\O

eing grim about the mouth;

whenever it is a damp, drizzly
November in my soul; w. eneo
er I find myself involuntarily
pausing before coffin warehouO
es, and bringing up the rear of
every funeral I meet; and espo
cially whenever my hypos get
such an upper hand of me, that
it requires a strong moral priO

pdf-LaTeX 3.1415926

Call me Ishmael. Some years
ago - never mind how long
precisely — having little or no
money in my purse, and not@
ing particular to interest me
on shore, I thought I would
sail abourt a little and see the
watery part of the world. It
is a way I have of driving off
the spleen, and regulating the
circulation. Whenever I find
myself growing grim about the
mouth; whenever it is a damp,
drizzly November in my soul;
whenever 1 find myself invco
untarily pausing before coffin
warehouses, and bringing up the
rear of every funeral I meet; and
especially whenever my hypos
get such an upper hand of me,
that it requires a strong moral
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Printing neatly [CLRS Problem 14-4]

“Consider the problem of neatly printing a paragraph with a monospaced font (all characters
having the same width) on a printer. The input text is a sequence of n words of lengths /,, /,,...,
|, measured in characters. We want to print this paragraph neatly on a number of lines that hold
a maximum of M characters each. Our criterion of “neatness” is as follows. If a given line
contains words i through j, where i < j, and we leave exactly one space between words, the
number of extra space characters at the end of the line is

M-j+i-24il,

which must be nonnegative so that the words fit on the line. We wish to minimize the sum, over
all lines except the last, of the cubes of the numbers of extra space characters at the ends
of lines. Give a dynamic-programming algorithm to print a paragraph of n words neatly on a
printer. Analyze the running time and space requirements of your algorithm.”



H H H H
li+1 li+g li+3
M

i, )=M-j+i-2,; I

penalty = r3+r’3+r+r,’°




Printing neatly

Place the first j words on full lines

ljl- 0 if j=0
A min{c[i-1]+r(, )3 1<i<j A r(i,j) =0} if j>0

Best solution mln{C[/] | 0<j<n A I’(['+:|.f n) > 0}
remaining words j+1, j+2, ..., n
on last line without penality



Printing neatly

1 // compute r 15 // print best solution

2 for i =1 ton 16 proc report (j)

3 sum = 0 17 1if 3 > 0 then

4 for j = 1 to n 18 i =1I[73]

5 sum = sum + 1[7] 19 report (i - 1)

6 rfi,J] =M -3 + 1 - sum 20 print word[i]..word[j] <newline>
7 // compute C 21 k =n -1

8 C[0] =0 22 for 3 =0 ton - 2

9 for J =1 ton 23  if r[j+1,n]>=0 and C[j]<C[k] then
10 C[3] = += o4 K =
11 for 1 = 1 to 3 | 25 report (k)
12 it rli,31>=0 and Cli-1] + r[i,J]"3<C[J] then 26 print word[k+1l]..word[n] <newline>
13 C[j] = C[i-1] + r[i,31"3
14 I3l = 1

Time and space O(n?)

. 0 if j=0 : . : :
C[l]z{min{c[i—l]+r(i,j)3 |1<i<j A r(i,)) =0} if j>0 min{C[j] |0<j<n A r(j+1,n) = 0}



C A B

[ | [ [ - C44 Cq2 * Cqr aqq1 aq2 a1q\ [b1q bq2 - by,
Matrix multiplication B () (o B2
Cp1 Cp2 * Cpr ap1 dp2 " dpq bq1 qu - bgr

pXr pXq qxr

RECTANGULAR-MATRIX-MULTIPLY (4, B,C, p,q,r)
1 fori =1top

2 for j = 1tor

3 fork = 1tog

4 Cij = Cjj +ax - by

Multiplication of two matrices A and B with
dimensions p x g and g x r takes time O(p-q-r)



Matrix-chain multiplication

(A-B)-C or A-(B-C) ?

Matrix multiplication is associative (can place parenthesis arbitrary),
but not commutative (one cannot change the order of the matrices)



What multiplication order makes
fewest (primitive) multiplications ?

g a) (A'B)'C 21050 +2 - 50 - 20 = 3000
b) A:(B-C) 105020 +2 - 10 - 20 = 10400
c) Both do the same
d) Don't know

A=2x10 B=10x350 C=50x20



Matrix-chain multiplication

Problem: Find the best placement of parenthesis
to multiply n matrices

/41 .A2 An

where A; Is a p;, X p; matrix

Note: There are Q(4" / n®?) possible ways to place
n pairs of parenthesis (n'th Catalan number)

en.wikipedia.org/wiki/Catalan number



https://en.wikipedia.org/wiki/Catalan_number
https://en.wikipedia.org/wiki/Catalan_number

Matrix-chain multiplication

mli, /] = minimum number of (primitive) multiplications to compute A;--A;
Pm ka PkXP/

m[i,jlz{o ‘/A/< it =7

min{mli, k] +mlk +1,j] + picipep; i <k <j} ifi <]

RECURSIVE-MATRIX-CHAIN(p, i, )
1 ifi==j
2 return 0
3 mli,j] = o0
4 fork =itoj—1
5 g = RECURSIVE-MATRIX-CHAIN(p,i,k)
+ RECURSIVE-MATRIX-CHAIN(p,k + 1, )

+ Pi—1Pk Dj
6 ifg <mli, j]
7 il g1 = Time Q(4"/n32)
8 return m|i, J]



Matrix-chain multiplication

MATRIX-CHAIN-ORDER (p, n)

1 letm[l:n,1:n]and s[1:n —1,2:n be new tables

2 fori = 1ton

3 mli,i] =0

4 forl/ =2ton

5 fori = 1ton—1+1

6 j=i+il-1

7 mli, j] = o0

8 fork =itoj—1

: q = mli.k] +mlk + 1. j]+ pis1 pep,

10 if g < mli, ] Time O(n3)
1 mli, j| = q

12 sli, j] =k mii. j] = ° ifi=J

min{m[i,k] + m[k + 1, j1 4+ picipxp; i1 <k <j} ifi <j
13 return m and s o



Matrix-chain multiplication

1 2 4
dimension | 30 x35 35 x15 15 x5 5x10 10 x20 20 x25



Matrix-chain multiplication

PRINT-OPTIMAL-PARENS (s, 1, J)

1 ifi ==

2 print “A”;

3 else print “(”

4 PRINT-OPTIMAL-PARENS (s, i, s[i, j])

5 PRINT-OPTIMAL-PARENS (s, s[i, j] + 1, )
6 print *)”

Time O(n)



What is printed fori=1 and j =67

PRINT-OPTIMAL-PARENS (s,1, J)

1 ifi==j

2 print “A”;

3 else print “(”

4 PRINT-OPTIMAL-PARENS (s, 1, s[i, j])
5

6

PRINT-OPTIMAL-PARENS (s, s[i, j] + 1, j) o

e) Don't know



Memoized matrix-chain multiplication

MEMOIZED-MATRIX-CHAIN (p, n)

1
2
3
4
5

let m[1:n,1:n] be anew table
fori = 1ton m[i,j]z{
for j = iton
mli, j] = o0
return LOOKUP-CHAIN(m, p, 1,n)

0

LoOKUP-CHAIN(m, p,i, j)

1
2
3
4
5
6

9

if mli, j] < o0
return m|i, j|
ifi ==
mli, j] = 0
elsefork =itoj —1
g = LOOKUP-CHAIN(m, p,i, k)
+ LOOKUP-CHAIN(m, p,k + 1, j) + pi—1 Pk P;
if g <mli, j]
mli, j] = q
return m|i, j|

iti =

min{mli, k] +mlk + 1, j] + picipep; i <k <j} ifi <

Time O(n®)



Optimal binary search trees

node depth probability contribution

k1 1 0.15 0.30
/ \ ko 0 0.10 0.10
ks 2 0.05 0.15
/ / \ ka | 0.10 0.20
ks 2 0.20 0.60
dq 2 0.05 0.15
/\ a1 (2+1)x 010 = 0.;%]
7 3 0.03 0.
Expected search time 2.80 d3 3 0.05 0.20
da 3 0.05 0.20
Syt hldldilsd o ds 3 0.10 0.40
Go P1 G1 P2 G2 P3 3 Ps Qs Ps Qs Total 2.80
] 0 1 2 3 4 5
Di 0.15 0.10 0.05 0.10 0.20
g; | 005 0.10 005 0.05 005 0.10




Optimal binary search trees

/\ /\
/\. /\ /\ /\
/\ /\

Expected search time 2.80 / \
do ki dy k, d, k; d; k, d, ks d

® ‘g ® ® ‘5 ) '

Expected search time 2.75
9o P1 91 P2 G2 P3 Q3 P4 G4 Ps G5

l 0 | 2 3 - 5

Di 0.15 0.10 0.05 0.10 0.20
g; | 005 0.10 005 005 005 0.10




Optimal binary search trees

D it ai=1 wi,j) =) p+ ) q
=1 =0 [=i

[=i—1
w(3,4)
Al

dy ki ds Jo dy ks O Ky iy s O

Qo P1 Q4 P2 G2 P3 Q3 Ps G4 Ps5 G5

E [search cost in T] Z(depthT (ki) + 1) - p; + Z(depthT(di) +1) - g

=1 1=0

= 1+ ZdepthT (ki) - pi + ZdepthT(d,-) " qi

=1 1=0

ol j]_{qil ifj =i—1 =
/I S minfeli,r — 1] +e[r+1,j]+w(,j):i <r <j} ifi < @ @

optimal expected time for a search tree containing k;....k;and d;...,d,



Optimal binary search trees

e[l’j]:{qll l.] l

OPTIMAL-BST(p,q,n) min {eli,r — 1] +e[r +1,j] +w(i,j):i <r < j} ifi <j

1 lete[l:n+1,0:n],w[l:n+1,0:n],
and root[1 :n, 1:n] be new tables

2 fori =1ton+1

3 E[i,i—l] = (i1

4 wli,i — 1] = ¢

5 for/ =1ton

6 fori = 1ton—1[1+1

7

8

J=1i+[1-1
eli,j] = o0
9 wli, j] = wli, j = 1]+ p; +q;
10 forr =itoj
11 t =eli,r—1]+e[r+1,j] 4+ wli, j]
12 ifr <eli, j]
13 eli,j] =1t
14 rootli, j] = r

15 return e and root



Root of an optimal binary search tree ?

® O O T

N N Y N N
&




Dynamic programming

= General algorithm design technique
— Works for a long sequence of problems
— A solution can be computed from solutions to subproblems

= Recurrence

= Examples
— Rod cutting
— Longest common subsequence
— Printing neatly
— Matrix-chain multiplication
— Optimal binary search trees



Algorithms and Data Structures

Greedy algorithms
[CLRS, Chapter 15.1-15.3]



Greedy algorithms

* Problems where a solution can be constructed
from the solution to one smaller subproblem

= Subproblem can be identified efficiently

(simpler than divide and conquer
and dynamic programming)



Longest common subsequence ?

ABABGACBABAD
BACABAABABC

@ 2) BACBABA
b) BABBAB
g c) BAABABA subslzezzye;()cgzgfgedy)
)
)

Answer not unique

d) BACABAB |
' Exponential many
e) Don't know possible subsequences




s BACBABA a subsequence of
ABABGACBABAD 7?7

Possible occurrence ABAB GA CBA BAD
/ Observation If there is an occurrence, then there also exists an
occurrence matching the first B in the string (greedy-choice property)
ABABGACBABAD

Find recursively ACBABA

Time O(n)



Solution found by the greedy algorithm ?

a) ABABGACBABAD

@ b) ABABGACBABAD
c) ABABGACBABAD
d) Don't know




Activity selection

i D2 3@ 5 6 7 9 10 @
ss |1 3 0 5 3 5 6 7 8 2 12
fil4 5 6 7 9 9 10 11 12 14 16
*——0 —0 ———0 0——0
o 1 2 3 4 5 6 7 8 9 10 1M1 12 13 14 15 16

Input n activities with start time s; and finishing time f,

Output Maximal subset of non-overlapping activities



Activity selection

l 1 2 3 4 5 6 7 8 9 10 11
s; 113 0 5 3 5 6 7 8 2 12
fit4 5 6 7 9 9 10 11 12 14 16

Pl o o o o o °

Observation There always exists a maximal solution containing an
activity with earliest finishing time (greed-choice property)

Preprocessing Sort activities by finishing time



Greedy deletions

() () —( D — () () () — (D — () (D) — (D — (D — (D — (D —(—O)
(AN O A A VA A A A A O S O N

16

15

14

13

12

11

10



Activity selection

3 4 5 6 7 8 9 10 11
s; |13 0 5 3 5 6 7 8 2 12
fit4 5 6 7 9 9 10 11 12 14 16 «— sorted

GREEDY-ACTIVITY-SELECTOR(s, f,n)

I A= {a§

2 k=1 T = ’

3 form =2ton : " A . .

s ifsim] > fIk] s e e——e —
5 A=AU{am} O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
6 k = m

7 return A

Time O(n-log n)



Huffman codes



ASCII
table

83,,= 53,5 = 101 0011,

w0 =~ N h W R - O

B
c
D
E
F

0
MU

=0H
=TH
ETH
ECT
ERlca
ACH

FF
CR

=0
=l

1

DLE space

ey
HIN

Cnz2

Cnz3
AOFF

Lz
A,
=Y
ETH

F=
5

R
L=

2

L0 0~ N\ P~ b — O )

et

O M =] e

O = =Z|r A - — | I G MM

e L B A =R -

O oo — Mm99 O W

- O I =]

e e PR o B L = B O e e R

el



The string "AU”
as binary ?

1 | 2
DLE |space| (]
CoZA |
O :
STH | DC2
W | D23
B H%FF #
T | DC4 | f

a) 00010010101101
11000011110101
10000011010101
d) 00011100101110
e) Don't know

e I PN S
ACK | S¥M | &
BEL | ETH
BS | CAM

HT Em
LF SLB

0
1
2
3
4
o
6
T
g
9
A
B
C
D
E
F




Compression

Given the frequences of the occurrences of the symbols
In the input, replace input symbols with shorter bit strings
(fixed-length or variable-length codes)

a b C d e f
Frequency (in thousands) 45 13 12 16 9 5
Fixed-length codeword 000 001 010 O11 100 101
Variable-length codeword 0 101 100 111 1101 1100

Note Variable-length codes must be prefix free



Fixed-length vs variable-length codes

100

86/100\ 14 y x

a:45 55
VN N
58 28 14 25 30
AANA /N o\
a:45 |b:13| |c:12 |d:16|  e9 | £:5 c:12| b:13| (14) 4d:16

o/ \
f:5 e:9

a b C d e f
Frequency (in thousands) 45 13 12 16 9 5
Fixed-length codeword 000 001 010 Oll1 100 [1O] 3" (45+13+12+16+9+5) = 300 bits

Variable-length codeword 0 101 100 111 1101 1100 145+5+(13+12+16)+47(9+5) = 224 bits



Huffman codes

HUFFMAN(C)

1 n=|C|

2 Q0 =C

3 fori = 1ton — 1 £:5| | e9| |c:12| b:13] d:16/ |a:45
4 allocate a new node Z

5 x = EXTRACT-MIN(Q) z

6 y = EXTRACT-MIN(Q) c:12| [b:13 14 d:16| [a:45
7 z.left = x (/ \1

8 z.right =y £5] [e9

9 z.freq = x.freq + y.freq Y

[—
-

INSERT(Q, 2)
11 return EXTRACT-MIN(Q)
Time O(n-log n)



Huffman codes

(a)c:12 b:13| |d:16 a:45 (b) 14 d:16 a:45 (©)
o/ \

c:12| |b:13

a:45

0 100

YN

a:45 55

/N VN

c:12) b:13 d:16

25 30
AIA
c:12] b:13] (14) [4d:16

Y\

£:5 e9




Correctness of Huffman codes

Theorem There always exist an optimal prefix code where
the two least frequent symbols (x and y) have the same
code length and are identical except for the last bit
T
N

\
v
, / b
x and y least frequent /
solve the problem with this as a leaf

T

/
/ ~N
/



tco’4a | TopCoder Open 2014 — Round 1A (500 point)

Input A string S, distance d

Output A string S’ = lexicographically smallest permutation of S,
where no character is moved more than d positions



Greedy solution

~ ~ ~ ~ ~ ~ ~ N 7 P d ” P d P d P d P d
~ ~ ~ ~ ~ ~ <, A, 7’ -’ -’ -’ -’
~ ~ ~ ~ ~ ~ ~ < ” ” ” ” ”
~ ~ ~ ~ N NN ~ ” ” ” ”
~ ~ ~ N N 2N NN ” ” ”
~ ~ ~ AN AN PN PN PN -’ ”
~ ~ ~ » ” » ” ” ” 7’
~ NN ~ ~ ~ ~ ~ ”

NZ NZ N7 N7 N2 N2 N2 N2

S = DTEPOR

Algorithm Construct S’ from left to right
- take the character furthest to the left in the window, if not used
- otherwise take lexicographicaly smallest symbol in window (leftmost is multiple)



Dynamic programming vs greedy

Problem 0-1 knapsack
item 3 301 $120
item 2 S0 N 30| $120
— 20| $100
item 1 30 + +
20 20| $100 P —
10| $60 10 $60

$60 $100 $120 knapsack = $220 =$160 = $180

Fractional
knapsack

20
30

—

20

P——
10

$80
+

$100

$60

= $240



0-1 knapsack — maximum value for volume 11 ?

voume @@ 4 ©)

Value 3 5 4 o6

a) 10

b) 11

¢) 12 o il s

d) 13 not nec.essal.*ilya
g e) 14 masxci)rIrLlJ IJI ?nnvvc\glltjhme

f) 15

g) Don't know



Dynamic programming vs greedy

Fractional
Problem 0-1 knapsack knapsack
Greﬂ
,dy
_agOl‘/'zh 20 \
‘ ;ncorre C,z‘h (] 30 380
item 3 30[ $120 OUﬁO) -
VR “a— +
item 2 S0 N 30| $120
— 20| $100 20| $100
item 1 30 + t +
20 20| $100 — — —
10| $60 10 $60 10| $60
$60 $100  $120 knapsack = $220 = $160 — $180 — $240

: 1 1

c(k,v) = best value among k first items for volume v

o hzo || Cetiy moy
= ck—1,v) if volumey > v 9
value/volume

max{c(k — 1, v), valugy, + c(k — 1, v — volumey)} if volume;, <v




Volume 2 3 4 5

0-1-knapsack
Value 3 54 6

c(k,v)

0 1 2 3 4 5 6 7 8 9 10 11
0olojJo|Jo|lo]joO]|O]O|O]O]|O]O]O :
1/.0[0[3[3[3]3[3|3[3|3[3]3 Systematlc

k20|03 |5|5|8|8|8|8|8|8]|38 -
3|olo|[3]|5[5|8|8]9]912]12]12 tabulation
410[0[3|5|5|8|8|9]|11|12|14/|14
c(k,v) v
1 2 3 4 5 6 7 8 9 10 1M
0\ ~ \__Q ~ ~ ~ ~._
? T > 3 igs O‘$ > $§ . -
~ — s\ - | .
k 2 g-\ S gﬁ* - [T Recursion +
) o Tps—L . | Tpp] memoization
1 Pia




General algorithm design techniques

= Divide and conquer pi=

) — c iftn<d
— Disjoint subproblems ro=|

a-T(n/b)+c-n? ifn>d
= Dynamic programming

— Subproblems overlap

— Remember already computed results for subproblems ¢ -

— Systematic tabulation or recursion with memoization

= Greedy algorithms />\
— Only one subproblem Dl etEtsee

9\
£5|  e9




Algorithms and Data Structures

Graph representations, breadth first search (BFS)
[CLRS, Chapter 20.1-20.2]



1 2 \ | /> 2 3
/ e l / l / J

5 4 45 67

Undirected graph Directed graph (a.k.a. digraph)

G = (V, E) graph with nodes V and edges E

E : {u, v} an undirected edge between u and v
(u, v) a directed edge from uto v

n = |V| =# nodes

m = |E| = # edges (connections between nodes)



Planar graphs — Euler's formula

V| =5
|E[ =7
# faces =4

For a connected planar graph:
Euler's formula: [|V| - |E| + # faces = 2

COFO”ar’y: |E| < 3| Vl - 6 (for |V] 2 3, no self-loops, no parallel edges)



Solution found by the greedy algorithm ?

a) ABABGACBABAD

@ b) ABABGACBABAD
c) ABABGACBABAD
d) Don't know

ACDG B,.(CDG ABDG ACDG BCDG ACDG B,CDG AB/CDG




File

SUM

0 N O U1 A WD -

O

10
11

Edit

loan.xlsx = Saved v

Home Insert Draw Pagelayout Formulas Data Review View Automate Help Acrobat

v i X  fxv =D9+Cle-B1@

A

Initial loan:
Yearly interest rate:
Yearly payment:

Payment humber

loan

f:"/Accessibility: Good to go

OB WN -

P search ®@ - o x
O Comments | (BRI
B C D E F G H
10000
2%
800
Payment Interest Balance
10000
800 500 9700
800 485 9385
800 469, 9054
800 453|=D9+C10-B10
800 435 8342




Which computation order ?

| A B TN C
1 A0S L0 >pGA ‘
IR | (== IIC

i il

a) C1 C2 A3 B3 C3
b) A3 B3 C2 C1 C3

@c) C2 C1C3 B3 A3
d) Don't know
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How many nodes are required to
represent a road crossing ?

g) 12
h) Don't know
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Travel plan (Horsens to Ry)

IC Re ICL RX
125 3329 27 5335

Time Hor. Ska. Ry Aar.

10:43
10:49
10:57
10:58
11:00
11:08
11:09
11:11
11:12
11:18
11:25
11:26
11:31
11:40

»O

Algorithm
Find earliest node for Ry reachable
from a given start node in Horsens

Train  Arr Dep Station

10:43 Horsens
IC125 10:57 10:58 Skanderborg St

11:12 Aarhus H
11:00 Horsens
SR 11:31 Aarhus H

11:11 Horsens
ICL27 11:25 11:26 Skanderborg St
11:40 Aarhus H

10:49 Aarhus H
RX5335 11:08 11:09 Skanderborg St
11:18 Ry St

part of train schedule



Graph representations
— adjacency-lists and adjacency-matrices

1 2 3 45
1 12| T3 |1~/ 110 1 0 0 1
| 2 2 > ] > 5 > 3 - 4 |/ 21011@)
/\g 3 > 2 - 4|/ 3/0 1 0 1 0
e 4| 2] P57 I3/ 410 1 1 0 1
5 4 5| 4] H 1 [ FH2Z si1()o 1 0
/ Undirected graph \
Space O(n+m) Space O(n?)
1 2 3 4 5 6
\1 o] {4/ 1010100/
2| 5]/ 2000@10
| —(2 3 3| 6] P{5]/ 3]0 000 1 1
{/J/J N 40@0000
5| —bl4]/ 500 001 00
4 «—5 D) 6| 16/ 6/0 00 0 0 1

Directed graph (a.k.a. digraph)



Graph representations — more alternatives
YA

(1,2) | (1,4) | (2,9) | (3,9) | (3,6) | 4,2) | (5,4) | (6,0)

Edge list
(list/array with pairs of integers)

%

Compact adjacency lists
(two arrays with integers)

7
/
|







Breadth first search (BFS)

BFS(G, s)

]
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

for cach vertex u € G.V — {s}
u.color = WHITE
u.d = oo
u.7w )= NIL
s.color = GKAY
s.d =0
s.7T = NIL
Q) =12
ENQUEUE(Q, s)
while O # 0
u = DEQUEUE(Q)
for each vertex v in G. Adj|u]
if v.color == WHITE
v.color = GRAY
v.d = u.d+1
V. = U
ENQUEUE(Q, v)
u.color = BLACK

u.color

WHITE = nodes not visited yet
GRAY = nodes in queue Q
BLACK = nodes visited

u.d = distance to s

u.1T = parent to u in BFS tree

Q = queue with grey nodes

(which are connected to black nodes)

Time O(n + m)



BFS example




Is the below a valid BFS tree?

a) Yes

@ b) No

c) Don't know




BFS — print path from s to v

PRINT-PATH(G, s, V)

if v==ys

print s
elseif v.7 == NIL

print “no path from” s “to” v “exists”
else PRINT-PATH(G, s, v.7)

print v

AN Ui B W N =

Time O(n)



Algorithms and Data Structures

Depth first search (DFS), topological sorting,
strongly connected components
[CLRS, Chapter 20.3-20.5]






Depth first search (DFS)

DFS(G)

1 for each vertex u. -GV
2 u.color = WHITE
3 u.mw = NIL

4 time = 0

5 for each vertexu € G.V

6
7

if u.color == WHITE
DFS-VISIT(G, u)

DFS-VIsIT(G, u)

1
2
3
4
5
6

10

time =-time + 1

u.d ;= time

u.color = GRAY

for each vertex v/in G.Adj[u]

if v.color/== WHITE

Vit = U
DFS-VISIT(G, v)

time = time + 1

u.f == time

u.color = BLACK

u.color

WHITE = nodes not yet visited
GRAY = nodes on recursion stack
BLACK = nodes visited

u.1T = parent of u in DFS tree

d = discovery time for u
@ finishing time for u

Time O(n + m)






Can a node have 13/17 as
DFS discovery/finishing times ?

a) Yes

@ b) No

c) Don't know
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l = tree edge

B = back edge

C = cross edge

F = forward edge



Applications of BFS and DFS

BFS Find distances from start node
(distance = # edges, e.g., RushHour state space)

DFS Topological sorting
Strongly connected components
Planarity testing



Assume there exists a path a<J\*b in a directed graph.
Is it always true that a.f> b.f ?

a) Yes

@ b) No

c) Don't know




Assume there exists a path a\J\*» b in a directed graph
without cycles
Is it always true that a.f> b.f ?




Topological sorting of acyclic graphs

11/16 (undershorts socks ) 17/18
12/15 ( pants > shoes ) 13/14
4; shirt) 1/8
6/7 (belt Y
tie ) 2/5
jacket ) 3/4
e <
socks undershorts —{ pants —>{ shoes watch shirt —{ belt tie —>{jacket
17/18 11/16 12/15 13/14 9/10 1/8 6/7 2/5 3/4

All edges are left-to-right



@l loanxlsx » Saved v £ Search 9 — (] X

h M Cwe e Gy Ros Bhn P Vi fvams By A 5 Comments | (Y
SUM v 1 X < fxv =D9+C10-B18 v
| A B C D g ; G H g
1 Initial loan: 10000
2 Yearly interest rate: 5%
3 Yearly payment: 800
4
5 Paymentnumber Payment Interest Balance
6 10000
7 1 800 500 9700
8 2 800 485 9385
9 3 800 469 9054
10 4 800 453(=D9+C10-B10
11 5 800 435 8342
loan + i« »

Edit 'ﬁ’,Accessibility: Good to go

Topological sorting = a valid order to compute cells values
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ways to topological sort the graph ?
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Topological sorting ()

N LN

AWl L

X Z

Algorithm Greedily remove a node of indegree 0 (and its outgoing

edges) and add the node last in the topological order |
Time O(m + n)

Arthur B. Kahn, Topological sorting of large networks, Communications of the ACM, 1962, doi:10.1145/368996.369025



https://dx.doi.org/10.1145/368996.369025

Topological sorting (ll)

N NS

R AN
I

X <

TOPOLOGICAL-SORT(G)

1 call DFS(G) to compute finish times v.f for each vertex v
2 as each vertex is finished, insert it onto the front of a linked list

3 return the linked list of vertices Time O(m + n)

Robert E. Tarjan, Edge-disjoint spanning trees and depth-first search, Acta Informatica, 1976, doi: 10.1007/BF00268499



https://dx.doi.org/10.1007/BF00268499

Connected components

Partitioning of the nodes of an undirected graph into
components C,,...,C,, such that u and v are in the
same component < there is a path between u and v

C,
y ©
Cs, C,

DFS/BFS time O(m + n)



Strongly connected components

Partitioning of the nodes of a directed graph into components
C4,...,C,, such that v and v are in the same component &

there is a path from u to v and a path from v to u




# strongly connected components ?

f) Don't know

Exam Summer 2009, Question 1(d)
{A1 Ba D1 E! Ga H: J}! {C}! {Fa I}



Strongly connected components

STRONGLY-CONNECTED-COMPONENTS (G)

1 call DFS(G) to compute finish times u.f for each vertex u
create G'
3 call DFS(G"), but in the main loop of DFS, consider the vertices
in order of decreasing u.f (as computed in line 1)
4 output the verticps of each tree in the depth-first forest formed in line 3 as a
separate strgngly connected component

DFS(G) DFS-VIsIT(G, u)

1 for each vertex u € G.V 1 time = time + 1

2 u.color = WHITE 2 u.d = time

3 u.m = NIL 3 u.color = GRAY

4 time =0 4 for each vertex v in G.Adj[u]

5 for each vertex u € G.V € 5 if v.color == WHITE

6 if u.color == WHITE 6 VT = U

7 DFS-VISIT(G, u) 7 DFS-VIsSIT(G, v)
8 time = time + 1
9 u.zl" = time
10 u.color = BLACK

Time O(m + n)

Robert Endre Tarjan, Depth-First Search and Linear Graph Algorithms. SIAM Journal of Computing, 1972, doi: 10.1137/0201010



https://doi.org/10.1137/0201010

Strongly connected components

DFS tree edges between two
— strongly connected components

The largest finishing times in
each component form a
(reversed) topological sorting
of the components




not curriculum

Planarity testing

= Decide if an undirected graph is planar, i.e., can be drawn in
the plane without crossing edges

= Can be solved using DFS (nontrivial)

E={{A, CL1{A E}L A,
{B, D}, {B, E}, {C,
D, F}, {E, F}, {E,

John Hopcroft, Robert Tarjan, Efficient planarity testing, Journal of the ACM, 1974, doi: 10.1145/21850.321852



https://doi.org/10.1145%2F321850.321852

Algorithms and Data Structures

Minimum spanning trees (MST)
[CLRS, Chapter 21]
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~ZVLASTNI OTISK Z CASOPISU ,ELEKTROTECHNICKY OBZOR"

Roé. 15. Cis. 10.

Praha IIl,, Cihelnad 102.

5. bfezna 1926.

Dr. OTAKAR BORUVKA:

Prispévek k reseni otazky ekonomickeé stavby

elektrovodnych siti.

Ve své praci ,0 jistém problému mini-
malnim""*) odvodil jsem obeenou vétu, jiZz jest ve
zvlastnim pripadé feSena tato uloha:

Vroving (v prostoru) jest dano n bodd,
jejichZz vzédjemné vzddlenosti jsou ve-
smdés ruzné Jest je spojiti siti tak, aby:

0 o0 09 . %0
o 5 . °
° i o o
G2 S o o
o4 .
@ Jo 7 °
2 6 ]
o 50 Q. o
1o
o ° ° 2
o °
° o
i o o
Obr. 1.

1. ka?dé dva body byly spojeny bud
piimo anebo prostifednictvim jinych,

2. celkova délka sité byla co nej-
mensi.

8
o\.f oog ZQO
Obr. 2.

Jest ziejmé, Ze FeSeni této ulohy miiZe miti v elek-
trotechnické praksi pii navrzich plana elekirovodnych
siti jistou dilezitost; z toho davodu je zde struéné na

‘) Vyjde v nejblizsi dobé v Pracich Moravské pri-
rodoveédecké spoletnosti. .

prikladé vylozim. Ctenate, jenZ by se o véc bliZe za-
jimal, odkazuji na citované pojednani.

Reseni ulohy provedu v pripadé 40 bodfi danych
v obr. 1.

KaZdy z danych bodu spojim s bodem nejblizSim.
Tedy na pi. bod 1 8 bodem 2, bod 2 s bodem 3, bod 3

Obr. 3.

s bodem 4 (bod 4 & bodem 3), bod 5 s bodem 2, bod 6
s bodem 5, bod 7 8 bodem 6, bod 8 s bodem 9, (bod 9
s bodem 8) atd. Obdrzim Fadu polygonalnich tahi 1,
Pl G 13 (obr. 2).

Kazdy z nich spojim nejkratdim zpisobem s ta-
hem nejbliz§im. Tedy na pi. 1 8 tahem 2, (tah 2 s ta-

QObr. 4.

Orazec prevracen,

hem 1), tah 3 s tahem 4, (tah 4 s tahem 3) atd. Obdrzim
radu polygonalnich taht 1, 2,.... 4 (obr. 3).

Kazdy z nich spojim nejkrat$im zpisobem s ta-
hem nejblizsim. Tedy tah 1 8 tahem 3, tah 2 s tahem
3 (tah 3 8 tahem 1), tah 4 8 tahem 1. Obdriim koneiné
jediny polygenalni tah fobr. 4), jenZz FeSi danou ulohu.

Matematicky tstav Masarykovy university v Brné,

v lednu 1926.

Otakar Boruvka, Prispévek k reseni otazky ekonomické stavby elektrovodnich siti
(Contribution to the solution of a problem of economical construction of electrical
networks), Elektronicky Obzor, 15:153-154, 1926

Jaroslav NeSetfil, Eva Milkova, Helena NeSetfilova, Otakar Borivka on minimum
spanning tree problem Translation of both the 1926 papers, comments, history,
Discrete Mathematics, 2001, doi: 10.1016/S0012-365X(00)00224-7



https://doi.org/10.1016/S0012-365X(00)00224-7
https://doi.org/10.1016/S0012-365X(00)00224-7
https://doi.org/10.1016/S0012-365X(00)00224-7
https://doi.org/10.1016/S0012-365X(00)00224-7
https://doi.org/10.1016/S0012-365X(00)00224-7

Minimum spanning tree (MST)

8 7
b C d
S A N\
2
a 11 l 4 14 e
7 6
PN o
h
T P

Problem
Find a spanning tree for a connected undirected weighted graph
such that the sum of the trees edge weights is smallest possible



Weight of a minimum spanning tree?

a) 10
@ b) 11
c) 12
d) 13
e) 14
f) 15
g) 16
h) Don't know




not curriculum

MST application — Euclidian shortest Hamiltonian cycle
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~ - -

Theorem : Tour found using an MST is a
2-approximation to the shortest cycle

( |Tour| <2:IMST| and |MST] < |shortest cycle| )



Minimum spanning tree — cut

AN

| 8 L C / ;
1 4/11//2 \14\9 1S
O e NI

h
TR >

Theorem
If all weights are distinct, then for every cut(S, V-S) the lightest edge
crossing the cut is part of a minimum spanning tree



Assume for the sake of contradiction we New spanning tree
have an MST and cut where the lightest with smaller weight \
edge e is not part of the MST

Theorem
If all weights are distinct, then for every cut(S, V-S) the lightest edge
crossing the cut is part of a minimum spanning tree



Can you always apply the cut theorem if you only have found
a subset of the edges of an MST for a connected graph ?

@ a) Yes

b) No
c) Don't know

Theorem

If all weights are distinct, then for every cut(S, V-S) the lightest edge
crossing the cut is part of a minimum spanning tree




Theorem
If all weights are distinct, the heaviest edge on a cycle
IS not in a minimum spanning tree

Assume for the sake of contradiction we

have an MST and a cycle where the N_ew spanning tree
heaviest edge e is part of the MST with smaller weight \



Minimum spanning tree
— generic greedy algorithm

GENERIC-MST (G, w)

1 A=10

2 while A does not form a spanning tree
3 find an edge (u, v) that is safe for A4
4

S

A= AU{(u,v)} I

return A

A lightest edge over a cut
including edges from A



Kruskal’s algorithm

MST-KRUSKAL(G, w)
A=10
for each vertex v € G.V
MAKE-SET(v)
create a single list of the edges in G.E bottleneck
< 5 sort the list of edges into monotonically increasing order by weight——

B S T N

6 for each edge (u,v) taken from the sorted list in order

7 if FIND-SET (1) # FIND-SET(v)

3 A= AU{u,v)} \union-find data
’ — structure

UNION(u, v) «
10 return A
Time O(m-log n)

J. B. Kruskal, On the shortest spanning subtree of a graph and the traveling salesman problem, AMS, 1956, doi: 10.1090/S0002-9939-1956-0078686-7



https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7
https://dx.doi.org/10.1090/S0002-9939-1956-0078686-7

Kruskal’s algorithm — example
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= Consider edges by increasing weight

= For each considered edge is shown
the cut where the edge is the lightest or
the cycle where the edge is the heaviest



Prim’s algorithm (a.k.a. Prim-Jarnik’s algorithm)

MST-PRIM(G, w, r)

1
2
3
4
5
6
7
8
9

10
11
12
13
14

for each vertex u € G.V

u.key = oo

u.w = NIL 4
r.key = 0 r (a
Q=29 8

for ecach vertex u € G.V

CINSERT(0.1) >0

while
d EXTRACT-MIN(Q) >xn

for cach vertex v in G. Adj[u]

if v e Qand w(u,v) <v.key bottleneck — priority queue
V.TT = U
v.key = w(u.v)
< DECREASE-KEY (Q, v, w(u,v)) > xm Time O(m-log n)

V. Jarnik, O jistem problému minimalnim, Prace Moravské Pfirodovédecké Spolecnosti, 1930, hdl: 10338.dmlcz/500726

R. C. Prim, Shortest connection networks and some generalizations, Bell System Technical Journal, 1957 doi: 10.1002/].1538-7305.1957.tb01515.x



https://hdl.handle.net/10338.dmlcz%2F500726
https://dx.doi.org/10.1002/j.1538-7305.1957.tb01515.x
https://dx.doi.org/10.1002/j.1538-7305.1957.tb01515.x
https://dx.doi.org/10.1002/j.1538-7305.1957.tb01515.x

Prim’s algorithm — example




not curriculum

Boruvka’s algorithm : 7

4
MST-BORUVKA(G, w) / /

A—g “\ /\

Ae

1
2 for each vertex v e G.V . 2| t

each node selects
3 MAKE-SET(v) lightest incident edge
3 while |4d|<n-1 o8 L
4 B _ @ A ¢ — 0
5 for each set S a/ll iA \ 14 e
6 let (u, v) be lightest edge incident to S,1.e. u € Sandv € S g\h N 10
7 if such (u, v) exists e;Ch trie Sefe N !
8 B=5U {(u, v)} lightest incident edge
8 for each edge (u,v) €B o8 i
9 if FIND-SET(u) # FIND-SET(v) ! : 9
10 A=AV {(u, v)} a/ ] 5/2 4 14\e
1 UNION(u, v) After i while iterations }h /_\g 5
12 return 4 1 2

each set size = 2/ (or spanning) Time O(m-log n)

Otakar Boruvka, Prispévek k feseni otazky ekonomické stavby elektrovodnich siti, Elektronicky Obzor, 1926



Exam August 2005, Exercise 3(c)

Question 3(c)
Describe an algorithm, that given a weighted graph G and an edge e

decides if e is contained in a minimum spanning tree for G.
It assumed that all edge weights are distinct. The running time must
be O(m), where m is the number of edges in the graph.




Minimum spanning trees

Kruskal (1956) O(m-log n)

(many trees, sort edges increasing weight, union-find)

O(m-log n)

Prim-Jarnik (1930)
(one tree, priority queue with neighbor nodes) O(m +n |Og n)
(Fibonnaci heaps [CLRS, 3™ Ed. Chapter 19] (1984))

Boruvka (1926) O(m-log n)
(many trees, contraction of trees)
Fredman, Tarjan (1984) O(m-log* n)
(Boruvka (1926) + Fibonnaci heaps)
Chazelle (1997) O(m-a(m,n))
?

Pettie, Ramachandran (2000)

(optimal deterministic comparison based)

Karger, Klein, Tarjan (1995) (randomizeq)
Fredman, Willard (1994 ) raw)

J. B. Kruskal, On the shortest spanning subtree of a graph and the traveling salesman problem, AMS, 1956, doi: 10.1090/S0002-9939-1956-0078686-7
V. Jarnik, O jistém problému minimalnim, Prace Moravské Pfirodovédecké Spolecnosti, 1930, hdl: 10338.dmlcz/500726

R. C. Prim, Shortest connection networks and some generalizations, Bell System Technical Journal, 1957 doi: 10.1002/j.1538-7305.1957.tb01515.x
Otakar Boruvka, Prispévek k feseni otazky ekonomické stavby elektrovodnich siti, Elektronicky Obzor, 1926

M. L. Fredman, R. E. Tarjan, Fibonacci heaps and their uses in improved network optimization algorithms, J. ACM, 1987, doi: 10.1145/28869.28874
Bernard Chazelle, A Faster Deterministic Algorithm for Minimum Spanning Trees, FOCS, 1997, doi 10.1109/SFCS.1997.646089

Seth Pettie, Vijaya Ramachandran, An Optimal Minimum Spanning Tree Algorithm, ICALP, 2000, doi: 10.1007/3-540-45022-X 6

D.R. Karger, P.N. Klein, R.E. Tarjan, A Randomized Linear-Time Algorithm to Find Minimum Spanning Trees, J. ACM, 1995, doi: 10.1145/201019.201022
Fredman, Willard, Trans-Dichotomous Algorithms for Minimum Spanning Trees and Shortest Paths, JCSS, 1994, doi: 10.1016/S0022-0000(05)80064-9

O(m)
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not curriculum

Euclidian Steiner trees

Given a set of points, find a tree with minimum weight
connecting all points, possibly adding new points

/ Steiner point

Minimum spanning tree Steiner tree

Conjecture (Steiner Ratio): |[MST| < % . |Steiner Tree|
NP hard; polynomial-time approximation scheme (PTAS)

Jakob Steiner [1796-1863]



Algorithms and Data Structures

Single source shortest paths (SSSP)
[CLRS, Chapter 22]
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Shortest paths from s

negative cycle



G < <A

Shortest path trees

I 6 X 4 6 X [ 6 X
3 ————> 9 3 ———> 9 3—>{9

~J

5 —11 5711 5—6)'-11

y Z y Z y Z

|\ J
Y

two different shortest path trees
representing paths from s of equal length




Length of a shortest path fromstov ?

g) Don't know



Shortest path estimates — initialization

INITIALIZE-SINGLE-SOURCE(G, s)

for each vertex v € G.V
v.d = o0

|

2

3 V.7t = NIL

4 S.d — O\ parent in shortest path tree



Relaxing edges

RELAX(u, v, w)

1 ifv.d >u.d+ w(u,v)
v.d = u.d + w(u,v)

3 V.7T = U
v u
5 2 > 9 5 2 > 6
RELAX (u, v, w) RELAX(u, v, w)
v u v
5 2 (7 52 >(6
Shorter distance found to v No shorter distance

(update v.d and v.1T = u) found to v

Invariant

If v.d < «, then a path
exists from s to v with
distance v.d and v.m as
the second to last node



v.d after Relax(b, v, w) ?
( Inside the nodes is the current d value )

O T Q

o

)
O &~ N O

) -2
) -1
)
)
)

—h

)
g) Don't know



Worst-case # calls to Relax ?

10
GREEDY-RELAX(G, w, ) 15
1 INITIALIZE-SINGLE-SOURCE(G, s)
2 while exist (u,v) :v.d>u.d+w(u,v) 31
3 RELAX(u, v, w) 03
Don't know
16 8 4 2 1
YR Y N

0.0, 0.0,0.0 00,000



Bellman-Ford (supports negative edge weights)

check for
negative cycle

BELLMAN-FORD(G, w, s)

INITIALIZE-SINGLE-SOURCE(G, s)
fori = 1to|G.V|—1
for each edge (u,v) € G.E
RELAX(u, v, w)

if v.d >u.d+ w(u,v)

return FALSE

1

2

3

4

"5 for each edge (u,v) € G.E
6

7

8 return TRUE

Time O(n - m)

Alfonso Shimbel, Structure in communication nets, Proceedings of the Symposium on Information Networks, 1955
Richard Bellman, On a routing problem, Quarterly of Applied Mathematics, 1958, doi: 10.1090/qam/102435
Lester R. Ford, Jr., Network Flow Theory, paper P-923, RAND Corporation, 1956



https://dx.doi.org/10.1090/qam/102435
https://dx.doi.org/10.1090/qam/102435
https://dx.doi.org/10.1090/qam/102435

Bellman-Ford




Assume there exists a negative cycle v,,v,,...,v, reachable from s
W(V4,V5) + W(V5,V3) + -+ W(V)q, Vi) + W(V,vq) <0
and it is not possible to RELAX any edge on the cycle
d[Vv; 1] = d[v] + w(v,,V; )
This implies the contradiction

dlvy] < dlvid + w(v,vq) < (dViq] + W(Vieq, Vi) ) + w(V,,vq) <
S dvg] F vy, vy) F wlvy,vg) e WV, V) + WV, V) < dlvy]




Theorem

Consider an (unknown) shortest
path tree 7/ with an edge (u,v).

Assume d[u] is the shortest
distance to u.

After RELAX(u,v,w) then d[v] is the
shortest distance to v.

U
Corollary

The Bellman-Ford algorithm has
after relaxing all edges n — 1 times
found the shortest distances




Shortest paths in acylic graphs

DAG-SHORTEST-PATHS (G, w, 5)

|
2
3
4
5

topologically sort the vertices of G
INITIALIZE-SINGLE-SOURCE (G, s)

for each vertex u € G.V, taken in topologically sorted order

for each vertex v in G.Adj|u]
RELAX(u, v, w)

Time O(n + m)



Acyclic graph

6 6 1

r smxmz r smx/_’\
5 g e g W g B o NE -~ 5 P oae 7R e 0

(0 —>{ 0 —>{ 00 —> 00 —>{ 00 —>{ ) (0 —>{ 00— 00— 00 —> 0




Dijkstra's algorithm (non-negative weights)

= Visits nodes in increasing distance from s

DUKSTRA(G, w, s) = Q = priority queue with d as priority
1 INITIALIZE-SINGLE-SOURCE(G,¥s) Invariants
2 5 =10 i) d[v] = shortest distance from s to v only
3 0=190 visiting intermediate nodes in S
4 for each vertex u € G.V i) VpeS, geQ: d[p] < d[q]
5 INSERT(Q, u)
6 while O # 0 S Q
7 u = EXTRACT-MIN(Q) 4 ‘\\\Ku A
8 S =8 U{u} ‘Wv)
9 for each vertex v in G.Adj|u] S oV
10 RELAX (u, v, w) k o) )
11 if the call of RELAX decreased v.d
12 DECREASE—KEY(Q, v, Ud) <+— Update priority Time O((n + m)|Og n)

of vin Q

or O(n°+ m)

Edsger W. Dijkstra, A note on two problems in connexion with graphs, Numerische Mathematik, 1959, doi: 10.1007/BF01386390



https://dx.doi.org/10.1007/BF01386390

Dijkstra's algorithm

Q=(z7) (£,8) (x,14)
t :




Dijkstra's algorithm using repeated insertions

DUKSTRA(G, w, 5) If priority queue
1  INITIALIZE-SINGLE-SOURCE(G, §)  supports INSERT and

_ EXTRACT-MIN but not

2 §S=0 .
. . DECREASE-KEYO (like

(priority, node) pair —3=> () = {(0, 5)} Java’s PriorityQueue)

4  while O#0
5 (8, u) = EXTRACT-MIN(Q)
skip outdated entries g5 if § = y.d

where 0 > u.d

7 S=SU{u}
8 for each vertex v € G.Adj[u]
9 if v.d>u.d+wu,v))
the same node can be 10 v.d = u.d + w(u, v)
inserted multiple times but 11 B - RELAX(u, v, w)
with decreasing priorities v.i—u
(priority size increases 1> > INSERT(Q, (V.d, V)) )

from O(n) to O(m)) Time O((n + m)-log n)


https://docs.oracle.com/en/java/javase/25/docs/api/java.base/java/util/PriorityQueue.html

Single source shortest paths (SSSP)

N
Acyclic graphs
(positive and negative weights) -l
. \ Relaxes every
Dijkstra edge exactly one
O((n + m)-log n)
only positive O(n?+ m)
weights O(m+nlogn) |
General graphs Duan et al.

O(m-log?? n)

positive and Bellman-Ford
negative weights O(m - n)

Edsger W. Dijkstra, A note on two problems in connexion with graphs, Numerische Mathematik, 1959, doi: 10.1007/BF01386390

Alfonso Shimbel, Structure in communication nets, Proceedings of the Symposium on Information Networks, 1955

Richard Bellman, On a routing problem, Quarterly of Applied Mathematics, 1958, doi: 10.1090/qam/102435

Lester R. Ford, Jr., Network Flow Theory, paper P-923, RAND Corporation, 1956

Duan, Mao, Mao, Shu, Yin, Breaking the Sorting Barrier for Directed Single-Source Shortest Paths, STOC, 2025, doi: 10.1145/3717823.3718179



https://dx.doi.org/10.1007/BF01386390
https://dx.doi.org/10.1090/qam/102435
https://dx.doi.org/10.1090/qam/102435
https://dx.doi.org/10.1090/qam/102435
https://doi.org/10.1145/3717823.3718179

Algorithms and Data Structures

All pairs shortest paths (APSP)
[CLRS, Chapter 23]



All pairs shortest paths

If all weights positive — run
Dijkstra’s algorithm once with
each v; as source
O(n - m-log n)

dij m
1 2 3 1 2 3 4 5
11 0 2 3 1 NL | 1 2 1 4
2| 4+ | 0 1 400 | +o0 20 NL | NL | 2 NIL | NIL
3| 4o | 3 0 | 4+ | +x 3| NL | 3 | NL | NL [ NL
4| + | 7 4 0 4 | NIL 5 | NnL | 4
S| +o | 4 1 +00 5(NL | 3 5 | NIL | NIL




a) 1
b) 2
P g c) 3
Ma2 d) 4
e) 5

f) Don't know

1 2 3 4 S}

o [ 2 [
o [ [ [ o
3]s [w e
v o s [




PRINT-ALL-PAIRS-SHORTEST-PATH(II, 1, j)

1 ifi==7

2 print

3 elseif 7;; == NIL

4 print “no path from™” i “to” j “exists”

5 else PRINT-ALL-PAIRS-SHORTEST-PATH (I1, 7, 7;;)

6 print j

Time O(n)
d; I,
1 2 3 1 2 3 4 3}

11 0 2 3 1| NIL 1 2 1 4
2| + 0 1 + 0 + 0 2 NIL NIL 2 NIL NIL
3| 4= | 3 0 | 4 | +x 3 N[ 3 | NL [ NL | NL
4| +0 | 7 4 0 4 NL | 3 5 | NL | 4
5|+ | 4 1 +c0 5(NL | 3 5 NIL | NIL




EXTEND-SHORTEST-PATHS (LY =V, W, L™ »n)

Vi oen sV,
1 // Assume that the elements of L) are initialized to oo s "
2 fori = 1ton . o
3 for j = 1ton Vi " y
4 fork = 1ton \_ Aedges )
(r) _ i (r) ;(r—1)

W = weight matrix
L, = shortest distance from i to j for paths with A edges
L;" = shortest distance from i to j for paths with A+1 edges

Time O(n3)



MATRIX-MULTIPLY (A, B, C, n)

1 fori = 1ton

2 for j = 1ton

3 fork = 1ton

4 Cij = Cij +aik-bkj

Time O(n3)



o

SLOW-APSP(W, L© ) A v,

’ ’ \/n-1 edges W
1 let L = (/;;) and M = (m;;) be new n X n matrices
2 L =LY ¢ diagonal 0, elsewhere «
3 forr =1ton—1
4 M = o0 // initialize M
5 // Compute the matrix “product” M = L - W
6 EXTEND-SHORTEST-PATHS (L, W, M, n)
7 L=M > =>
s return L O\ Copy content of matrix

W = weight matrix
L,/ = shortest distance from / to j for paths with m edges
Time O(n?)



AN N S N N

g) Don't know



input graph

\

L

:

-3 2
1
1

—4
0 5
~5 0

6

1
0
4
—1
5

S N~ A oo

L&)

|

—4
=7
0

-3 2
—4 1
0 5
-5 0
1 6

3
0
4
—1
5

S N~ Ao

L3



FASTER-APSP (W, n)

1 let L and M be new n X n matrices 4 e v, )
2 L = W <«——assumes diagonal 0 Vie | E lyj o’

3 r = 1 ik V) m edges

4 whiler <n—1 «—Invariant: L = L) {_ m edges J
5 M = o0 [2m) = miny ([, ™ + [, (m)

6 EXTEND-SHORTEST-PATHS (L, L, M, n)

7 r = 2r >

8 L. = M <«<— Copy content of matrix

9 return L

W = weight matrix
L,/ = shortest distance from / to j for paths with m edges

Time O(n3-log n)



Floyd-Warshall's algorithm

Vq, Vi1 Vib ...,V
FLOYD-WARSHALL (W, n) - Ny, N
L DO =W A
2 fork = 1ton | S
3 let D® = (d"”) be a new n x n matrix
4 fori = 1ton
5 for j = 1ton
6 diY = min{d V. d3" +d 7"}
7 return D™ — = Time O(n3)

d;¥) = shortest distance from j to j only using intermediate nodes 1..k

Robert W. Floyd, Algorithm 97: Shortest Path, Communications of the ACM, 1962, doi: 10.1145/367766.368168



https://dx.doi.org/10.1145/367766.368168




Transitive closure
(Floyd-Warshall's algorithm simplified)

TRANSITIVE-CLOSURE(G, n)

I let T© = (1) be anew n x n matrix

2 fori = lton Vi ooe sVis Vi -oo,V,

3 for j = 1ton e N ™
4 ifi == jor(i,j) € G.E - tserk

5 tl.(jo) =1 a:*\

6 else ti(jo) =0 g Vi ’7/k>“ ij
7 fork = 1ton

8 let T® = () be a new n x n matrix

9 fori = 1ton

10 for j = 1ton

1 ) =ty OVt A Y) Time O(n3)
12 return 7™ —) = =)

t,%) = exists a path from i to j only using intermediate nodes 1..k



losure

itive ¢

Trans

o
\
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Johnson’s APSP algorithm
= Sparse graphs, i.e., m < n?, with positive and negative weights

Without negative weights = n x Dijkstra : O(n - (n-log n + m)) K O(n?)
With negative weights = Floyd-Warshall : O(n?3)

Johnson'’s algorithm

Idea Run Dijkstra's algorithm on a graph G’ without negative edge
weights, but having the same shortest paths as in G

Donald B. Johnson, Efficient algorithms for shortest paths in sparse networks, Journal of the ACM, 1977, doi: 10.1145/321992.321993



https://dx.doi.org/10.1145/321992.321993

Height transformation

a(vy,,v3) =

d'(v,vs) + h(v3) — h(v,) =4

=.8+2--3 v,
V3

Va

associate every node u
an arbitrary height h(u),
a.k.a. heuristic

w'(u,v)
= w(u,v) + h(u) — h(v)

—

IV, Vi, = V)
= vy, Vip vy ) t
h(v;,) — h(v; )

Shortest path in G
& shortest path in G’

S— o |3 7 30




Johnson’s algorithm

GI

w'(u, v) = w(u, v) + h(u) — h(v)

—

w'(u, v) = w(u, v) + h(u) - h(v) =20
since h(v) < h(u) + w(u, v)

v, Vs v, d | vy Vv, Vg Vv,
Vi | O 40 4o 4o 72 0 +o© 40 4+
v, 3 0 3 1 Vo 0 0 0 0
Vg | 2 ) 0 4 3=2+0—(1) Vs 2 2 0 2
v, | 0 (3)¢=2—0 vt2—+2) 0 o0

Add source node s with weight O edges to all nodes
Let h(u) = d(s, u) — SSSP Bellman-Ford in time O(n - m)
= Run Dijkstra from each v;in G'in time O(n - (n-log n + m))

Let ds(v;, v)) = dg(v;, v)) + h(v;) — h(v;)



JOHNSON(G, w)
1 compute G', where G'.V = G.V U {s},
G'.E=G.EU{(s,v):veG.V}, and
w(s,v) =0forallve G.V

2 if BELLMAN-FORD(G’, w,s) == FALSE

3 print “the input graph contains a negative-weight cycle”
4 else for each vertex v € G'.V

5 set 2(v) to the value of §(s, v)

computed by the Bellman-Ford algorithm

6 for each edge (u,v) € G'.E

7 w(u,v) = w(u,v) + h(u) —h)

8 let D = (dy,) be anew n X n matrix

9 for cach vertex u € G.V
10 run DIJKSTRA (G, w, u) to compute g(u, v) forallv e G.V
11 for each vertex v € G.V

12 d, = 8(u,v) + h(v) — h(u)

13 return D

Time O(n%:log n + n'm)



Shortest paths Iin graphs

Single source All pairs
shortest paths shortest paths
(SSSP) (APSP)
Acyclic graphs
» . . O(n + m) O(n-(n + m))
(positive and negative weights)
Dijkstra
- %((” ;’ m)"fg m- n x Dijkstra
Only posmve (nlogn+m) O(n2-log n + n-m)
weights O(n?) (3)
O(n?) ©)
General Duan et al.
graphs O(m-log?? n)
Floyd-Warshall
Positive and Bellman-Ford O(n3)
negative weights O(n - m) Johnson

O(n?logn+nm) @

Different priority queues: (1) binary heap, (2) Fibonacci heap, (3) array




not curriculum

A*-algorithm — shortest path s,~ ¢

= Assume each node u has a position (u,, u,) and w(u, v) = 8(u, v) = \/(vx— ux)2 + (vy - uy)2 5(u,v) o s
= h(u) =-d(u, t) = W, v)=w, v) +h) - h(v) 20, v) - 0(u, ) + 6(v, 1) 20 u '&l
o(u,t) f
= dy=dy—h(s)+ h(f)=2.00 +5.00 -0.00 =7.00 Triangle inequality
h(a) = -5.39 = -v/22+52 d'., =439

- w(a, b) =V 32+22 4.39

-3.16

2.77 = w'(a, b)

NS
\ =5-5.39+3.16

""""""" w'(u,v) = w(u,v) + h(u) = h(v) _ 4
l . : ¢, [0.84
’ - . 200=d'

e 4.10

In practice A* reduces the number of
nodes visited by Dijkstra’s algorithm

_ ) _ Hart, Nilsson, Raphael, A Formal Basis for the Heuristic Determination of Minimum Cost Paths
Youtube: Compare A" with Dijkstra algorithm |[EEE Transactions on Systems Science and Cybernetics, 1968, doi: 10.1109/TSSC.1968.300136



https://www.youtube.com/watch?v=g024lzsknDo
https://www.youtube.com/watch?v=g024lzsknDo
https://dx.doi.org/10.1109/TSSC.1968.300136

not curriculum

P

area visited by
Dijkstra’s algorithm

Bidirectional
Dijkstra

Start Dijkstra’s
algorithm in both A and B

Dijkstra

B

area

Visited by A* Bidirectional

A* A*

Start A* bothin A and B



not curriculum

Algorithms and Data Structures

Matchings in graphs, maximum independent set,
minimum vertex cover

[CLRS, Chapters 24.3, 25.2, 34.4, 35.1]



Matching Vertex cover Independent set

Subset of edges, where Subset of nodes (a.k.a. vertices), Subset of nodes, where no pair of
each node is part of at most where all edges in the graph contain nodes are connected by an edge
one edge of the matching at least one node from the cover



Not all graph problems are equally easy...

= Some problems can be solved efficiently in polynomial time
DFS, BFS, shortest paths, topological sorting, matchings...

= Many problems are NP-hard
— Exact solutions likely require exponential time

— Some can be approximated arbitrary well i i
(PTAS = "polynomial time approximation scheme”) -4
- e.g. Euclidian traveling salesman (Godel Price 2010) - -

— Some can only be approximated up to a constant (APX-hard)
* €.d. minimum vertex cover

— Some cannot be approximated within a constant efficiently
* €.d. maximum independent set



Matchings in bipartite graphs (special case)

Examples

= Busses vs routes
(edge = possible, sufficient capacity,
range, electric vs non-electric)

= People vs tasks
(can a task be handled by a person)
Does there exist a matching where all
people get assigned a task?

= Jobs vs applications
(e.g. medicine students and hospitals)




Maximal and maximum matchings

B

Maximal Maximum
cannot be extended largest possible matching

Lemma |Maximum matching|/ 2 < |maximal matching| < |maximum matching|



Maximal matching construction

Greedy algorithm

Continue adding arbitrary
edges to the matching as
long as possible

Time O(n + m)



Construction of a maximum matching
— augmenting paths

B D

®

Path between two unmatched nodes,
where every second edge in matching

size of matching increased by one



Petersen 1891 / Konig 1931 / Berge 1957

Theorem
A matching is maximum < no augmenting path exists

"Proof” 2 > &
A
current matchin H
g _—~ E
(not maximum) C J
/ G
a maximum matching F |

Claude Berge, Two theorems in graph theory, Proc. National Academy of Sciences of the United States of America, 1957, doi: 10.1073/pnas.43.9.842



https://dx.doi.org/10.1073/pnas.43.9.842

Construction of a maximum matching

Greedy algorithm

Apply augmenting paths
while possible

Edmonds 1961 O(m - n?)
Micali, Vazirani 1980 O(m - n'?)

Jack Edmonds, Paths, trees, and flowers, Canadian Journal of Mathematics, 1965, doi: 10.4153/CJM-1965-045-4
Silvio Micali, Vijay V. Vazirani, An O(\/|V|-|E|) Algorithm for Finding Maximum Matching in General Graphs, FOCS, 1980, doi: 10.1109/SFCS.1980.12



https://dx.doi.org/10.4153/CJM-1965-045-4
https://doi.org/10.1109/SFCS.1980.12




Stable marriage problem

preferences

matching not stable, since
C prefers 4 (over 1), and
4 prefers C (over B)

complete bipartite graph with equal
number of nodes on each side CLRS Chapter 25.2



Stable marriage — greedy algorithm

If left X rejected by right /, then i is matched with some Y preferred over X
X is matched with the most preferred, not yet rejected X



Stable marriage — greedy algorithm

If left X rejected by right /, then i is matched with some Y preferred over X
X is matched with the most preferred, not yet rejected X Time O( n2)



Theorem (Gale, Shapley 1962)

A stable marriage always exist

(Shapley got the Nobel price in economics for the result in 2012)

D. Gale, L. S. Shapley, College admissions and the stability of marriage, The American Mathematical Monthly, 1962, doi: 10.2307/2312726



https://dx.doi.org/10.2307/2312726

Independent set vs vertex cover

Lemma
| € Vindependent set & V' \ / covers all edges

Theorem
| € V maximum independent set & V' \ / minimum vertex cover



Independent set vs clique

cligue = all pairs of
nodes connected

/ by an edge

9]

®

Theorem .
| € V maximum independent set in G & [ maximum clique in G



Maximum independent set — try all 2" subsets
Q Q

AN

b A

§§ Time O(m - 2")

G\G




Maximum independent set —

brute force

recursive

-~
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\

I
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Maximum independent set

Algorithm MiIs1(G)

1 if Vg =10 then

2 return () @
3 let v € Vg be an arbitrary vertex o8
4 I =MIS1(G \ {v})

5 I'={v} UMISI(G\ {v} \ adjz(v))

6 if [I'| > |I| then

7 I=1T

g8 return [

Analysis ’

# recursive calls T(n) = {1,,2_7(”_1)
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Algorithm Mis2 (G)

1 I=9

2 while v e Vs :|adjz(v)| <1 do

3 I=1U {v} } greedy include nodes

4 G =G \ {’U} \ ade(v) with degree 0 and 1

5 # all vertices have degree > 2

6 if dveVg:ladjsz(v)| > 3 then .

7 I1=1 U mis2(G\ {v}) like MIS1, except 2 4 nodes
8 I =1 U {v} UMS2(G\{v}\adj,(v)) " are removed in second call
9 return [, if |I1| > |I3| otherwise I y

10 # all remaining vertices have degree 2
11 while 3 cycle C'= (¢1,¢2,...,¢) in G do

12 I=1U {Cl, C3,Cs5, ... ,CQLk/QJ} greedy include
13 G=G\C nodes on cycles
14 return [

Analysis 1 if n=10

# recursive calls 1D S {1+T(n—1)+T(n—4) otherwise T(n) = O(1.38028")



Reduction — 3-SAT to independent set

3-SAT Given a Boolean formula in conjunctive normal form (CNF), where all
n clauses have three literals, e.qg.

P=(X7 VX VX3) A(X1 VX VXx3) A (X]V X0V Xy)
Exists assignment of true/false to the literals x4, x5,... such that the equation is true?
Xq = Xo = false, X3 = Xq = true

Reduction Create one triangle per clause, one node per literal. Add edges (X}, x;).

Theorem 3-SAT formula satisfiable & maximum independent set of size n

Richard M. Karp, Reducibility Among Combinatorial Problems, Complexity of Computer Computations, 1972, doi: 10.1007/978-1-4684-2001-2_9



https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9

NP-hardness

= 3-SAT is an NP-hard problem, implying that it is questionable if
there exist better than exponential time algorithms

= The reduction implies that the following problems are also NP-hard
— maximum independent set

— maximum clique (= independent set in the negated graph)
— minimum vertex cover (= negation of maximum independent set)

= Maximum independent set can be solved in time
0O(1.1996") [Xiao & Nagamochi, 2017]

Richard M. Karp, Reducibility Among Combinatorial Problems, Complexity of Computer Computations, 1972, doi: 10.1007/978-1-4684-2001-2_9
Mingyu Xiao, Hiroshi Nagamochi, Exact algorithms for maximum independent set, Information and Computation, 2017, doi: 10.1016/j.ic.2017.06.001



https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://dx.doi.org/10.1007/978-1-4684-2001-2_9
https://doi.org/10.1016/j.ic.2017.06.001

2-approximation of minimum vertex cover

Algorithm
= Compute a maximal matching M
= Vertex cover C = all nodes in M

Analysis

= Cis at most twice the minimum
vertex cover Cima Since all

edges in M must include a node
Minimum from Coptimal maximal matching M

vertex cover Cima = Time O(n + m) = vertex cover C

Minimum vertex cover cannot be approximated in polynomial time better than...

= factor V2 = 1.4142, provided P # NP (the big open problem in computer science)
= factor 2, provided the "unique games conjecture” is true (i.e., the above is best possible)

Subhash Khot, On the power of unique 2-prover 1-round games, STOC 2002, doi:10.1145/509907.510017



https://dx.doi.org/10.1145/509907.510017

Summary

= Maximal and maximum matchings
= Stable marriage problem

= Maximum clique

= Maximum independent sets

= Minimum vertex cover

= 3-SAT (NP-hardness)

= Reductions

= Exponential time algorithms

= Approximation algorithms
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EXAM
Algorithms and Data Structures (520251E001)

Monday, January 5, 2026, 10:00-12:00

Institut for Datalogi, Naturvidenskabelige Fakultet, Aarhus Universitet

Number of pages (including front page): 14

Aids: None

Only the separate answer sheet must be filled out and
submitted.
This problem statement should not be submitted.

Algorithms and Data Structures (520251E001) (January 2026) Page 2 of 14

Information and Scoring

This exam set consists of a number of multiple-choice problems. The answers to the
problems are indicated on the separate answer sheet which is to be submitted. For
each problem, the share of the total exam set is indicated. Each subproblem has exactly
one correct answer. For each subproblem, you may choose at most one answer by

crossing out the corresponding box. A subproblem is graded as follows:

e If you tick the correct answer, you get 1 point.

e If you do not tick any answers, you get 0 points.

. . 1 . .
e If you tick an incorrect answer, you get -1 points, where k is the number of

answer options.

For a problem with weight v% and with n subproblems, where you achieve a total of
s points, your score for the problem is calculated as s /n - v %. Note that it is possible to
get negative points for a problem.

Correct markings Invalid markings

11 [A [ O [E 21 [E E X N E
12 [EEC W E 22 X [E [ O] [E
23 [A B [ B [E
24 EE)E @ E
25 [&] [8] [ B A

A marking must be a clear dark cross between the corners of a box, or a completely filled
box. If you make a mistake, you can write next to the answer options what your answer.
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