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Q(d,k) denotes the d dimensional problem with k finitely bounded dimensions. The Q(3,k-1) queries are a
children, but the Q(2,k-1) q
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Problem Previous Work Our Contribution[2]Problem Previous Work Our Contribution[ ]

Q(2,0) O(N) [3] -

Q(2 1) O(N) [3]Q(2,1) O(N) [3] -

Q(2,2) O(N(log2 N / log2 logBN)) [3] -( , ) ( ( g2 g2 gB ))

Q(3 0) O(N) [1]Q(3,0) O(N) [1] -

Q(3,1) O(N(log2 N)) [1] O(N(log2 N / log2 logB N))Q(3,1) O(N(log2 N)) O(N(log2 N / log2 logB N))

Q(3 2) O(N(l N)2) [1] O(N(l N / l l N)2)Q(3,2) O(N(log2 N)2) [1] O(N(log2 N / log2 logB N)2)

For Q(3 2) and Q(3 3) weQ(3 3) O(N(log2 N)3) [1] O(N(log2 N / log2 logB N)3) For Q(3,2) and Q(3,3), we
children c c The trick is

Q(3,3) O(N(log2 N) ) [ ] O(N(log2 N / log2 logB N) )
children ci…cj. The trick is 
time and we do this by qu

Q(d,d) 
d 1 [4] d 1 time, and we do this by qulower Ω(N(log2 B / log2 logB N)d-1) [4] Ω(N(log2 N / log2 logB N)d-1)

For Q(3 1) we develop a s
bound

For Q(3,1) we develop a s
queries in O(1+T/B) I/Os ifqueries in O(1+T/B) I/Os if
We then build a rank treeSpace usage of previous and new structures All have optimal O(log N+T/B) query We then build a rank tree 
in each child at the same t

Space usage of previous and new structures. All have optimal O(logB N+T/B) query 
cost where B is the I/O block size and T is the output size in each child at the same tcost, where B is the I/O block size and T is the output size.
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Inde abilit ModelIndexability Model
 is a search tree over one of the k finitely Construct a hard d-dimensional point set and query set.
 tree has fanout (logB N)(1-ε)/2.
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pa(j)(i) is i written in base a(j) truncated to loga(j) N(1/d) digits, and (j) (j)
finally with those digits reversed. The a(j)’s are d-1 relatively z z
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h d th t til i t t lrch down the tree until q intersects several 
d d i t t Q(3 k 1) i d

x
en decomposed into two Q(3,k-1) queries and 

i Thi i h f Q(3 1) b
Hard point set for 2D

queries. This is shown for Q(3,1) above.
p

Query setQuery set
Q i d fi d f t f did t di ianswered in a Q(3,k-1) structure stored in the Queries are defined from a set of candidate query dimensions

queries cannot be answered this way, since (log (1) N) k(1) x ··· x (log (d 1) N) k(d-1) x B logB N f(k(1) k(d-1))of them. (loga(1) N) ( ) x x (loga(d-1) N) ( ) x B logB N f(k(1),…,k(d 1))

where k(j) Є {0,…, loga(j) N(1/d)}. For each candidate, we tile the (j) { , , ga(j) } ,
point set with query rectangles of that dimension.p q y g
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