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Teaching forms

Lectures 2 + 2 hours/week

Exercise sessions (“TØ” = Teoretiske Øvelser) 3 hours/week

Study café 5 x 2 hours/week

Online discussion forums  [Brightspace]

Assignments (groups, 1-3 students, must be approved)

9 theoretical assignments

4 weeks with programming exercises

Exam

2 hours multiple choice, no aids, 7-scale grading

Language

English

Exercise sessions and study café, also Danish

Practice algorithmic formulations

Handed in on Brightspace

Deadline set by you and your TA

Resubmission (positive) = TA feedback 

and possibility to improve

Recommended groups with 2-3 students 

for ongoing discussion of the problems

Course elements
Lectures cover the material

Exercise sessions work with the material

Teaching assistant help with exercises 

and assignments (cs.au.dk/studiecafe)

  Previous exams and practice exercises  

 on course webpage

https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2
https://www.retsinformation.dk/eli/lta/2007/262#B2


Work load                       hours x weeks

Lectures 4 x 14 = 56

Exercise sessions (TØ) 3 x 14 = 42

Study café 1 x 14 = 14

Assignments 3 x 14 = 42

Preparation lectures 2 x 14 = 28

Preparation TØ 2 x 14 = 28

Preparation exam 45

Exam 2

Total hours 257

3 hours each week with a teaching assistant

A set of exercises for each TØ

Exercises on “Course plan” associated with the 

lectures since your last TØ

Format

1. Prepare before TØ with your study group and try 

to understand and solve all exercises

Use the study café & discussion forum to get help

2. At TØ students present solutions to the exercises 

The TA helps fixing minunderstandings and 

emphasizing important points

Make sure to have an ongoing dialog with your TA 

about the best usage of your TØ hours



Primary textbook (updated as the course progresses)

A picture containing diagram

Description automatically generated

https://mitpress.mit.edu/9780262046305/introduction-to-algorithms/


A ”cheat sheet” with mathematical 

notation and formulas used in the 

course can be found in 

”Supplementary Lecture Notes”

If 0 is considered a natural 

number depends who you ask !



At the end of the course, the participants will be able to

▪ Formulate and execute algorithms and data structures in the form of 

pseudo code.

▪ Construct, implement and analyze algorithms using standard algorithm 

paradigms.

▪ Identify and compare data structures and graph algorithms for solving 

algorithmic problems.

▪ Construct, implement and evaluate the performance of algorithms for 

simple algorithmic problems.

▪ Analyze and compare the time and space usage of algorithms and data 

structures.

▪ Identify valid invariants and prove the correctness of simple algorithms.

Learning outcomes and competences 

(from course description)



Questions ?

See Brightspace and slides for info!



Study

a) Computer science (1st year)

b) Data science (2nd year)

c) IT product development (3rd year)

d) Mathematics (usually 3rd year)

e) Physics (usually 3rd year)

f) other (usually supplement in programming)



Programming experience
(for the programming language you know the best)

a) None

b) Basic knowledge

c) Foundational knowledge

d) Advanced

e) Expert



▪ The course Algorithms and Data Structures is about the 

efficiency of computer programs

▪ Really requires you can program...

▪ Programming exercises will be basic Java

Algorithms and 

Data Structures

Introduction to 

Programming 

(Java)

Introduction to 

Programming with

Scientific Applications 

(Python)

Introduction to 

Programming 

(Java)

Computer 

Science

IT Product 

Development

Mathematics

Data Science



Tent pole problem



Algorithms and Data Structures

Puzzle, SelectionSort



2005



”Lokes Høj”

▪ 64 pieces

▪ Score = 500 – # of swaps

▪ High score 450, i.e., 50 swaps

How do you achieve a low 

number of swaps

– luck or cleverness ?



Optimal number of swaps ?

a) 5

b) 6

c) 7

d) 8

e) 9

f) Don't know

1 2 3

4 5 6

7 8 9

9 6 8

3 2 5

4 7 1

P
u

z
z
le

  
  

  
  

  
  

O
ri
g
in

a
l

One solution:   1-9 2-6 5-6 8-3 4-8 8-7



Cycles (Permutations)

Each arrow points to the piece's correct position

The arrows define a set of cycles (e.g. cycles A,B,C,D)



Optimal number of swaps ?

1 2 3

4 5 6

7 8 9

9 6 8

3 2 5

4 7 1

P
u

z
z
le

O
ri
g

in
a

l

One solution:   1-9 2-6 5-6 8-3 4-8 8-7



Swaps and cycles

Lemma

• Swapping two pieces in the same cycle increases the 

number of cycles by one.

 

• Swapping two pieces in two distinct cycle decreases the 

number of cycles by one.



Lemma  

When all n pieces are placed correctly there are exactly n cycles.

Lemma  

To solve a puzzle with n pieces and initially k cycles requires ≥ n – k swaps.

We have proved a lower bound for 

ALL algorithms solving the problem



A (greedy) algorithm



Lemma  

The algorithm never swaps correctly placed pieces.

Lemma  

The algorithm performs ≤ n - 1 swaps

We have proved an upper bound for a specific algorithm

Lemma  

To solve a puzzle with n pieces and initially k cycles the 

algorithm performs exactly n – k swaps.

The algorithm is optimal since the number of swaps is best 

possible (the proved lower and upper bounds are identical)



Theorem

To solve a puzzle with n pieces and 

initially k cycles requires exactly

n – k swaps



Distribution of number of cycles
n = 64, 10.000.000 permutations



Algorithmic insights…

▪ Mathematical insights (cycles)

▪ Resource usage (number of swaps)

▪ Lower bound ( ≥ n - k swaps)

▪ Greedy algorithm

▪ Analyzed algorithm ( ≤ n - k swaps)

▪ Optimal algorithm (argued best possible)

▪ Input dependent resource usage 

(size and number of cycles in input)



Random permutations…

More information on random permutations 
can be found in David J.C. MacKay, 
appendix to Information Theory, Inference, 
and Learning Algorithms, on 

"Random Permutations“, 4 pages. 

www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf

http://www.inference.phy.cam.ac.uk/mackay/itila/cycles.pdf


SelectionSort

Unsorted Sorted

Move smallest card

Invariant  𝑆 sorted and 𝐶 ≥ 𝑆 



Invariant

𝑆 sorted, 𝑈 ∪ 𝐿 ∪𝑀 ≥ 𝑆, 𝐿 ≥ 𝑀, 𝑀 ≤ 1, and 𝐿 ≥ 1 ⇒ 𝑀 = 1

Minimum 

candidate
Discarded

Not 

considered 

yet



Implicit SelectionSort

Invariant

≤



Analysis SelectionSort

Lemma

To find the smallest card among k cards requires k – 1 comparisons

Lemma  

SelectionSort on n cards makes (n – 1) + (n – 2) + ∙∙∙ + 1 = n∙(n -1) / 2 

comparisons



1 2 3 4 ∙∙∙ n

1

2

3

n

1 + 2 + ∙∙∙ + n  =  n2/2 + n/2  =  
n(n+1)

2



Algorithms and Data Structures
Binary and linear search, logarithms,

longest increasing subsequence, Erdös Szekeres theorem



Searching an unsorted list

24 32 53 8911 47 27 12

at most n comparisons

Visual

invariant

Find x

Formal 

invariant



Searching an unsorted list

Visual

invariant



Searching a sorted list

3 13 339 427 27 3711 89 Find x

Visual

invariant

Formal 

invariant



Exercise

What happens if floor is 

replaced by ceil?

Exercise 

Modify algorithm to let 

low point here



Binary search – number of comparisons

at most 1 +  log2 n  comparisons

Number of candidates after one comparison ≤ :   

After k comparisons ≤ n/2k candidates 

done the latest when n/2k < 1 ⇔  n < 2k  ⇔  log2 n < k  ⇔  1+ log2 n ≤ k



Binary search in the literature

▪ According to Knuth first discussed in the literature

– John Mauchly i [Theory and techniqeus fór the design of electronic digital 

computers, ed. G. W. Patterson, 3 (1946), 22.8-22.9] for n = 2k – 1. 

– H. Bottenbruch [Structure and Use of ALGOL 60, Journal of the ACM, 

9 (1962), 214], for all n

▪ Bentley’s experience from Bell Labs and IBM in the beginning of 

the 80s, where he asked peopler to implement binary search: 

…given ample time, only about ten percent of professional programmers 

were able to get this small program right...

Donald E. Knuth, The Art of Computer Programming: Volume 3, Sorting and Searching, Chapter 6.2.1, 1973

Jon Bentley, Programming Pearls, Chapter 4.1, 1986



H. Bottenbruch, Structure and Use of ALGOL 60, Journal of the ACM, 1962, doi: 10.1145/321119.321120

https://doi.org/10.1145/321119.321120


Finds first A[i] ≥ x

i

Binary search in standard libaries

▪ Java java.util.Collections.binarySearch

▪ C++ std::lower_bound

▪ Python bisect.bisect_left

A < x ≥ x

https://docs.oracle.com/en/java/javase/18/docs/api/java.base/java/util/Collections.html
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://en.cppreference.com/w/cpp/algorithm/lower_bound
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html
https://docs.python.org/3/library/bisect.html


Searching a sorted list – lower bound

at least 1 + log2 n comparisons (in the worst case)

For any algorithm, an adversary can answer the comparison such that 

number of candidates is at least

3 13 339 427 27 3711 89

n ≥ 2log2 n  ⇒ after k comparisons ≥ 2log2 n - k  candidates

⇒ after log2 n comparisons at least 1 candidate remains



Problem 1.9*

Given X and Y sorted, find the r th smallest in X ∪ Y

(the 9th smallest element is 15)

3 13 339 427 15 3711 89

4 23 5186 2718

X

Y



Logarithms

Definition

- natural logarithm



Harmonic number

Euler-Mascheroni constant

Logarithms – rules of arithmetic



An algorithmic example

(using binary search)



Patience Diff 

& 

Longest Increasing Subsequences



A.c B.c

#include <stdio.h>

// Frobs foo heartily

int frobnitz(int foo)

{

    int i;

    for(i = 0; i < 10; i++)

    {

        printf("Your answer is: ");

        printf("%d\n", foo);

    }

}

int fact(int n)

{

    if(n > 1)

    {

        return fact(n-1) * n;

    }

    return 1;

}

int main(int argc, char **argv)

{

    frobnitz(fact(10));

}

#include <stdio.h>

int fib(int n)

{

    if(n > 2)

    {

        return fib(n-1) + fib(n-2);

    }

    return 1;

}

// Frobs foo heartily

int frobnitz(int foo)

{

    int i;

    for(i = 0; i < 10; i++)

    {

        printf("%d\n", foo);

    }

}

int main(int argc, char **argv)

{

    frobnitz(fib(10));

}

$ diff A.c B.c
3,4c3
< // Frobs foo heartily
< int frobnitz(int foo)
---
> int fib(int n)
6,7c5
<     int i;
<     for(i = 0; i < 10; i++)
---
>     if(n > 2)
9,10c7
<         printf("Your answer is: ");
<         printf("%d\n", foo);
---
>         return fib(n-1) + fib(n-2);
11a9
>     return 1;
14c12,13
< int fact(int n)
---
> // Frobs foo heartily
> int frobnitz(int foo)
16c15,16
<     if(n > 1)
---
>     int i;
>     for(i = 0; i < 10; i++)
18c18
<         return fact(n-1) * n;
---
>         printf("%d\n", foo);
20d19
<     return 1;
25c24
<     frobnitz(fact(10));
---
>     frobnitz(fib(10));

Shell command: diff

wikipedia.org/wiki/Diff

https://en.wikipedia.org/wiki/Diff


https://www.diffchecker.com/


https://text-compare.com/


https://editor.mergely.com/


Patience Diff 
(Bram Cohen, inventor of BitTorrent)

▪ Tries to create readable and meaningful output 

– opposed to minimal output

▪ Used in the Bazaar version control system 

Finding a smallest possible edit sequence is covered 

later in the course (topic Dynamic Programming)

alfedenzo.livejournal.com: Patience Diff, a brief summary 

https://alfedenzo.livejournal.com/170301.html
https://alfedenzo.livejournal.com/170301.html


A.c B.c

00 #include <stdio.h>

01

02 // Frobs foo heartily

03 int frobnitz(int foo)

04 {

05     int i;

06     for(i = 0; i < 10; i++)

07     {

08         printf("Your answer is: ");

09         printf("%d\n", foo);

10     }

11 }

12

13 int fact(int n)

14 {

15     if(n > 1)

16     {

17         return fact(n-1) * n;

18     }

19     return 1;

20 }

21

22 int main(int argc, char **argv)

23 {

24     frobnitz(fact(10));

25 }

00 #include <stdio.h>

01

02 int fib(int n)

03 {

04     if(n > 2)

05     {

06         return fib(n-1) + fib(n-2);

07     }

08     return 1;

09 }

10

11 // Frobs foo heartily

12 int frobnitz(int foo)

13 {

14     int i;

15     for(i = 0; i < 10; i++)

16     {

17         printf("%d\n", foo);

18     }

19 }

20

21 int main(int argc, char **argv)

22 {

23     frobnitz(fib(10));

24 }

A.c B.c

00 #include <stdio.h>

01

02 // Frobs foo heartily

03 int frobnitz(int foo)

04 {

05     int i;

06     for(i = 0; i < 10; i++)

07     {

08         printf("Your answer is: ");

09         printf("%d\n", foo);

10     }

11 }

12

13 int fact(int n)

14 {

15     if(n > 1)

16     {

17         return fact(n-1) * n;

18     }

19     return 1;

20 }

21

22 int main(int argc, char **argv)

23 {

24     frobnitz(fact(10));

25 }

00 #include <stdio.h>

01

02 int fib(int n)

03 {

04     if(n > 2)

05     {

06         return fib(n-1) + fib(n-2);

07     }

08     return 1;

09 }

10

11 // Frobs foo heartily

12 int frobnitz(int foo)

13 {

14     int i;

15     for(i = 0; i < 10; i++)

16     {

17         printf("%d\n", foo);

18     }

19 }

20

21 int main(int argc, char **argv)

22 {

23     frobnitz(fib(10));

24 }

00

11

12

14

15

17

08

21

Patience Diff
1) Find lines occurring exactly once in both texts

2) Find  a longest increasing (common) subsequence

3) Repeat (recursively) on the blocks created



30 83 73 80 59 63 41 78 68 82 53 31 22 74 6 36 99 57 43 60

Problem 

 

Erase as few numbers as possible, 

so that the remaining number are in increasing order

Longest increasing subsequence
(Problem 1.2)



30 83 73 80 59 63 41 78 68 82 53 31 22 74 6 36 99 57 43 60

Longest increasing subsequence
(Problem 1.2)

1    2   2   3   2   3   2   4   4   5   3   2   1   5  1   3  6   4   4   5

longest 

increasing 

subsequence 

ending with 53

Length
Smallest last 

element

1 30

2 41

3 63

4 68

5 82

– 53

≤ n∙(1+ log2 k) comparisons

k

= binary search



Theorem (Erdős and Szekeres, 1935) 

Any sequence of n numbers has an increasing or decreasing 

subsequence of length at least n .

3 1 4 17 6 42 10 8 13 11 28    (increasing)

24 3 12 16 7 14 26 8 20 2 1    (decreasing)

Paul Erdős, George Szekeres, A combinatorial problem in geometry, Compositio Mathematica, 1935, doi: 10.1007/978-0-8176-4842-8_3

https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3
https://dx.doi.org/10.1007/978-0-8176-4842-8_3


30 83 73 80 59 63 41 78 68 82 53 31 22 74 6 36 99 57 43 60

1    2   2   3   2   3   2   4   4   5   3   2   1   5  1   3  6   4   4   5

Length Smallest last element

1 30 22 6

2 83 73 59 41 31 

3 80 63 53 36

4 78 68 57 43

5 82 74 60

6 99

Theorem (Erdős and Szekeres, 1935) 

Either many (≥ 𝑛) rows (long increasing subsequence) or

at least one long (≥ 𝑛) row (long decreasing subsequence)



Algorithms and Data Structures

Integer arithmetic: Binary and decimal numbers, 

addition, subtraction, multiplication, division



Digits

For every small integer we have a special symbol



Base-10 system (10 = 9 + 1)

Value of

Example:

where  𝑑𝑖 ∈ {0,1,2,3,4,5,6,7,8,9}



Representation base b

Value of 

Example:

a            b             c             d

a    b   c   d

x                 y                   z

x    y    z

210+29+28+25+24+23+20 3∙83+4∙82+7∙81+1∙80 7∙162+3∙161+9∙1601∙103+8∙102+4∙101+9∙100



Color picker

▪ RGB = Red-Green-Blue system

▪ A typical value consists of three 

values R, G and B, each value 

consisting of 8 bits, i.e., a value 

in the decimal range 0..255 and 

hexadecimal 00..FF

▪ R: 1A16 = 2610

▪ G: FF16 = 25510

▪ B: 5016 = 8010

docs.google.com

https://docs.google.com/


1010102 in base 10 ?

a) 1410 

b) 2610 

c) 3710 

d) 4210 

e) 8410 

f) Don't know

= 25 + 23 + 21 = 32 + 8 + 2

5     4      3     2     1     0



4210 in base 5 ?

a) 425 

b) 825

c) 1325

d) 1345

e) 2105

f) Don't know

= 1 ∙ 52 + 3 ∙ 51 + 2 ∙ 50

 = 25 + 15 + 2



Addition



Addition – school method

Must (recursively) add 

numbers with multiple digits



Binary addition

School method



Addition of several numbers

Generalized 

school method

...carry can have multiple digits

Repeated addition 

of two numbers



Subtraction – school method

4 – 6 = -2 = -10 + 8



Multiplication



Multiplication

Multiplication with 

single digit



Binary multiplication



Binary multiplication



Binary multiplication of blocks with 1s

=



Division

x y i

p

r

p



Conversion to base b

INTEGERDIVISION(x, b) p x i i*b pd base b

0 42 21 42 0 0

1 21 10 20 1 10

2 10 5 10 0 010

3 5 2 4 1 1010

4 2 1 2 0 01010

5 1 0 0 1 101010

6 0

x = 42   b = 2

remainder



Redundant number systems
not curriculum

▪ Normally one assumes  0 ≤ di < b

▪ Redundant number systems also allow other digits, e.g. …,-2,-1,b,b+1,…

  4210 = 1010102 = 210022 = 22-1-102 

▪ Advantage can avoid cascaded carries under addition

▪ Idea used in hardware and many algorithms and data structures

⇒     unique representation

⇒ not unique
∥

2*24+2*23+-1*22+-1*21

∥
2*24+1*23+2*20

Amr Elmasry, Jyrki Katajainen, Regular numeral systems for data structures, Acta Informatica, 2022, doi: 10.1007/s00236-021-00407-9

https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9
https://doi.org/10.1007/s00236-021-00407-9


Algorithms and Data Structures

Induction and invariants



Proof by induction
▪We wish to prove an infinite sequence of statements

U1, U2, U3, U4, U5, ..., Un, Un+1, ....

▪ E.g., Un could be the statement σ𝑖=1
𝑛 𝑖2 =

𝑛 𝑛+1 (2𝑛+1)

6

The statements can be proved by using the induction 
principle, by proving the following two statements:

1. Base case: 
 Prove that  U1  is true

2. Induction step: 
 Assume for an n ≥ 1 that Un  is true (induction hypothesis)

 and prove that then  Un+1 is true, i.e., prove that  Un ֜ Un+1



Example:  Prove  σ𝒊=𝟏
𝒏 𝒊 =

𝒏 𝒏+𝟏

𝟐

▪ Base case n = 1:   σ𝑖=1
1 𝑖 = 1 =

1 1+1

2

▪ Induction step:

   Induction hypothesis:  σ𝑖=1
𝑛 𝑖 =

𝑛 𝑛+1

2

   We must prove:  σ𝑖=1
𝑛+1 𝑖 =

(𝑛+1) 𝑛+1 +1

2

Proof:

=
2 𝑛 + 1 + 𝑛 𝑛 + 1

2

σ𝑖=1
𝑛+1 𝑖 = 𝑛 + 1 + σ𝑖=1

𝑛 𝑖 = 𝑛 + 1 +
𝑛 𝑛 + 1

2

=
2 + 𝑛 (𝑛 + 1)

2

=
(𝑛 + 1) 𝑛 + 1 + 1

2

[CLRS A.1] (A.1)

i.h.

𝑎𝑐 + 𝑏𝑐 = 𝑎 + 𝑏 𝑐



Example:  Prove  σ𝒊=𝟎
𝒏 𝟐𝒊 = 𝟐𝒏+𝟏 − 𝟏

▪ Base case n = 0:   σ𝑖=0
0 2𝑖 = 20 = 1 = 20+1 − 1

▪ Induction step:

   Induction hypothesis:  σ𝑖=0
𝑛 2𝑖 = 2𝑛+1 − 1

   We must prove:  σ𝑖=0
𝑛+1 2𝑖 = 2(𝑛+1)+1 − 1

Proof:

= 2 ∙ 2𝑛+1 − 1

σ𝑖=0
𝑛+1 2𝑖 = 2𝑛+1 + σ𝑖=0

𝑛 2𝑖 = 2𝑛+1 + 2𝑛+1 − 1

= 2𝑛+2 − 1 = 2(𝑛+1)+1 − 1

[CLRS A.1] (A.6)

i.h.



Example:  Prove  σ𝒊=𝟎
𝒏 𝒙𝒊 =

𝒙𝒏+𝟏−𝟏

𝒙−𝟏
   for 𝑥 ≠ 1

▪ Base case n = 0:   

σ𝑖=0
0 𝑥𝑖 = 𝑥0 = 1 =

𝒙𝟎+𝟏−𝟏

𝒙−𝟏
 𝑥 ≠ 1

▪ Induction step:

   Induction hypothesis:  σ𝑖=0
𝑛 𝑥𝑖 =

𝒙𝒏+𝟏−𝟏

𝒙−𝟏

   We must prove:  σ𝑖=0
𝑛+1 𝑥𝑖 =

𝒙(𝑛+1)+1−𝟏

𝒙−𝟏

Proof:

=
(𝑥−1)𝑥𝑛+1+𝑥𝑛+1−1

𝑥−1

σ𝑖=0
𝑛+1 𝑥𝑖 = 𝑥𝑛+1 + σ𝑖=0

𝑛 𝑥𝑖 = 𝑥𝑛+1 +
𝑥𝑛+1−1

𝑥−1

=
𝑥𝑛+2−1

𝑥−1
=

𝒙(𝑛+1)+1−𝟏

𝒙−𝟏

[CLRS A.1] (A.6)

i.h.



Example: Prove σ𝒊=𝟏
𝒏 𝒊𝟐 =

𝒏 𝒏+𝟏 (𝟐𝒏+𝟏)

𝟔

▪ Base case n = 1:   σ𝑖=1
1 𝑖2 = 1 =

1 1+1 (2∙1+1)

6
▪ Induction step:

   Induction hypothesis:  σ𝑖=1
𝑛 𝑖2 =

𝑛 𝑛+1 (2𝑛+1)

6

   We must prove:  σ𝑖=1
𝑛+1 𝑖2 =

(𝑛+1) 𝑛+1 +1 (2(𝑛+1)+1)

6

Proof   σ𝑖=1
𝑛+1 𝑖2 = 𝑛 + 1 2 + σ𝑖=1

𝑛 𝑖2

= 𝑛 + 1 2 +
𝑛 𝑛 + 1 (2𝑛 + 1)

6
=

6 𝑛 + 1 2 + 𝑛 𝑛 + 1 (2𝑛 + 1)

6

=
𝑛 + 1 (2𝑛2 + 7𝑛 + 6)

6
=

𝑛 + 1 (𝑛 + 2)(2𝑛 + 3)

6
 

=
(𝑛 + 1) 𝑛 + 1 + 1 (2(𝑛 + 1) + 1)

6

[CLRS A.1] (A.4)

i.h.



Planar graphs – Euler's formula

A connected planar graph satisfies

Euler's formula:  |V| - |E| + # faces = 2

Corollary:     |E| ≤ 3|V| - 6 

|V| = 5  nodes

|E| = 7 edges

# faces = 4 

(for |V| ≥ 3,

 no self-loops, 

no parallel edges)

A

C

B

DE



www.merriam-webster.com

https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant
https://www.merriam-webster.com/dictionary/invariant


i ← 0

x ← 100

while i ≤ 10 do 

   x ← x + 7

   i ← i + 1



i ← 0

x ← 100

while i ≤ 10 do 

   x ← x + 7

   i ← i + 1

What is the value of x when the program terminates ?

a) 100      b) 107     c) 110     d) 111     e) 170     f) 177     g) Don’t know



x=100+7*i  ˄  i ≤ 11  ˄  i≤10
˄  x’=x+7  ˄  i’=i+1 

→ x’=(100+7*i)+7 =100+7*i’ ˄ i’≤11

Loop invariant  = statement

Examples for I

• i ≥ 0
• x ≥ 100
• i ≤ x

  x = 100 + 7 * i  ˄  i ≤ 11
   ˄  x and i are integers

i ← 0

x ← 100

while i ≤ 10 do 

   x ← x + 7

   i ← i + 1

{ I }

An invariant I should satisfy
1) When the loop is reached 

the first time, I is satisfied
2) If I is satisfied before the 

loop, then I is satisfied after 
an iteration of the loop

I is automatically 
satisfied when we 
get out of the loop

Use I and that the loop 
condition is false when 
the loop terminations 
to draw a conclusion

i=0  ˄  x=100  →  x = 100+7*i  ˄  i ≤ 11

(i ≤ 10)  ˄  (x = 100+7*i  ˄  i ≤ 11) → i = 11  ˄  x = 177

x’ and i’ are the new values



Binary search (in a sorted array)

<< initialize >>

while << loop condition >> do

 mid ← << f(low,high) >>

 << update >>

”too small” ? ”too large”

low highmid

A

{ I }

n1



Binary search (in a sorted array)

I1: (A[i] < x for 1 ≤ i ≤ low) ˄ (x < A[i] for high ≤ i ≤ n)

I2: (A[i] < x for 1 ≤ i ≤ low) ˄ (x ≤ A[i] for high ≤ i ≤ n)

I3: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)

I4: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high ≤ i ≤ n)

...

”too small” ? ”too large”

low high
mid

A
n1 << initialize >>

{ I } while << loop condition >> do

    mid ← << f(low,high) >>

    << update >>



<< initialize >>

a) low ← 0; high ← n+1

b) low ← 1; high ← n

c) low ← 0; high ← n

d) low ← 1; high ← n+1

e) Don't know

I: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)



<< loop condition >>

a) low = high

b) low ≠ high

c) low < high

d) low ≤ high

e) low > high

f) Don't know

I: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)



<< update >>

a) if A[mid] < x then low ← mid else high ← mid

b) if A[mid] < x then low ← mid+1 else high ← mid

c) if A[mid] < x then low ← mid else high ← mid+1

d) if A[mid] < x then low ← mid+1 else high ← mid-1

e) Don't know

I: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)



Binary search (in a sorted array)

I: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)

”too small” ? ”too large”

low high
mid

A
n1

low ← 1; high ← n

{ I } while low ≤ high  do

    mid ← low+(high-low)/2

    if A[mid] < x then 

   low ← mid+1 

    else 

   high ← mid-1



Where is the answer located ?

a) low - 1

b) low

c) low + 1

d) high - 1

e) high

f) high + 1

g) Don't know

I: (A[i] < x for 1 ≤ i < low) ˄ (x ≤ A[i] for high < i ≤ n)



Exam, Algorithms and Data Structures, March 2017, problem 21

p0 = initial value of p

Yes   No

Output

Method

Integer and

Algorithm

even

Input



Exam, Algorithms and Data Structures, March 2015, problem 21

Output

Method

Algorithm

Input

Yes   No

Integer



Invariants

▪ A tool to analyze the states of a loop in an algorithm

▪ Design tool ”Invariant → Code”

▪ Can be used to identify central properties of the state 
of a data structure



Algorithms and Data Structures

Analysis tools, RAM model, 

Insertion-Sort, O-notation

[CLRS, Chapter 1-3.2]



What is the running time of an 

algorithm?



From idea to program execusion

Divide and 

combine ?

…

if ( t1[t1index] <= t2[t2index] )

      a[index] = t1[t1index++];

else 

      a[index] = t2[t2index++];

…

…

for each x in m up to middle 

      add x to left 

for each x in m after middle

      add x to right

…P
s
e

u
d

o
c
o

d
e

(J
a

v
a

) 
c
o

d
e

Id
e

a

Microcode

  Virtual memory

TLB

  L1, L2,… cache

  Branch Prediction

 Pipelining

...

(Java) Bytecode

+ Virtual machine

A
s
s
e
m

b
le

r

M
a

c
h

in
e

 c
o

d
e

Compiler

Program

execursion

wikipedia.org/wiki/Java_virtual_machine

AMD Athlon (2006)

chipsandcheese.com

https://en.wikipedia.org/wiki/Java_virtual_machine
https://en.wikipedia.org/wiki/Java_virtual_machine
https://chipsandcheese.com/p/amds-athlon-64-getting-the-basics-right


What is the running time of an 

ALGORITHM?

a) Time (min/sec) to run a program 

b) # instructions executed

c) # memory cells read/written

d) # procedure calls

e) Other



Machines computation time vary...

Time to sort 65 MB of web log 

activity around year 2000 on 

various machines at the 

Department of Computer Science

Machine Time (sec)

camel19 8.9

molotov 10.2

harald 26.2

gorm 7.8

Idea: 

Argue about algorithms independently of machines used



Design of Algorithms

Correct algorithm

▪ the algorithm terminates on all inputs

▪ output correct on all inputs

Efficiency

▪ Optimize algorithms to use minimal time  

▪ space, additions,... or maximal parallelism...

▪ ~ n2 is better than ~ n3 : asymptotic time

▪ Less important : constants

▪ Resource usage: Worst-case or average?



RAM Model
(Random Access Machine)

M

e

m

o

r

y

CPU

▪ Data is stored in the memory

▪ Computations happen in the CPU (Central Processing Unit)

▪ Basic operations take 1 time unit: 

   +, -, *, AND, OR, XOR, get(i), set(i,v), ...

▪ A machine word contains c·log n bits 



Example



How many times is line 6 executed ?

a) ~ n

b) ~ n log n

c) ~ n2

d) ~ n3

e) Don't know

Input n n-1 n-2 ∙∙∙ 4 3 2 1



memory

// read j, subtract -1, write j : 3 instructions

// read i, subtract -1, write j : 3 instructions

// read j, add address of A to get address of A[j], read A[j], 

add 1 to get address A[j+1], write to A[j+1] : 5  instructions

// read j, add +1, add address of A to get address of A[j+1], 

read key, write to A[j+1] : 5 instructions

// read i, add address of A to get address of A[i], read A[i], 

write to key : 4  instructions

// read j, compare j > 0, add address of A to get address of A[j], 

read A[j], read key, compare A[j] > key, and : 7 instructions

key i j n A[1] A[2] A[3] A[j] A[i] A[n]

i = 2

while i ≤ n

   ….

   i = i + 1 // read i, add 1, write i : 3  instructions

// write 2 to i : 1  instruction

// read i, read n, compare : 3  instructions

1

n × 3

(n-1) × 3

(n-1) × 4

6n - 2

0

(n-1) × 3

(n-1) × 5

≤ i × 7

≤ (i-1) × 5

≤ (i-1) × 3

෍

i=2

n

Total number of instructions ≤ 18n -14 + σi=2
n (15i−8) = 7.5 n2 + 17.5 n - 21

Example



1 2 3 4 ∙∙∙ n

1

2

3

n

1 + 2 + ∙∙∙ + n  =  n2/2 + n/2  =  
n(n+1)

2



Insertion-Sort (C)

insertion(int a[], int N) 

 { int i, j, key;

   for(j=1; j < N; j++)

    { key = a[j];

      i = j-1;

      while( i>=0 && a[i] > key )

       { a[i+1] = a[i];

         i--;

       }

      a[i+1] = key;

    }

 }

insertion:
 pushl %ebp
 movl %esp, %ebp
 pushl %edi
 pushl %esi
 pushl %ebx
 subl $12, %esp
 cmpl $1, 12(%ebp)
 jle .L3
 movl 8(%ebp), %edx
 xorl %ebx, %ebx
 movl 8(%ebp), %eax
 movl $1, -16(%ebp)
 movl 4(%edx), %edx
 addl $4, %eax
 movl %eax, -20(%ebp)
 movl %edx, -24(%ebp)
 .p2align 4,,7
.L6:
 movl 8(%ebp), %ecx
 leal 0(,%ebx,4), %esi
 movl (%ecx,%ebx,4), %eax
 cmpl -24(%ebp), %eax
 jle .L8
 movl %ecx, %edi
 leal -4(%esi), %ecx
 leal (%ecx,%edi), %edx
 jmp .L9
 .p2align 4,,7
.L16:
 movl (%edx), %eax
 movl %ecx, %esi
 subl $4, %edx
 subl $4, %ecx
 cmpl -24(%ebp), %eax
 jle .L8

.L9:
 movl -20(%ebp), %edi
 subl $1, %ebx
 movl %eax, (%edi,%esi)
 jns .L16
.L8:
 movl -16(%ebp), %edi
 movl 8(%ebp), %edx
 leal (%edx,%edi,4), %eax
.L5:
 movl -24(%ebp), %ecx
 movl -20(%ebp), %edx
 addl $1, -16(%ebp)
 movl -16(%ebp), %edi
 movl %ecx, (%edx,%ebx,4)
 cmpl %edi, 12(%ebp)
 jle .L3
 movl 4(%eax), %edx
 movl %edi, %ebx
 addl $4, %eax
 subl $1, %ebx
 movl %edx, -24(%ebp)
 jns .L6
 jmp .L5
.L3:
 addl $12, %esp
 popl %ebx
 popl %esi
 popl %edi
 popl %ebp
 ret



Example: Insertion-Sort

▪ Example of pseudocode

▪ Detailed analysis – cumbersome work

▪ Time: worst-case (~ n2) and best-case (~ n) very different

▪ Time: average (~ n2) 

▪ Faster on ~ sorted input: adaptive



Asymptotic notation

▪ Basic assumptions:

–   ~ n2 is better than ~ n3

–   constants are not essential

▪ Mathematical precise way to work with ”~”

▪ Examples:

              87 · n2 ” ≤ ”     12 · n3

                1089 · n ” ≤ ”   0.33 · n2

        7 · n2 + 25 · n ” ≤ ”         n2



1089·x   vs   0.33·x2



... and friends

 Ω (big omega)

  (theta)

 ω (small omega) 

 o (small o) 

- notation



O-notation

Definition:   f(n) = O(g(n)) 

if f(n) and g(n) are functions N → R and

there exist constants c > 0 and N0  such that for all n ≥ N0 :

f(n) ≤ c·g(n)

Intuitively: f(n) is ”smaller or equal to” g(n), or g(n) ”dominates” f(n)

N0

f(n)

c·g(n)

n



10∙n = O(n2) ?

a) No 

b) Yes – c=1 and N0=1

c) Yes – c=10 and N0=1

d) Yes – c=1 and N0=10

e) Both c) and d)

f) Don't know



O-notation

O(g(n)) is really the set of functions which 

are asymptotically bounded by g(n)

Computer science

notation

Mathematical

 notation

f(n) = O(g(n)) f(n)  O(g(n))

O(f(n)) = O(g(n)) O(f(n))  O(g(n))

Examples:

n2 = O(n3)

O(n3) = n2

O(n2) = O(n3)

O(n3) = O(n2)



Example: Insertion-Sort

Time O(n2)



 f(n) = O(g(n))        ➔ c·f(n) = O(g(n))  for  c ≥ 0

f1(n) = O(g1(n))               f1(n) + f2(n) = O( max(g1(n), g2(n)) )

f2(n) = O(g2(n))               f1(n) · f2(n) = O( g1(n) · g2(n) )

      ck·n
k + ck-1·n

k-1 + · · · + c2·n
2 + c1·n + c0 = O(nk)

Example : O – rules

( for positive monotone functions )

➔



f1(x) = O(g1(x)) and f2(x) = O(g2(x))

implies

 f1(x) - f2(x) = O(g1(x) - g2(x)) ?

a) Yes

b) No

c) Don't know



▪ 3·n2 + 7·n = O(n2)

▪ n2 = O(n3)

▪ log2 n = O(n0.5)

▪ (log2 n)3 = O(n0.1)

▪ n2 · log2 n + 7·n2.5 = O(n2.5)

▪ 2n = O(3n)

▪ n5 · 2n = O(3n)

Examples : O



Visual test of n5 · 2n = O(3n) ?

Plot of two functions

– not very informative

Plot of two functions 

with logarithmic y-axis 

– first plot misleading

Plot of fraction 

between two functions

– first plot misleading



Proof of  n5 · 2n = O(3n)

Prove n5 · 2n ≤ c·3n   for all n ≥ N0 , for appropriate choices of c and N0

Proof:

    (5/log2 (3/2))2 ≤ n         for n ≥ 73

    5/log2 (3/2) ≤ √n = n/√n ≤ n/log2 n       since √n ≥ log2 n for n ≥ 17

    5 · log2 n ≤ n · log2 (3/2) 

    log2 (n
5) ≤ log2 (3/2)n 

    n5 ≤ (3/2)n = 3n / 2n

    n5 · 2n ≤ 3n 

i.e., the desired statement holds for c = 1 and N0 = 73.                       □

Theorem     poly(n)  an = O( bn )   for all   1  a < b













Ω –notation (capital Omega)

Definition:   f(n) = Ω(g(n)) 

if f(n)  and  g(n)  are functions N → R and

there exist constants c > 0 and N0  such that for all n ≥ N0 :

f(n) ≥ c·g(n)

Intuitively: f(n) is ”larger than or equal to” g(n), or g(n) is ”dominated by” f(n)

N0

f(n)

c·g(n)



Θ-notation (Theta)

Definition:   f(n) = Θ(g(n)) 

if  f(n) = O(g(n))  and  f(n) = Ω(g(n)

Intuitively: f(n) and g(n) are ”asymptotical identical”

N0

f(n)

c1·g(n)

c2·g(n)



o-notation (small o/omicron)

Definition:   f(n) = o(g(n)) 

if  f(n)  and  g(n)  are functions N → R and

for all c > 0, there exists and N0  such that for all n ≥ N0 :

f(n) ≤ c·g(n)

Intuitively: f(n) is ”strictly smaller than” g(n)  



ω-notation (small omega)

Definition:   f(n) = ω(g(n)) 

if  f(n)  and  g(n)  are functions N → R and

for all c > 0, there exists an N0  such that for all n ≥ N0 :

f(n) ≥ c·g(n)

Intuitively: f(n) is ”strictly larger than” g(n)  



Multi-variable O-notation

We would like to be able to write

3n2 ∙ m + 7n ∙ m = O(n2 ∙ m)

The literature is not precise/consistent...

f(n, m) = O(g(n, m))  ?

or

?
f(n, m) ≤ c ∙ g(n, m)

n

m

N0

N0

f(n, m) ≤ c ∙ g(n, m)

n

m

N0

N0

∃𝑐 ∃𝑁0 ∀𝑛 ∀𝑚:
𝑛 ≥ 𝑁0  ∧  𝑚 ≥ 𝑁0  ⇒  𝑓 𝑛, 𝑚 ≤ 𝑐 ∙ 𝑔 𝑛, 𝑚

∃𝑐 ∃𝑁0 ∀𝑛 ∀𝑚:
𝑛 ≥ 𝑁0  ∨  𝑚 ≥ 𝑁0  ⇒  𝑓 𝑛, 𝑚 ≤ 𝑐 ∙ 𝑔 𝑛, 𝑚

wikipedia.org/wiki/Big_O_notation#Multiple_variables

https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables
https://en.wikipedia.org/wiki/Big_O_notation#Multiple_variables


Algorithm Analysis

▪ RAM model

▪ O-notation

... do not need to describe and analyze 

algorithms in full detail !
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