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Abstract

In this thesis, we study three different problems where randomness plays an important
role either as a powerful algorithm design tool, or as a source to generate combinatorial
structures, or in the modeling the behavior of economic agents.

Randomized algorithms often yield efficient solutions with strong worst-case
guarantees, outperforming deterministic methods in complex settings. A classic
example is the Goemans-Williamson algorithm for MAX-CUT, which leverages
semidefinite programming and randomized rounding to achieve a groundbreaking
approximation ratio. Building on these foundational techniques, our first contribution
extends their application to game theory, introducing a polynomial-time algorithm
for computing approximate pure Nash equilibria in cut games—marking the first
improvement since the work of Bhalgat, Chakraborty, and Khanna back in 2010.

In our second contribution, we investigate the behavior of random 3-SAT formulas
under relaxed independence assumptions. Instead of assuming mutual independence
on the formation of clauses, we consider k-wise independence and examine how this
affects satisfiability. Our analysis reveals surprising asymmetries between satisfiability
and unsatisfiability, providing new insights into the structural properties of random
3-SAT formulas when limited independence is introduced.

The last part of this thesis examines mechanism design under information asym-
metry, where agents’ private valuations introduce inherent randomness. We investigate
the revenue gap—the difference between the revenue of theoretically optimal mecha-
nisms and simpler linear pricing strategies. In the context of selling divisible items
such as communication bandwidth, we employ the ex-ante relaxation technique to
provide a comprehensive analysis of the revenue gap. Our findings initialize the study
on the trade-offs between simplicity and optimal revenue for selling divisible goods.






Resumé

I denne athandling undersgger vi tre forskellige problemer i algoritmedesign, teoretisk
analyse og mekanismedesign, hvor tilfeldighed spiller en vigtig rolle inden.

Randomiserede algoritmer giver ofte effektive lgsninger med sterke sandsyn-
lighedsmeaessige garantier og overgar deterministiske metoder i komplekse situa-
tioner. Et klassisk eksempel er Goemans-Williamson-algoritmen for MAX-CUT,
som anvender semidefinit programmering og randomiseret afrunding for at opna et
banebrydende approksimationsforhold. Baseret pa disse fundamentale teknikker er
vores fgrste bidrag en udvidelse af deres anvendelse til spilteori, hvor vi introduc-
erer en polynomiel-tids algoritme til at beregne tilneermede rene Nash-ligevagte i
cut-spil—den fg@rste forbedring siden resultatet af Bhalgat, Chakraborty og Khanna
tilbage fra 2010.

I vores andet bidrag undersgger vi opfgrslen af tilfaeldige 3-SAT-formler under
begrensede uatha@ngighedsantagelser. I stedet for at antage fuld uath@ngighed,
betragter vi k-vis uathaengighed og analyserer, hvordan dette pavirker tilfredsstillelse
af formlen. Vores analyse afslgrer overraskende asymmetrier mellem tilfredsstillelse
og utilfredsstillelse og giver ny indsigt i de strukturelle egenskaber af tilfeeldige
3-SAT-formler, nar begraenset uathengighed introduceres.

Den sidste del af denne athandling undersgger mekanismedesign under infor-
mationsasymmetri, hvor agenternes private vardis@tninger introducerer iboende
tilfeldighed. Vi undersgger indtegtsgabet — forskellen mellem indtegten fra teo-
retisk optimale mekanismer og enklere line@re prissetningsstrategier. I forbindelse
med salg af delbare varer, sasom kommunikationsbandbredde, anvender vi ex-ante
teknikken for at give en uddybende analyse af indtegtsgabet. Vores resultater indleder
studiet af balancen mellem enkelhed og optimal indtjening ved handel med delbare
varer.
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Part 1

Overview






Chapter 1

Introduction and roadmap

Randomness undoubtedly plays a pivotal role across diverse domains of computer sci-
ence. In algorithm design, randomized algorithms offer solutions to complex problems
with strong performance guarantees by leveraging randomness. These algorithms are
typically more efficient and simpler than their deterministic counterparts when address-
ing the same problems. A seminal example is the Goemans-Williamson algorithm
for the MAX-CUT problem, which achieves a groundbreaking approximation ratio of
approximately 0.878 through semidefinite programming and randomized rounding
techniques [82]. This innovative approach has been adapted to other optimization
problems such as MAX-2-SAT and MAX-DICUT [82], where the randomized round-
ing method continues to prove valuable. Further improvements in the algorithm for
MAX-2-SAT and MAX-DICUT have been achieved by modifying the randomized
rounding procedure [65}[109].

In our first work [27]], we draw on semidefinite programming and randomized
rounding techniques inspired by these foundational methods, extending their applica-
tions to new areas in game theory and optimization. Our polynomial-time algorithm for
computing approximate pure Nash equilibrium in cut games marks the first improve-
ment in the approximation ratio since the breakthrough result by Bhalgat, Chakraborty,
and Khanna in 2010 [20]]. Our application of these techniques is both non-trivial and
non-standard, showcasing the power of randomized algorithms in advancing this field.

Despite the successes of randomized algorithms, the question of whether random-
ness inherently enhances computational power remains an open problem. A prominent
conjecture suggests that any problem solvable by a probabilistic polynomial-time
algorithm can also be solved by a deterministic polynomial-time one[94}, (95| [122]].
One supporting argument for this conjecture is the existence of derandomization tech-
niques, which convert probabilistic algorithms into deterministic ones while preserving
effectiveness, eliminating the need for randomness. For instance, the semidefinite pro-
gramming algorithms and randomized rounding techniques mentioned above can be
derandomized within polynomial time, meaning that deterministic polynomial-time al-
gorithms can achieve the same approximation ratios for these problems [[113]]. Another
classic approach to derandomization uses pairwise independence or, more generally,
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4 CHAPTER 1. INTRODUCTION AND ROADMAP

k-wise independence. For example, the 1/2-approximate randomized algorithm for
the MAX-CUT problem can be derandomized using pairwise independence. In such
cases, the correctness of the algorithm depends only on pairwise independence rather
than full mutual independence, highlighting that mutual independence may sometimes
be an unnecessarily strong assumption. Indeed, in the random graph model [9] and
monotone Boolean functions [[18]], certain properties require only logarithmic-wise
independence.

On the other hand, some real-world problems do not align as well with theoret-
ical predictions based on mutual independence. A notable example is SAT-solvers:
theoretically, the transition threshold should simplify SAT instances in most cases,
but this prediction does not fully align with practical experience, indicating a gap
between real-world behavior and theoretical models under the assumption of mutual
independence.

To address this, our second work [35] investigates the transition threshold in
random 3-SAT under k-wise independence. By relaxing the assumption of mutual
independence to k-wise independence, we explore how the transition threshold shifts
when only a constant & is considered. Unlike the mutual independence setting, the
k-wise independent setting describes not a single probability distribution but rather a
family of distributions. Our constructions and proofs focus on invariant statistics across
this family, revealing a surprising asymmetry between satisfiability and unsatisfiability
in this relaxed setting.

Our third work returns to the field of algorithmic game theory, specifically focus-
ing on Bayesian mechanism design. Unlike our algorithm for computing approximate
pure Nash equilibrium, where randomness serves primarily as a computational tool,
in Bayesian mechanism design, randomness presents an inherent challenge that all
mechanisms must navigate due to information asymmetry—where agents hold private
information, such as valuations, that remains unknown to the designer [38,89]. Even
in deterministic mechanisms, like Myerson’s auction [119]], understanding the influ-
ence of randomness is crucial. This randomness stems from the unpredictable nature
of agents’ private information and strategic behavior, which can vary significantly
and introduce uncertainty into a mechanism’s performance. By understanding the
effects of randomness, mechanism designers can better anticipate outcomes, enhance
robustness, and refine mechanisms to achieve closer-to-optimal revenue, even under
uncertain conditions.

This brings us to the concept of the revenue gap—the difference in expected
revenue between theoretically optimal mechanisms and simpler, more practical ones
[90]. While optimal mechanisms can achieve higher revenue, they often rely on
assumptions about agents’ behavior and private information that may not hold in
large-scale, practical applications. Simpler mechanisms, though easier to implement
and computationally efficient, may sacrifice revenue due to their inability to fully
address the complexities introduced by information asymmetry. The revenue gap thus
encapsulates the trade-off between the complexity of a mechanism and its effectiveness
in managing the inherent randomness in agents’ private information.

Our work [36]] introduces a new setting in which a seller offers a perfectly divisible



item, such as communication bandwidth, to multiple agents. In this context, we
analyze the revenue gap between revenue-optimal mechanisms and linear pricing
mechanisms by leveraging the potential of a canonical technique known as ex-ante
relaxation [7]].

Roadmap. The remainder of Part[l]is divided into three chapters, each offering an
overview of a distinct project. Chapter 2] delves into equilibrium computation in cut
games, where we introduce the background of equilibrium computation, particularly
highlighting the role of cut games. A concise overview of our novel techniques is
also provided. Chapter [3]shifts the focus to the random SAT problem, beginning with
an exploration of the transition threshold conjecture in a uniform setting. We then
discuss how things changes under our new k-wise independent setting. Chapter
examines the revenue gap of linear pricing in the context of selling divisible items.
This chapter includes a formal definition of the new setting and mechanism, followed
by an introduction to the techniques employed in our analysis. We present our findings
alongside the challenges faced in this new framework. Some sections in Part[| may
include content that appears less directly related to our main focus, but I have included
them as they provide explanations for questions that arose during my study.
Part [T consists of the corresponding three publications/manuscripts:

1. Computing better approximate pure Nash equilibria in cut games via semidefi-
nite programming, published in STOC 2023 [27].

2. On the satisfiability of random 3-SAT formulas with k-wise independent clauses,
in submission (for arXiv version, see [33]]).

3. Bounds on the revenue gap of linear posted pricing for selling a divisible item,
in submission (for arXiv version, see [36]]).






Chapter 2

Approximate pure Nash
equilibrium

In 1950, John Nash introduced the concept of Nash equilibrium—a stable state in
non-cooperative games (hereafter referred to as “games”) where no player can improve
their utility by unilaterally changing their strategy. In his seminal doctoral dissertation,
Nash also proved the existence of mixed Nash equilibrium, where players use a
probability distribution over actions as their strategy, in finite games [120]]. This
concept has since become one of the foundational pillars of game theory and has
played a pivotal role in advancing modern economics.

As game theory evolved, Rosenthal applied game theory to model several real-
world scenarios as congestion games [130]. He demonstrated the existence of pure
Nash equilibrium—where each player deterministically selects a single action as
their strategy-in congestion games. His proof reveals that every congestion game
possesses a potential function, a powerful property that facilitates the analysis of player
incentives and outcomes. Actually, congestion games are shown to be equivalent to
games with a potential function, or potential games, whose concept is formalized by
Monderer and Shapley [118]].

While equilibrium concepts are generally known to exist, the question of whether
Nash equilibria can be computed efficiently remains unresolved. Kamal Jain aptly
noted, “If your laptop can’t find it, then neither can the market,” underscoring the
challenge: if an equilibrium cannot be computed efficiently, its application in predict-
ing or analyzing outcomes in large-scale practical problems becomes questionable.
Unfortunately, recent results suggest significant limitations. In particular, computing a
mixed Nash equilibrium, even in small games with two players, has been shown to be
PPAD-hard [42],54], settling the difficulty of finding an equilibrium from complexity
perspective.

Moreover, computing approximate mixed Nash equilibrium is generally no easier
than computing exact mixed Nash equilibrium [42, 54) [134]]. In two-player games,
approximation is feasible in quasi-polynomial time [[110], but this cannot be improved
to polynomial time unless PPAD-hard problems can be solved in subexponential time
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8 CHAPTER 2. APPROXIMATE PURE NASH EQUILIBRIUM

[133]. This complexity underscores the formidable challenges involved in efficiently
computing Nash equilibrium, especially as games scale in size and complexity.

What about pure Nash equilibria in potential games? Although the potential
function guarantees convergence to a pure Nash equilibrium via best-response dynam-
ics—where players sequentially adjust their actions to respond optimally to the current
game state—this process can require an exponential number of improvement steps,
as seen in other PLS-complete problems [63]]. The PLS-completeness result extends
to several subclasses of congestion games, such as network congestion games [63]],
market-sharing games [3]], and cut games [[135]. Regarding approximate pure Nash
equilibria in congestion games, the outlook remains challenging: there is no universal
polynomial-time algorithm for computing an approximate pure Nash equilibrium in
general potential games unless PLS is tractable [136].

However, for some subclasses of potential games, such as matroid congestion
games [S)] and symmetric congestion games with similar or jump-bounded latency
functions [[19} 43]], the number of iterations required by best-response dynamics to
reach a (1 + €)-approximate pure Nash equilibrium is polynomially bounded. Bhalgat
et al. explored various subclasses of constraint satisfaction games, including cut games
and party affiliation games, without restricting player attributes [20]. They proposed
a method of partitioning players into multiple layers based on their highest possible
utility. Using top-down layer dynamics and a rearrangement phase, they computed a
3-approximate pure Nash equilibrium for these games in polynomial time.

A more general algorithm scheme proposed by Caragiannis et al. [30]] uses similar
idea of partitioning players to handle the dissimilarity among players. Unlike the
rearrangement phase in [20], this scheme relies on (1 + p)-best-response dynamics to
ensure that each layer is visited only a limited number of times. Here, the key idea is
that no coalition of players can significantly improve their contribution to the potential
function by more than 1+ p multiplicatively after reaching a (1 + €, )-approximate
pure Nash equilibrium (where €, is a small positive constant relative to p). This
innovative technique provides strong adaptability, achieving a (2 + €)-approximate
pure Nash equilibrium in congestion games with linear latency functions (non-negative
coefficients) and a d°@)-approximate pure Nash equilibrium in congestion games
with d-degree polynomial latency functions (non-negative coefficients). Later works
[67,[139]] improved these approximation ratios, and the scheme has been extended to
weighted congestion games [26} 32] (which are not potential games, expect the case
with linear latency functions [71]]), constraint satisfaction games [33l], and cost-sharing
games [78]].

Our work builds on this scheme, specifically focusing on cut games. The algorithm
in [33]] computes a 3-approximate pure Nash equilibrium in cut games but does not
improve upon the results from [20]. We enhance this by replacing the (1 + &, )-best-
response dynamics with a subroutine that identifies coalitions of players who can
substantially increase their contribution to the potential function by a factor of 1 4 p
and guarantees a non-negligible improvement in the potential when such a coalition
exists. Inspired by [65) [82]], this subroutine leverages semidefinite programming and
randomized rounding to solve MAX-CUT-like problems effectively. The improvement
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results in a polynomial-time algorithm that computes a 2.7371-approximate pure Nash
equilibrium in cut games (Theorem [2.4.T).

2.1 Congestion games and pure Nash equilibrium

Traffic congestion is a daily challenge, especially for those living in large urban areas.
It occurs when the traffic network becomes overloaded. If we view roads as resources,
congestion can be described as an increase in travel cost when too many people
attempt to use the same resources simultaneously. This increase in cost depends solely
on the number of users on each road. In this context, congestion games provide a
natural model for analyzing and understanding such scenarios. Formally, we can
define congestion games as follows.

Definition 2.1.1 (Congestion games). A congestion game 9§ =
([, E,{Su}tuep)> {fetecE) consists of a finite set of n players [n] = {1,2,...,n},
a finite set of resources E, a finite set of pure strategies S, C 2 for each player
u € [n], and a latency function f, : N — R for each resource e € E. The payoff
Jfunction (as cost) of each player u with respect to a state s € [],c[, Su of game &
is pu(S) = Lees; fe(ne(s)), where ne(s) = [{u € [n] | s, > e}| denotes the number of
players that choose resources e in profile s. The players are cost-minimizers in the
congestion game.

Note payoff function may be referred to cost function when each player aims to
minimize it (the form of congestion games is in this case), and may be referred to
utility function when each player aims to maximize it. In such a congestion game,
each player i aims to minimize their cost p; selfishly. L.e. given a state s, player i will
minimize cost p;(s_;,s}) by choose their best strategy s/ from their strategy set S;. The
notation (s_;,s}) defines the state obtained from s when player i/ deviates to strategy s/
unilaterally.

Assuming all players are rational optimizers, the outcome of games can be ana-
lyzed via stable states, or Nash equilibria, in which no player has an improvement
move. Formally, we have the following definition.

Definition 2.1.2 (Pure Nash equilibrium). Consider a finite game ¢ =
([n], {Su}tuepn)> {Putucin) consisting of a set of n players [n] = {1,2,...,n}, a finite set
of pure strategies S,, for each player u € [n], and a payoff function p, : [uepn Su — R
for each player u € [n]. A state's € [uefn) Su is a pure Nash equilibrium of G iff

Vu € [n],s), €Sy puls) = pu(s,,s_u). (2.1

The relation > can be either > for the case of maximizing the utility or < for the case
of minimizing the cost.

The existence of pure Nash equilibrium is not guaranteed in general finite games,
but it is not hard to prove its existence in congestion games.
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Theorem 2.1.3 ([130]). Every congestion game has at least one pure Nash equilib-
rium.

Proof. Consider any congestion game & = ([n],E,{Su}uc[), {fe}ec) of standard
form in the definition, and a function ® : [],¢[, Sx — R defined as

ZZfe

ecE i=

For any state s and (s_,, s},), we have

e (S_usS),)
D(s_y,s5,) — Z( Z (i) Zfe >

ecE i=
e (S_usl,) ne (s
= ) ( DIRRAURD) fe(i)>
eEsMAs i=1
Z fe ne S_u,Su - Z f€<n€(s))
ecs! \su ecsy\s),
= Z fe Ne S—u; u Z fe ne
ecs!, eEsy
= Pu(8—u,5,) — Pu()- (2.2)

The first equation is by the definition of ®. In the second equation, the notation s, A\ s/,
represents the set consisting of all resources that are in either s, or s/, exclusively. The
equation is due to the fact n,(s_y,s],) = n.(s) which holds for any e € E \ (s, As),).
The third equation is due to the observation that the derivation of u from s, to s/,
increases n, by one for any resource e that is in s/, but not in s,, and decreases n, by
one for any resource e that is in s, but not in s/,. The fourth equation follows since n,
remains the same before and after the derivation of u for any resource e in both s, and
5. The last equation is by the definition of the payoff function in congestion games.
Equation implies that

D(s) < P(5—u,5,) <= PulS) < PulS—usSy)-

Since @ is a real-valued function with a finite domain, there always exists a state
s* € [ue[n) Su that minimizes ®. The state s* must satisfy the condition (2.1)) due to
the above implication and is a pure Nash equilibrium in the congestion game ¢. [

The property ®(s_,,s!,) — (s ) Pu(S—u,s,,) — pu(s) whenever a player u unilat-
erally move their own strategy to s/, from s,, in a state s is crucial. Functions with such
property are named as potential functions. Potential games are defined as games with
a potential function. Congestion games are potential games since above proof shows
the existence of potential function, called Rosenthal’s potential function, in congestion
games. An interesting fact is that any potential game can always be represented by
some congestion game, which is not obvious [118]]. Formally speaking, any potential
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game is isomorphic to some congestion game. Thus, potential games and congestion
games are just two different names of the same class of games.

Despite the ease of proving its existence, computing a pure Nash equilibrium
in congestion games is PLS-complete in general [63]], as we will discuss further
in the next section. This PLS-completeness result also extends to computing a p-
approximate pure Nash equilibrium in congestion games, where p can be any constant
computable in polynomial time. Below, we introduce the definition of p-approximate
pure Nash equilibrium in games where players act as either minimizers or maximizers.

Definition 2.1.4 (p-approximate Pure Nash equilibrium). Consider a finite game ¢ =
([n], {Su}uein)s {Putuepn)) consists of a set of n players [n] = {1,2,...,n}, a finite set
of pure strategies S, for each player u € [n], and a payoff function p,, : [Tucp Su = R
for each player u € [n].

If p, is a cost function and the objective of each player is to minimize it, a state
$ € [Luen) Su is a p-approximate pure Nash equilibrium of & iff

Vu € [n],sl, €Sy pul(s) <p-puls,,s_u). (2.3)

If p, is a utility function and the objective of each player is to maximize it, a state
S € [Lug[n Su is a p-approximate pure Nash equilibrium of G iff

1
Vu € [n],s), €Sy puls) > 5 pu(ShyS—_u)- (2.4)

The complexity class PLS

We have mentioned the complexity class PLS multiple times, but one might ask why
PLS is a relevant benchmark for discussing hardness of equilibrium computation
problem. Therefore, a brief overview of PLS and its inherent challenges will be
useful. PLS, or Polynomial Local Search, is a complexity class for local optimization
problems defined in [102]]. A local search problem, denoted as Ilig, consists of
a set of optimization problem instances defined by a neighborhood function. The
objective is to find a locally optimal solution for an instance of Il g, where “local”
optimality is specified by the neighborhood function. A typical neighborhood function
is flip, commonly used for problems with Boolean variables. Consider a solution x to
an optimization problem with boolean variables as a 0/1 vector. The neighborhood
function flip(x) defines a set of boolean vectors such that any x” € flip(x) has Hamming
distance of 1 to x. For problems on graphs, swap can be a common neighborhood
function. Generally, “polynomial-time” in this context means that an improved
solution in the neighborhood of the current solution can be computed in polynomial
time. The formal definition follows.

Definition 2.1.5 (Polynomial-time Local Search [116]). Let Il;s be a local search
problem and 11 the underlying combinatorial optimization problem. The local search
problem I g is in the class PLS if I1 € NPO (the optimization counterpart of NP) and
if two polynomial-time algorithms A and B exist that satisfy the following properties:
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e For a problem instance of Ilg, algorithm A returns a solution.

» For a problem instance of s and a solution, algorithm B decides whether
the solution is a local optimum and, if this is not the case, it returns a better
neighboring solution.

A local search problem ITj g always has an underlying combinatorial optimization
problem IT (without the neighborhood function). For example, the underlying combi-
natorial optimization problem of computing a pure Nash equilibrium in a potential
game is optimizing the potential function of the game. We usually denote a local
search problem Iy g as IT/neighborhood, where I1 is the underlying combinatorial
optimization problem and neighborhood is the neighborhood function. The main dif-
ference between the local search problem and the classical combinatorial optimization
problem is that the former has a structure defined by a neighborhood function and we
only aim to find a locally optimal solution.

In other words, PLS contains problems that can compute an initial solution
(the initial position of the computing path) and decide an improvement within the
neighborhood (a move in the computing path) in polynomial time while the length
of computing path can be exponentially long. However, it only means that local
search method itself can not solve PLS-complete problems efficiently; then why do
we believe the PLS is hard? It is true that PLS, as a subclass of TFNP where absence
of solution absent itself from, is unlikely to contain any FNP-complete problem,
which allows absence of solution. But researchers have several collateral evidences to
believe the hardness of PLS. Some of them are:

- PLS reflects the implicit mathematical argument “Every finite directed acyclic
graph has a sink”™. It is unlike this fundamental combinatorial principle can be
translated into an efficient constructive manner, which provides polynomial-
time algorithms. [[126]

- PLS-complete problems cannot be solved in polynomial time if we assume
the existence of one-way permutations and indistinguishability obfuscation for
P/poly [92].

- TENP is unlikely to have complete problems [114]]. And since no non-syntactic
complexity class between PLS and TFNP is known yet, any attempt to capture
the hardness of TFNP needs to consider PLS [127].

2.2 Cut games

In this section, we introduce the MAX-CUT/flip problem, which is equivalent to
computing a pure Nash equilibrium in cut games. Cut games are potential games. In a
cut game, players are associated with vertices in a graph, and each player assigns a
Boolean value to their vertex in order to maximize the total weight of adjacent edges
connecting to vertices with different values. The formal definition is provided below.
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Definition 2.2.1 (Cut Games). A cut game consists of a graph G = (V,E), with |V|=n
and with each edge e € E having a positive weight w,, and a finite set of n players
where each player u € [n] controls a distinct vertex u on G. The pure strategies of
each player are either 0 or 1, and the utility function of each player u with respect
to a state s € {0,1}" is fu(S) = ¥ (uv)cEy s, 5, Wur» Where E, is the set of the edges
incident to u.

Cut games are a subclass of potential games. Their potential function & of cut
games is defined as

d(s) = (Z Wiy

u,v)eE
s.t. syF#sy
It is straightforward to observe that this function is the objective function for the MAX-
CUT problem. The set of states where exactly one player changes their strategy from
s is identical to the set defined by the neighborhood function flip. Thus, computing a
pure Nash equilibrium in cut games is equivalent to the local search problem MAX-
CUT/flip, well-known to be PLS-complete [135]. Cut games are also congestion
games by the equivalence between congestion games and potential games [118]].
Moreover, a simple explicit reduction (Reduction can show PLS-hardness of
computing pure Nash equilibrium in congestion games with linear latency functions.
Thus, understanding cut games is crucial, as they serve as a bridge connecting the
fundamental combinatorial optimization problem and the fundamental congestion
games.

Reduction 2.2.2. Given an edge-weighted graph G = (V,E), there is a congestion
game G with linear latency functions so that any pure Nash equilibrium in 4 corre-
sponds to a solution of MAX-CUT/flip on G. The definition is as follows:

* The player set of 9 is [|[V

|, i.e., where each player corresponds to a vertex in'V.

* Each edge e € E corresponds to two resources r§°) and rél). They have the same

latency function f ) (x) = f 1) (x) = we - x.

» The player corresponding to vertex u has two strategies. One is sE,O) = {rgo) le €

E,}, the other is st = {rgl) le € E,}, where E, is the set of edges indicated by
u.

2.3 An algorithmic template for computing approximate
pure Nash equilibria

Our work builds on an algorithm for computing approximate pure Nash equilibria
in congestion games [30]. This algorithm was later adapted for various game classes,
including constraint satisfaction games [33]], cost-sharing games [78]], and even non-
potential games such as weighted congestion games [26, 32, [80]. A common feature
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ALGORITHM 2.1: The algorithm for computing approximate pure Nash equilibria in
cut games
Input: A constraint satisfaction game ¢ with n players
Output: A state Sqy of ¢4, a real number p > 1
1 A+ f(n,p);
2: Set Upin = min j¢ [, Uj, Umax < max e, Uj, and m < 1+ [logs (Umax /Umin) | 5
3: Partition the players into blocks By, B», ..., By, such that
JEBi <= Uj € (UnaxA ™, UmaxA' ]
Set S <— an arbitrary initial state;
Update S < MagicState(¥4,S,B1,p);
for phase i <— 1 to m — 1 such that B; # 0 do
repeat
Update (S, change) < MagicState(¥,S,Bi11,p);
Update S + APNE(¥,S,B;,p);
10:  until not change
11: end for
12: return Sy < S;

R e A

across all these games is the presence of either a potential function or an approximate
potential function, which guarantees the existence of a so-called “magic state”. In
simple terms, a p-magic state for a group of players guarantees that the value of the
potential function of any subset of the group is at least 1/p times its maximum value.
We define the potential function of a subset R of players in cut games as

(I)R<S) = ( Z Wuv,

uv)EER
St suFsy
where Eg denotes a subset of E containing edges incidents to at least one vertex in R.
The definition of the potential function for subsets is similar in other games, though
the specifics may differ.

In Algorithm [2.T] we present an abstracted version of the algorithmic template
tailored for cut games, omitting the specific implementation details for identifying
the magic states. Note that the algorithm is described for the scenario where players
are utility-maximizers (as in cut games); a similar adaptation can be applied for
cost-minimizers, which is relevant in the context of congestion games.

The algorithm initializes parameter A to be polynomially related to n (line[T| where
f is a polynomial function). Next (line 2}{3), the players are partitioned into blocks
By, B, ..., B;; based on their maximum possible utility. We use U; to represent
the maximum possible utility for agent j. By our partition, the players’ maximum
utilities differ by at most A. Starting with an arbitrary initial state (line ), the
algorithm proceeds in a series of phases (line [SIT)). In phase i, players from blocks
B; and B, are allowed to update their strategies. The players from block B;; with
lower maximum utility will try to converge to a p-magic state (line[8)). The subroutine
MagicState(¥, S, B, p) acts as an oracle that computes a p-magic state for B according
to the information of game ¢ and current state S without touching any other players
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outside B. The players from B;, with a higher maximum utility, keep fixing themselves
to a p-approximate pure Nash equilibrium (line[9). The subroutine APNE(¥, S, B, p)
implements this process by local search, which converges within polynomial time
when players have similar maximum utility. Especially, in phase 0, we only have a
single block By where MagicState() is invoked (line [6).

Now, let’s provide some intuition on why the algorithm converges to a p-
approximate pure Nash equilibrium. Once the strategy of a player j in block B;
is fixed at the end of phase i, their utility is relatively high, close to their maximum
possible utility. This outcome is ensured by the properties of the magic state. Any
reduction in their utility afterward can only result from local search updates in subse-
quent phases for block B, and later or from the calls to the magic state subroutine
for block B, and beyond.

The potential impact from strategy improvements in later phases is bounded by
O(UmaXA*"). Similarly, the influence from the calls to the magic state subroutine is
bounded by O(n - UnaxA~""1). By choosing A carefully (based on the constant hidden
in the big-O notation), we can ensure that both of these influences are negligible for
players in block B;. Because this negligible impact does not disrupt the p-approximate
pure Nash equilibrium achieved at the end of phase i, players in B; will remain at a
p-approximate equilibrium until the algorithm terminates.

We note that the quality of the p-approximate pure Nash equilibrium achieved by
the algorithm is directly tied to the implementation of the MagicState() subroutine.
In particular, the accuracy of the p-magic state plays a crucial role in ensuring
that players remain close to equilibrium throughout the process. Moreover, the
MagicState() subroutine is also the primary bottleneck in terms of time complexity.
While the rest of the algorithm can be executed efficiently in polynomial time, the
MagicState() subroutine involves verifying a property over the entire power set of
players, which can be computationally intensive. Thus, optimizing this component is
key to improving the overall efficiency of the algorithm.

2.4 Our results and techniques
The next theorem states our first main result.

Theorem 2.4.1 (Informal). A 2.7371-approximate pure Nash equilibrium in cut games
can be computed in polynomial time.

In previous works, the oracle MagicState() was typically implemented using local
search techniques. These approaches converge to a (1 + €)-approximate pure Nash
equilibrium in polynomial time, and this (14 €)-approximate equilibrium implies a
magic state by an argument similar to arguments used to bound the price of anarchy.
However, the quality of the magic state is limited by the same factors as the price
of anarchy. In contrast, our breakthrough is presented in Theorem [2.4.1] where we
implement the oracle MagicState() using a sequence of improvements to the potential
function determined by semidefinite programming (SDP) and randomized rounding.



16 CHAPTER 2. APPROXIMATE PURE NASH EQUILIBRIUM

In our approach, players can simultaneously update their strategies in a single co-
ordinated step, rather than sequentially as in local search. We refer to this coordinated
update as a global move. However, directly applying global moves to compute an
approximate pure Nash equilibrium for general cases is challenging, as convergence is
not guaranteed without first partitioning the players based on their maximum possible
utility. This partitioning is crucial to ensure sufficient progress and avoid the pitfalls
of unbounded update sequences.

The key technique involves using a mathematical program to determine whether
there exists a global move that significantly improves the potential function of a subset
of players. For any given state S, we introduce the Boolean variables x; (where x; = 1
indicates that player i changes their strategy and x; = —1 indicates no change) to
represent whether the strategy of agent i is flipped. The total change in the potential
function is expressed as:

1
(i.7)

€E\CUT(S) (i,/)ECUT(S)

Here, CUT(S) denotes the set of edges that are in the cut defined by state S, and
(1 —x;-x;) captures the XOR-condition. The potential of the subset containing all
players who have flipped their strategies in state § is given by:

1
Y:4<(ij)z w,-yj-(3—i—x,‘+xj—xl~-xj)),

€CUT(S)

where (3 +x; +x; —x; -xj) encodes the OR-condition. By maximizingZ=X —p Y,
we can check if there is a global move that improves the potential of the flipped
players by a factor of p. However, solving this problem with Boolean variables
is computationally difficult. To address this, we relax the Boolean variables to n-
dimensional unit vectors (referred to as v; for x;), leading to the following semidefinite
program:

maximize Z= - ) wij-(1—=vi-v;)
(i,j)€E\CUT(S)
- Z wi,j-(Sp—1+(p—1)~(\7-vi+\7~vj)—(p+1)-vi-vj)

4 ij)ecuT(s)

subjectto v-v=1,veR",
Vi-ViZI,V,'ERn.

By applying randomized rounding to the SDP solution, we can determine a
suitable global move. A successful rounding requires that:

Y wij-Pr[XOR(i,j)]— Y, wi;-PXOR(, )] >0,
(i,/)€E\CUT(S) (i,j)ECUT(S)
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whenever the optimal value Z is positive so that the potential function increase on
average. The event XOR(i, j) denotes the probability that v; and v; are rounded to
different signs. A surfficient conditions so that the above inequality is true are:

PrXOR(i, j)] > = - (1 —v;-vj), (2.5)

> N >

PrXOR(;, /)| < =-Bp—1+(p—1)-(vi-v+v;- V)= (p+1)-vi-v;). (2.6)
for appropriately selected A and p. While Inequality inequality can be easily
achieved using the classic random hyperplane rounding method from [82]], Inequality
is more challenging. To address this, we first adjust the vectors before applying
the random hyperplane rounding, similar to the approach in [65]. Specifically, we
relocate each vector v;, which forms an angle 6 with the reference vector v, to a new
position v/ in the 2-dimensional plane defined by v; and v, at an angle f(0) from v (see
Figure . In our rounding scheme, we use a rotation function f(6) = % - (1 —cos 0).
We note that the analysis of the rounding method using this rotation function is highly
non-trivial and requires detailed arguments (to get the approximation ratio 2.7371).

Figure 2.1: The reference vector is represented by v, v} represents the new position of
v; after rotating. The light gray plane represents the 2-dimensional plane defined by v;
and V.

2.5 Discussion and open problems

In this work, we introduce a novel optimization problem as a tool to support equi-
librium computation, marking the first improvement in computing approximate pure
Nash equilibria in cut games since 2010. This approach broadens the scope of equi-
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librium computation and enhances the applicability of semidefinite programming to
game theory.

After improving the approximation ratio from 3 to 2.7371, a natural question
arises: can we push it further? The potential lies in refining the rounding technique. As
we discussed in Section [2.4] we currently round solution vectors from our semidefinite
program using the rotation function f(0) = % - (1 — cos @), which adjusts vectors
based on their angles relative to the reference vector v. This approach allows us
to approximate both XOR-type and OR-type terms in the objective function of our
semidefinite program. However, we do not know whether this rotation function is
best possible. We do know however that it provides a relatively poor approximation
for XOR-type terms, despite good overall performance. Thus, it is plausible that an
alternative rotation function could yield an approximation ratio below 2.7371 by more
effectively balancing the performance for both term types if such a function exists.

If an improved rotation function cannot be found, studying the optimality of this
function (perhaps within a family of rotation functions, as in [[109]) could still be
valuable. Such an investigation might reveal a limitation of our method. The general
lower bound for approximate pure Nash equilibrium in cut games also remains an
open question. Elsdsser and Tscheuschner showed that MAX-CUT/flip on graphs with
a maximum degree of five is PLS-hard [62]]. Extending these results could potentially
lead to a constant-factor inapproximability for pure Nash equilibrium in cut games.

Our idea of global moves appears adaptable for computing approximate pure Nash
equilibria in other potential games. For instance, as noted in the conclusion of our
relevant paper (Section[5.7), extending this technique to party-affiliation games would
be easy. Other promising directions include game versions of the MAX-2-SAT and the
MAX-DICUT problem, as the combinatorial optimization version of these problems
have nice approximations via semidefinite programming. Applying our techniques to
approximate pure Nash equilibria in congestion games with linear or even polynomial
latency functions is another intriguing challenge. This may require introducing convex
programming, which is also polynomial-time solvableﬂ to formulate our global moves
in congestion games with polynomial latency function. In this case, a new rounding
technique would also be necessary.

I'There are NP-hard instances of convex programming, but many subclasses of convex programming
(most likely including our case) are polynomial-time solvable by interior-point methods.



Chapter 3

Random SAT with limited
independence

The Boolean satisfiability problem (SAT) is a foundational challenge in theoretical
computer science and complexity theory. SAT asks whether there exists an assignment
of Boolean values (true or false) to variables that satisfies a given Boolean formula.
Typically formulas are expressed in conjunctive normal form (CNF), where the
formula is represented as a conjunction of clauses with each clause being a disjunction
of literals. SAT was one of the first problems proven to be NP-complete [51]], a
result that has had a profound impact on the field of computational complexity. Many
key developments in modern complexity theory, including the Exponential Time
Hypothesis [93]], rely on the inherent difficulty of solving SAT efficiently.

SAT has become a central problem for both theoretical research and practical
applications. On the theoretical side, SAT serves as a benchmark problem for under-
standing the complexity of NP-complete problems and the limitations of algorithmic
approaches. In practice, SAT solvers are widely used in areas such as hardware
verification [86], model checking [48]], automated planning [49]], and social choice
[551129]]. Despite its NP-hardness, modern SAT solvers have demonstrated remark-
able efficiency in handling large instances with millions of variables. However, there
remains a significant gap between the practical performance of these solvers and the
predictions made by theoretical average-case analyses [21]], motivating further study
of the problem under random models.

The random SAT model provides a framework for analyzing the typical-case
behavior of SAT. In the standard random r-SAT model, a formula is generated by
randomly selecting clauses with exactly r literals from a set of variables. The key
parameter of interest is the clause-to-variable ratio, which influences the density of
constraints. As the ratio increases, the formula becomes more constrained, making
it harder to satisfy. One of the central questions in the study of random SAT is
determining the satisfiability threshold, a critical point at which the probability of the
formula being satisfiable abruptly drops from near certainty to near impossibility.

This phase transition phenomenon is a striking feature of random SAT, akin to

19
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physical transitions observed in statistical mechanics, such as the nature of the glassy
state [81]]. At low clause-to-variable ratios, the formula tends to be satisfiable because
the constraints are relatively sparse. However, as the ratio exceeds a critical threshold,
the formula becomes heavily constrained, and satisfiability sharply declines. This
abrupt transition marks the boundary between “easy” and “hard” SAT instances,
where instances near the threshold are often the most challenging for solvers [[117]].
Understanding this phase transition is crucial, as it highlights the point at which SAT
instances shift from being computationally manageable to intractable, prompting the
need for sophisticated algorithmic techniques.

While the random r-SAT model captures essential aspects of typical-case com-
plexity, it relies on the assumption of uniform sampling, where each variable has an
equal likelihood of appearing in clauses. However, this uniformity does not reflect
the complexities observed in real-world SAT instances, which often exhibit skewed
distributions and correlations between variables [12]]. In practice, certain variables
tend to appear more frequently, and groups of variables may co-occur in clauses due
to underlying structural dependencies.

To address these practical discrepancies, researchers have extended the standard
random SAT model to include non-uniform distributions. These non-uniform models
aim to better reflect empirical observations, where variable frequencies may follow a
power-law distribution rather than being evenly distributed. Researchers [[74-76) [123]]
introduced a non-uniform random SAT model that allows for varying probabilities of
variable appearances, capturing differences in frequency across variables. However,
this model still assumes independent sampling of variables, which limits its ability
to account for the correlations and community structures often seen in practical SAT
instances.

Empirical studies have shown that real-world SAT instances frequently display
complex dependencies, where certain variables tend to appear together in clauses,
forming patterns of co-occurrence that reflect deeper structural relationships [13].
The mutual independence assumption in existing non-uniform models does not cap-
ture these interactions, creating a gap between theoretical models and the observed
properties of practical instances.

To bridge this gap, we propose relaxing the independence assumption while
maintaining uniform marginal distributions. Rather than assuming full independence,
we introduce a richer family of probability distributions that allow for controlled
dependencies among variables, offering a more realistic framework for studying
random SAT. In our model, we consider families of k-wise independent distributions.
Each formula in this family is generated by selecting m clauses uniformly at random
from all possible sets of three literals over n variables, ensuring that the selection of
clauses exhibits k-wise independence.

Our analysis explores the impact of different levels of k-wise independence on
the satisfiability of the generated formulas. We find that under pairwise independence
(k =2), formulas become almost always unsatisfiable when the number of clauses
m grows as Q(n?), and when the degree of independence increases to 3, satisfiable
instances can still be found at similar clause densities (Theorem [3.3.T)). However,
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as the level of independence rises further (k > 4), the threshold tightens again, with
unsatisfiability occurring at m = O(n*) (Theorem [3.3.2)). Moreover, we establish a
general relationship between the degree of k-wise independence and the required
clause density for satisfiability. For any integer k > 2, we demonstrate that any
instance with m = O(nl_l/ k) clauses is satisfiable with high probability (Theorem
[3.3.3)). We conjecture our estimation is tight (Conjecture [3.4.1)).

3.1 Transition phase in random SAT

A r-CNF formula is a conjunction of disjunctive clauses, where each clause contains
exactly r literals with different variables. In the standard random r-SAT model, an
instance is generated uniformly at random from all possible »-CNF formulas with m
clause over (at most) n variables. Figure [3.1]illustrates the probability of satisfiability
for random 3-SAT instances across different values of n and m. It is evident that the
probability of a random 3-SAT formula being satisfiable drops sharply from nearly 1
to almost O within a narrow range of the ratio m/n. Moreover, this transition becomes
increasingly abrupt as the number of variables n grows, suggesting a more pronounced
and sudden shift in satisfiability as the formula size increases. This phenomenon,
known as phase transition in random r-SAT, has been well-documented through
empirical studies [[79, 84, [117]. The widely accepted satisfiability conjecture states
that for each r, there exists a constant ¢, such that random r-SAT instances with
fewer than (@, —o(1)) - n clauses are almost always satisfiable, while those with more
than (g +0(1)) - n clauses are almost always unsatisfiable as n tends to infinity. The
interval [a, —o(1), 0+ 0(1)] is referred to as the transition window, and the constant
a, is known as the satisfiability threshold.

PI‘[SATC}
N —n=40
0.8 ’
3 n = 80
08 n =120
0.4 . n = 160
02 n = 200
35 40 45 50 55 m/n

Figure 3.1: The empirical behavior of random 3-SAT instances across different number
of variables n and ratio m/n. We can see between there is as shape transition between
m/n = 4.0 and m/n = 4.5. This is within our predication since the experimental
prediction of o3 is 4.26 [152] [115]]

The satisfiability conjecture has been proven for both » =2 and r — . For
random 2-SAT, it has been established that the threshold is ap = 1 [114], with a
transition window of [n — @(n'/3),n + ®(n'/3)] [23]. When k is sufficiently large,
the conjecture has also been confirmed [50, |57, [106l], where the threshold o is
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approximately 2"log2 — %(l +log?2). However, the conjecture remains unresolved
for smaller values of r. In this range, most of the research has focused on the case
r = 3. We summarize the historical progress and state-of-the-art results on the lower
bounds (Table[3.1)) and the upper bounds (Table [3.2)).

5.191 Franco and Paull [72]

2/3 Chvatal and Reed [46] 5.081 EIl Maftouhi and
1.63 Broder et al. [25]] Fernandez de la Vega [[112]
3.003 Frieze and Suen [77] 4.762 Kamath et al. [[103]]
3.145 Achlioptas [[1] 4.643 Dubois and Boufkhand [58]]
3.26  Achlioptas and Sorkin[4] 4.602 Kirousis et al. [[106]]
3.52  Hajiaghayi and Sorkin [88] 4.596 Janson et al. [97]]

and Kaporis et al.[104] 4.506 Dubois et al. [59]]

4.49  Diaz et al. [56]

Table 3.1: Lower bounds for og
Table 3.2: Upper bounds for o3

The role of mutual independence All the aforementioned works rely on the as-
sumption of mutual independence among clauses, which is implied by the uniform
distribution over all possible instances. To see the importance of mutual independence,
we show a toy upper bound of «;.

Proposition 3.1.1. Let o« = In2/In (1 + ﬁ) a random r-SAT instance C with n
variables and m > o - n clauses is satisfiable with probability of 0 when n — oo.

Proof. The probability of any fixed assignment ¢ from {0, 1}" is a solution to the
instance is

1 m
Pr[o satisfies C] = <1 - 2") ,

since the assignment satisfies a single clause with probability of 1 — % and there are
m independent clauses. Let X be the number of solutions to the instance. We can

calculate its expectation as
1 m
E[X] = 2" <1_> .
2r

By Markov’s inequality, we have

m n
1\ 7"
Pr[C is satisfiable] = Pr[X > 1] > E[X]| = (2- <1 — > > .
2r
As n goes to oo, the probability that the instance is satisfiable approaches to 0 if
2. (1 — %)7 < 1, which is implied by m/n > o =In2/In (1 + 2—171) O
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In the proof, we use the first moment method, where estimating the expected
number of solutions is a key component. This estimation is straightforward only in
the case of mutual independence. Notably, this challenge is not limited to our toy
proof but also arises in many previous works, such as [3}150, 57, [112]. In these studies,
estimating the expectation is unavoidable, as they rely on either the first moment
method (for upper bounds) or the second moment method (for lower bounds), both of
which require accurate expectation calculations.

3.2 k-clause independent random 3-SAT]]

We present several definitions about our k-wise independent relaxation as a foundation
before stating our results. We represent a 3-SAT instance as a multiset of clauses and
denote the multiset as C. Given the number of variables n, let .7 (n) be the set of all
possible clauses, i.e., all triplets with literals of different variables. We will usually
omit the dependency of 7 on n, when the value of 7 is clear from the context.

Unlike in the case of mutual independence where the distribution is uniquely
identified (denoted as Znq.), we consider all distribution that satisfies the following
definition.

Definition 3.2.1 (k-clause independent random 3-SAT (from [35]). A distribution 2
for selecting a random 3-SAT instance is k-clause independent if the set of any fixed k
clauses S C C is distributed uniformly at random over all k-tuples of possible clauses,
iLe.,

Pr ci=n,Vielk]|= Pr |ci=n,Vielk|]|=]]|Pric=r].
CNI‘@[C t;,Vi € [k]] C~91;nd_[c ti,Vi € [k]] ,l;!] r[c; =]

for every c1,...,c; € C and ty,...,ty € . We denote the family of all k-clause
independent distributions with m clauses over n variables as F(n,m).

By definition, the probability of any event Ag that depends only on a subset S of at
most k clauses in the k-clause independent distribution & is the same as for Zp,q.. Le.,
the expectations of the indicator function [[A] are the same for & and Z,q.. Hence,
by linearity of expectation, any statistic that involves at most k clauses must be the
same for & and Pypq..

We would like to understand the largest (resp. smallest) possible number of clauses
for a random 3-SAT formula to be almost surely satisfiable (resp. unsatisfiable) under
any k-clause independent distribution. Using SAT (C) to denote the event that the SAT
instance C is satisfiable, we define the following satisfiability “thresholds”.

Definition 3.2.2 (Upper satisfiability threshold). A function m*(n) is the asymptotic
upper satisfiability threshold function USTy(n) for k-clause independent distributions

!In this section, we use definitions and notation that appears in our manuscript [33]]. Introducing
these technical concepts here is necessary to make the rest of this chapter understandable.
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if and only if
Vm(n) = o(m*(n)),VZ € c%c(n,m(n)),clil‘@ [SAT (C)] = o(1),
and

Vm(n) = o(m*(n)),32 € ﬁk(n,m(n)),clzl;j [SAT(C)] =1—o(1).

Definition 3.2.3 (Lower satisfiability threshold). A function m*(n) is the asymptotic
lower satisfiability threshold function LST(n) for k-clause independent distributions if
and only if

Vm(n) = o(m*(n)),Y2 € ?k(n,m(n)),clzl;j [SAT (C)] =1—-0(1),
and
Vm(n) = w(m*(n)),32 € ﬁk(n,m(n)),cllrg [SAT (C)] = o(1).

The definitions are slightly different from the definitions in our manuscript [35]],
since here we focus on the asymptotic behavior and ignore any constant in this
introduction.

3.3 Our results and techniques

In this work, we explore the satisfiability thresholds of random 3-SAT formulas
under the assumption of k-wise independence, extending the analysis beyond the
classical mutually independent model. Our investigation focuses on both the upper
and lower satisfiability thresholds, revealing new insights into the behavior of random
3-SAT instances when the independence assumption is relaxed.

We begin by examining small degrees of independence, specifically, k = 2 and
k = 3. For these cases, we establish the tight upper satisfiability thresholds.

Theorem 3.3.1. UST,(n) = UST;3(n) = ©(n?) for random 3-SAT.

Theorem [3.3.1] demonstrates that a formula requires nearly all possible clauses to
ensure unsatisfiability under 2- or 3-wise independence over clauses. A key technical
challenge in proving this result lies in constructing a 3-clause independent distribution
with many clauses where the formula remains satisfiable with high probability. We
overcome this by employing a construction based on formulas where each clause has
either one or three literal(s) satisfied by a planted truth assignment. We call such
formulas 3-XOR formulas. Specifically, our construction is a distribution that samples
an instance in two phases. In the first phase, we randomly decide whether the instance
should be satisfiable or not. If it should be satisfiable, we will draw a 3-XOR formula
based on a randomly planted truth assignment in the second phase. Otherwise, the
instance will be drawn from sub-distributions where the structures that cannot appear
in the 3-XOR formulas occur frequently.

Our most technically involved result shows the upper bound of the upper satisfia-
bility threshold in the case k = 4.
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Theorem 3.3.2. UST4(n) = O(n?) for random 3-SAT.

Theorem [3.3.2]requires a more sophisticated analysis. We introduce a bipartite
multigraph representation and use statistical measures. In our bipartite multigraph,
each clause corresponds to three disjoint egdes. We focus on the number of K >
subgraphs in our bipartite multigraph, which always involve four edges supported by
four different clauses. By our definition of 4-clause independent distributions, the
expected number of K » is the same as in the mutual independent case. We lower
bound the number considering both cases when the 3-SAT instance is satisfiable or
not by extremal combinatorial arguments. The general lower bound of the number
of K5 » subgraphs is slightly smaller than its expectation. However, when the graph
corresponds to a satisfiable instance, the lower bound is much larger than the expecta-
tion. Therefore, the probability cannot be large in order to maintain the expectation
guaranteed by a 4-wise independent distribution.

On the lower satisfiability threshold side, we prove a much more general result.

Theorem 3.3.3. For any integer k > 2, LSTy(n) = Q(nI*%)for random 3-SAT.

The analysis of LST is easier. For any k-clause independent distribution, we
consider the uniform hypergraph representing how the variables of a random instance
generated from this distribution are placed into clauses and show that this hypergraph
is unlikely to contain Berge-cycles with high probability.

3.4 Discussion and open problems

We believe that our lower bounds in Theorem [3.3.3]are tight.
Conjecture 3.4.1. For any integer k > 2, LSTy(n) = G)(nl_%)for random 3-SAT.

Our reasoning here is as follows: A 3-SAT instance C is naturally represented
by a 3-uniform hypergraph G, where the variables of the instance serve as the nodes.
If there exists a dense subgraph H within G, i.e. with |E(H)|/|V(H)| > 6, we can
use a similar argument as in the proof of Proposition [3.1.1] to bound the probability
that C is satisfiable, given that the literals are chosen uniformly at random. The
presence of a dense subgraph H would typically violate the k-wise independence
assumption only if there exists a Berge-cycle of size at most k (due to our arguments
proving Theorem [3.3.3). Fortunately, constructions of dense hypergraphs without
small cycles have been well-established (e.g., [61]). Thus, if we can carefully balance
the statistics for all structures involving at most k variables, we can successfully
achieve the desired construction. This does not look hard since the constructions of H
require only a constant number of nodes, meaning that the statistics are very close to
the requirements.

In fact, we have verified that such a construction is feasible for the case k = 2. We
present this result without proof.

Theorem 3.4.2. LST,(n) = ©(y/n) for 3-SAT.
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The advantage in this case is that we only need to consider four distinct structures
that can occur between two clauses: (1) the clauses are disjoint, (2) they share
exactly one variable, (3) they share exactly two variables, or (4) they share all the
three variables. Our construction is analogous to the one used for proving Theorem
[3.3.1] To ensure that the instance is unsatisfiable by embedding a dense subgraph,
structures of type (3) and (4) appear slightly less frequently than required by a 2-clause
independent distribution. However, sunflower structures, which can only include pairs
on clauses of type (3) or (4), can be drawn with a low probability, which suffices to
balance the overall statistics.

Another open problem concerns the behavior of UST as the degree of independence
k increases. While we have shown that LST approaches linear growth with increasing
k, the question remains: what is the behavior of UST in this context? It is important to
note that statistics involving only k-wise independence seem to serve as a polynomial-
size proofs of unsatisfiability. Consequently, it is unlikely that UST; can decrease to
linear, given the Q(n3/ 2-¢) Jower bound for sub-exponential size unsatisfiability proofs
[17]. In fact, the best-known algorithm that generates efficiently computable proofs of
unsatisfiability only works for random 3-SAT instances with m = Q(n?/logn) clauses
[16]]. Thus, it would be a breakthrough to prove a bound for UST; below Q(n?/logn)
for some constant k.

Additionally, our setting can be extended to general random r-SAT. The tech-
niques we developed appear to be adaptable, particularly for random 2-SAT, where
we might be able to achieve a complete characterization for both LST and UST.



Chapter 4

Revenue gap for selling a divisible
item

Revenue maximization is a primary objective in algorithmic mechanism design,
particularly in settings where platforms, sellers, or institutions interact with self-
interested agents ﬂ The core challenge lies in creating mechanisms incentivizing
agents to act truthfully while optimizing the seller’s or platform’s revenue. These
mechanisms have broad applications, notably in auction design, online advertising,
and digital marketplaces, where effective pricing and allocation strategies can directly
impact overall revenue.

A foundational result in this area is Myerson’s auction, introduced by Roger My-
erson in 1981 [[119]. This auction mechanism for single-item sales with independent,
private valuations achieves optimal revenue and incentive compatibility, ensuring
that bidders are motivated to reveal their true valuations. By carefully structuring
payment rules, Myerson’s auction maximizes revenue while making truth-telling a
dominant strategy for participants. This result has significantly influenced subse-
quent research, highlighting conditions under which optimal revenue can be achieved
without sacrificing truthful bidding.

The optimality of Myerson’s auction is well-established in single-parameter en-
vironments, where each agent has a single private valuation. In these cases, the
mechanism leverages simple, well-defined reserve pricing to extract maximum rev-
enue effectively. However, extending these principles to multi-parameter environ-
ments—where agents have complex, multi-dimensional preferences across multiple
items or attributes—introduces significant challenges. In multi-parameter settings,
agents’ valuations are influenced by combinations of items, creating exponentially
larger strategy spaces and intricate interdependencies [128]]. This complexity makes
it difficult to design mechanisms that maintain both incentive compatibility and rev-
enue optimality, often requiring new techniques that go beyond the straightforward
application of Myerson’s framework.

'We use the terms buyers and bidders to refer such agents depending on the context. For example,
the term bidders is often used when the mechanism is an auction.
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As algorithmic mechanism design has evolved, classic principles have been
adapted to meet the demands of digital markets, where interactions occur at high
speeds, involve large numbers of participants, and are often automated. In digital
platforms—such as online marketplaces and ad auctions—mechanisms must be both
revenue-maximizing and computationally efficient, able to handle vast numbers of
bids and participants in real time. These environments introduce new challenges,
such as balancing computational efficiency with revenue outcomes, managing high-
frequency interactions, and addressing large-scale strategic behavior. Consequently,
traditional approaches have been extended to accommodate dynamic pricing, person-
alized recommendations, and continuous resource allocation, especially as digital
markets frequently involve divisible goods like communication bandwidth and cloud
computing resources.

To address the complexities inherent in digital markets, recent research has inves-
tigated trade-offs between “simple” and “optimal” mechanisms, exploring how much
revenue might be sacrificed in exchange for simplicity and practicality [[7, (90} 98H100].
For instance, posted pricing mechanisms, where prices are set in advance and agents
select items accordingly, are easier to implement in digital marketplaces compared
to optimal auctions. Although these simpler mechanisms may yield slightly lower
revenue, they offer significant advantages in terms of computational efficiency and
scalability.

Building on these foundations, this chapter introduces a new setting involving
the sale of a perfectly divisible item, such as communication bandwidth or cloud
computing resources. Our model is also quite general as a mathematical framework,
encompassing several variants of the single indivisible item setting as special cases.
Within this context of divisible items, we examine the revenue gap between the optimal
mechanism and linear posted pricing mechanisms.

The main challenge lies in the lack of detailed knowledge about the optimal
mechanism in this multi-parameter environment. To address this challenge, we lever-
age the technique of ex-ante relaxation, a powerful tool initially used for analyzing
combinatorial auctions in [6]. Subsequently, Alaei et al. adapted this technique to
improve the analysis of the revenue gap between Myerson’s auction and anonymous
pricing in the single indivisible item setting [7]]. It has also been extended to a k-unit
setting, where the seller offers k identical copies to unit-demand buyers [100]. By
applying a black-box reduction to the result in [7]], we demonstrate that the revenue
gap depends solely on a natural parameter of the agents’ possible valuations (Theorem
M.3.4). Through a detailed and involved analysis, we further refine this dependency,
reducing it to a logarithmic factor, albeit at the cost of introducing a logarithmic
dependence on the number of buyers (Theorem [4.3.5]).

Additionally, we establish a tight revenue gap for the single-buyer case in our new
setting (Theorem[4.3.3)). It is worth noting that this result highlights the increased com-
plexity of the divisible item setting, as anonymous pricing is the optimal mechanism
in the single-buyer scenario for the indivisible item setting. Our result in Theorem
4.3 3 shows that this does not hold for divisible items.
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4.1 Selling a divisible item

Consider the scenario with a perfectly divisible item that is to be sold to n agents. A
valuation function v; : [0, 1] — R describes that agent i gets value v;(x) if exactly a
fraction of x of the item is allocated to her. It is a non-decreasing concave function
independently drawn according to the publicly-known probability distribution F; of
agenti.

Selling the item is done through a mechanism M = (x,p), consisting of an alloca-
tion rule x = {x;} ic[» indicating the fraction of the item each agent gets and a payment
rule p = {p;} ic[»] Indicating how much each agent should pay. Both x and p depend
on the distribution of valuation functions and the bids from the agents. Denoting
by F the joint probability distribution, and by b the bid vector of the agents, we use
x;(F,b) and p;(F,b) to refer to the fraction allocated to agent i and the payment to
the mechanism. Agents are utility maximizers, aiming to maximize the difference
between the value they get and the required payment.

In our setting, the counterpart to anonymous pricing in the classic single indivisible
item scenario is linear posted pricing. Our work specifically focuses on analyzing
linear posted pricing.

Linear posted pricing

Linear pricing is a very simple mechanism which the payment from each agent is
proportional to the allocated fraction to her. Specifically, in such a mechanism, the
seller posts the price p(F) for the whole item based on the joint distribution F. Then
the buyers come sequentially, buy a part of the item, and pay p(F) times the fraction
of the item they get. The mechanism terminates when the good is sold out or when all
buyers have considered buying without exhausting the item. Ideally, agent i would like
to buy a fraction of y: (v, p(F)) = v'; ' (p(F)) of the item, since v/ is a non-increasing

function and the utility can be written as [ (vi(z) — p(F))dz.

However, the supply is limited to one. Thus, the amount that agent i is able to
buy depends on the order in which the agents act. Fixing the ordering 7, we use
the notation j < i to indicate that agent j comes before agent i in the order 7. The
fraction of the item agent i is willing to and able to buy is

y?(viap(F))> ijn,yj(Vj7p(F)) S 1
yivi, p(F),m) = ¢ 1=X,;ivi(v;, p(F)), Lj<iyi(vj,p(F)) <1 <Y<y (v, p(F)) -
07 Z/<nly7(vj7p(F)) >1

We use 7(F) later in the allocation rules and payment rules since the seller may decide
the order based on the joint distribution F. Since the price and the order only depend
on the joint distribution, there is no reason for agents to report anything besides their
true valuation. Given this, the seller will allocate the item using the reported valuations
as the true valuations. Formally, the allocation rule is defined as

xi(F7b) :yi(biyp(F)vﬂ:(F»,
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while the payment rule is

pi(F,b) = p(F) - yi(b;, p(F), (F)).

The seller’s objective is to maximize the expected revenue, i.e., the expectation of
total payment

Ev-r[ ), pi(F.b)] = Ev-r[p(F)- Z]yi(bi,p(F)JT(F))]

i€(n] i€n

= p(F)-Eyr| Z]Yi(bi,P(F)? n(F))]

i€ln
= p(F)- EVNF[Z[‘,])’I'(W,P(F% n(F))]
= p(F) : EVNF[min{L Z y:'k(viap(F))}]'

i€n]

The first equation is by definition of the payment rule. The second equation is
due to the linearity of expectation. The third equation holds since agents have no
incentive to report anything besides their true valuation in this mechanism as discussed
above. The last equation is by definition of y;. Thus, the best linear pricing satisfies
p(F) € argmax,cg_, p - Ey~r[min{1,Y;c(,y ¥ (vi, p)]. Notice that the revenue from
the best linear pricing does not depend on the ordering.

4.2 Revenue gap

Revenue gap is a quantity describing how closely a mechanism approximates the
revenue-optimal mechanism. Let Ry, (F) be the revenue achieved by a mechanism M

given the joint valuation distribution F, and OPT be the revenue-optimal mechanism.

Ropr (F)

o
Ry (F) > where .% is a set of all

The revenue gap of a mechanism M is then supg. ~
valid valuation distributions.

Estimating the revenue gap is a well-studied problem in single-parameter settings.
In the classical indivisible single-item setting, it is known that the revenue gap of
anonymous pricing is 2.62 [98]], where anonymous pricing refers to setting a common
price to the item for all potential buyers. For other mechanisms (e.g., discriminating
pricing, second pricing auction with reserve, etc.), the revenue gap remains not tight,
but it is known to be constant [99]]. In the indivisible k-unit setting, Jin et al. [100]
have recently shown that the revenue gap of anonymous pricing is ®(logk) if the
buyers are unit-demand and the items are identical.

However, the setting we consider is more general and multi-parameter. The
challenge here is that we do not know the revenue-optimal mechanism for selling a
perfectly divisible item. Fortunately, the so-called ex-ante relaxation [7]] provides a
useful tool allowing us to analyze the revenue gap without knowing the details of the
revenue-optimal mechanism.

To explain the ex-ante relaxation, we need to get back into the indivisible item
setting, where each buyer i € [n] draws valuation v; to the item from a publicly-known
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valuation distribution F; (we denote its cumulative distribution function as F;). Note
that the valuation v; is simply a scalar, unlike in our setting where each buyer draws a
valuation function. We will introduce anonymous pricing and Myerson’s auction to
explain why ex-ante relaxation is a useful tool.

Anonymous pricing. In the single-indivisible item setting, an anonymous pricing
mechanism selects a price p in advance, potentially based on the valuation distribu-
tions. If there is at least one buyer whose valuation exceeds p, the seller will sell the
item to one such buyer chosen arbitrarily. The revenue obtained from anonymous
pricing with price p can be expressed as

Rap(p)(F) = p- Pr[3i € [n] s.t.vi > p] = p- (1= [T Fi(p))-
v i€n)

We use R4p(F) to denote the revenue achieved by the best possible anonymous pricing
for the instance F.

Myerson’s auction. Myerson’s auction is well-known as the revenue-optimal mech-
anism in the single-parameter environment. At the core of Myerson’s auction is the
concept of adjusting bidders’ valuations using a virtual valuation function, which
accounts for the underlying valuation distributions. The virtual valuation function is
defined as
0i(v)=1— LE(V)’
fiv)

where f; is the probability density function of buyer i’s valuation distribution. Notice
that people normally assume that ¢; is monotone non-decreasing on v, this property
is called regularity. Valuation distributions satisfying regularity are called regular
distributions.

The auction allocates the item to the bidder with the highest non-negative virtual
valuation ¢;(v;). This requires running a second-price auction using the virtual bids,
ensuring dominant strategy incentive compatibility (i.e., it is always a best strategy
for each bidder to truthfully report their valuation as bid). The revenue from Myer-
son’s auction can be expressed by the expected social welfare taking into the virtual
valuation, i.e.,

Ropr(F) = E [max ‘Pi(";r)] :
v~F | i€[n]
In general, there is no closed-form expression for this revenue due to the complexity
introduced by the virtual valuation function. This makes analyzing the optimal revenue
quite challenging, often requiring sophisticated methods and intricate arguments, such
as those found in [98]]. By contrast, the ex-ante relaxation provides a simpler approach
that yields a good approximation, i.e. it upper-bounds the revenue gap by e ~ 2.72 [7]]
while the tight revenue gap is 2.62 by [98]].
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Ex-ante relaxation. The intuition behind the ex-ante relaxation is that any mecha-
nism, including the revenue-optimal one, effectively results in an “average” allocation
based on the valuation distribution. This allocation is specified by the probabilities
of selling the item to the buyers. Given the valuation distribution, these selling prob-
abilities determine the corresponding selling prices for the buyers. By optimizing
the selling probabilities, we can compute an upper bound on the optimal revenue,
expressed as

Ropr(F) < Rex (F) = max Z qi F ' (1—q)
i€(n]

Thus, the revenue gap is bounded by supgp. &~ ﬁ%g)). When we impose the condition

Rap(F) < 1, the revenue gap is characterized by supg. # Rex (F). The full ex-ante
relaxation problem can then be formulated as follows:

maximize Y g;-F'(1—gq;) 4.1)
i€[n]

subject to Y ¢; < 1,Vi € [n]
i€(n]
qi >0

p- <1— HE'(P)) <1LVp>1
i€n]

The first two constraints ensure that q forms a valid probability distribution. The
third constraint limits the revenue achieved by the optimal anonymous pricing. It is
important to note that the ex-ante relaxation does not require any specific information
about the optimal mechanism, making it particularly useful since the details of the
optimal mechanism are unknown in our setting.

4.3 Our techniques and results

The first contribution of this work is the introduction of a new parameter, the initial
marginal over total value IMOTYV for short), which plays a central role in determining
the revenue gap in the divisible item setting. The following example illustrates that the
revenue gap depends on the newly defined parameter. In fact, this example provides a
lower bound for the revenue gap between the optimal mechanism and linear pricing.

Proposition 4.3.1. Let k¥ > 1, define the valuation function:

K-X xe |0, %p]
VK(X): 1_+_lr17x XE[L 1]7
P K-p’
where we choose p > 1 as the root of the equation p —Inp = 1+Inkx. For any
K > 1, we can construct an instance with a single buyer whose deterministic valuation

function is v. In this case, the revenue gap is at least Q(In k).
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Figure 4.1: The figure shows how v, changes when k increases. It is obvious
that when x = 1, it is a linear valuation function. When k increases, the valuation
becomes more concave (see the left subfigure). And by looking at the derivative, it is
straightforward that every linear pricing yields the same revenue when k is fixed (see
the right subfigure).

In this example, the revenue-optimal mechanism is achieved by setting the pricing
function p(x) = vi(x), yielding an optimal revenue of v, (1) = 1. For any linear
pricing with p > k, the revenue is zero. When p = k, the revenue obtained is 1/p.
For prices in the range 1/p < p < K, the revenue remains 1/p. For any price p < 1/p,
the revenue is simply p, which does not exceed 1/p. Thus, the revenue gap is at least
p =Q(Ink).

This construction reveals that the parameter k, which equals to the ratio of the
derivative of v at point O over the value of v, at point 1, governs the revenue gap. To
generalize this concept for instances with multiple buyers and random valuations, we
formally define the notion of IMOTYV as follows.

Definition 4.3.2 (Initial marginal over total value (IMOTV)). Given a n-agent instance
where each agent i € [n] draws their valuation function v; from distribution ¥;, the
initial marginal over total value (IMOTV for short) K is defined as

vi(0)

K=max max -

i€[n) viesupp(F;) vi(1)

After determining the importance of IMOTY, the first challenge to us upper bound
the optimal revenue. As we introduce in the last section, the ex-ante relaxation is our
natural choice. In our case, the ex-ante relaxation can be formulated as follows:

i€[n]

1
maximize Z /0 qi(x) Fl;l (1 —gi(x))dx 4.2)
1

gi(x) € 10,1],Vi € [n],x € [0,1]

p-Elmin{l, }" y;(vi,p)}] <1,¥p > 1
i€ln]
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The formulation of this mathematical program is closely related to (4.1)). Conceptually,
we can think of each point (i,x) as representing an independent agent. We use Fj , to
denote the cumulative distribution function of the derivative of the valuation function
vi(x). The first constraint sets a limit on the expected quantity sold, ensuring that the
total allocation does not exceed the available supply. The second constraint guarantees
that selling probability ¢;(x) is a valid probability. The final constraint restricts the
achievable revenue to that of the optimal linear pricing. However, Program (4.2)) only
provides an upper bound on the optimal revenue when each agent i consistently has
non-negative utility across all points x € [0, 1]. This condition does not always hold.
To resolve this issue, we introduce shortsighted agents who seek to maximize their
utility while ensuring it remains non-negative at every point in the fraction of the item
they get. Figure 4.2)illustrates a counterexample where the condition is violated and
how shortsighted agents behave. Thanks to the concavity of the valuation functions,
this additional assumption does not impact the revenue achieved by any linear pricing.

Ut

— () =—-Hx+6
p'(z) = 52" +5

5—5 5+
10 10

1

Figure 4.2: The figure illustrates the case that the seller sets the pricing function
as p(x) = —3x? + 5x and the buyer holds a deterministic valuation function v(x) =
—%xz -+ 6x. If the buyer maximizes their utility globally, the utility of 1/6 is achieved

by taking the whole item. However, the points x € (%, Sﬁ—(‘)ﬁ) will contribute

negatively to the utility. Thus, a shortsighted agent will buy up to 5%5 and will get a

lower utility.

Under the assumption of shortsighted agent, the example in Proposition §.3.1]
represents the worst-case scenario for the revenue gap (Theorem 4.3.3).

Theorem 4.3.3. The revenue gap of linear posted pricing for a single agent with
random concave valuations of IMOTV at most K is ©(Ink).

In this case, Program (#.2)) can be simplified as
1
maximize / g(x)-F7'(1—q(x))dx (4.3)
0

1
subject to/ q(x)dx <1
0
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q(x) €[0,1],Vx € [0,1]
p-Ep*(vp)]<1,vp=1

The core idea of our proof involves reducing the instance with random valuations to
an equivalent instance with a deterministic valuation, specifically defined as:

v = [[4'@-F (1 -z,

where ¢*(x) is the optimal solution to Program (.3). The function v(x) retains
concavity and is a valid valuation function. Moreover, the revenue gap in this newly
constructed instance is guaranteed to be larger than that of the original instance. With
these observations in place, Theorem [4.3.3] follows by demonstrating that IMOTV of
the new instance is polynomially related to the IMOTYV of the original instance.

Our first result on the revenue gap for the case of multiple agents (Theorem [4.3.4)
is achieved by a black-boxed reduction to the result in [7]. Since that result [7]
assumes regularity, we also need to add regularity assumption to F; o for each agent
i € [n] in Program (4.2). This result demonstrates that the revenue gap is independent
on the number of agents.

Theorem 4.3.4. The revenue gap of linear posted pricing for multiple agents with
random concave valuations of IMOTV at most K and with derivatives that follow
regular probability distributions at 0 is at most O(Kk?).

To strengthen the result of Theorem {.3.4] we extend the regularity assumption to
every point and delve deeper into the analysis of Program using the obvious prop-
erty that the selling probability g; is monotone non-increasing. Drawing inspiration
from the techniques in [100], we establish Theorem [4.3.5] However, adapting these
methods is challenging. A key difficulty was in attempting to bound the maximum
value of Fljcl (1 —g;(x)) in the optimal solution by a polynomial of k. Despite our
efforts, we were unable to achieve this, necessitating the introduction of a dependence
on n.

Theorem 4.3.5. The revenue gap of linear posted pricing for n agents with random
concave valuations of IMOTV at most K and with derivatives that follow regular
probability distributions is at most O(Ink + Inn).

4.4 Discussion and open problems

In this work, we investigate the effectiveness of linear pricing for selling a perfectly
divisible item. Our findings open up several avenues for further exploration. One
of the key open questions is determining the exact revenue gap for linear pricing.
In narrowing the gap between our upper bound of O (max {ln K+Inn, Kz}) and our
lower bound of Q(In k), we conjecture the tight revenue gap is O(In k). Additionally,
the assumption of shortsighted agents might not be appealing to all researchers,
making it worthwhile to explore how to relax it.
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The broader area of mechanism design in this new setting also offers promising
directions. Notably, the observed revenue gap for linear pricing primarily arises
due to the concavity of valuation functions. It would be worthwhile to investigate
whether a concave anonymous pricing function could achieve a constant-factor rev-
enue approximation. The ultimate goal in revenue maximization is to characterize
the revenue-optimal mechanism in this setting. However, from a computational
perspective, dealing with continuous valuation functions is a big challenging. A
natural follow-up problem is whether discretizing the valuations would allow for the
computation of the revenue-optimal mechanism in polynomial time.

An extra open problem arising from an observation regarding the proof of the
O(x?) result leads us back to the indivisible item setting. In this proof, each agent’s
valuation distribution only needs to be regular at a single point, which reveals an
interesting outcome in the context of selling a single indivisible item. Specifically,
consider a scenario in which a seller offers an indivisible item to n agents. Each agent
i € [n] has a private valuation for the item, drawn from a publicly known distribution
F;. We define the range ratio r of this instance as

r — max SR SuPP(F)
iclr] infsupp(F;)

Our result immediately establishes an O(r?) revenue gap between Myerson’s auction
and the anonymous pricing mechanism in the single indivisible item setting without
the regularity assumption. It is true that O(rz), or even O(r), is a trivial bound, but
things would be interesting if we could go below O(r). Notably, this new revenue
gap does not contradict the Q(Inn) or Q(n) lower bound of the revenue gap in [39]
and [7]], as in their constructions r is at least rﬁ In other words, when the range ratio
r is dominated by the number of agents n, the revenue gap depends primarily on r.
This observation raises an intriguing question: can we improve the upper bound to
sublinear? We currently conjecture that the revenue gap between Myerson’s auction
and the anonymous pricing mechanism is at most O(Inr).

2A minor adjustment is required for the construction in [7] to guarantee that r is well-defined.
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Chapter 5

Better Approximate Pure Nash
Equilibria in Cut Games

Cut games are among the most fundamental strategic games in algorithmic game
theory. It is well-known that computing an exact pure Nash equilibrium in these
games is PLS-hard, so research has focused on computing approximate equilibria. We
present a polynomial-time algorithm that computes 2.7371-approximate pure Nash
equilibria in cut games. This is the first improvement to the previously best-known
bound of 3, due to the work of Bhalgat, Chakraborty, and Khanna from EC 2010. Our
algorithm is based on a general recipe proposed by Caragiannis, Fanelli, Gravin, and
Skopalik from FOCS 2011 and applied on several potential games since then. The
first novelty of our work is the introduction of a phase that can identify subsets of
players who can simultaneously improve their utilities considerably. This is done
via semidefinite programming and randomized rounding. In particular, a negative
objective value to the semidefinite program guarantees that no such considerable
improvement is possible for a given set of players. Otherwise, randomized rounding
of the SDP solution is used to identify a set of players who can simultaneously improve
their strategies considerably and allows the algorithm to make progress. The way
rounding is performed is another important novelty of our work. Here, we exploit an
idea that dates back to a paper by Feige and Goemans from 1995, but we take it to an
extreme that has not been analyzed before.

5.1 Introduction

Understanding the computational aspects of equilibria is a key goal of algorithmic
game theory. In this direction, we consider the fundamental class of cut games. In a
cut game, each node of an edge-weighted graph is controlled by a distinct player. The
players aim to build a cut of the graph in a non-cooperative way. Each player has two
strategies, to put the node she controls in one of the two sides of the cut, and aims to
maximize her utility, defined as the total weight of edges in the cut that are incident to
the node the player controls. A pure Nash equilibrium (or, simply, an equilibrium) is

39
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a state of the game in which no player has any incentive to unilaterally change her
strategy in order to improve her utility.

Cut games are potential games. The total weight of the edges in the cut is a
potential function, with the following remarkable property: for every two states that
differ in the strategy of a single player, the difference in the value of the potential
function is equal to the difference in the utility of the deviating player. Thus, a
sequence of best-response moves, consisting of players who change their strategies
and improve their utilities, is guaranteed to lead to a state that locally maximizes the
potential function and is, thus, an equilibrium. So, finding an equilibrium is equivalent
to computing a locally-maximum cut in a graph, i.e., a cut that cannot be improved by
moving a single node from one side of the cut to the other.

Unfortunately, computing a locally-maximum cut in a graph is a PLS-hard prob-
lem [135]. In light of this, approximate pure Nash equilibria seem to be a reasonable
compromise for cut games; in general, a p-approximate pure Nash equilibrium is a
state of a strategic game in which no player deviation can increase her utility by a fac-
tor of more than p. Among other results, Bhalgat et al. [20] present a polynomial-time
algorithm for computing a 3-approximate equilibrium in cut games.

At first glance, two algorithmic ideas seem relevant for tackling the challenge of
computing approximate pure Nash equilibria. The first one is to follow a sequence
of deviations by players who improve their utility by a factor of more than p. The
existence of a potential function guarantees that this process will eventually converge
to a p-approximate equilibrium. Unfortunately, such a sequence can be exponentially
long, as Bhalgat et al. [20] have shown specifically for cut games (and for small
approximation factors). The second one is to exploit an approximation algorithm for
the problem of maximizing the potential function. For cut games, this could involve
the celebrated algorithm of Goemans and Williamson [82]] for MAX-CUT or, more
generally, excellent approximations of local maxima using the techniques of Orlin et
al. [124]. Unfortunately, approximations of the potential function and approximate
equilibria are unrelated notions. So, the algorithm in [20] exploits the structure of
cut games to define restricted subgames in which sequences of player deviations are
applied separately. This approach leads to 3-approximate equilibria in cut games and
is also applicable to the broader class of constraint satisfaction games.

Our results and techniques

In this paper, we present the first improvement to the result of Bhalgat et al. [20],
showing how to compute efficiently a 2.7371-approximate equilibrium in a cut game.
Our result follows a general algorithmic recipe proposed by Caragiannis et al. [30]] for
congestion games. Applications of this recipe to constraint satisfaction games [33]]
has improved many of the approximation bounds presented in [20] but not the one
for cut games (even though it has rediscovered a 3-approximation). Unlike [20], the
algorithms in [30, 33] identify polynomially-long sequences of coordinated player
deviations that eventually lead to an approximate equilibrium. Our improvement is
possible by introducing a global move step in which a set of players change their
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strategies simultaneously. Such a set of players is identified by solving a semidefinite
program and rounding its solution. To the best of our knowledge, this is the first
application of semidefinite programming to the computation of approximate pure Nash
equilibria. Essentially, our paper blends the two algorithmic approaches mentioned in
the previous paragraph for the first time.

The general structure of the algorithm in [33]] is as follows. Players are classified
into blocks, so that players within the same block are polynomially-related in terms of
their maximum utility. Then, a set of phases is executed. In each phase, the players
in two consecutive blocks are allowed to move. The players in the (heavy) block
of higher maximum utility play (roughly) 3-moves, i.e., they change their strategy
whenever they can improve their utility by a factor of more than 3. The players in the
(light) block of lower maximum utility play (1 + €)-moves (for some tiny positive €).
At the end of the phase, the strategies of the players in the heavy block are irrevocably
decided. The crucial property of the algorithm is that the light players of a phase are
the heavy ones in the next one. Due to the moves of the light players, the state reached
at the end of a phase has low stretch (of at most 3) for the light players, meaning
that there is no subset of them who could simultaneously change their strategy and
improve their contribution to the potential function by a factor of more than 3. This
guarantees that the number of 3-moves by the heavy players in the next phase will be
polynomially-bounded and, furthermore, the effect that these moves have to players
whose strategies were irrevocably decided in previous phases is minimal. So, all
players stay close to a 3-approximate equilibrium at the end of the whole process.

Our algorithm follows the same general structure, even though it coordinates more
carefully the moves of the players in different blocks within a phase. The improvement
comes from a different implementation of the moves of the light players within a
phase. Here, we focus explicitly on the problem of detecting whether there exists a set
of light players who can improve their contribution to the potential by a factor of p by
changing their strategies simultaneously. Essentially, the algorithm of [33] solves this
problem for p = 3 using local search (the analog of best-response moves by the light
players). Instead, we obtain the better approximation of 2.7371 by formulating this
problem as a semidefinite program. Non-positive objective values of the semidefinite
program guarantee that the current cut has low stretch for the light players. Positive
objective values guarantee that by rounding the SDP solution appropriately, we obtain
a global move which improves the potential considerably and makes progress, similar
to the progress an (1 + €)-move by a single light player makes in the algorithm of
[33]].

Rounding the SDP solution is very challenging. The SDP objective has a mixture
of XOR-type terms, requiring that the two vectors corresponding to the endpoints of
an edge that is not in the current cut are opposite, and OR-type terms requiring that one
of the endpoints of an edge in the current cut coincides with a special vector the SDP is
using. Even though the XOR-type terms have non-negative coefficients and standard
hyperplane rounding could yield excellent approximations for the particular terms (like
in [82]), the OR-type terms have negative coefficients, making standard hyperplane
rounding disastrous for them. So, we instead use an idea that originates from Feige
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and Goemans [65], which has inspired much follow-up work on approximating
MAX?2-SAT and related problems, but we consider it in an extreme that has not been
considered before. In particular, the vectors in the SDP solution are first rotated in the
2-dimensional plane they define with the special vector and, then, hyperplane rounding
is performed. We use the rotation function f(6) = %(1 — cos 0), meaning that a vector
at an angle of 8 from the special vector is relocated at an angle f(0) from it. This
gives a rather poor 1/2-approximation to the XOR-type terms but approximates well
the OR-type constraints.

The approximation ratio we obtain is the solution of a quadratic equation; the
exact value is % ~2 2.7371. This is extremely rare for the approximation factors
obtained from SDP-based algorithms for combinatorial optimization problems. To
prove the properties of rounding, we need to prove two inequalities for triplets of
3-dimensional vectors, which turn out to depend on two variables only: the angles
the special vector forms with the two other vectors involved in a term of the SDP
objective. As it is often the case with the analysis of SDP-based approximation
algorithms (e.g., in [109]), we have verified one of these inequalities by extensive
numerical computations. These imply that the worst-case bound is obtained for a
restriction of the parameters to more tractable cases, for which we present a formal
analysis.

Related work

Even though research in algorithmic game theory gained popularity after the sem-
inal papers by Koutsoupias and Papadimitriou [107]], Nisan and Ronan [121]], and
Roughgarden and Tardos [[131]] (the conference versions appeared in 1999, 1999,
and 2000, respectively), research in computational aspects of pure Nash equilibria
had started earlier, with the introduction of the class PLS —standing for polynomial
local search— by Johnson, Papadimitriou, and Yannakakis [102] and subsequent
(mainly negative) results on computing locally-optimum solutions for combinatorial
optimization problems. Mostly related to the topic of the current paper is the paper by
Schaeffer and Yannakakis [[135]. Expressed in game-theoretic terms, they proved that
computing a pure Nash equilibrium in a cut game is a PLS-hard problem.

The connection of cut games and local search should not come as a surprise. Cut
games are potential games [118]]. They admit a potential function defined over the
states of the game so that for any two states differing in the strategy of a single player,
the difference in the potential values between the two states and the difference in
the utility of the deviating player have the same sign. The class of potential games
also includes congestion games [63} 118, [130]], network design games [[11], constraint
satisfaction games [20} 33]], market sharing games [83]], and more. Most of these
games have the additional property that the two differences mentioned above not only
have the same sign but they are actually equal. Such potential functions are usually
called exact [[63]]. For cut games, the total weight of edges that cross the cut is an
exact potential function.
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Early attempts on computing equilibria in potential games have aimed to follow a
best-response dynamics, i.e., a sequence of player moves, in which the utility of the
deviating player increases by at least a 1 + € factor. This has been proved useful in
a few cases —e.g., in restricted cases of congestion games [} |19} 43]]— to compute
(1+ ¢&)-approximate equilibria. Such approaches work nicely if the players are similar,
in the sense that their moves result in comparable utility increases. Simple arguments,
which relate the increase in the potential function with the minimum increase in the
utility of a deviating player can be used to bound the running time (i.e., the length of
the best-response dynamics to the approximate equilibrium) in terms of the game size
and 1/&. However, players rarely have such similarities. In a cut game, we may have
players controlling nodes that have incident edges of high weight and others which
have only incident edges of negligible weight. Then, such approaches cannot compute
approximate equilibria in polynomial time, even though they can be used to compute
states of high social welfare, e.g., see [14, (15} 122} 44].

The most successful recipe for computing approximate equilibria in potential
games has been proposed by Caragiannis et al. [30]. Their approach has yielded 2-
approximate equilibria for linear congestion games, and d(4)-approximate equilibria
for congestion games with polynomial latency functions of degree d. These results
have been improved in [67) [139]. More importantly, the recipe of [30] has been
applied to other potential games such as constraint satisfaction [33]] and cost sharing
games [78], as well as to non-potential games such as weighted congestion games
in [26} 32} [80]. These last results have been possible by either approximating the
original game by a potential game in which the algorithm is applied, or by introducing
an approximate potential function to keep track of best-response moves in the original
games. In all applications of the recipe of [30], the algorithm identifies a sequence
of deviations by the players, either in the original game or in its approximation. The
current paper is the first one to extend the recipe with global moves (of simultaneous
player deviations).

Our global moves are implemented via semidefinite programming and randomized
rounding. Starting with the celebrated paper of Goemans and Williamson [82]], these
tools have been proved very useful in approximating combinatorial optimization
problems such as MAX-CUT (the problem of computing a cut of maximum total
weight) and MAX-2SAT (the problem of computing a Boolean assignment that
maximizes the total weight of satisfied clauses in a formula in conjunctive normal
form), among many others. The classical semidefinite program for MAX-CUT uses a
unit vector v; for each graph node j, to represent the side of the cut in which to node is
put. The objective is just the sum of the terms (1 —v; - v) multiplied by the weight
of edge (j,k) over all edges in the input graph. Notice that the quantity 3 (1 —v;-vy)
is a XOR-type term, taking the value 1 if the two vectors are opposite and O if the two
vectors coincide (corresponding to nodes in different sides or at the same side of the
cut, respectively). The solution of the SDP, which may inevitably consist of vectors in
many different directions, is rounded by picking a random hyperplane crossing the
vectors’ origin, and putting the nodes at the left or the right of the cut, according to side
of the hyperplane the corresponding unit vectors are lying. In this way, Goemans and
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Williamson [82] improved the trivial 1/2-approximation for MAX-CUT to 0.8785.

Modeling OR-type terms (like those required by MAX-2SAT) requires an extra
variable, a reference (or special) vector V. Then, using the vector v; as (an approxima-
tion to) the value of a Boolean variable, the OR-type term % B4V Vv V—v;-w)
takes the value 1 if at least one of the vectors v; and vy coincides with the reference
vector v. Feige and Goemans [65] improved the approximation bound of [82]] for
MAX-2SAT by exploiting the existence of the reference vector v to rotate all vectors
appropriately before rounding them using a random hyperplane. Rotation relocates
each vector v; forming an angle 6 with the reference vector at a new position in the
2-dimensional plane defined by v; and v, at angle f(0) from V. The rotation function
f they use is a linear combination between the no-rotation function f(6) = 6 and
the rotation function f(6) = 7 - (1 —cos8) that we also consider here. An exten-
sive discussion of this approach with additional details is given in [[141]. Lewin et
al. [109] present the best known bound of 0.9401 for MAX-2SAT; in their paper, they
discuss several alternatives for rounding the solution of SDPs for MAX-2SAT. Finally,
we remark that even though SDPs and rounding have been used to handle negative
coefficients successfully, e.g., in approximating the cut-norm of a matrix [8]] or in
maximizing quadratic programs [37]], those formulation are very far from ours and
the corresponding techniques do not seem to be applicable in our case.

Roadmap

The rest of the paper is structured as follows. We begin with preliminary definitions
and notation in Section Our algorithm is presented in Section which concludes
with the statement of our main result (Theorem[5.3.1)). Then, Section [5.4]presents the
properties of the global-moves routine of our algorithm. We put everything together
and prove Theorem [5.3.T]in Section[5.5] while the proof of Lemma([5.4.2} which states
the properties of randomized rounding is deferred to Section [5.6] We conclude in
Section 3.7

5.2 Preliminaries

A cut game is defined by an edge-weighted complete n-node graph G = (V, E). Each
edge e of the graph has a non-negative weight w,. We overload this notation and write
wjk to denote the weight of the edge (j,k) and w(A) = ¥.,c4 W, to denote the total
weight of the edges in set A. There are n players, each corresponding to a distinct node
of G. The players aim to collectively but non-cooperatively build a cut of the graph,
i.e., a partition of its nodes into two sets. Player j € .4 has two different strategies:
putting her node i at the left or at the right side of the cut. A state of the game is
represented by an n-vector S = (s1,52,...,5,), indicating that player j uses strategy s ;.
Given a state S, we denote by CUT(S) the set of edges whose endpoints correspond to
players that select different strategies in S. For a subset of players R C .4, we denote
by CUTR(S) the subset of CUT(S) that consists of edges with at least one endpoint
corresponding to a player in R. With some abuse of notation, we simplify CUT;(S)
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to CUT(S). The utility of player j is the total weight of the edges incident to her node,
i.e., uj(S) =w(CUT;(S)). We also denote by Eg the set of edges that are incident to
at least one player in R and simplify Ey, to E;. We denote by U; the maximum utility
that player j may have, i.e., U; = w(E}).

We use a standard game-theoretic notation. Given a state S = (s1,52,...,5,) and a
player j € .4, we denote by (S_;, s;) the state obtained by S when player j unilaterally
changes her strategy from s; to its complement s;-. This is an improvement move (or,
simply, a move) for player j if her utility increases, i.e., if u;(S— j,s;) > uj(S). We
call it a p-move when the utility of player j increases by more than a factor of p > 1,
ie., uj(S—j,s7) > p-u;(S). A state S is a pure Nash equilibrium (or, simply, an
equilibrium) if no player has a move to make. Similarly, S is a p-approximate (pure
Nash) equilibrium if no player has any p-move to make.

Given a state S, we denote by ®(S) the total weight of the edges in CUT(S), i.e.,
®(S) = w(CUT(S)). The function @ is a potential function, having the remarkable
property that for every two states S and (S_ j,s’j) that differ only in the strategy of
player j, the difference in the potential function is equal to the difference of the utility
of player j, i.e., ®(S) — ®(S-;,5") = u;(S) —u;(S—j,5)).

Following [33l], we will often consider sequences of moves in which only players
from a certain subset R C .4#" are moving. These can be thought of as moves in a
subgame defined on graph G among the players in R only, in which the nodes that are
not controlled by players in R are frozen to a fixed placement in one of the sides of the
cut. We represent states of a subgame in the same way we do for the original game
using n-vectors of strategies, including both the strategies of the players in R and the
frozen strategies of the players in .4\ R.

The next two claims follow easily by our definitions and are used repeatedly in
our proofs. Claim [5.2.1| shows that the subgames of a cut game are also potential
games and Claim [5.2.2) gives basic facts about the utility of players.

Claim 5.2.1. Consider a cut game G with a set A of players. For every subgame of
4 defined among a subset R C N of players, the function ®g, defined as Pg(S) =
w(CUTR(S)) for each state S of the subgame, is an exact potential function.

Proof. Consider a subgame of ¢ defined by a subset R C .4 of players and let S and
(S-;,5";) be two states of the subgame differing in the strategies of player j € R. By
definition, we have

Pi(S) ~ Pr(S-;.5}) = w(CUT(S)) ~ w(CUTR(S- ;.5))
= w(CUT;(S)) — w(CUT;(S_,,s}))
= uj(S) —u;(S-j,s}),

as desired. OJ

Claim 5.2.2. Consider a cut game 4 with a set N of players, and let j € N be a
player and S a state of 9. If player j performs a p-move, her utility and the potential
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Dy, for every subgame involving her (i.e., j € R C ) increase by more than Z—;i -Uj.

If player j does not have any p-move to make at state S, then u;(S) > ﬁ U,
Proof. Assume that player j performs a p-move, reaching the state (S_ j,s;-) from S,
after changing her strategy from s; to s;.. Then, the increase in player j’s utility during

the p-move is

uj(S—j,s;) —u;(S) > (p—1)-u;(S)
p—l p—l /
= > ‘uj(S)‘i‘T‘(Uj_uj(S—j?sj))

p—1 p—1
= Ui—-—; (ui(S—j,87) —u (),

ie, uj(S—j,s;) —u;(S) > Z—;} -Uj;. Since, by Claim , ®y, is an exact potential for
any subset of players R that contains player j, we have that @g(S-;,s;) — Pr(S) >

p=1.

s U; as well.

Now assume that player j has no p-move to make at state S. We have
Uj = uj(S) +uj(S—j,57) < (p+1)-u;(S).
The claim follows. U

Given two states S and T of game ¢ and a possibly empty subset of players
R C ¥, we denote by (S_g,Tg) the state in which each player of set R uses her
strategy in state 7 and each player in set /" \ R uses her strategy in state S. In
particular, we denote by (S_g,S%) the state in which each player of set R uses the
complement of her strategy in state S and each player of set .4\ R uses her strategy
in S. We refer to the ratio %&S@
by the subset of players R C .4,

as the stretch of state S for the subgame defined

5.3 The algorithm

Our algorithm (see its pseudocode as Algorithm [5.1)) has a simple general structure.
It uses several constants: a tolerance parameter € € (0,1/4] and the constants p =
% ~2.7371, 6 = p +¢€/3, and T = p +2¢/3. The algorithm takes as input a
cut game ¢ with n players and returns a state Soy. As we will show, the algorithm
terminates after polynomially many steps in terms of 7 and 1/¢€ and the state Soy is a
(p + €)-approximate pure Nash equilibrium, with high probability.

The algorithm initializes parameter A to be polynomially related to n and 1/¢
(line [I). Then, in lines [2] and [3] it implicitly partitions the players into blocks Bj,
B,, ..., By, according to their maximum utility. Denoting by Up,x the maximum
utility among all players, block B; consists of the players with maximum utility in the
interval (UmaxA_i , UmaxAl_i}. By the definition of A, the players in the same block
have polynomially related maximum utilities.
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ALGORITHM 5.1: The algorithm for computing approximate pure Nash equilibria in
cut games

Input: A cut game ¢ with a set .4 of n players

Output: A state Soy of 4

1: A< 480n/€%;

2: Set Upin < minje_y Uj, Unax < maxje 4 Uj, and m < 1+ |log (Umax/Umin)] :
(Implicitly) partition the players into blocks By, Bz, ..., By, such that j € B; implies that
Uj € (UmaxAiivaaxAlii];

4: Set S <+ an arbitrary initial state;

5: Update S + GLOBAL(¥,S,B;);

6: for phase i < 1 to m — 1 such that B; # 0 do
7

8

9

e

repeat
Update (S,chl) < LOCAL(¥,S,B;,7);
: Update (S, ch2) + GLOBAL(Y,S,Bi+1);
10:  until ch1 = false and ch2 = false
11: end for
12: Update S <+ LOCAL(Y,S,B,1);
13: return Sy < S;

The lines @}{I2] are the main body of the algorithm. The algorithm utilizes two
routines, namely LOCAL() and GLOBAL(), implementing a set of local and global
moves among the players in a particular block. The computation is divided into
phases. Starting with an arbitrary initial state (in line [)), phase 0 (line [5) executes
global moves for the players in block B;. Then, fori = 1,...,m — 1, phase i repeatedly
executes local moves for the players in block B; and global moves for the players in
block B;; 1 until the execution of these routines does not produce new states. Finally,
the algorithm runs phase m, which executes local moves for the players in block B,,.
The state produced after the execution of phase m is returned as the output state Soy;.

The routine LOCAL() (see Algorithm|5.2) takes as input the cut game ¢, a current
state S, a subset of players B, and a parameter p > 1; on exit, it returns an output state
and a flag denoting whether the output state is different than the input one. LOCAL()
repeatedly performs p-moves as long as there is a player in set B that has such a
p-move to make.

ALGORITHM 5.2: The routine LOCAL()
Input: A cut game ¢ with a set .4 of n players, a state S, a subset B C .4 of players,
and a parameter p > 1
Output: A state of ¢4 and a Boolean flag
. Set change < false;
while there is a player j € B that satisfies u;(S—;,s}) > p-u;(S) do
Update S < (S—;,5%);
change < true;
end while
return (S,change);

AN AN R dl S
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The routine GLOBALY() is the main novelty of our algorithm compared to the
algorithm in [33]). It calls the routines SDP() and ROUND(). When executed on input
a cut game ¢ with a set .4/ of n players, state S, and the subset of players B C .4/,
the routine SDP() solves the following semidefinite program:

1
maximize Z= - ) wir-(1=v;-w)
(j.k)€E\CUT(S)
1 o~
—7 X wipBo—1+(o—1) Ty
(k) €CUTR(S)
+(o—1)-V-ve—(0+1)-vj )
subject to Z ij'(?)—l—\/j'l//\—i-vk'\/)\—v]"vk)Zmint
(jk)ECUTR(S) Jj€B

v-ov=1veR"
Vjvj= l,Vj eR"VjEeB
vj= -wVje JV\B

The output of SDP() is the matrix v containing as columns the unit vectors v; for
J € A and v, and the objective value Z.

At a high level, the semidefinite program aims to identify a set of players R C B
so that the stretch of the current state for the subgame defined by the players in R is at
least 0. The special vector v is used as a basis for the orientation of the remaining
vectors. The vectors v; for j € .4\ B are set to —V, indicating that the players in
4\ B are not considered for inclusion in the set R. For j € B, vector v; indicates
whether player j belongs to set R (when v; = V) or not (when v; = —V). Of course, the
vectors in a solution of the semidefinite program can be much different than these two
extreme ones. As we will see, if the semidefinite program has non-positive objective
value, no set R of players defining a subgame of high stretch at the current state
exists, and this provides a useful condition for our algorithm. Otherwise, a subsequent
appropriately performed (randomized) rounding of the SDP solution will yield a set
of simultaneous (global) moves by players that increase the potential considerably.

This is done by the routine ROUND(), which takes as input a cut game ¢ with a
set 4 of n players, a state S, a subset of players B C .4/, and a matrix v having vectors
v; for each player j € B and the special vector v as columns. ROUND() performs

2 4 . . . .
23040n° 1y (41430” ) iterations. In each of them, it decides a set R C .4 of players by

&3

rounding the set of unit vectors v. Rounding is performed as follows. First, for j € B,
each vector v; is rotated to produce the unit vector v;. as follows: v; is the unit vector
in R" that lies on the plane defined by vectors v; and v and is at angle 7 - (1 —v;-V)
from vector v and at angle |arccos (v;-v) — 5 - (1 —v;-V)| from vector v;. Then, a
random unit vector r € R" is picked. For j € B, player j is included in set R if the
inner products v’j -r and V- r have the same sign. Informally, we can view vector r as
the unit normal vector of a random hyperplane; then, player j is included in set R if

the rotated vector v’j and vector v are on the same side of the hyperplane. ROUND()
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keeps the set R of players in the rounding iteration that produces the highest potential
increase Pg(S_g,Sg) — Pr(S) and returns state (S_g, k) as output.

Now, the routine GLOBAL() (see Algorithm[5.3)) takes as input the cut game ¢, a
state S, and a subset of players B; on exit, it returns an output state and a flag indicating
whether the output state is different than the input one. GLOBAL() repeatedly runs
the routing SDP(), as long as the objective value of the semidefinite program it solves
is positive. Then, it executes the routine ROUND() to round the solution of the
semidefinite program and decide, in this way, the set of players who will change
their strategy simultaneously. Essentially, this implements a global move. Prior to
executing SDP(), the routine LOCAL() is executed to make sure that the input state to
SDP() is an approximate equilibrium for the players in B.

ALGORITHM 5.3: The routine GLOBAL()
Input: A cut game ¢ with a set .4 of n players, a state S, and subset B C .4 of players
Output: A state of 4 and a Boolean flag
1: Set change + false,;
2: Update (S, change) <~ LOCAL(¥,S,B, 1)
3: Set (v,Z) + SDP(¥,S,B);
4: while Z > 0 do
5:  Update S + ROUND(¥,S,B,v);
6.
7
8
9

Update change < true;
Update S +— LOCAL(9,S,B,7);
Set (v,Z) < SDP(¥4,S,B);
: end while
10: return (S,change);

This completes the detailed description of our algorithm. We will prove the
following statement.

Theorem 5.3.1. Ler € € (0,1/4]. On input a cut game 4 with n players, Algorithm|5.1
computes a (p + €)-approximate pure Nash equilibrium S, in time poly(n,1/¢€) with
probability at least 1 — 1/n, where p = % = 2.7371.

5.4 Properties of global moves

We devote this section to proving two important properties of routines SDP() and
ROUND(). In our analysis, we denote the upper boundary of block B; by W; and by
W1 the lower boundary of block B,,, i.e., W; = UpaxyA' " fori=1,2,....m+1. So,
the players of block B; are those with maximum utility U; € (Wit1, Wi

The next lemma guarantees that, whenever routine GLOBAL() terminates, the
state returned has stretch at most ¢ for any subgame defined by subsets of players in
block B,‘+1 .

Lemma 5.4.1. Consider the execution of routine SDP() during phase i > 0, i.e.,
SDP() takes as input the cut game ¢, the block B; | as the set of players B, and a
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state S that is a T-approximate pure Nash equilibrium for the players in Bi1. If the
objective value Z of the semidefinite program that SDP() returns is non-positive, then
for every set of players R C Bi, it holds that & - Pg(S) > Pr(S_g,Sk)

Proof. Assume otherwise and let R be a non-empty subset of B;; such that
G - Dg(S) < Pr(S-r,Sk)- (5.1

Let v be an arbitrary unit vector and set v; =V for j € Rand v; = —vfor j € 4 \R.
Since R # 0, there is at least one player j* € R such that v« = v. Then, 3+ Vi V4
ViV —vj- v =4 forevery k € 4"\ {j*} and

Z ij-(3+Vj-{/\+vk-l/)\—Vj-vk)Z4-W(CUTJ‘*(S))
(jh)ECUT4,,, (S)
> Uj > min Uj,
JEBi11

implying that v is a feasible solution to the semidefinite program used in the call of
SDP(¥,S,B;+1). The second last inequality follows using Claim since the -
approximate (and, consequently, the 3-approximate) equilibrium condition is satisfied
for player j*.

Now, observe that edge (j, k) belongs to CUTg(S) if it belongs to CUTp,, , (S) and
at least one of the players j and k belongs to R. Also, the quantity % B4V vt
V—v;-vi) is equal to 1 if one of the players j and k belongs to R and is equal to 0,
otherwise. Thus,

@R(S): Z ij:%' Z ij'(3+Vj'\7+Vk'{/\—Vj'vk). (52)
(jk)ECUTR(S) (j,k)ECUTg,, | (S)

Furthermore, observe that edge (j, k) belongs to CUTg(S_g, Sk) if it belongs to
CUTp,,, (S) and both players j and k belong to R, or it does not belong to CUTg,, , (5)
and exactly one of players j and k belongs to R. The quantity § - (1 +v;-V-+vx-V+
v;-vi) is equal to 1 if both players j and k belong to R and is equal to 0, otherwise.
Also, the quantity % (1 —vj-w) is equal to 1 if exactly one of the players j and k
belongs to R and is equal to 0, otherwise. Thus,

DR(S_g,Sg) = ) Wik
( ',k)GCUTR (S,R,S/R)

(-

1
(j.k)EE\CUTg, , (S)
1 ~ ~
+Z~ Z Wi (L4+vj - Vv - v4+v; ). (5.3)

(J.k)eCUTg,, (S)

Using equations (5.2)) and (5.3)) and the definition of the semidefinite program used in
the call of SDP(¥,S,B;1), our assumption (5.1) yields

0< CI)R(S_R,S;Q) — 0 ~‘I>R<S)



5.4. PROPERTIES OF GLOBAL MOVES 51

1
:5- Z ij-(l—Vj-Vk>
(j,k)eE\CUTBi+1 S)
1
—Z' Z ij'(3(7—1+(6—1)'vj'-{/\

(jk)ECUTg,, , (5)
—I—(G— 1) 'Vk'f/\— (G+1) 'Vj-Vk)
:Z,

which contradicts the condition on Z. The lemma follows. O

We now aim to prove (in Lemma [5.4.3] below) that, whenever the routine
ROUND() is executed on the set of vectors produced by a previous execution of
routine SDP(), the potential increases considerably. To do so, we will use an important
property of each rounding iteration, which we state in Lemma([5.4.2} its proof is de-
ferred to Section We denote by XOR(j,k) the event that the random hyperplane
with unit normal vector r separates the rotated vectors v’j and v,, i.e., the quantities

V;-rand v - r have different signs.

Lemma 5.4.2. Let v; and vy be unit vectors in R" and let v;- and v, be the correspond-
ing rotated vectors with respect to another unit vector v € R". Then,

PEXOR(j,k)] > % (1 =v;-vp) (5.4)

and

PIXOR(j.K)] < < - (3p — 1+ (p— 1) -v; -+ (p— 1) -vi-T— (p+1)-v;-vy).

(5.5)

0| =—

Lemma 5.4.3. Consider the execution of routine SDP(¥,S,B;1) during phase i > 0.
If the solution v to the semidefinite program computed by SDP(¥,S,B;) has objec-
tive value Z > 0, then the probability that the subsequent call to ROUND(¥,S,B;1,v)
fails to identify a set of players R C B, so that ®r(S_g,Sg) — Pr(S) > 5 - Wia is

e
ar most g,

Proof. Consider the execution of routine ROUND() in phase i and a rounding iteration.
Let R C B;;| be the set of players selected. Observe that the increase in the potential
Py, from state S to state (S_g,Sk) is equal to the total weight of the edges (j, k) that
do not belong to CUTg,, , (S) and exactly one of the players j and k change strategy,
minus the total weight of the edges (j,k) that belong to CUTp,, , (S) and exactly one
of the players j and k change strategy. Using this observation and Lemma[5.4.2] we
have

E[®r(S_r,Sk) — Pr(S)]

= ) w i - Pr[XOR(j, k)] — Y w i - Pr[XOR(j, k)]
(Jk)EE\CUTg,  (S) (jk)ECUTg,, , (S)



CHAPTER 5. BETTER APPROXIMATE PURE NASH EQUILIBRIA IN CUT

52 GAMES
1
ZZ Z ij~(1—vj'-vk)
(Jk)EE\CUTg, , (S)
1 —~ ~
-3 Y wig-Bp =14+ =1)-v;-v+(p—1)-v-v=(p+1)-vj )

(j.k)ECUTs,, | (S)

O — = o Z
:Tp. Z wjk-(3—|—Vj'v—|-vk'v—Vj'Vk)+§
(jvk)ECUTB[-Jrl(S)
S
> ﬂ “Wipa.

The last inequality follows by condition Z > 0, the constraint of the semidefinite
program and the definition of W5, and the fact that 6 — p = €/3.

Now, observe that the random variable Y. ;cp, , U; — Pr(S_g,Sg) + Pr(S) is al-
ways non-negative. Applying the Markov inequality on it, we get

&
Pr[@r(S-k,Sk) ~ Pr(S) < 75 - Wisa]

— 48
=Pr Z Uj—@r(S-g,Sg) +Pr(S) > Z Uj—%'VVH2
JEBit1 JEBi+1
< Yes,, Ui — E[®r(S_&,Sk) — Pr(S)]
- Yien Ui~ 45 - Wira
Yies, Ui— 23 Wir2 <1_ 15 Win 1 EWir &
ZjeB,-H Uj— % Wigo ™ ZjeB,-H u,— 48n- Wiy 23040n2°

Le., the probability that ®g(S_g,Sk) — Pr(S) < 55 - Wit in a rounding iteration is at
%(iW' Thus, the probability that the potential increase is at most £ - W; 2
after all the 23(1?430"2 -In (414230"4) rounding iterations in an execution of ROUND() is
at most

most 1 —

2304002 1 ( 4147200
83 84

&’ et
. — <
< 23040n? ~ 414720n*
The last inequality follows by the property (1 —1/¢)" < 1/e. O

5.5 Proof of Theorem 5.3.1]

We now show how to use the main properties of global moves from Section [5.4] as

well as three additional claims (Claims[5.5.1}[5.5.2] and [5.5.3) to prove Theorem

In our proof, we denote by S’ the state reached at the end of phase i > 0, i.e., Soue = S™.

We also denote by R; the set of players that changed their strategy during phase i.
For every phase i > 0, we define the following set of edges:

A ={(j,k) € CUTg,(S" ") : jk € R;:NB;}
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(J,k) (7)1 j,k € RiNBis1}

(J,k) ($77):jERNBi,kERNB11}

(J. k) (877):jERNB,kERNBiy1}
H;={(j,k) € CUTx,(S"): j € RiNBi,k ¢ R;}

(J: k) (87 :jERNB;,kZR;}

(J,k) (877):jE€RNBit1,kZRi}

(J: k) (87):jERNBi11,k g R}

We will express several properties maintained by our algorithm in terms of the weights
of the above edge sets. The first one uses the definition of block B .

Claim 5.5.1. For every phase i > 0, it holds w(C;) +w(D;) +w(E) +w(J;) +w(K;) <
n-Wipi.

Proof. Indeed, observe that the edges in sets C;, D;, F;, J;, and K; have at least one of
their endpoints corresponding to a player in block B; . The inequality follows since
the total weight in edges incident to (the at most ) nodes corresponding to players in
block B;.1 is at most Wi, . L]

The next claim uses the main property guaranteed by the last call of routine SDP()
in phase i — 1.

Claim 5.5.2. For every phase i >0, it holds —(c —1)-w(A;) — o -w(D;) — o -w(H;) +
w(E) +w(l;) <O0.

Proof. By the definition of routine GLOBAL(), in the last execution of routine SDP()
in phase i — 1, the objective value of the semidefinite program returned is non-positive.
Then, by applying Lemma [5.4.T|for the set of players R; N B;, we get

¢RimBi (Si—leliﬂBi7 i?iﬁBi) S G : (bRimBi (Sl_l ) (56)

By the definition of the edge sets, notice that CUTg,5. (S ') = A; UD; U H; and,
hence,

Dpp, (ST") = w(A;) +w(D;) +w(H;). (5.7)
Furthermore, CUTg,qp, (Si:Rl,nB, , S;Q,-QB,-) = A; UF, U and, hence,
q)RiﬂBi (Si_leliﬂBi ) S}.?,'HB,') = W(Al) + W(E) + W(Il) (58)

The claim follows after using equations (5.7) and (5.8)) to substitute the potential
values in (5.6), and rearranging. O

Finally, our third claim follows by the fact that the players in block R; N B; make
T-moves in phase i.
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Claim 5.5.3. For every phase i > 0, it holds (t—1)-w(A;)+(t—1)-w(D;)+7-
W(H,‘) — W(I,‘) +7T- W(J,') -7 W(K,') <0.

Proof. Consider player j € R; N B; and let L; be the set of edges incident to node j
that belong to the cut after the last T-move of player j in phase i. The increase in the
utility of player j after this T-move is higher than (1 —1/7)-w(L;). Now, since ®g,
is an exact potential (by Claim [5.2.1)), the increase of the potential value due to the
last T-move of player j is equal to the increase of her utility. Thus, the total increase
of the potential between states S~! and S’ is higher than the total utility increase in
the last T-moves of the players in R; N B;, i.e.,

Pr,(S) —@r (ST ) > Y (1=1/7)-w(Ly) = (1 =1/7)-w(UjernnL)). (5:9)
JERNB;
Now, notice that CUTR, (S') = A; UC; UD; UI; UK;, CUTg, (S ') = A;UC;UD; UH; U
Jl‘, and UjERiﬂB[Lj 2 CUTR[mBi(Si) = Ai UD,‘ UI,'. Hence,

Dp,(S') = w(A;) +w(Ci) +w(D;) +w(l) +w(K:), (5.10)
g, (S™) = w(A;) +w(C)) +w(D;) +w(H;) +w(J;), (5.11)

and
w(UjerngLj) > w(A;) +w(Dy) +w(l). (5.12)

Using equations (5.10), (5.11)), and (5.12)) to substitute the potential values and
w(Ujering,L;) in (5.9), we get

w(l) +w(K;) —w(H;) —w(J;) > (1 =1/7) - (Ww(A;) +w(D;) +w(l;)).

The claim follows by multiplying both sides of this last inequality by T and rearranging.
O

We are now ready to prove Theorem[5.3.1] We do so in Lemmas[5.5.4and [5.5.3]
below. Assuming that all calls of routine ROUND() are successful in identifying
a set of players whose change of strategies that increase the potential considerably,

Lemmal5.5.4|uses Claims[5.5.1] [5.5.2] and[5.5.3to show that every player stays at a

(p + €)-equilibrium after the phase in which its strategy is irrevocably decided.

Lemma 5.5.4. If no call to routine ROUND() ever fails, the state Sy, is a (p + €)-
approximate pure Nash equilibrium.

Proof. Let j be a player of block B;. Notice that, if i = m, player j has no T-move
(and, hence, no (p + €)-move) to make after the execution of the last phase. So, in the
following, we assume that 0 <i <m— 1.

Let M; be the set of edges in CUT; (Si) whose other endpoint corresponds to
a player in blocks By, ..., . We will first bound w(M ) Notice that M; C
Ursi(H; UJ;). Hence,

M;) <Y (w(H)+w(J)). (5.13)

t>i
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Summing the inequalities in the statements of Claims [5.5.1}[5.5.2] and [5.5.3] after
multiplying the inequality in Claim[5.5.1]by 7, we get

(t—0o) wA)+7t-w(CG)+2t—0—1)-w(Dy)+(t+1) -w(F)
+(t—0) -wH)+27-w()) <T-n-Wiyy.

Notice that the LHS is lower-bounded by £ - (w(H;) +w(J;)). Thus,
W(Ht) + W(Jt) S 9n - ‘/‘/t+1/8.

Now, inequality (5.13)) yields

on on > .
wM) <= -Y W <= W AT < 10n-Wis /6. 5.14
( ]) =g g +1 > € hth:l;l =~ t+2/ ( )

Now, notice that the edges in M; are those which can be removed from the cut due
to moves by players in phases i + 1, ..., m, and thus decrease the utility of player j by
up to w(M;). Le.,

ui(S™) > ui(S") —w(M;). (5.15)

Furthermore, the edges in M, are those which are not included in CUT;(S" i s’j) and
thus do not contribute to the utility player j would have by changing her strategy.
Moves by players in phases i+ 1, ..., m may increase the utility player j would have
by deviating by at most w(M;), i.e.,
uj(Si_j,s}) > ui(S",5%) —w(M;). (5.16)
We are ready to prove that player j has no (p + €)-move to make after the execution
of the last phase of the algorithm, using inequalities (5.14)), (5.13), and (5.16)), and the
fact that player j had no 7-move to make at the end of phase i. We have

(p+&)-u;(S")

p+e)-uj(s)—10(p+e)n-Wia/e

Tui(S) —30n-Wisa/e+ (p+€—1) - u;(S)
. € .

uj(S'j,85) —30n-Wisa /€ + g'“j(51>

j(S™ ')—4On-m+2/8+§-uj(Si). (5.17)

>
>

v

v

—j5j

Now, since player j has no 7-move at state S%, Claim implies that u;(S") > W, /4
and, by the definition of the blocks, u j(Si) > 120n-Wiyo/ €2. Then, equation (5.17)
yields (p +€) - u;(S™) > u;(S™,5}), as desired. O

Also, assuming that all calls of routine ROUND() are successful, Lemma|5.5.5]
uses Claims[5.5.1} [5.5.2] and[5.5.3to bound the total increase of the potential ®g, in
phase i and Claim[5.2.2]and Lemma[5.4.3]to show that this increase happens after a
small number of local and global moves.
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Lemma 5.5.5. If no call to routine ROUND() ever fails, the algorithm terminates
after performing at most O(n*/€) T-moves, at most €' (n’ /€*) calls to routine SDP(),
and at most 4142#”3 calls to routine ROUND( ).

Proof. We will first bound the increase in the potential ®, of phase i > 0, proving
that

D, (S7) — Dg, (ST < 18n- Wiy /€. (5.18)
Observe that CUTR,.(SFl) =A;UC;UD;UH; UJ; and CUTR,.(Si) =A;UC;UD;UIL;U
K;. Hence, CDR,- (Sl_l) = W(A,') + W(Cl') + W(D,‘) + W(H,') + W(Jl'), q)Ri(Sl) = W(Al') +
w(C;) +w(D;) + w(l;) + w(K;) and, thus,

Op,(S7) — Dr, (S = —w(H;) +w(l;) —w(J;) +w(K;). (5.19)

We now multiply the inequalities in Claims[5.5.1}[5.5.2, and [5.5.3|by 21, ==L

-0’

and %, respectively, and sum them up. We obtain

o(t—1) (c—-1)(t—1) (c+1)(t—1)
o w(Ci) L — w(D;) L — -w(F;) —w(H;)
+W(Il' —l-zw‘;___#'w(]i)#-w(lfi) < GE_T__GI)‘I’PVVH1 < 18]’1‘VV,'+1/8.

The proof of inequality (5.18) follows by observing that all coefficients in the RHS
of this last inequality besides that of term w(H;) are positive and thus the RHS is
lower-bounded by the LHS of (5.19).

By Claim we have that a T-move increases the potential by at least W, /4.
By the bound on the potential increase in the whole phase i from (5.18)), we obtain that
no more than 72n/¢ T-moves take place in phase i. The bound on the total number of
T-moves follows since there are at most n phases containing some player.

Similarly, by Lemma [5.4.3] we have that a successful call to routine
ROUND(¥,S,B;;1) at phase i > 0 increases the potential by at least € - W;,/48.
By the bound on the potential increase in the whole phase i from (5.18)) and the
relation Wy, 1 /Wi 2 = A = 480n/€>, we obtain that no more than 414720n% /&* calls
to routine ROUND(¥, S, B;;1) take place in phase i. Again, the bound on the total
number of calls to ROUND() follows since there are at most n phases containing some
player.

Regarding the number of calls to routine SDP() within a phase, we claim that this
is at most the number of 7-moves plus twice the number of calls to routine ROUND()
plus 1. Indeed, in each execution of the routine GLOBAL() in which ROUND() is
executed ¢ > 0 times, there are at most 7 + 1 < 2r executions of SDP(). Also, in each
execution of the routing GLOBAL() in which ROUND() is not executed, the number
of executions of GLOBAL() (and, consequently, of SDP()) is at most the number of
T-moves, besides in the last round of the phase, where we do not have any 7-move but
there is one SDP() call. Hence, a bound of & (n?/&*) on the number of SDP() calls



5.6. PROPERTIES OF RANDOMIZED ROUNDING 57

in a phase follows by the bounds on the number of 7-moves and ROUND() calls in a
phase. The bound of &'(rn?/€*) on the total number of executions of SDP() follows
since there are at most n phases containing some player. 0

To complete the proof of Theorem [5.3.1] after having proved Lemmas [5.5.4]
and[5.5.5] it suffices to show that the probability that a call to routine ROUND() fails to
identify a set of players whose change of strategies increases the potential considerably
is at most 1/n. This can be done by a simple application of the union bound: there are
at most 4142# executions of routine ROUND() and, by Lemma each of them

o - &t
fails with probability at most ;7;=55,7-

5.6 Properties of randomized rounding

In this section, we prove the two inequalities of Lemma Let 6;,6; € [0, 7] be
the angles vectors v; and v form with vector v and ¢ be the rotation angle vector vy
forms with the two-dimensional plane defined by vectors v; and v. Without loss of
generality, we can assume that 6; > 6; and, furthermore, that vectors v, v;, and vy
are lying in three dimensions and are defined as v = (1,0,0), v; = (cos 6;,sin 6;,0),
and vy = (cos B, sin 6 - cos @, sin O - sin ¢ ). Denoting the rotation function by f (i.e.,
f(8) =% -(1 —cosB) for 6 € [0, x]), we have that the rotated vectors of v; and v
are v'; = (cos f(0;),sin f(6;),0) and v}, = (cos f(6), sin f (6) -cos @, sin f(6;) -sin @),
respectively. These definitions yield

Vi -V = cos f(6;) - cos f(6k) + sin £(6;) - sin f(6) - cos ¢ (5.20)

and
Vj-vi =cos0;-cos O +sinb;-sinb -cos¢. (5.21)
The probability that a random hyperplane separates the rotated vectors v; and v, is

arccos (v} )

proportional to the angle between them, i.e., Pr[XOR(j, k)] = -

Proof of Inequality in Lemma 5.4.2]

To prove inequality (5.4), it suffices to prove that

/ /
arccos (V- vy) - 1—v;-w
T - 4 7

or, equivalently,
Vi -V — cos (%-(l—vj-vk)) <0. (5.22)

By (5.20) and (5.21), and by setting g(x,y,§) = cosx-cosy+sinx-siny-cos ¢, the
LHS of (5.22)) becomes

8(£(6)).£(8):0) —cos (5 (1-8(6.6,,9))).
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Observe that g is a linear function in cos @, taking values in [—1,1]. To see why,
observe that g(xay7 ¢) <g(x,,0) =cos (x—y) and g(x,y,9) > g(x,y, ) =cos (x+).
Now the derivative of the LHS of (5.22)) with respect to cos ¢ is

dg(f(6)),f(6k),¢) g(6;,6k,9) 7 sin (ﬂ

dcos ¢ dcos ¢ 4 Z(l_g(9j79k7¢)))7

which is increasing in cos@. To see why, observe that the derivative of function
g(x,y,0) with respect to cos ¢ is equal to sinx-siny, which is non-negative when
x,y € [0,7], and the quantity inside the sin is decreasing in cos ¢, taking values
between 0 and 7/2. We conclude that the LHS of is convex in cos ¢. Thus, it
is maximized when either cos @ = 1 or cos ¢ = —1 and it suffices to prove inequality
for cos¢ € {—1,1}. For cos¢ = 1, we have g(x,y,¢) = cos (x —y), the LHS
of (5.22)) becomes

cos (£(6) — £(8,)) — cos (5 - (1 cos (6~ ) ).
and (5.22)) is equivalent to
1£(8) — £(60)] - 5
For cos ¢ = —1, we have g(x,y, ) = cos (x+y), the LHS of becomes
cos (£(6)+ £(8:)) — cos (5 - (1= cos (6 +64) ).
and (5.22) is equivalent to
£(6;)+ f(6k)

We will complete the proof by showing that both (5.23)) and (5.24) are true for the
particular rotation function f(6) =7 - (1 —cos(8)) we use. Without loss of generality,
assume that 0 < 6 < 6; = 6 +x < 7 with x € [0, 7 — 6;]. Then, using our specific
rotation function, the LHS of inequality (5.23)) can be written as

(I —cos(6;—6)) > 0. (5.23)

—g-(l—cos(eﬂ-ek)) >0. (5.24)

g -(2cos 6 —2cos (6 +x) — 1 +cosx) = g : (2sin (9k+ g) -sing — sin? g)

T . ,x
> —. ->0
2 5 -sin” 5 20,
which proves inequality (5.23). The first inequality follows since our assumption for

6 and x implies that 5 < 6+ 3 < 7 — %, which yields sin (6; + %) > sin3.
The LHS of inequality (5.24) becomes

g -(2—cos (6 +x) —cos ) — — - (1 —cos (26 +x))

T
=5 (1 —2cos (9k+§> -cos)fzc—kcos2 (Gk—f-%)) .
Since cos 5 takes values in [—1, 1], the quantity inside this last parenthesis is between

the values (1 —Cos (Gk + %))2 and (1 + cos (Qk + %))2, which are both clearly non-
negative. The proof of inequality (5.24) follows. O

INES
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Proof of Inequality (5.5)) in Lemma 5.4.2]

To prove inequality (5.5)), it suffices to prove that

arccos (V;-v;) 1 - ~
B B (o= 1) vy T (p = 1) v (p+ 1) v w) SO,

(5.25)

T

We have verified in its general form by extensive numerical computations using
Mathematica (version 13.0) and explain how we do so later in this section. Until then,
we present a formal analysis for the simpler case where the vectors v;, vk, and v lie on
the same 2-dimensional plane. This includes the values of parameters 6;, 6, and ¢
for which inequality is tight and has allowed us to compute the approximation
factor p explicitly, as a function of a quadratic equation. We distinguish between two
cases, depending on whether ¢ is equal to O or 7.

Formal proof of inequality (5.25) when ¢ = 0. In this case, equations (5.20) and
G21) yield

Vii-vi = cos (f(6;) — f(6r)) = cos (g - (cos 6 — cos Gj)>

and v; - vi = cos (6; — 6), respectively, and the LHS of (5.25) becomes

1 3p—1 —1 1
5-(cos@k—cosej)—pT—pT-(cost+cosek)+p;_ -cos (0 — 6)
_ P . 6;—6 - 0;+ 6 _p—l. 0; — 6 _ 0; + 6
= 2+sm< 3 sin 5 4 eos 3 cos | =—5—
1 0;—6
+ % -cos” (12"> (5.26)

Applying the inequality x-y < c¢-x> + 4%, -y? for ¢ = 1+)1/ﬁ, X = sin (@), and

. 6,46, .
y =sin (%), we obtain

: <9j_9k> : <9j+9k>
sin (| —— | -sin
2 2

1+VI13 /6,6 VI3—1 _,/(6;+6
< . . _J 7K
< 1 sin ( > + B sin >
N 6 4 2 12 2 '

Using this inequality and the fact that p = %, the RHS of equation (5.26)) is at
most

p 1+2V13 VI3-1  ,(6;+6
2T 6 1 2
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_p—l 0; + 6 0; — 6
74 COS( 2 COS 2
C(14+V13 p+1 o 0 — 6
4 4 2
_ VBl (846 L :
- 12 2 2 ’

which is clearly non-positive, completing the proof.
We remark that this last RHS expression is equal to O only when 6; = 7. In this
case, the RHS of (5.26)) becomes

P2 (B Pl o (O P o6
2+cos<2>—|— 7 sin (2 1 sin 2
_2-p .o ( 6k

implying that (7, ) is the only pair of values for 6; and 6y for which inequality (5.25)
is tight.

Formal proof of inequality (5.25) when ¢ = 7. Then, equations (5.20) and (5.21))
yield

ViVl = cos (f(6;) + f(6k)) = cos <7r — g - (cos 0+ cos Ok)).

and v; - vx = cos (6, + 6;), respectively. Notice that

arccos (V'; - v}) 1
ERASLS ELAEN |cos 6 +cos 6.
fi1 2
So, we distinguish between two subcases, depending on whether cos 6; + cos 6y is

positive or not (and, consequently, on whether 6; + 6, is lower than 7 or not).
If cos 6 +cos 6 > 0 (and 6; + 6 < 7), then arccos (i) _ 1-— % -(cos 6; +cos )
and the LHS of inequality (5.25]) becomes
9-3p p+3

1
T—T-(cosej+0039k)+p+

_2—-p p+3 0; — 6 0; + 6 p+1 5 [(60;+6
= 1 cos< > Ccos > + 1 cos >

2— 1 0;+6
ng)—§~cos2 (ﬂz—k> <0.

-cos (0 + 6)

The first inequality follows since cos (@) > 0 and 6; > 0 which implies

0,—6; 0,46
cos (’Tk) > cos (%)
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Otherwise, if cos0; +cos6; < 0 (and 6; + 6; > 7), then %W =1+ % .
(cos 0+ cos 6) and the LHS of inequality (5.25]) becomes
- - 1

? 83P -Q-STP'(cosej—i-cosek)—kpJr -cos (0; + 6)

_2—-p S5-p 0; — 6 0; + 6, p+1 5, /0;+6
= + 1 - COS <2 - COS > + 1 cos >

< . — ] <0.

S + > cos < > <0

9j+9k

The first inequality follows since cos (@) < 0 and cos (@) > —cos| 5 ).

To see why this last inequality is true, observe that the assumption 6; € [0, 7] implies

that 9’;9" <m-— 9’;9" and, hence, cos (@) > cos (J'C — @) = —cos @).
T

Notice that, again, the last inequality is tight only for the pair of values (7, ) for
0; and 6.

Verifying inequality (5.25) numerically. We now consider the general case. Define
the function

Ax,y,2) = arccos (cos f/(x) 'Cosf();r) +z-sin f(x) - sin f(y)) B 3p8_ 1

-1 —1 1 1
—pT-cosx—p -cosy—i—p+ -cosx-cosy—i—p;_

-z-sinx-siny,

for x € [0,x], y € [0,x], and z € [L,H] with L = —eosfeos/W-l g g =

sin f (x) sin f(y)
W Notice that [—1,1] is a subinterval of [L,H]. Now, observe that
s s )

A(6},6¢,cos @) is identical to the LHS of inequality (5.25), after substituting v/; - v;
and v; - v using (5.20) and (5.21)), respectively. The derivative of A (x,y,z) with respect
to z is

IA(x,y,2)
0z N

B sin f(x) - sin f(y) +p+1
. . 8
7-\/1= (cos f(x) -cos £(y) +z-sin £ (x) -sin f(y))*

and has two roots:

-sinx - siny,

_cosf(x)cosf(y) 1 1 8sin f(x)sin f(y) ?
A= G s £ sin F) -sin £ \/1 (n(p 1) -sinxsiw)
and

_cos f(x)cos f(y) 1 . _( 8sinf(x)sinf(y) ?
2(xy) = sin f(x) sin f(y) " sin f(x) - sin f(y) \/1 <7T(P +1)- sinxsiny) .
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Figure 5.1: Numerical evaluation of the quantity max,c(o z A (0}, 6k, cos ) for all
pairs (6}, 6;) € [0, 7]? (left) and pairs (6;,6r) with 8; = 6, = 0 € [0, x| (right).

By inspecting the derivative, we can see that the function A (x,y,z) is decreasing as z
takes values in [L,z;(x,y)], has a local minimum at z; (x,y), increases as z takes values
in [z1(x,y),z2(x,y)], has a local maximum at z»(x,y), and decreases in [z2(x,y),H]. To
prove inequality (5.23), it suffices to show that

max A(0;, 0, cos¢) <O. 5.27
0,0 (65, 0k, cos ) (5.27)
Given the formal bounds on A (6}, 6, 1) and A(6;, 6, —1) in our analysis above, we
complete the proof of (5.27) by showing through extensive numerical computations
using Mathematica that the quantity

max A(6;,6r,22(05,6)) (5.28)
6;,6,€[0,7):
2(6;,60) €[ 1,1]

is upper-bounded by 0. The contour plot at the left of Figure [5.1] shows the values
of the quantity max,e[o ) A(6;, 6k, cos ¢) for all pairs (6, 6;) € [0, 7] The values in
the area defined by the dashed curves are those computed using (5.28); the remaining
values are the maximum between A (0;, 6, 1) and A(6;, 6, —1). In this way, we verify
that is true with the inequality being strict everywhere besides the single point
(m, 7). Recall that the formal analysis above has verified that the pair (7, ) is the
only point at which inequality is tight when vectors v;, v, and v lie on the
same 2-dimensional plane. The plot at the right of Figure [5.1] depicts the value of
A(6j,6r,22(6;,6)) for 6; = 6, = 6 being very close to 7.

5.7 Extensions and open problems

We have shown how to compute 2.7371-approximate pure Nash equilibria in cut
games in polynomial time, providing the first improvement to the 3-approximation
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bound of Bhalgat et al. [20]. With a few minor modifications, our algorithm works
for party affiliation games as well. These are generalizations of cut games, in which
an edge can be either enemy or friend, giving utility to the players controlling its
endpoints when they lie on different sides or the same side of the cut, respectively.

As future work, it would be interesting to explore whether other rotation functions,
possibly combined with more sophisticated rounding techniques (like those discussed
in [109]), can give further improved results. How close to almost exact equilibria
can we go? Even though we have made progress on this question here, the gap is
still large. Exploring the inapproximability of equilibria for cut games (possibly,
by strengthening the PLS-hardness results for local MAX-CUT in bounded-degree
graphs; see, e.g., [62]) is another problem that deserves investigation.






Chapter 6

Random 3-SAT formulas with
k-wise independent clauses

The problem of identifying the satisfiability threshold of random 3-SAT formulas has
received a lot of attention during the last decades and has inspired the study of other
threshold phenomena in random combinatorial structures. The classical assumption
in this line of research is that, for a given set of n Boolean variables, each clause
is drawn uniformly at random among all sets of three literals from these variables,
independently from other clauses. Here, we keep the uniform distribution of each
clause, but deviate significantly from the independence assumption and consider richer
families of probability distributions. For integer parameters n, m, and k, we denote by
Fi(n,m) the family of probability distributions that produce formulas with m clauses,
each selected uniformly at random from all sets of three literals from the n variables,
so that the clauses are k-wise independent. Our aim is to make general statements
about the satisfiability or unsatisfiability of formulas produced by distributions in
Fi(n,m) for different values of the parameters n, m, and k.

Our technical results are as follows: First, all probability distributions in .%;(n,m)
with m € Q(n?) return unsatisfiable formulas with high probability. This result is tight.
We show that there exists a probability distribution 2 € .%3(n,m) with m € O(n?)
so that a random formula drawn from & is almost always satisfiable. In contrast,
for m = Q(n?), any probability distribution & € .%4(n,m) returns an unsatisfiable
formula with high probability. This is our most surprising and technically involved
result. Finally, for any integer k > 2, any probability distribution & € % (n,m) with
m = O(n'~1/¥) returns a satisfiable formula with high probability.

6.1 Introduction

Satisfiability of propositional formulas (SAT) is one of the most renowned problems
in theoretical computer science. It appeared in the first lists of NP-complete problems
independently proposed by Cook and Levin, and is pivotal for many developments
in modern complexity theory. Today, many lower bounds on the running time of

65
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algorithms rely on the Exponential Time Hypothesis for solving SAT [24} 53193, 96].
On the practical side, SAT solvers are frequently deployed in hardware circuit design,
model checking, program verification, automated planning and scheduling, as well
as in solving real-life instantiations of combinatorial optimization problems such as
FCC spectrum auctions. Modern SAT solvers often find solutions to large industrial
instances with thousands or even millions of variables despite the NP-hardness of the
problem. However, there is still a large discrepancy between the performance of SAT
solvers on those instances and theoretical average-case predictions, which have been
studied in great depth under the line of research on random SAT.

Random SAT.

A j-CNF formula ¢ over n variables is composed of m OR-clauses, each containing
exactly j literals of j different variables. In the most commonly studied random
SAT model, a formula ¢ is generated uniformly at random from all possible j-
CNF formulas over n variables and m clauses. The most prominent theoretical
question related to random SAT is to identify the satisfiability threshold r; such that
lim,,_,.. Pr(¢ is satisfiable] is equal to 0 when m/n > r;, and equal to 1 whenm/n < r;.
It has been established [46]] that 2-SAT has r, = 1, and its phase transition window [23]]
is m e [n—0(n'/?),n+0(n'/?)]. For j > 3, the asymptotic j-SAT threshold was
shown to be 2/1log2 — %(1 +1log2)£0j(1) as j — oo [50] (improving previous results
from [3]]), while for large enough j the exact value of r; was determined in [S7]].
However, the question of identifying r; for small values of j remains open. In
particular, random 3-SAT has attracted a lot of attention. For the lower bound part,
it has been shown in a series of papers [1} 25} 46, [77, 188, [104]] that r3 > 3.52 (the
currently best known bound is due to [88] [104]). The upper bound part is studied
by [56, 159, [72, [103[]; the currently best known bound is r3 < 4.49 due to [56]. The
estimate r3 ~ 4.26 was derived from numerical experiments [[115]] (see also [41}[117]).

A more recent line of work [74-76, [123]] extends the standard model of ran-
dom j-SAT to non-uniform distributions. Their motivation comes from the em-
pirical observation that, in practice, CNF formulas often have rather different fre-
quencies/probabilities for the n variables to appear in each clause (following a
power-law distribution instead of a uniform one). Namely, Friedrich and Rothen-
berger [75] proposed a non-uniform random model, where the literals {x;,%;}c|y)
are selected independently at random in each clause ¢ of the random j-CNF with
Pr[x; € c] = Pr[x; € ¢] = p; and where probabilities p = (p;);c[,) may vary across dif-
ferent variables. They find satisfiability threshold r;(p) of non-uniform random 2-SAT
for certain regimes depending on p. However, the non-uniform model of [75] does
not capture the community biases/correlations (i.e., the fact that certain variables are
more likely to appear together in a clause), which are often observed in practice [13]].
This leads us to the question of whether it is possible to relax the strong independence
assumption in the existing random SAT literature.
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Relaxation of independence.

We first observe that it does not make much sense to study distributions of SAT
formulas with arbitrary correlations over the clauses. Indeed, by allowing correlation
between several clauses, one may enforce that the random formula ¢ contains large
fixed sub-formulas corresponding to NP-hard SAT variants. This would be at odds
with our goal of studying average-case complexity. Therefore, we must keep a certain
degree of independence in the distribution of instances. We propose to consider the
relaxation of mutual independence over m clauses in a random formula ¢ fo k-wise
independence for a small constant k. To keep the new model tractable, we focus
on 3-SAT and uniform distribution of literals within each clause. I.e., we assume
that (i) every 3-OR-clause ¢ of a random 3-CNF formula ¢ has three literals of three
distinct variables drawn uniformly at random among all such triplets of literals and
that (ii) given this marginal distribution of each clause ¢ ~ Fy,;, the distribution
2 over the clause set C in ¢ is only k-wise independent instead of the mutually
independent distribution Zp,q. = (Funi_)®m in the standard model. This is a natural
generalization that has been considered in a number of different settings but, to the
best of our knowledge, not in the context of random SAT. Note that the smaller &
is, the bigger the set of possible distributions Z. Furthermore, for small values of &,
a k-wise independent distribution & can still capture a large class of dependencies
among clauses but at the same time does not allow correlation between any k-tuples of
clauses. In mathematical terms, the family of discrete k-wise independent distributions
naturally appears when we map the set of distributions to the set of their low-degree
moments. Specifically, if a distribution & is supported on the n-dimensional binary
cubd| supp(D) = {—1,1}", then all its moments of degree up to k can be described
as u(D) = (E[[Tiesxi])|s|<k- As low-degree moments (basically, the image of u) are
extremely important in statistical analysis, it is equally important to study the kernel
of the aforementioned mapping, which exactly corresponds to the family of k-wise
independent distributions. Let us provide additional justifications of our framework
by discussing some of the theoretical work on random 3SAT and on other settings
with similar k-wise independence relaxation.

Pseudo-randomness. Historically, the k-wise relaxation of independence has been
actively used in the literature on derandomization and pseudo-randomness, as
it allows to significantly reduce the amount of random bits needed to generate
random objects. For example, Alon and Nussboim [9] consider random Erd&s-
Rényi graphs and examine the minimal degree k of independence needed
to achieve a variety of graph properties and statistics (such as connectivity,
existence of perfect matchings, existence of Hamiltonian cycles, clique and
chromatic numbers, etc.) that match those in the mutually independent case.
Benjamini et al. [18] consider similar questions for monotone boolean functions.
The motivation in [[9] comes from the fact that there are efficient constructions
of k-wise independent distributions with “low degree of independence” (say

!'Similar moment functions can be defined for any distribution with discrete marginals.
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k = O(logn)) that utilize only polylog(n) random bits, i.e., much fewer than the
polynomial number of random bits required to generate mutually independent
distributions. While some of this motivation can be applied to our setting of
random 3-SAT, it is a conceptually different story. Indeed, the perspective of
pseudo-random generation is through the lenses of “probability theory”, where
one controls the distributions and can simply choose one that satisfies necessary
conditions such as, e.g., (logn)-wise independence. On the other hand, our
motivation stems from “statistics”, as our ideal model should have a reasonable
fit to empirical observations. So, we would like to use as minimal assumptions
as possible and study small (constant) degrees of independence.

Refutability of 3-SAT. While the research on lower bounds for random 3-SAT often
comes up with certain simple heuristics that efficiently find a satisfying assign-
ment (see, e.g., the surveys by Achlioptas [2] and Flaxman [70]), it is extremely
hard to find an efficient refutation of a unsatisfiable 3-SAT formula. Indeed, the
common approach to refute a given SAT formula is proof in resolution. Chvatal
and Szemeredi [47] first showed that a random 3-CNF formula with m = O(n)
clauses (which is almost surely unsatisfiable) almost surely admits only expo-
nential size proof in resolution. Later, Ben-Sasson and Wigderson [[17/]] derived
similar result for much larger m = O(n3/>~¢). On the positive side, [73] gave
the first polynomial time algorithm via spectral techniques that almost surelyE]
refutes a random 3-SAT formula with m = n3/2*€ clauses. The best known
bound on m is due to Feige and Ofek [66] who proved that, for a sufficiently
large constant ¢, random 3-SAT formulas with m = ¢ -n3/? clauses can be almost
surely refuted in polynomial time using another spectral graph algorithm. We
note that a similar situation (extremely high probability of unsatisfiability for a
random formula and inability to efficiently confirm it) is unlikely to happen in
our k-clause independent model for constant k. Indeed, the main proof approach
for dealing with arbitrary k-wise independent distribution is to define a k-wise
statistic, which differentiates any satisfiable formula from a typical unsatisfiable
one.

Testing k-wise independence. The property of k-wise independence of a distribution
with n components can be tested using n°*) = poly(n) many samples in poly-
nomial time, when k is a constant [[10} [132]]. This is a useful property to have,
as it allows one to verify with only polynomially many instances of random
3-SAT, whether these instances conform to k-wise independence or not.

Robust mechanism design. A recent line of work in robust mechanism design also
considers families of k-wise independent Bayesian priors in single and multi-
unit auctions [34} 160, (85| [87]]. Their motivation is similar to ours, as they also
rely on the statistical point of view to justify the extension of the results for

ZRefutation in this case is an algorithm with one-sided error: it always refutes the formula correctly
by producing certain certificates, or says that the formula might be correct.
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mutual independent priors typically assumed in Bayesian mechanism design to
k-wise independent ones.

Problem formulation

We consider random 3-CNF formulas with n variables generated from a distribution
2 over m clauses, where the mutual independence assumption over clauses is relaxed
to k-wise independence. We use the term k-clause independence to refer to such
distributions. We denote such families of distributions by .%(n,m), where each
9 € Fi(n,m) has identical marginals uniformly distributed over all possible OR-
clauses and those marginals are only assumed to be k-wise independent in . We
would like to understand the following question for small values of &:

How does the satisfiability threshold 73 of random 3-SAT formulas behave
under any k-clause independent distribution & € % (n,m)?

As the distribution & is not unique, there might be a large gap between lower and
upper estimates of r3. To this end, we formally define the lower satisfiability thresh-
old LST;(n) as an upper bound on m, such that a random formula ¢ drawn from a
distribution in . (n,m) with m < LSTy(n) clauses has Pr|¢ is satisfiable] > %. Simi-
larly, the upper satisfiability threshold USTy(n) is a lower bound on m, such that the
random formula ¢ with m > UST,(n) clauses has Pr|¢ is satisfiable] < }. What kind
of bounds on upper UST,(n) and lower LST;(n) thresholds should we expect?

Reasonable expectations. The condition Z € .%;(n,m) only says something about
configurations of at most k clauses and does not put any other restrictions on the
random formula ¢ ~ 2. As the degree of independence k is a small constant, any
argument that gives bounds on LST; or UST; can only rely on statistics of at most
a constant number of clauses. Hence, it is rather likely that bounds on LST; and
UST; come together with efficient procedures of, respectively, finding a satisfying
assignment for a random formula ¢, or certifying that ¢ is not satisfiable. Hence,
given the prior work on random 3-SAT for Zpg, € Zk(n,m), we get the following
picture:

Upper satisfiability threshold. The best known result for refuting 3-CNF formulas
efficiently is due to Feige and Ofek [60], who show how to do it only for
a fairly large number of clauses m = c- n3/2. Furthermore, for any smaller
number of clauses m = O(n*/?>~¢), a random 3-CNF formula is likely to have
only exponential in n proof size for any unsatisfiability proof in resolution [[17].
Hence, it is out of reach to aim for a better bound on UST (1) than O(n*/?)
while relying only on k-wise independence for some constant k. In fact, the
best known positive result on efficiently computable proofs of unsatisfiability in
resolution is due to Beame et al. [[16]], who show that an ordered DLL algorithm
executed on a random 3-SAT instance with m = Q(n?/logn) clauses terminates
in polynomial time.
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Lower satisfiability threshold. As the proofs for the lower bounds on r3 often es-
tablish simple procedures that find satisfying assignments with high proba-
bility, it is still possible that LST;(n) is of similar order ®(n) as the lower
bounds on r3 for Zppqg.. Thus, the most ambitious result would be to show that
LSTx(n) < ¢ -n for constant ¢ that increases with k. A more modest goal is to
aim for LST;(n) = o(n) for a constant k, where LSTy(n) — O(n) as k — 0.

Our results

We obtain the following bounds on the lower and upper satisfiability thresholds
LSTx(n) and UST,(n) for various values of k.

Lower satisfiability thresholds. We show (in Theorem that LST;(n) >
Q(nl_l/ k) for any k > 2. Le., any k-clause independent random formula is satis-
fiable with high probability if it contains at most O(nlfl/ k) clauses. The argument
is simple: for any k-clause independent distribution, we look at the 3-uniform hyper-
graph that corresponds to the variables of a random formula ¢ produced according
to this distribution, and argue that this graph does not have Berge-cycles, with high
probability. We also provide an informal justification that this bound is asymptotically
tight, i.e., that LST;(n) = O(n'~'/¥). Specifically, we outline a plausible approach
for constructing a k-clause independent distribution with m = O(n'~'/¥) clauses such
that most of its formulas are unsatisfiable. Our approach is built upon existing con-
structions of dense hyper-graphs with large girth. It is interesting to note that, in
both the proof of the LST;(n) = Q(n'~!/¥) result and the approach for showing that
LST;(n) = O(n'~'/¥), we only need to consider variables and can completely ignore
the distribution over the literals.

Upper satisfiability thresholds. We first consider small degrees of independence,
i.e., k € {2,3}. In both cases, we show that UST;(n) = ®(n?), meaning that one
needs almost all possible clauses in a 3-clause (as well as 2-clause) independent
formula to ensure that it is unsatisfiable (see Theorem [6.3.T]and Theorem[6.4.1). The
most nontrivial part is to construct the distribution 2 € .Z3(n,m) with m = @(n?)
and Pr(¢ is satisfiable] > % Our construction is based on “3-XOR formulas” (i.e.,
OR-clauses that have either one or three literals that are satisfied by a randomly
planted truth assignment), which aligns well with the intuition developed in previous
work [64} 66]]. The main technical difficulty is to ensure k-clause independence by
adding a small fraction of unsatisfiable instances and checking all 3-wise statistics.
Our most exciting and technically involved result (see Theorem is our
proof that UST4(n) = O(n?), i.e., a random formula ¢ ~ 2 with m = O(n?) clauses
is unsatisfiable with large probability for any 4-clause independent distribution 2 €
F4(n,m). It is worth noting that such a bound is much harder to get under the 4-wise
independence assumption than in the case of a mutually independent distribution
Pmd.- Indeed, Feige and Ofek [66] describe a very simple refutation algorithm for
m = ©(n?) that fixes a variable x and considers all clauses containing x or ¥ (there
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will be ®(n) such clauses in expectation). Then, after deleting x (or X), one can reduce
the problem to the refutation of the respective random 2-CNF sub-instance, which
can be easily verified in polynomial time and has a low satisfiability threshold of
ro = 1. This simple approach obviously fails for 4-clause independent distributions.
We instead construct a bipartite multigraph G(¢) between pairs of distinct literals
on one side and all singleton literals on the other, in which every OR-clause in ¢
corresponds to three different edges. We then carefully examine the statistic k(¢) that
counts K » subgraphs in G(¢) for a random ¢ ~ Z. We find that the expected value
of k(¢) for random ¢ is only slightly larger than its absolute minimal value, while at
the same time k(@) is significantly larger than its expectation when ¢ is satisfiable.
Our argument bears certain similarities with the argument in [[66l], which also looked
at intersections of two literals between pairs of clauses but used the 3-XOR principle
and a differently constructed non-bipartite graph.

Roadmap

The rest of the paper is structured as follows. We begin with preliminary definitions
and notation in Section [6.2] Then, we warm up with our tight bounds on the upper
satisfiability threshold UST,(n) in Section Our lower bound on UST3(n) is proved
in Section [6.4| while our upper bound on UST4(n) follows in Section Section
is devoted to the study of the lower satisfiability threshold.

6.2 Preliminaries

Let xy, xp, -+, x, be n boolean variables. A literal ¢ is a boolean variable or the
negation of it. For convenience, we usually represent a literal as a variable-sign pair,
i.e. £ = (x;,s), where s is the positive sign + if the literal is a boolean variable and
the negative sign - if it is its negation. We define X(n) = {+,-}". An instance of the
Satisfiability problem in conjunctive normal form (or SAT instance, for short) is a
boolean formula over a subset of the n variables which is a conjunction of disjunctive
clauses, each clause containing literals with different variables. In a 3-SAT instance,
every clause has exactly 3 literals. Each SAT instance C can be described as a multiset
of clauses. We denote the size of an instance C as m = |C]|.

Given the number of variables n, let X(n) be the set of variables. Let T'(n) be
the set of all unordered triplets of variables 7'(n) = {(x;,xj,xx) | xi,xj, % € X (n),i <
J <k} and .7 (n) be the set of all possible clauses, i.e., all triplets with literals of
different variables. We will usually omit the dependency of X, T, and .7 on n, when
the value of n is clear from the context. To refer to the variable (the set of variables)
or the sign (the set of signs) of a literal (a clause ¢ € C), we define operators Var(-)
and Sign(-), so that if, e.g., ¢ = ((x1,+), (x2,-), (x3,+)), then Var(c) = (x,x2,x3) and
Sign(c) = (+,-,+).

A truth assignment is a vector ¢ € {0,1}", where 1 or 0 at the o; coordinate
corresponds to the “true” or “false” value of x;, respectively. A truth assignment o is
satisfying for an instance C when each clause ¢ € C has at least one true literal under
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0. An instance C is satisfiable if there exists a satisfying assignment; otherwise, C is
unsatisfiable.

The random 3-SAT model assumes that the instance is drawn from a probability
distribution over all possible 3-SAT instances with m clauses and n variables. The
main object of study in such a model is the probability of such a random instance
being satisfiable as a function of n and m.

Random 3-SAT without mutual independence

In the standard random 3-SAT model, each clause is drawn uniformly at random
among all clauses in .7 (n), independently from the other clauses. A constructive
definition is given by Model[6.I] We denote the distribution over instances generated

by Model [6.1]as Ziyq..

MODEL 6.1: Selects a 3-SAT instance uniformly at random from all possible instances
Input: Integers n > 3 and m > 1.
Output: A 3-SAT instance with n variables and m clauses.
1: C+0;
2: forl < 1,....mdo
3:  pick a literal triplet (¢;,¢,,¢3) uniformly at random from .7 (n);
4 C<—(£1,€27€3);
5. C+CU{c};
6: end for
7: return C

Our main focus will be on k-wise relaxations of the independent distribution.

Definition 6.2.1 (k-clause independent random SAT). A distribution 9 for selecting
a random SAT instance is k-clause independent if the set of any fixed k clauses S C C
is distributed uniformly at random over all k-tuples of possible clauses, i.e.,

Pr [c;=1,Vie€ k]|]= Pr =1;,Vi€ k]| = Pric;,=1].
Pelei=vic W)= By o =nvic )= [T Prici=d

for every c1,...,c;y € C and t1,...,tx € . We denote the family of all k-clause
independent distributions with m clauses over n variables as F(n,m).

We remark that, in contrast to the random 3-SAT model (Model [6.1)), which
defines a single distribution for given n and m, the family .%;(n,m) contains many
different distributions.

By definition, the probability of any event Ag that depends only on a subset § of at
most k clauses in the k-clause independent distribution & is the same as for Zp,q.. Le.,
the expectations of the indicator function [[Ag] are the same for & and Zy,q.. Hence,
by linearity of expectation, any statistic that involves only kX’ < k clauses must be the
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same for & and P4, 1.€.,

Is|=#" IS]=+"

We would like to understand what are the largest/smallest possible number of
clauses for a random 3-SAT formula to be almost surely satisfiable/unsatisfiable under
any k-clause independent distribution. Using SAT (C) to denote the event that the SAT
instance C is satisfiable, we define the following satisfiability “thresholds”.

Definition 6.2.2 (Upper satisfiability threshold). The upper satisfiability threshold
function USTy(n) is defined as follows. For integer n > 3, USTy(n) is the minimum
integer m such that

Pr [SAT(C)] < 1/3, V9 € Fi(n,m).

Definition 6.2.3 (Lower satisfiability threshold). The lower satisfiability threshold
function LSTy(n) is defined as follows. For integer n > 3, LSTy(n) is the maximum
integer m such that

CPI;) [-SAT(C)] < 1/3, VZ € F(n,m).
Extending the line of research on the standard random 3-SAT model, we would
like to have as tight estimates of USTy(n) and LST¢(n) as possible.

6.3 Tight bounds for the upper satisfiability threshold
UST;(n)

We begin with a technical warm up and prove asymptotically tight bounds on the
upper satisfiability threshold of 2-clause independent random 3-SAT.

Theorem 6.3.1. UST,(n) = O(n?).

Theorem[6.3.T|follows by the next two lemmas. Lemma[6.3.2] provides an upper
bound on UST,(n). In the proof, we introduce the technique that we will use later in
Section [6.5|to get a much more involved upper bound on UST4(n).

Lemma 6.3.2. For any 9 € F,(n,m) with m > 56(3), Prc.o[SAT (C)] < 56(3) /m.

Proof. Let &(C) &L Y...c;ecl[ci = c;] be the number of identical clause pairs in the
instance C. On the one hand, Equation (6.1]) implies that the expectation of & (C) is
the same when C is drawn from a 2-clause independent distribution and Zp,q.. On the

other hand, if an instance C has a satisfying assignment, at least 1/8 of possible clauses
from .7 must not appear in C, which means that the value of &(C) is significantly
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higher than its expectation. These two observations will allow us to get the desired
bound on the probability Pr¢..4[SAT (C)].

Let Z € .%#5(n,m) and define p Lot Prc..4[SAT (C)]. We shall derive two lower
bounds on the value the random variable & (C) can get: an unconditional lower bound
LB[&] (not far from Ec..4[&(C)]) and a lower bound LB[§ | SAT| on &(C) when C is
satisfiable (this will be significantly larger than Ec..4[& (C)]). We note that

Ec.4[8(C)] =Pr[SAT(C)]-E[£(C) | SAT(C)]
+Pr [SAT(C)]-E [£(C) | ~SAT(C)]
> p-LB[E | SAT] + (1 — p)-LB[E]. 6.2)

We next derive Ec.»[&(C)], LB[£], and LB[E | SAT]. We denote as M Lt |7 | =
8('3’) the number of possible clauses and A e /M > 1. First, we observe that

2

Ec.[& Z E [I[ci =¢j]] :m _m-Pr[c,-:cj]
ci,cj€C 2
2
m-—m A-M—
= =m- = (6.3)

To derive the lower bounds LB[] and LB[ | SAT|, we observe that any given clause

type t € .7 contributes (‘é’) pairs to & (C), where d; Lot Y. .ccI[c = t] is the number of
type ¢ clauses in C. Le.,

d?—d
)=y —, where ) d, =m. (6.4)
teT 2 teT
The minimum of &(C) = 1 ¥ d? — % under the constraint )" d; = m is achieved when

all the d; variables are equal, i.e., equal to ‘m = A. Thus, we get the following lower
bound LB[&] on &(C):

E(C) > dot 1 ) Az—T - l;l (6.5)
t67
To derive the lower bound LB[& | SAT] on &(C) for a satisfiable formula C, we
note that at least a %-fraction of the clause types are not present in C. L.e., at least % of
the d; variables have value equal to 0 in (6.4). Similarly to (6.5)), the minimum value
of £(C) is achleved when all the remaining 7M d, variables are equal to each other,
getting the value 277 8m That is,

def7'M 84 2 m %}L—l
> LB AT — —— (| =— | —==m- . .
g0) > ualg |sar] £ T () 7Y 66)
We plug the bounds (6.3)),(6.5)), and (6.6) into (6.2)) to get
M—1 Sa—1 ~1

2M 2
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After simple algebraic transformation, this is equivalent to the inequality 1 — % > %l,
which implies that p < Z¥ = 56(%) /m. O

To lower-bound UST,(n), we use a specific 2-clause independent distribution,
which is depicted as Model [6.2] The next lemma proves the correctness of our
construction.

Lemma 6.3.3. Model|6.2|defines a 2-clause independent probability distribution that
generates 3-SAT instances of size Q(n®) that are satisfiable with probability at least
1-0(n3).

MODEL 6.2: Selects a 3-SAT instance according to a 2-clause independent distribution

Input: Integer n > 3.
Output: A 3-SAT instance C with n variables and m = (}) clauses.

* With probability 1 — (}) ! construct a satisfiable instance C
1. Matchm = ('3’) clauses to all different T'(n) variable triplets uniformly at
random;
2. Pick a random truth assignment 6 ~ Uni[{0, 1}"];
3. For each clause ¢ € C matched to the variable triplet (x;,xj,x¢) € T (n)

— Pick a random sign triplet (sq,s2,s3) of the same parity with (o}, 6}, Ox)
(.e., ]I[Sl = —} —HI[SQ = —] +]I[S3 = —] +0i+0j+ 0 = 0 mod 2);
— Let clause ¢ < ((xi,s1), (xj,52), (X¢,53));

* With probability (}) - sample C from distribution Zyn;i _var defined as follows:
1. Pick a random single variable triplet (x;,x;,x;) ~ Uni[T (n)];
2. For each clause c € C

— Pick a random sign triplet (sq,s2,53) ~ Uni[{+,-}?];
- Let clause ¢ < ((x;,s1), (xj,52), (xk,53));

Proof. By its definition, with probability 1 — (’31)_1, Model |6.2| returns a 3-SAT
instance that has a planted satisfying assignment ¢. Indeed, the condition I[s; = -] +
I[so=-]+1[s3=-]4+0;+ 0+ 0 =0 mod?2 ensures that the assignment x; =
0;,Xj = Oj,X; = Oy satisfies clause ¢ = ((x;,51), (x},52), (xx,53)). Hence, using & to
denote the distribution according to which Model[6.2] selects the 3-SAT instance, we
have Prc. g [SAT(C)] > 1— (’31)_1.

We are only left to verify that the distribution & is 2-clause independent. We
first consider the distribution Var(c) of variable triplets for ¢ € C with C ~ & and
notice that it is pair-wise independent. Indeed, the probability of drawing a pair of
identical variable triplets in a 2-clause independent distribution is ('31) - , while the

probability of drawing two different variable triplets is 1 — (g’) ! we exactly match
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these probabilities in our construction, as we pick a pair of non-identical variable
triplets uniformly at random with probability 1 — (3) ~! and with probability (}) -
generate a pair of clauses with identical set of variables.

For the distribution of sign triplets, we first note that distribution Zyni-var is a uni-
form pair-wise independent distribution for each single triplet of variables (x;,x;,xx).
Second, we notice that when variable triplets are different in a pair of clauses cy, ¢y,
then each of these clauses has at least one unique variable that does not appear in an-
other clause (i.e., x; € Var(c;) and x; ¢ Var(c;), while x; € Var(c;) and x; ¢ Var(cy)).
As we pick in our construction the satisfying assignment ¢ uniformly at random, the
parity condition for the sign triplet in clause ¢, does not affect the sign of x, variable
for any fixed sign triplet of c¢;. Hence, we get all combinations of sign triplets in
c1 and ¢; (with a fixed set of variables) with the same probability. Therefore, our
construction is 2-clause independent. O

6.4 A tight lower bound for UST;(n)

Clearly, Lemma|[6.3.2] also provides an upper bound on the upper satisfiability thresh-
old UST3(n). The proof of the next statement follows by presenting a matching lower
bound through Model [6.3]

Theorem 6.4.1. UST;(n) = O(n?).

Proof. We give an explicit construction (see Model [6.3)) of a 3-clause independent
distribution 2 € %3(n,m) with n variables and (an even number of) m < % . ﬁ
clauses, such that Pr¢c.o[SAT (C)] >2/3 — O(n~%). Our construction in Model
follows the same pattern as in Model [6.2] but uses an additional step and minor
modifications to ensure 3-clause independenceﬂ

Now, we need to differentiate between three types of situations for a triplet of
clauses: type I, when all three clauses have pair-wise distinct sets of variables; type
11, when exactly one pair of clauses share the same variable triplet; type /11, when all
three clauses have the same set of variables. Notice that

-1 -1 -2 -2
n n n n

Pr(l]=1-3- Pr [II]=3- — Pr 111 = .
%nrd_[] <3> ' @Inl;_[ ] <3> <3) ’ @Inl;.[ ] (3)

The distribution & used by Model consists of three distributions: &, (sampled
with probability 1 — p — g), %, (sampled with probability p), and 25 = Zyni-var
(sampled with probability ¢g). The parameters p and g are chosen so that

3
Pr [Il|=p-Pr[lll=p-—— = Pr[ll];  Pr [llll=q= Pr[ll].
Xl =p-Priil)=p-— = Pri];  Pr{li]=q= Pr[lI]

3The first and third block of Model correspond to the two blocks of Model The only
difference in the first block is that the matching of C is not to all the variable triplets in 7' (n) but only to
m of them.
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MODEL 6.3: Selects a 3-SAT instance according to a 3-clause independent distribution

Input: Integer n > 3 and even integer m < % . (g)
Qutput: A 3-SAT instance C with n variables and m clauses.
Setp £ (m—1)-((4) ' = 3() ) and g £L (5) %

* With probability 1 — p — ¢, construct a satisfiable instance C

1. Match C clauses to m different variable triplets in 7 (n) uniformly at random;
2. Pick a random truth assignment ¢ ~ Uni[{0,1}"];
3. For each clause ¢ € C matched to the variable triplet (x;,x;,x;) € T'(n)

- Pick a random sign triplet (sq,s2,s3) of the same parity with (o}, 6, Ox)
(.e., ]I[Sl = —} +H[52 = —] +]I[S3 = —] +0i+0;+0r= 0 mod 2);
— Let clause ¢ < ((x;,s1), (xj,52), (X, 53));

* With probability p, construct an instance C with m/2 different variable triplets

1. Uniformly at random match C to 5 different variable triplets in 7' ()
(exactly 2 clauses in C per one variable triplet);

2. For each clause ¢ € C assigned to the variable triplet (x;,xj,x;) € T (n)
— Pick a random sign triplet (s1,s2,53) ~ Uni[{+,-}’];
- Let clause ¢ < ((x;,s1), (xj,52), (x¢,53));

¢ With probability g, sample C from distribution C ~ Zyni-var as follows:

1. Pick a random single variable triplet (x;,x;,xx) ~ Uni[T (n)];
2. For each clause c € C

— Pick a random sign triplet (sq,s2,53) ~ Uni[{+,-}];

- Let clause ¢ < ((x;,s1), (xj,52), (xk,53));

L.e., we perfectly match the probabilities of the events 7,11, and /1] for 3-SAT instances
produced by distributions & and Znq.. Note that, similarly to Model[6.2] the generated
3-SAT instance is always satisfiable when C ~ &;. The numbers p and g in the
definition of Modelare chosen so that p+¢ < % +0(n%) form < % . (g) Hence,
Prc.g[SAT(C)] >2/3—0(n™°).

It remains to verify that distribution & is indeed 3-clause independent. Let us fix

any three clauses c1,c2,c3 € C with C ~ . We shall separately study the distributions

of variable triplets and sign triples of (ci,cz,¢3). To this end, we define Var(c;) Lot

7, € T(n) and Sign(c;) s pi € {+,-}3 for each i € [3]. Let T}, T»,T; € T(n) and
p1,P2,Pp3 € {+,-} be respectively any three fixed variable triplets and any three
fixed sign triplets. Since we perfectly match the probabilities of types I,11,111 for
variable triples with the respective probabilities in Z,q., and we pick variable triplets
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uniformly at random in each %, %,, and %3, we have

Fr [f=m i) = By 1 i)

Thus, the respective distribution of variable triples generated by distribution & is
3-wise independent. For the distribution of sign triplets, we note that we sample signs
independently from the variable triplets and uniformly over {+,-}3 in either of 2,
and Z3. Hence, it only remains to show that the distribution of sign triplets in &, is
uniform 3-wise independent for any feasible triplets of variables (71,73, T3) such that
T) # 15, T, # T3, and Ty # Tz. We prove this by considering two cases. First, when
variable triples 71,75, T3 have at least 5 different variables among them.

Claim 6.4.2. When |TIUTLUT;| >5and Ty # T, Tr # T, T\ # T, we have

Pr[pi=puicl)|T=T.ic3)] = Pr [p.ic[3].
Proof. In this case, at least one of the variable triplets 77, 7>, or 73 must have a variable
that is not present in the other two triplets. Indeed, if we count appearances of the
variables in 71, 7>, T3, we get 3 - 3. On the other hand, if each variable in 771 U T, U T3
appears at least twice, our count must be at least 2-5 > 9 — a contradiction. Hence, we
may assume, without loss of generality, that variable triplet 73 has a unique variable
z€ T3 suchthat z ¢ Ty, 1.

As we choose the satisfying assignment ¢ in Z; uniformly at random, ¢ (z) €
{0,1} equally likely for any fixed assignment of variables in T} U 7>. Therefore, the
choice of sign triplet for 73 for any choice of sign triplets in 77 and 7> is uniform
over {+,-}3. This means that the choice of sign triplet for c3 in 2 is uniform and
independent of the clauses c; and c;. By the same reasoning as in the proof of
Lemmafor Model , the sign triplets in ¢; and ¢, are uniform over {+, —}3 and
pairwise independent in 7. U

Next, we consider the case when T1, 7>, and T3 have exactly 4 variables among
them.

Claim 6.4.3. When |1 UL, UT3| =4 and Ty # T, T» # T3, T # T3, we have

Pr |pi=pnic3|T=T,ic 3}: Pr [p;, ic[3]].
Pr[pi=piicB)|T=T,icB]] = Pr [p,icp
Proof. Let Ty UT, UT; = {x1,x2,x3,x4}. We shall prove a stronger statement that four
sign triplets p; € {+,-}> for i € [4] with C ~ 2; are 4-wise independent when their
respective variable triplets 71, T3, T3, Ty are all four different subsets of {x;,x,x3,x4}.
To this end, consider a system of 4 equations with 4 variables over the finite field [F,

X1 BxsBx3 =1 corresponds to T}, Py
X1 DX Bxqs = corresponds to fg,ﬁz 67)
X1 BxX3Bxs =3 corresponds to T3, D3 '

X2 DX3Dxg4 =g corresponds to Ty, §4.
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System ([6.7) always has a unique solution for any v, v,,v3,v4 € {0,1}. Le., for any
choice of sign triplets (p;);c(4), there is a unique truth assignment o restricted to
variables xp,x;,x3,x4 that satisfies the parity constraint from our construction of %,
(for each p; = (s%,sb,s%), i € [4], we set v; =I[s} = -] BI[sh = -] ®I[s} =-] and
the restriction of the truth assignment ¢ to variables x,x>,x3,x4 is the solution to
the corresponding system of linear equations (6.7)). As we choose the satisfying
assignment ¢ uniformly at random in %, the sign triplets (p;) icj4] are independent
and uniformly distributed over {+, -}°. O

The above two cases in Claims and|[6.4.3|cover all the possibilities for the
variable triplets generated in &, as we always have T, #* YA"J for different clauses in 2,
which concludes the proof of 3-clause independence of distribution &. Since our con-
struction has size m = Q(n?), and given that UB3(n) < UB,(n) = O(n?), Theorem
follows. O

6.5 An upper bound for UST4(n)

Our next result is rather surprising as it indicates that 4-wise independence allows
for a steep decrease in the upper satisfiability threshold compared to 2- and 3-wise
independence.

Theorem 6.5.1. UST;(n) = O(n?).

Proof. We will prove the theorem by showing that for any positive integers n and
m and any 4-clause independent probability distribution 2 € %#4(n,m), it holds

Prc.[SAT(C)] < O (max{%, ﬁ}) The claim is obvious for n < 10. We will
assume that n > 10 and m < /10 -n%/2, and will show that Pr[SAT (C)] < 42882
for every 4-clause independent probability distribution & € .Z4(n,m). Note that for

m > v/10-n°/2, the probability bound of O <i> follows by selecting uniformly at

N
random a subset of /10 - n°/2 clauses.

We will use a graph representation of 3-SAT instances defined as follows. Given
a 3-SAT instance C consisting of m clauses over n variables, the bipartite multi-
graph G(C) = (LUR,E) has a node corresponding to each (unordered) pair of literals
{1,¢,} from different variables at the left node side L and a node corresponding to
each literal ¢ at the right node side R. Hence, |L| = 4(}) and |R| = 2n. For every
clause ¢ = (¢1,4,,¢3) of C, G(C) has the three edges between the node corresponding
to the pair of literals (¢;,¢;) and the node corresponding to literal s_;_; for (i, j) €
{(1,2),(1,3),(2,3)}.

The main proof idea of Theorem|6.5.1]is to analyse the statistic k(C) defined as
the number of distinct K, » subgraphs in graph G(C). Namely, we first derive an upper
bound on the expectation Ec.4[k(C)] (see Lemma when C is drawn from
the 4-clause independent probability distribution & € %4 (n,m). We then give two
lower bounds on the value of the random variable k(C) by considering an underlying
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simple subgraph of G(C). Note that the underlying simple subgraph corresponds
to a smaller instance C, in which we remove all repeated clauses. As we show in
Lemma this does not significantly reduce the size of the instance. Our first
lower bound (Lemma on K(é) holds for any instance C and is very close to the
upper bound on the expectation of k(C). On the other hand, when C is satisfiable, we
manage to give a significantly stronger lower bound on k(C) in Lemrnam We
conclude the proof of Theorem [6.5.1] by relating all these upper and lower bounds

with Ec.5[k(C)] in Lemmal6.5.8|

Upper-bounding Ec..»[x(C)]. A K3, subgraph in graph G(C) is formed by edges
corresponding to four clauses. In the next simple Lemma[6.5.2] we describe necessary
and sufficient conditions for a set of four clauses to create one or two K3 > subgraphs in
G(C). The expected number of K, » subgraphs in G(C) can be calculated by linearity
of expectation: we simply estimate the probability that a set of 4 clauses corresponds
to K, » in G(C) for any 4-wise independent distribution & € .%4(n,m), which is the
same as for Zypq, distribution. We apply Lemma [6.5.2]to get a lower bound (a tight
estimate of) on the expected number of K > subgraphs in Lemma[6.5.3]

Lemma 6.5.2. Any set of four clauses in C satisfies one of the following 3 cases.

1. Form exactly one K; > subgraph in G(C) and there is an ordering of the clauses
(c1,¢2,¢3,c4) such that c4 and cy share no literals; ¢, shares two literals with
c1 and one literal with c4; and c3 has the literals of ¢ and c4 that do not appear
in ).

2. Form exactly two K> subgraphs and there is an ordering of the clauses
(c1,¢2,¢3,c4) such that c4 shares one literal with c; ¢, has the common literal
of ¢ and cy4, one more literal of c1, and one more literal of c4; and c3 shares
the common literal of ¢ and c4, and has the literals of ¢\ and c4 that do not
belong to c;.

3. Do not form any K » subgraphs in G(C).

Proof. Consider a K, » subgraph H of G(C) with the four edges ey, e, €3, and e4 as in
Figure[6.Ta) and assume that they correspond to clauses ci, ¢z, 3, and ¢4, respectively.
Then, the two right nodes in H correspond to different literals, e.g., g and h. The
two left nodes in H may correspond to either two disjoint pairs of literals, e.g. {a,b}
and {d, f} (see Figure[6.1b) or to two pairs sharing a literal, e.g., {a,b} and {a,d}
(see Figure [6.1c). So, using the letters a, b, d, f, g, h to denote distinct literals, we
distinguish between the two cases:

* Case 1. ¢; = (a,b,g), co = (a,b,h), c3 = (d,f,g), and ¢4 = (d, f,h). Then,
the twelve edges corresponding to ¢y, ¢, ¢3, and ¢4 in G(C) are depicted in
Figure We observe that the Kj > of Figure[6.1h|is the only K; > subgraph
defined by ¢y, ¢, c3, and c4.
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Figure 6.1: Possible structures formed by four clauses in the corresponding bipartite
multi-graph. In subfigure (e), there is one K3 > subgraph formed by nodes (a,b), (d,g),
g, and & and their incident edges. In subfigure (f), there are two K5 > subgraphs; one
formed by the nodes (a,b), (a,d), g, and h and their incident edges and one formed
by the nodes (a,g), (a,h), b, and d and their incident edges.

» Case 2. ¢; = (a,b,g), c2 = (a,b,h), c3 = (a,d,g), and ¢4 = (a,d,h). Now,
the twelve edges corresponding to ¢y, ¢, ¢3, and ¢4 in G(C) are depicted in
Figure Observe that they form two K3, subgraphs in G(C) (the two

depicted in Figures and|[6.1d).

These are the only cases in which four clauses can form K5 > subgraphs in graph
G(C). O

81m* + 729m3

Lemma 6.5.3. For any 9 € F4(n,m), it holds that Ec..4[x(C)] < e

= 64n®

Proof. Let p; and p, denote the probabilities that a set of specific four clauses of
C ~ 2 respectively falls into case 1 and 2 from Lemma (as Z € F4(n,m) the
probabilities p; and p, are the same for any four clauses). By linearity of expectation
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and Lemma we have

B [0 = (1) (42 68)
To bound p, consider an arbitrary ordering (c;,c2,c3,c4) of the four clauses (there are
4! = 24 orderings). Given c; and c4 have different literals (happens with probability
close to 1), there are 9 ways to select two literals from c¢; and one literal from c4
in c; and then only one way to select the remaining literals in c¢3. Note that there
are exactly 4 orderings (c,c¢2,¢3,¢4), (c2,¢1,¢4,¢3), (¢3,c4,¢1,¢2), and (ca,cy,ca,C3)
of {c1,¢2,c3,c4} that meet the conditions of Case 1 from Lemma As we can
assume without loss of generality that these four clauses are selected independently
(due to 4-clause independence of Z), we have

9 1 1 243 L 2431215 69)
S 8(%) 8(3) 4 82(n—1)2(n—2)> " 8n®  4n’ '

The last inequality follows after verifying that m < n% + rlT? when n > 10.

We now bound probability p, that the four clauses meet the conditions of Case 2
from Lemmal6.5.2] Let us fix an ordering (c1,c2,c3,c4) of the four clauses (4! = 24
orderings in total). For a given clause c; there are 3 choices of the shared literal
between c; and cy, i.e., the probability that ¢4 meets the conditions of Case 2 is at

34("5)

most 8() For fixed c; and c4, there are only four choices for c¢;; and for given ¢y,
3

2, and ¢4 there is a unique choice for c3. There are exactly 4 orderings (cy,c2,c3,¢4),
(c2,¢1,¢a,¢3), (€3,¢4,c1,¢2), and (ca,c1,c4,c3) of {c1,c2,c¢3,c4} that meet conditions
of Case 2. As we can assume without loss of generality that these four clauses are
selected independently (due to 4-clause independence of &), we have

41 34" 4 243 243

PETTREBE 8@ - 1)2(n—2)2 " 2nT’

(6.10)

where the last inequality holds, as (n — 1)%(n —2)* > % for n > 10. Finally, by

substituting (6.9) and (6.10) into (6.8)) we get
81m*  729m* _ 81m*  729m’

E [x(C) <
C~@[ )< 64n° + 32n7 — 64nd + 3204’
as desired (the last inequality follows, since m < v/10- n/2 <nd). O

Lower-bounding Ec.»[k(C)]. For a 3-SAT instance C with m clauses over n
variables, let C be the maximal subset of clauses in C with removed duplicates
(identical clauses). The (simple) graph G(g ) is the underlying simple subgraph of the
multi-graph G(C). We denote by m the number of clauses in C. We next obtain two
lower bounds on K(5 ) in terms of n and m: (i) for arbitrary C in Lemmas m and

better bound (ii) for the case when C is SAT. These bounds only exploit the structure
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of the graph G(é ) and thus do not depend on any properties of 2. We then show in
Lemma[6.5.7/how to relate expectation of m (m < m) to m. Finally, we combine all
these bounds in Lemmal6.5.8]to relate Ec..»[«(C)] with Pre.g [SAT (C)).

Let us now define some notation used in the proof of both Lemmas [6.5.5] and
[6.5.6] We denote by R, the set of all pairs of distinct nodes in the right node set R
of graph G(C) = (RUL,E). Thus, |Rz| = (22") > |L|. Then, for a pair (v,v’) € Ry, let
B,,,» denote the set of nodes in L that are adjacent to both nodes v and V' in R.

In the proofs of Lemmas|[6.5.5]and[6.5.6] we extensively use the following obser-
vation.

Claim 6.5.4. Letxy,...,x; > 0. Then ¥* | x? > 1 (Y& lx,).

We are ready to prove our first lower bound on the number K(é).

Lemma 6.5.5. Let C be an instance over n variables which consists of m distinct

clauses. Then,
~ _ 81m* 27m?
k(C) > n n

= 64nS  8nt
Proof. Observe that the lemma trivially holds if m < 8s2/3, as the RHS of the
inequality in its statement is non-positive. In the following, we consider the case
m > 8n* /3. Notice that this implies that 7 > 4|R,|/3 and m > 4|L|/3; these facts will
be useful later in the proof.

Let v and V' be two (different) nodes in R side of G(& ). The number of different
K> subgraphs in G(C) with vertices v and V/ is (lBé""|). Thus, using Claim x(C)
can be bounded as

~ ]BJ\ 1 1
k(C) = Z ( ;V =5 Z |Bw,|2_E Z |By.v/|
(va,)ER2 (V7V,)€R2 (Vvv/)ERZ
2
1<Z!B I> LY By 6.11)
= VAV . v |- .
2|R2| €R 2 (v )ERy

Now, notice that the quantity }.(, ,)cg, |B,,,/| is the total number of distinct pairs of
different nodes in R that the nodes in L have. Thus, denoting the degree of node u € L
by d, (recall that },,c; d, = 3m), we get

) |Bv,v/\=2<) 3L T

(vV)€ER, uel ueL ueL

1 3m
> — d, d, = —_. (6.12)
() ge-am-2

The 1nequahty follows by Claim|6.5.4f We now aim to substitute ¥, /g, |By,/| with

% — =% at the RHS of Equation (6.11)) and get the desired bound on K(C ). However,
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before doing so, we need to make sure that the RHS of Equation (6.11]) is increasing
for the range of values Equation (6.12) defines for }.,,,/)cg, |By,v|- Indeed, we have

9m*> 3m 3m (3m

m_m_ <’Z’1—1> > 6|Ra| > |Ra|/2. (6.13)

200 2 2
The inequality follows by the facts m > 4|R;|/3 (and, hence, % > 2|Ry|) and m >
121

4|L|/3 (and, hence, %’ —1>3). Now, observe that the function zz-rx® — 7x is

increasing for x > |R,|/2. Thus, due to Equation (6.12) and by our observation in

Equation (6.13)), Equation (6.11)) yields

~ 1 /932 3m\> 1/9 3
KC)> s (2= ) =5 (2 —
2R \2|IL] 2 2\2L] 2
_ st () oae 3
~ 8|Ry||LJ? 3m 4L 4
81m* 27m3 9m? 81m* 27m3
> 5~ - 2 5 —
8|R2||L[*  4[Ro[L|  4[L| ~ 8|R2f|LI*  2[Ra|IL|
27 [ 3m 27m3 [ 3m 81m* 27w
= — | — — > | — — =
2|Ry||L] \ 4|L] — 8n* \ 8n? 64n®  8n*

as desired. The second inequality follows by the property (1 —x)? > 1—2x. The
third one follows since m > 4|R»|/3 > |R2|/3 (and, hence, Z% < 4‘2#%). The last
inequality follows by the facts |R>| = (22”) <2n*and |L| =4(}) < 2n? O

We now present a second lower bound on the number k(C), specifically for the
case of a satisfiable instance C.

Lemma 6.5.6. Let C be a statisfiable instance with n variables and m distinct clauses.
Then . ;
~ _ 82m* 123m
> =
K(C) 2 Gans ~ TTond

Proof. Observe that the lemma trivially holds if m < 612, as the RHS of the inequality
in its statement is non-positive. In the following, we consider the case m > 6n>.

We begin with some additional definitions. Consider an assignment ¢ satisfying
C (and, thus, satisfying 5). Let Lg be the subset of L consisting of nodes identified by
two literals, at least one of which is true according to 6. Let Ly = L\ Lg. Similarly, let
Rs be the subset of R consisting of nodes identified by a literal which is true under &
and define Ry = R\ Rs. Clearly, |Ls| = 3|L|/4, |Ly| = |L|/4, and |Rs| = |Ry| = |R|/2.
Finally, let R‘EU be the subset of R, consisting of pairs in Rg X Ry, i.e., having a node
from R and a node from Ry. Clearly, RSV | = n* and |R, \ RSV | = n? —n.

Define P =}, )cpsv |B,| and Q = L) eRry\RSY |B,,|. We will bound the

number k(C) using

K(C)= Y <|B;V/’>
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1 1
=3 L BwF-5 X B
(v eRSY (v eRSY
1 5 1
TR NI W
(v ER\RSY (v ER\RSY
2
1 1
SET IR P YL e AP M
2 (vy)eRrSY (vv)eRSY
2
1 1
MBIV P My Bt T P
2 (v )ERy \Rgu (v,v’)eRz\R‘gU
1 1
— (P* P
> Lo - Lo
1 1
=7 (PTQP+0-2")+ (0~ P)". (6.14)

The first inequality follows by Claimand the second one by the fact [Ry \ R3V| <
RS = .

For a node u € Lg, denote by «, and 3, the number of nodes in Ry and Ry that
are adjacent to node u in G(é ). For a node u € Ly, denote by 7, the number of nodes
in Ry that are adjacent to node « in G(é); notice that u cannot be adjacent to any node
of Ry as such an edge would correspond to an unsatisfied clause under o. These
definitions imply that

Y (w+B)+ Y n=3m (6.15)

uclLs ucly

Observe that for each node u € L, there are o, 8, node pairs in R3V and (%) + (g“)
node pairs in R, \RgU to which node u is adjacent. Also, for each node u € Ly, there
are (") node pairs in R, \ B3V to which node u is adjacent. Thus, using the definition
of B, s, we get

P= Z ’Bv,v" = Z auBu (616)

(vv/)ERSU u€Ls

U 1 (1 ) 1
() ER\RSY u€Ls 2 2 uely 2

To complete the proof, we will bound the RHS of Equation (6.14)) with P and Q
defined as in Equations (6.16)) and (6.17)), under the constraint imposed by Equation

©.13).

Observe that

rro= 3 ((3) () rer) 1. (3)
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" Z oy + ﬁu + = Z Z oy + Bu Z %l
ueLg uELU uELS uELU
> Zw+ﬁ):12y2—12a+ﬁ L
B |LS| u€Lg ! ! 2|LU| ucly ! 2 ucLg ! ” ueLU !

2 2
1 - 1 3m
S R [ i P R
2\Ls| ( MGZL:U ) 2Ly (ZZLU ) 2
1 ? 1 ? 3m
m
Z PG 3ﬁ - YM + ) YM - T~
37’12 ( MEZLU ) }’l2 (M;U ) 2
2
4 2m 3m®  3m
:w<2%>iﬁzﬁ+ﬁ‘z- (6.18)

ucly ucly
The first inequality is due to Claim [6.5.4] the third equation is due to Equation
, and the second inequality is due to the facts |L5| = 3|L|, |Ly| = 1|L|, and
|L| = 4(5) < 2n*. Le., for the quadratic function f(x) = def 332)62 i’z"x—i— %2 - % the
equation (6.18) reads as P+ Q > f(xo) for xo = ¥z, Yu- This function will also be
useful later. Similarly, we have

Q‘P:u&((z) (%) “uﬁu) ()

~ Z o, — Bu + Z Z att+Bu Z Yu

MGLS LlGLU M€Ls LlELU
1 1
ZEZY&_EZ au"‘ﬁu ZYM
ucly uclLg ueLU
2
1
2 2 L Z " Z au+ﬁu Z YM
Lu| ucly ueLU uGLU

2 2
1 3m 1 3m
= ) I A (6.19)
2|LU‘ (ME;UY) 2 I’l2 (uGZLUY> 2

We conclude the proof by considering two cases for xo = } e, Yu-

Case 1: xo = Y ,cr, Yu > % Notice that f(x) is minimized for x = 3’" at the value
Y . .
3’% — %, which is greater than n” due to the fact m > 6n°. This observatlon together

with Equation (6.18) yields P+ Q > f(xo) > n>. Now notice that the quadratic

function x(x —2n?) is increasing for x > n?, and using the bound P+ Q > f(xp) >
Z—’;’f — 3 we get

S I
(P+Q)(P+Q—2n%) > (i’:z —3;"> <9m—3m—2n2>
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81m* 27w  9m?

“ et a4 (020

As xop > m/2, (6.19) yields Q — P > % - %, which is positive because m > 6n?.
Thus,

3 (6.21)

By equations (6.14), (6.20), and (6.21)), we get

~ 82wt 15m  82m*  123m8°

C) > _ _
k(C) 2 64n° 8n* T 64n 16n4

i 3w\’ @t 30 o
_p2> m-_omy _ )
(@=P)" 2 6 4m? 4

as desired.

Case 21 X0 = Yuery Yu < %.~2 Noti~ce that the quadratic function f(x) is decreasing
in [0,%%). Thus, f(xo) > 2% — 3", which is higher than n*, as m > 6n’. Hence,
P+Q > f(xo) > n®. As the quadratic function x(x — 2n?) is increasing for x > n? and

ST
P—|—Q273%—37m>n2,weget

2o (723w (T 3m
(P+Q)(P+Q—2n)2(3n2 2><3n2 ’ 2n>

49m* T 29m* _ 82m*  123m’
~ Ont n? 12 — 16n* 4n?

The last inequality holds as /1 > 6n%. The lemma now follows by Equations (6.14)
and (6.22). O

The next lemma relates m with m and n.

(6.22)

Lemma 6.5.7. Ec._g[m*] > m*— 12 .3 . %,

Proof. For two clauses ¢ and ¢’ of C, let X(c,c’) be the binary random variable
indicating whether ¢ = ¢’ (then X(c,c’) = 1) or not (then, X (c,c’) = 0). We first
observe that

)

m<m+ Y X(cc). (6.23)
{e,c'}e (g)

Indeed, let k = k(0) be the multiplicity of each clause type 6 in C, then the left hand
side m =Y g k(0). For any value of k, the type 6 contributes at least k(6) to the right
hand side of (6.23): (i) for k = 1 we count one 6 in m; (ii) for k = 2 we count 6 once
in m and another time in X (c,c’) for ¢ = 6 = ¢/; (iii) for k > 3 the terms X (c,c’) with
¢ =6 and ¢’ = 6 contribute (]2() > k to the right hand side of (6.23). After taking
expectation over C ~ 7, we get

- o (m\ 1
E [m]>m—{§}cl:1;j[C—c]—m (2)
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3m? - 25m? | 25m
m———==m|1l-— .
8n(n—1)(n—2) — 48n3 48n3

>m—

Thus, using Jensen’s inequality, the fact (1 —x)* > 1 — 4x, and the assumption
m<+v10- n5/2, we have

4 5

c~9 43 w3 =" "6 ’
as desired. Ul
We prove a lower bound on E[x(C)] using the last three lemmas.

mt
Lemma 6.5.8. For any 9 € F4(n,m), we have Ec.5[x(C)] > %X:ﬁ 12312%” + a5
Prc..o[SAT(C)).

Proof. We prove the lemma with the following derivation:

E [K(O)]> E |(C)]

- F {K(6)|SAT(C)} - Pr [SAT(C)]

+E [K(6)|—|SAT(C))} - Pr [-SAT(O)

2m*  123m°
> E |——
c~7 | 64n6  16n*

SAT(C)| - Pr [SAT(C
©)] o fsar(c
81m*  27m
+ -
c~7 | 64n6  8n*
82t 1233
C~9

AT - Pr |=SAT

SSAT(C)| - P [SAT(C)
n~14
64n°

> B s Tent |
- 6ii6 cg_@ '] = 11221’17‘1l 6’471126 Clzrj [SAT(C)]
4 3 4
e
4 3 4
PN

—SAT(C)] - Pr [-SAT(C)]

as desired. The second inequality follows by Lemmas [6.5.6]and [6.5.5] the fourth one
by the fact m < m, and the fifth one by Lemma O

Putting everything together. Lemmas[6.5.3and[6.5.§]yield

81m*  1215m> m* 81m*  729m3

_ AT(C) < E < Slmt | 729m7
646~ 3omt gans X58ATO] = E KO < st 350

which implies the desired bound Pr¢..4 [SAT (C)] < %, completing the proof of
Theorem [6.3.]] O
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6.6 Bounds on the lower satisfiability threshold

In this section, we present our upper bound on the lower satisfiability threshold and
explain why we believe that it is the tight bound for every degree of independence.

Theorem 6.6.1. For every integer k > 2, LST(n) = Q(n'~1/%),

Proof. We prove the theorem by showing that for every integers n > 3 and
m< - n'=Vk any k-clause independent distribution 2 € .Z(n,m) satisfies
Prc.4[—SAT(C)] < 1/3.

Let G(C) = (V,E) be a 3-uniform hypergraph defined by an instance C drawn
from a k-clause independent distribution &, V = X(n) and E = {Var(c) }.cc, i.e.,
every node in G represents a variable and every hyperegde in G represents the variable
triplet of a clause. We consider simple Berge-cycles (or, simply, cycles) of length £ > 2.
A cycle of length ¢ > 2 is defined as a set of ¢ distinct hyperedges ej,ez,...,ef € E
such that pairs of consecutive edges share exactly one vertex (le; Ne;1| = 1 and
le¢Ney| = 1) and all other pairs of hyperedges are disjoint. In a cycle of length ¢ =2,
the two hyperedges e; and e, have at least two vertices in common. We similarly
define a path of length ¢ > 2, where pairs of consecutive edges share exactly one
vertex (Je;Ne;1| = 1 for i € [¢ — 1]) and all other pairs of hyperedges are disjoint.
We observe that any unsatisfiable instance must contain a subgraph H in G such that
every variable in H appears in at least two hyperedges of H, which in turn implies
that G has a cycle. That translates into the following upper bound on the probability
that instance C ~ Z is not satisfiable:

Pr [-SAT(C)] < pr Beyclein G(C)] < ) E, [Cycle,(G(C))]

>2%"
k—1
< E_[Path, (G(C))]+ @ZECE-@ [Cycle,(G(C))]
k—1
- CNEM, [Path, (G(C))] + @chﬁm [Cycle, (G(C))].  (6.24)

In the above derivation, Cycle,(G(C)) counts the number of distinct cycles of length
¢in G, and Path, (G(C)) counts the number of distinct paths of lengths & in G. For
each ordered tuple of k hyperedges in G (there are k! - (’}:) such orderings), we can
easily calculate the probability that they form a path. Thus,

m . (n—3 k L (n—2t+1 k—2
JE [Pathk(G(C))}zk!-<k>-3 E")Z ) .112 ((n)z )<mk'z_<2) '
Ind. 3 Pl .
(6.25)

For each ordering of k edges, the first edge e; can be chosen arbitrarily; the second
edge has exactly one vertex in common with e; and the remaining two vertices are
chosen from [n] \ e; vertices; each of the remaining edges e, for # > 3 has exactly one
of the two vertices of ¢;_1 different from ¢,_; Ne;_» and has two other vertices chosen
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from [n] \ (e;U...Ue—1). The upper bound follows after simplifying each of the
terms. We similarly derive an upper bound on E[Cycle, (G(C))] for £ > 3 as follows:

1 m\ [3-(%57) S22 (YN ] 4-(n—2041)
o5, s <o (7). [ G e

where for each ordering of £ edges (now 2¢ > 6 different orderings correspond to the
same cycle), the probabilities to choose the first £ — 1 edges can be computed in the
same way as for Path ; for the last hyper-edge ey, there are 4 = 2 -2 ways to select a
vertex of e,_| together with a vertex of e;, and n —2¢ + 1 choices for the new vertex
in [n]\ (e;U...Ue;_1). Hence,

E [Cycle (G(C))] <m'- [9. <6>“] 41 <6m>£ 6.26)

C~Dna. n n

For ¢ = 2 we have

E [Cycle,(G(C))] = (’;) . 3('1(—)3)+1
;

C~Dina.
C3me(m—1)-(3n—8) _ (3m\’
e <)

(6.27)

We conclude the proof by plugging estimates (6.25)),(6.26), and (6.27) into (6.24).

resiren <25+ () (%)

nk n s\ n
< 2 n 1 +1 1 n 1 - 1 - 1
— 3.2k 16 6 \23 24 T 2k 3
The second inequality follows since m < ﬁ -tk O

On the tightness of the O(n'~!/¥) bound for LST(n)

Theorem says that k-wise independence of Z € #(n,m) is enough to guarantee
satisfiability of a random formula C ~ 2 for the number of clauses m of order
n'=Vk_On the other hand, for the mutually independent distribution Zp,q. a random
formula is unsatisfiable with high probability for m = O(n). Furthermore, our analysis
in Theorem is essentially tight and it seems unlikely that there is a better
bound than m = O(n'~'/¥). We discuss below why this is the case, by outlining a
plausible way for constructing k-clause independent distribution & € % (n,m) with
Prc.g[~SAT(C)] > % and m = ©(n'~/¥).

Informal outline of the construction. In our construction of the k-clause inde-
pendent distribution & we are only concerned with the distribution of clauses over
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variables, as all literals will be assigned uniformly at random and independently. Then,
a sufficient condition for a random formula C ~ & to be unsatisfiable with large proba-
bility is that the 3-uniform hypergraph G(C) constructed in Theorem has a dense
subgraph, i.e., a subgraph on |V (H)| vertices (corresponding to variables in C) with at
least |E(H)| > 100- |V (H)| hyperedges. Indeed, one can simply count the expected
number of satisfying assignments of a random formula ¢y on V(H) variables and
|E(H)| fixed clauses with randomly assigned literals: initially, all 2I¥ )| assignment
are satisfying, but then, as we add |E(H)| clauses one-by-one, the expected number
of satisfying assignments reduces each time exactly by a factor 7/8 (each satisfying

assignment disappears with probability 1/8). At the end, we get that the expected

number of satisfying assignments is (%) 100V ()| 2VH)I < 0.01, which means that L)

1s unsatisfiable most of the times.

Now, we want to make sure that our hypergraph G(C) often has such a “dense”
subgraph H, to get an unsatisfiable random formula. Notice that H needs only have a
constant number of vertices. Also, note that according to the analysis in Theorem[6.6.1]
we need to avoid any cycles of length smaller than or equal to &, as the probability
of having such a cycle is of order o(1) in G(C) for m = ¢-n'~'/* and any k-clause
independent distribution C ~ .%(n,m). Luckily, there are many construction of such
3-uniform hypergraphs H on |V (H)| = O(1) vertices with large number of hyperedges
E(H)| > 100|V(H)|, and also of large girth g(H) > k+1 (e.g., see [61]). We shall
“plant” H (essentially insert H as a connected component into G) with large probability
in our construction. However, we need to make sure that by inserting H into our graph
G, we still have enough room to match Pr{c; = t;,Vi € S] = [[;es Pr|c; = 1] for all

S:|S|] < k. Next, we give a high level idea how one could achieve this.

As usual for the construction of distributions with identical marginals, we sym-
metrize & over all possible permutations of variables in C ~ 2. Then, our goal is
to match the expected numbers for each isomorphism class of configurations of k
hyperedges in G(C) for C ~ 2 with C ~ Znq.. It is useful to take note of the structure
of typical hypergraph G(C) for C ~ P1pq. Whenm =c- n'~1/k: it consists of connected
components, each of which is a tree of size at most k; the number of connected
components of size k is a constant that grows slightly faster than linearly in ¢ and,
more generally, the number of connected components of size k — j is @(n//¥). There
is also a o(1) probability event of having a Berge-cycle or a connected component
of size at least k+ 1 in G(C) for C ~ Ppq.. We can ignore in our construction of &
those events, by adding small probability mass to & that consists of Z,q. conditional
on any of these rare events (can be easily achieved via rejection sampling from Zpnq.).
In this way, we only need to worry about matching expected numbers of forest config-
urations of size k in G(C) between C ~ 2 and C ~ Z,4.. We can pick the constant in
m = ¢-n'~'/* sufficiently large, so that the constant size subgraph H contributes fewer
trees of each type than their respective expected numbers in G(C) for C ~ Zjpq.. Then,
we can add a few more connected components that are trees of size k to C ~ &, so that
we match k-wise statistics on all tree configurations with C ~ Zphq.. By having H and
a few trees of size k in the graph G(C) for C ~ 2, we only utilize a constant number
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of variables. Then, we would like to keep adding smaller connected components
that consist of trees with strictly less than k& hyperedges and eventually match k-wise
statistics on all forest-like configurations of size k.

It seems plausible that the approach outlined above should work and yield a
k-clause independent distribution &. Apart from heavy notation that would be needed
to formalize all steps in the above outline, the main technical hurdle is to ensure
that statistics for all “forest-like” configurations of k hyperedges with more than one
connected component are perfectly matched with G(C) for C ~ Zj,q.. Note, however,
that even if our approach fails and there is a stronger version of Theorem[6.6.1] with
m = @(n'~'/¥) and Pre.o[SAT(C)] > % for any k-clause independent distribution
2, such a theorem would require a rather nontrivial argument that relies on subtle
dependencies between multiple k-wise statistics.



Chapter 7

The revenue gap of linear pricing
for selling a divisible item

Selling a perfectly divisible item to potential buyers is a fundamental task with
apparent applications to pricing communication bandwidth and cloud computing
services. Surprisingly, despite the rich literature on single-item auctions, revenue
maximization when selling a divisible item is a much less understood objective. We
introduce a Bayesian setting, in which the potential buyers have concave valuation
functions (defined for each possible item fraction) that are randomly chosen according
to known probability distributions. Extending the sequential posted pricing paradigm,
we focus on mechanisms that use linear pricing, charging a fixed price for the whole
item and proportional prices for fractions of it. Our goal is to understand the power
of such mechanisms by bounding the gap between the expected revenue that can be
achieved by the best among these mechanisms and the maximum expected revenue that
can be achieved by any mechanism assuming mild restrictions on the behavior of the
buyers. Under regularity assumptions for the probability distributions, we show that
this revenue gap depends only logarithmically on a natural parameter characterizing
the valuation functions and the number of agents. Our results follow by bounding the
objective value of a mathematical program that maximizes the ex-ante relaxation of
optimal revenue under linear pricing revenue constraints.

7.1 Introduction

Selling a single item to potential buyers is probably the most fundamental problem
in microeconomics, with amazing related discoveries during the last sixty years. In
the most standard model, there are several potential buyers (the agents), with private
valuations for the item. The celebrated Vickrey auction [138]] allocates the item to the
highest bidder and charges her the second-highest bid as price. At least in theory, it
achieves two important goals. First, it motivates the agents to act truthfully and report
their true valuations as bids. Secondly, it maximizes social welfare, in the sense that it
allocates the item to the agent who values it the most.
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In contrast, for the equally important objective of revenue maximization, no
solution is possible unless some information is available for the agent valuations.
In the classical Bayesian setting, which is the most appealing for studying revenue
maximization, each agent is assumed to have a random private valuation drawn from
a probability distribution. Information about the probability distributions is known to
the seller, who can use it to adjust the auction parameters and maximize her expected
revenue. Under a regularity assumption about the agents’ distributions, the revenue-
optimal auction allocates the item to the agent with the highest non-negative virtual
bid (if any) and charges her the minimum “critical” bid she could still use to win
the item. Among other important results, Myerson’s seminal paper [119] presents
the related theory for revenue-optimal mechanism design, which can be applied to
any single-parameter environment where the private valuation of each agent is just a
scalar.

Inevitably, revenue-optimal auctions can be complicated and counter-intuitive.
For example, as the virtual bid of an agent depends on the distribution from which she
draws her valuations, they may discriminate among agents, setting different reserve
prices for each of them. Also, the winning bid is not necessarily the highest one. So,
the auctions that are used in practice are much simpler. A standard practice is to
run a second-price auction with an anonymous reserve (i.e., common for all agents).
Another even simpler class of mechanisms, known as sequential posted pricing [40],
approaches the agents in a predefined order and makes a take-it-or-leave-it offer to
each of them until the item is bought. When approached, a potential buyer can either
accept to buy the item at the proposed price or refuse to buy if the proposed price
exceeds her valuation for the item. In general, sequential posted pricing can become
notoriously complex (pricing in the airline industry is an annoying example from
practice) as the best possible price for an agent can depend on statistical information
about the agents’ valuations and on the decisions of agents that were approached
previously.

However, sequential posted pricing is simple and well-understood when the same
anonymous price (computed using statistical information about the valuations) is
proposed to all agents. Constant approximations to optimal revenue (or a constant
revenue gap) by sequential posted pricing with an anonymous price is possible under
a regularity assumption for the valuations. Such statements (e.g., in [98]) usually read
as follows: for any set of buyers who draw their valuations from independent and
regular probability distributions, there is a price depending only on these distributions
that yields an expected revenue that is a constant fraction of the expected revenue
returned by Myerson’s optimal auction.

In this work, we deviate from the above setting and assume that the item for sale is
perfectly divisible. Different agents can get fractions of the item, while some fraction
of the item can stay unsold. Agent preferences and behavior are much richer now.
Each agent is still interested in obtaining the whole item but gets value from fractions
of it as well. In particular, each agent has a private valuation function that indicates
her value for fractions of the item between 0 and 1. Typically, these functions are
non-decreasing and concave, indicating non-increasing non-negative marginal value.
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Pricing of a divisible item can be very complicated in this setting. For example,
refining sequential posted pricing, we can imagine a seller proposing a menu of prices
to the agent, with a different price for different fractions of the item. In its extreme, the
scheme could include different pricing functions, discriminating among agents. Then,
taking into account her valuation function when facing a proposed pricing function,
the agent can demand a desired fraction of the item that maximizes her utility.

We are interested in simple sequential posted pricing mechanisms that specifically
use linear pricing. In particular, we restrict pricing to a fixed price for the whole
item and proportional prices for fractions. Do such mechanisms have nearly-optimal
revenue? Can we have statements like the one for anonymous pricing above? We will
address these very challenging questions, making several conceptual and technical
contributions.

Our contribution and techniques

Our first conceptual contribution is an extension of the standard Bayesian setting. We
assume that each agent has a random non-decreasing concave valuation function. An
important assumption we make is that the derivative (or marginal) of the valuation
function of each agent at each fraction point follows a regular probability distribution.
All the information about the probability distributions of each agent is known to the
seller.

As our setting is very far from the single-parameter environment of an indivisible
single item and agents with single-valued valuations for it, Myerson’s characterization
of the revenue-maximizing allocation does not carry over. Actually, similar charac-
terizations seem out of reach in our case, but we would still like to have an estimate
of the optimal expected revenue that can be extracted by the agents or a reasonable
benchmark for it. Hence, we assume a shortsighted behavior for agents. Each agent
responds to a pricing function with a demand for as large a fraction of the item as
possible so that no smaller fraction yields her negative marginal utility. This allows us
to reason about the revenue extracted by quite general mechanisms.

Our main goal is to provide bounds on the revenue gap between the highest
expected revenue that can be achieved among given shortsighted agents and the
highest expected revenue that can be achieved by a linear posted pricing mechanism.
We do so by extending the concept of the ex-ante relaxation previously considered in
[6}7,139]. Instead of comparing the revenue of the best linear pricing to the optimal
expected revenue that can be extracted by shortsighted agents, we compare it to the
best possible revenue of an ex-ante relaxation of the problem, in which an expected
fraction of at most 1 is sold to them. We formulate the question regarding the revenue
gap as a mathematical program that extends a mathematical program considered
earlier for bounding the revenue gap of anonymous pricing in the indivisible item
setting [7]. Essentially, assuming n shortsighted agents, our mathematical program has
as variables the selling probabilities of the “optimal” mechanism and the probability
distributions of the valuation marginals. The objective is to find an instance which
yields the highest possible expected revenue under the constraints that the average total
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fraction of the item that is sold to the agents and the expected revenue of any linear
pricing do not exceed 1. Then, the maximum objective value of the mathematical
program is an upper bound of the revenue gap.

Our technical contribution consists of bounds on the objective value of this mathe-
matical program in three scenarios. Interestingly, these bounds depend on a natural
parameter of the valuation functions, which we call initial marginal over total value
(or IMOTYV, for short), defined as the ratio of the marginal of the valuation function at
point 0 over its value at point 1.

First, as a warm up, we consider the case of a single agent and bound the revenue
gap by O(Ink), where k denotes the maximum IMOTYV of the valuation functions.
This result holds even for non-regular distributions of the marginals of the valuations
functions. A simple instance shows that it is tight, even assuming regular marginal
distributions.

Second, we bound the objective value of the mathematical program for the revenue
gap by exploiting its relation to the mathematical program of [7] via a black-box
reduction. In this way, we obtain an &(k?) upper bound. This result is interesting for
two reasons. First, it showcases that the maximum IMOTYV of the valuation functions
is the parameter of importance in the multi-agent case as well. Second, the proof
applies to the more general setting of regular initial marginal distributions only; all
valuation marginals at points different than O can be non-regular.

Finally, our main result is an &'(In kK 4 Inn) upper bound, where n is the number
of agents. The main idea of the proof is to identify an almost optimal feasible
solution to the mathematical program, which has nice properties (e.g., for every
agent, the marginal contribution of each item fraction to the expected revenue is
upper bounded by a polynomial of n and x) that allow us to bound the maximum
objective value, assisted by the constraints and additional technical statements for
random variables. We remark that previous work on proving bounds on revenue gaps
by bounding the objective value of mathematical programs [7,98H100] relied heavily
on extreme regular probability distributions for valuations that have a triangle-shaped
revenue-quantile curve. Unfortunately, such tools cannot be used in our case since the
distributions of the valuation marginals should correspond to a probability distribution
over concave valuation functions. We bypass this technical obstacle by a simple
geometric lemma in the proof of our third bound.

Related work

Our paper falls within the “simple vs. optimal” line of research in Bayesian mechanism
design, initiated with the work of Harline and Roughgarden [90], who studied the
revenue gap of the second price auctions with an anonymous reserve. In the same
thread, sequential posted pricing with an anonymous price has received much attention
recently. Alaei et al. [7] prove that this mechanism achieves a constant approximation
of 2.72 of the optimal expected revenue. They use a general strategy that we discuss
in more detail later in Section[7.2] The tight bound of 2.62 follows by two papers by
Jin et al. [98]99]]. We remark that all results for anonymous pricing carry over to our
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setting if the valuation functions are restricted to be linear. Indeed, the behavior of
an agent with a linear valuation function against a linear pricing with a price of p per
unit is either to buy the whole item if her value for the whole item is higher than p or
refuse to buy otherwise. We mostly focus on non-linear valuation functions where
divisibility differentiates our problem a lot.

A recent extension of single-item mechanisms is considered by Jin et al. [100],
who study the setting with k item copies available to be sold to potential buyers.
However, a unit-demand assumption restricts the agent valuations to a single scalar
value for the single item copy they aim to buy. Their main result is a tight revenue
gap of @(Ink) under the unit-demand case. Instead, our modeling can be used to
accommodate multi-demand agents with concave piecewise-linear valuation functions
(with k segments and, hence, of IMOTYV at most k). Our third result implies a revenue
gap of O(Ink +1nn) in this more general case.

A recent line of research that also deviates from the standard agent modeling as-
sumptions focuses on agents with non-linear utility [68} 69] that, e.g., captures budget
constraints or risk aversion, and includes bounds on the revenue gap of anonymous
pricing for such agents [68]]. However, these works usually assume single-parameter
agents and a non-linear definition of their utility, while we focus on a standard quasi-
linear definition of utility in a multi-parameter environment of a specific structure for
the definition of valuations.

In the economics literature, divisible items have received attention, with the focus
being mostly on whether bundling can be beneficial or not [125]] and on how to
structure the sale as many auctions of shares [[140]. Perfect divisibility is considered
in [108, [137]]. In another more related direction, the operations research community
has considered resource allocation mechanisms to divide an item based on signals
received by the agents, that are further used to impose payments to the agents. Among
them, the proportional mechanism, first defined by Kelly [105] and analyzed by Johari
and Tsitsiklis [101] is the most popular one. Even though its social welfare has been
analyzed extensively in stochastic settings that are very similar to ours [28} 145, [101]]
(see also [29] and the references therein), no revenue guarantees are known.

Roadmap

The rest of the paper is structured as follows. We present our setup, introducing
several notions and making connections to the relevant literature in Section [7.2] Our
mathematical program for the revenue gap is also introduced there. In Section
we present our tight revenue gap for a single agent. Section [7.4]is devoted to the
multi-agent case; our black-box reduction to the result of Alaei et al. [7] is presented
there. Our strongest logarithmic revenue gap is presented in Section[7.5] We conclude
with a short discussion on open problems in Section
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7.2 Concepts, techniques, and notation

We denote by n the number of agents and use the integers in set [n] = {1,2,...,n} to
identify them. A valuation function for agent i is a monotone non-decreasing concave
function v; : [0, 1] — R>o. We use V' to refer to the (left) derivative of v.

Our main focus is on linear posted pricing mechanisms. Such a mechanism uses
a scalar price p and considers the agents in a predefined order. Whenever an agent is
considered, she responds with her demand, i.e., the fraction of the item she is willing
to buy at a price of p per unit. The mechanism then allocates the agent a fraction of the
item equal to either her demand or the fraction of the item that has not been previously
allocated to other agents, whichever is smaller, and charges the agent an amount that is
equal to p multiplied with the fraction of the item the agent got. The demand D(v, p)
of an agent with valuation function v at a price-per-unit p is defined as the maximum
fraction that maximizes the utility of the agent D(v, p) € argmax, |y ;{v(x) — p-x}.
Due to the concavity of the valuation functions, the demand is the maximum fraction
x € [0,1] so that v/(x) > p. Hence, when the n agents have a vector of valuation
functions v = (v, vy, ...,v,), the revenue of the linear posted pricing mechanism that
uses price-per-unit p is p - min { L Yicp) D(vi,p)}.

We will assume that all valuation functions v have an initial marginal over total
value (or IMOTV for short) ratio v/(0)/v(1) bounded by a parameter k¥ > 1. We
denote by ¥ i the set of all such valuation functions.

We consider a Bayesian setting in which each agent i € [n] draws her valuation
function v;, independently from the other agents, from a publicly known probability
distribution F; over the valuation functions in ¥ ,. We write v; ~ F; and v ~ F to
denote that the valuation function of agent i and the vector of valuation functions
v = (v1,V2,...,,) are drawn randomly according to the probability distribution F;
and the joint probability distribution F, respectively. For every agent i € [n], the
probability distribution F; is such that the value of the derivative v/(x) at any point
x € [0, 1] follows a regular probability distribution with cumulative density function

Our modeling assumption includes, as a special case, the model of [[137], where
the valuation function v;(z) =1, - h;(z) has a scalar part ; and a function part /;(z). The
function part is known to the seller and can be used by the mechanism. The scalar
part is drawn from a probability distribution, in which regularity can be imposed. This
is essentially a single-parameter environment, where it is a simple exercise to apply
Myerson’s approach [119] of maximizing revenue by maximizing virtual welfare.
This means that revenue-optimal mechanisms have a well-known structure in this
setting. In contrast, our setting is multi-parameter, and our modeling allows for richer
distributions over valuation functions. Unfortunately, Myerson’s machinery cannot
be applied anymore, so we do not have any clean form of the revenue-maximizing
mechanism. This makes even the definition of the revenue gap in our case, as well as
the proofs of bounds on its value, more challenging.
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Selling an indivisible item with an anonymous price

We will adapt the approach of [7] for selling an indivisible item using sequential
posted pricing and an anonymous price. In that classic setting, each agent i € [n] has
a scalar valuation v; drawn from a probability distribution with regular cumulative
density function H;.

Alaei et al. [[7] use the mathematical program below to bound the gap
between the optimal expected revenue and the maximum expected revenue that can
be achieved with an anonymous price. Actually, instead of comparing directly to
the optimal revenue (in fact, this is done in follow-up work by Jin et al. [98]), they
compare to the best possible revenue of the ex-ante relaxation, i.e., the maximum
expected revenue that can be achieved by a mechanism that sells the item to at most
one agent in expectation. Their mathematical program uses as variables (1) the regular
cumulative density function H; of the valuation of agent i for the item and (2) the
probability r; that the item is given to agent i in the revenue-maximizing allocation for
the ex-ante relaxation.

maximize ) r-H7V(1— 1) (7.1)
i€n]
subject to Z ri<1

i€(n]

p- (1 — HH,-(p)) <RVp>R
i€(n]

ri €10,1],Vi € [n]
H; is a regular cdf, Vi € [n]

Viewed together with the first constraint, the objective of the mathematical program
is to maximize the revenue of the ex-ante relaxation. The second set of constraints
implements the restriction that no anonymous pricing p yields a revenue higher than R.
The ratio between the objective value of and R is an upper bound to the revenue
gap. The main result of [7] is as follows.

Theorem 7.2.1 (Alaei et al. [[7]]). For every R > 1, the objective value of the mathe-
matical program is at most e - R.

Our second bound on the revenue gap when selling a divisible item with linear
pricing will use the result of [7] as a black box. We remark that the original result
in [[7]] uses specifically R = 1. The extension we consider here is without loss of
generality and is used to simplify our exposition in Section [7.4]

Shortsighted agents

Let us now return to our setting. As a benchmark for the comparison and assess-
ment of the revenue of linear pricing, we consider general pricing schemes that may
discriminate between different agents using different pricing functions of the form
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p:10,1] — R>p, where p(x) denotes the price an agent is asked to pay for getting an
item fraction of x. We extend the notion of the demand by slightly abusing notation as
follows. We say that, given a pricing function p with left derivative p’, the demand
D(v, p) of an agent with a valuation function v is the maximum item fraction x so that
V/(t) > p/(¢) for every t € [0,x]. Thus, we assume that agents are shortsighted and
aim to only locally maximize their utility.

Let us explain the notion of shortsightness with an example. Consider an agent
with the valuation function

12x x€[0,1/3]
v(x)=¢1+9% xe[1/3,2/3]
543x x€[2/3,1]

and the pricing function

px) =

10x  xel0,1/2]
34+4x xe[1/2,1]

The utility of the agent as a function of the item fraction x is now

2x x€[0,1/3]
l—x  x€[1/3,1/2]
[
[

utility (x) =
Y —2+4+5x x€[1/2,2/3]

2—x x€2/3,1]

Hence, it increases as x ranges from point 0 to point 1/3 up to the value of 2/3,
then decreases and gets the value of 1/2 at point 1/2, then increases again getting
the highest value of 4/3 at point 2/3, and decreases afterwards. According to our
assumption of a shortsighted agent, her demand is D(v, p) = 1/3 (i.e., the first local
maximum of the utility) even though the utility is globally maximized later at point
2/3.

Our objective is to prove bounds on the revenue gap of linear posted pricing, i.e.,
on the maximum ratio, over all possible instances that follow our setting, between the
expected revenue that can be achieved with shortsighted agents and the maximum
revenue that can be achieved with linear posted pricing. We remark that, due to
the concavity of the valuation functions, shortsighted agents actually respond as
utility-maximizers to linear pricing.

A mathematical program for the revenue gap

Extending the approach of Alaei et al. [7], we also use an ex-ante relaxation to upper-
bound the maximum revenue that can be achieved with shortsighted agents. We
consider general pricing schemes consisting of a pricing function p; : [0,1] — R
for each agent i € [n]. For every agent i € [n] and every x € [0,1], let g;(x) be
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the probability that a fraction of at least x is bought by agent i with pricing p;.
For i € [n] and x € [0, 1], observe that the shortsighted agent i will have a demand
D(v;, p;) that is at least x when v.(x) > pi(x). Hence, g;(x) = Pr[vi(x) > pi(x)] =
1 — F, x(pi(x)) and, equivalently, p/(x) = Fl-;l (1 —g;(x)). Using the quantities g;(x)
and p/(x), we can express the expected payment by agent i as fol gi(x) - pi(x)dx =
fol qi(x) - F ' (1 — gi(x)) dx. Intuitively, g;(x) denotes the probability that agent i buys
her x-th point of the item, p/(x) denotes the payment increase due to this point, and
the quantity ¢;(x) - F,.' (1 — g;(x)) represents the marginal contribution of agent i and
point x to the expectéd revenue. Hence, the maximum expected revenue that can be
achieved by shortsighted agents is upper-bounded by the quantity

ki

1
)y /0 ai(0)F, (1—gi(x))dx, (7.2)

under the constraint that on average, no more than the whole item is available for
purchase by the agents. Thus, the RHS of equation (7.2) is indeed the expected
revenue of the ex-ante relaxation.

Next, we extend the approach of [7] to relate the ex-ante revenue relaxation
with shortsighted agents to the maximum revenue that can be achieved with linear
pricing. To determine the revenue gap, we can further require that any linear pricing
with price per unit p has revenue at most 1 and ask: “How large can the expected
revenue of the ex-ante relaxation be?” The answer to this question is given by the
mathematical program below. The objective is to maximize expression (7.2),
which upper-bounds the ex-ante relaxation of the revenue that can be achieved with
shortsighted agents. Constraint ensures that the average fraction allocated to
the agents does not exceed the available item. The RHS of is just the expected
revenue of linear pricing with a price p per unit. The mathematical program has as
variables the probability distributions over the valuation functions of #",, which are
further described by cdf’s F; , for i € [n] and x € [0, 1], and the probabilities g;(x) for
i € [n] and x € [0, 1]; by its intending meaning as the probability that agent i gets a
fraction of at least x, g; (called selling probability from now on) is required to be
monotone non-increasing in x.

1
maximize Z / qi(x) Fl;l (1 —gi(x))dx (7.3)
icln] 70
1
subject to Z / gi(x)dx <1 (7.4)
i€[n]

<1,¥p>1 (7.5)

p-Evor [min{l, Y D(w,p)}
ic€n]

monotone non-increasing g; : [0,1] — [0, 1],Vi € [n],x € [0, 1]
supp(F;) C ¥, F,x is aregular cdf, Vi € [n],x € [0, 1]
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In the following, we frequently abbreviate the quantity g;(x) FI;I (1 —gi(x)) as
Ry, ¥, (x) fori € [n] and x € [0,1].

7.3 Warming up: the single-agent case

We begin by presenting a tight bound on the revenue gap for the case of a single agent.
For simplicity of exposition, we drop the index i from notation. Actually, we use a
simplified version of the mathematical program where we require neither the
selling probability function ¢(x) to be monotone non-increasing nor the probability
distributions F; to be regular. Since we have just a single agent, the constraint is
now redundant. In particular, we will upper-bound the objective value of the following
simplified mathematical program:

maximize /0 lq(x) F 11— g(x))dx (7.6)

subjectto p-Ey.p[D(v,p)] <1,Vp > 1
q(x) € [0,1],Yx € [0, 1]
supp(F) C ¥, F, : [0,1] — [0,1] is a cdf, Vx € [0, 1]

To do so, we will need three technical lemmas. The first one follows easily by the
concavity of the valuation functions and the optimality of selling probabilities.

Lemma 7.3.1. Let (q,F) be an optimal solution of the mathematical program @
Then, R, ¥(x) is non-increasing in x.

Proof. Let0 < x; < xp < 1. Due to the concavity of the valuation functions, F,"!(z)
is monotone non-increasing in x for every ¢ € [0, 1]. Thus,

Ryp(x2) = qlx2) - F, ' (1= q(x2)) < qlx2) - F ' (1~ g(x2))
< q(xr)-Fy ' (1—g(x)) = Ryp(x1)

as desired. The second inequality follows since g(x;) is the optimal selling probability
at point x| (under no constraints). ]

The next lemma is due to the first set of constraints of the mathematical program

Lemma 7.3.2. Let (q,F) be a solution of the mathematical program @) Then,
Ryv(x) <1/xforxe (0 1].

Proof. Notice that, for every x € [0, 1], by setting the linear price p = F,"!(1 — g(x)),
the derivative of the valuation v drawn from distribution F satisfies v/ (x) > p with prob-
ability at least g(x). This yields an expected demand of E,.g [D(v, F; ' (1 — ¢(x)))] >
x-q(x). The lemma follows since, by the constraint of the mathematical program (7.6)
with p = F; (1 — g(x)). we get Evp D Fy (1-q(x)))] < 1/F (1 - q(x). O
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The next lemma indicates that the function [ R, r(x)dx, which was essentially
proved to be concave in Lemma[7.3.1] has an IMOTV bounded by a polynomial in k.

Lemma 7.3.3. Let (q,F) be a solution of the mathematical program @) Then, it
holds

1
R, (0) < 4K? /0 R, r(x)dx. (7.7)

Proof. Denote by V C ¥ the set of valuation functions that are drawn with non-
zero probability and let S = {v € V :1/(0) > F; ' (1 —¢(0))} be the set of valuation
functions with derivative at least F; ' (1 —¢(0)) at point 0. Since g(x) is the optimal
selling probability at point x € [0, 1], we get

Ryp(x) = g(x) - F ' (1-q(x)) = ¢(0)- F'(1—¢(0)). (7.8)
By the definition of set S, we have Pr,g[v € §] = 1 —¢(0). Hence,

F1(1-¢(0)) > minv/(x). (7.9)
veS
By Equations and (7.9), we get
1

: 1 !
A I‘fléglvl(x) dx < 20) -/0 R, ¥ (x)dx (7.10)

Now, let# € [0, 1] and v a valuation function of S satisfying V'(¢) = min,csV'(r). We

have
/OIV(x)dx—/ dx—i—/

<t V(0)+(1—1)-V(2)

I—t [
SI-V(O)—I—— minv'(x)dx
0 veS

1—:
<t-v / Ry () (7.11)

The first two inequalities follow due to the concavity of the valuation function v and
its definition, while the third one is due to Equation (7.10). Now, we divide both sides
of Equation (7.11)) by v/(0) and use the facts that the Valuatlon function v has IMOTV
at most k and belongs to set S (implying that v'(0) > Fy ' (1 — ¢(0))). We obtain

<

1 1 1
1 < Jo V' (x)dx <4 1—t Jy Ryr(x)dx <t4 1-t o RCI’F(x)dx. (7.12)
K= V(0) t - q(0)-v(0) ! Ry k(0)
Rearranging Equation (7.12), we get
R,r(0 11—
@ __1-t (7.13)

Jo Rgp(x)dx 1 (5 —1)’
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and settingt =1—4/1— lK, Equation ([7.13)) yields

-2
ROy L < 4K?,
dx

fol Ry (x) K

as desired. The last inequality follows since the function 1 —+/1 — z is convex in [0, 1]
and has a derivative equal to 1/2 at z = 0. Hence, 1 — /1 —z > z/2 and the inequality
follows using z = 1/xk. O

We are ready to prove our first result using Lemmas[7.3.1}[7.3.2] and[7.3.3} notice
that the derivatives of the valuation functions may follow non-regular probability
distributions.

Theorem 7.3.4. The revenue gap of linear posted pricing for a single agent with
random concave valuations of IMOTV at most K is at most O (In k).

Proof. Lett € [0,1]. The objective of the mathematical program (7.06)) is

1 ‘ 1
/oRq’F(x)dx:/o Rq,F(x)dx%—/ R, p(x)dx

t
lq

<t-Ryp(0)+ [ =
, T

1 1
§4t1<2./ quF(x)dx—i—ln;.
) e

The first inequality follows by Lemmas and and the second one by
Lemma(7.3.3] Equivalently, we have

1 Ini
R dx < —L1—.
/0 aF(x)dx < 1 —4rx?
Using t = 8%, we get that the objective of the mathematical program li is upper-
bounded by 21In (8x?) € &(Ink). O

It is not hard to extend the result to the case of n agents (by just considering the
agent who contributes the most to the optimal revenue); again, the derivatives of the
valuation functions may follow non-regular probability distributions.

Corollary 7.3.5. The revenue gap of linear posted pricing for n agents with random
concave valuations with IMOTV at most K is at most O (nln k).

We remark that the linear dependency on # is necessary, as indicated by a lower bound
of [[7] on the revenue gap of anonymous pricing for agents with non-regular valuations.
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A lower bound

We now show that our bound in Theorem [7.3.4]is tight, even for valuation function
with derivative values following regular probability distributions.

Theorem 7.3.6. For every K > 1, there exists an instance with a single agent with
random concave valuation functions of IMOTV at most K and with all valuation
derivative values following a regular probability distribution, so that the revenue gap
of linear pricing is Q(Ink).

Proof. Let p be such that 1 +1In(x-p) = p,i.e., p > 1 +Ink. For a parameter ¢ > 0,
let v; be the valuation function defined as

(K t)-x, X € O’Kp

1 1
o (I+In(k-p-x))+t-x, xe |51

vi(x) =

The function v;(x) has derivative (with respect to x) equal to xk +¢ for x € [O, #}
and to ﬁ +t for x € [,:—p, 1}. Thus, it is concave. Since ¢t > 0, its IMOTV is
v (0) _ Kt — KH g

v(1) %»(1+ln(x-p)+t T 14 =

Consider a single agent who draws a random valuation function v; by selecting ¢
uniformly at random from the interval [0, 1/p]. Thus, the derivative v} (x) is uniformly

random in [x,k+1/p] if x € [O, #] and uniformly random in [ﬁ,ﬁ +5 } if

X € [#, 1} , 1.e., drawn from regular probability distributions.

Using the pricing function p(x) = vp(x), the agent will buy the whole item,
yielding a revenue of vo(1) = 1. Now, consider the linear pricing p and first observe
that D(v;, p) < D(vyp, p) for every ¢ € [0,1/p]. Next, notice that D(v; ,,p) = 0 if
p>k+1/p, D(vi)p,p) = m if 2/p < p <x+1/p, and D(v/p,p) = 1 if
p < 2/p. Thus, the upper bound of p - D(v1 /p»P) on the expected revenue with the
linear pricing p is 0, at most W = and less than 2/p, respectively. In this
way, we obtain a revenue gap of at least p / 2 € Q(Ink). 0

7.4 The multi-agent case: a black-box reduction

We now prove an upper bound on the objective value of the mathematical program
by relating it to the mathematical program (7.1)), and exploiting the revenue
gap of [[7] for anonymous item pricing (Theorem [7.2.1). In particular, we prove the
following statement for multiple agents.

Theorem 7.4.1. The revenue gap when selling a divisible item using linear pricing
to multiple agents with random concave valuations of IMOTV at most K and with
derivatives following regular probability distributions is at most O(k?).
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Proof. Our main tool is the following transformation. We use the notation (q,F) as
abbreviation for the probabilities ¢;(x) for every agent i € [n] and x € [0, 1] and the
cumulative density functions F; (¢) for every agent i € [n], x € [0,1], and # > 0. Given
the pair (q,F), we define r; = [, ¢;(x)dx and H;(t) = F; o(2xt) for every agent i € [n]
and ¢t > 0, and use the pair (r,H) as their abbreviation.

Bounding the objective value of mathematical program has two steps, imple-
mented in Lemmas[7.4.2]and[7.4.6] respectively.

Lemma 7.4.2. Given a feasible solution (q,F) of the mathematical program ,
the solution (r,H) is a feasible solution of the mathematical program with
R=2x—-1.

Proof. Clearly, r; € [0,1] and H; is a regular cumulative density function (since Fp; is
regular as well). Furthermore, the solution (r,H) satisfies the first constraint of the
mathematical program since (q,F) satisfies constraint of the mathematical
program . In the following, we show that (r,H) satisfies the second constraint of
the mathematical program as well. We will need three technical lemmas.

Lemma 7.4.3. Let X;, X5, ..., Xi be independent random variables with X; € [0,1] for
i€ [k] and let X = Zie[k] Xi. Then, E[mln{l,X}} >1-— Hie[k] (1 — E[Xl])

Proof. We claim that E[min{1,X}| is minimized when X, X3, ..., X; are Bernoulli
random variables. Then, it will be

Efmin{1,X}] = 1- []Prlx; =0] = 1- [] (1 - E[X]]),

i€[k] i€[k]

and the lemma will follow.

To prove this claim, we show that by replacing the random variable X; with the
Bernoulli random variable ¥ with Pr[Y; = 1] = E[X;] and Pr[¥; = 0] = 1 — E[X}]
the expectation E[min{1,X}| can only become smaller. The claim will follow by
repeating this argument and replacing each random variable X; with a Bernoulli one
that has the same expectation.

Formally, letY =X +...+ X1 + Yx = X'+ ¥;; we will show that E[min{1,X}] >
E[min{1,Y}]|. Denoting by G the cdf of the random variable Y, we have that, condi-
tioned on X’ = w, the expected contribution of X; to min{1,X} is

E[min{1,X} —X'|X' = w] — /Olw(l —G(2))dz> (1— w)/ol (1-G(2))dz

=(1-w)E[Xy] = (1—w)Pr[Y; = 1]
= E[min{1,Y} - X'|X" = w].
The inequality follows since 1 — G(z) is non-increasing in z and, subsequently,

Jo (1—G(z))dz is concave in ¢ and has no point below the line ¢ 3 (1 — G(z))dz
for ¢ € [0, 1]. Denoting the pdf of the random variable X’ by f, we have

E[min{1,X}] = /Olf(w)(w+ E[min{1,X} — X'|X’ = w])dw
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> /Olf(w)(w—i— E[min{1,Y} - X'|X' = w])dw

— Efmin{1,¥}),
as desired. O
Lemma 7.4.4. For every agent i € [n]| and any price p, it holds that E,.g,[D(vi,p)] >
1-Hi(p)

2xk—1 *

Proof. Assume that v;(0) > 2k p; hence, v;(1) > 2p. By the definition of D(v;, p), we
have that v/(z) < p for z > D(v;, p). Hence,

vi(D(vi, p)) Z vi(1) =vi(D(vi, p)) - (1 = D(vi, p)) Z vi(1) = p- (1= D(v;, p))
(7.14)

Furthermore, by our assumption on the IMOTYV bound of the valuation functions, we
have vi(z) < k- v;(1) for z < D(v;, p). Hence,

vi(D(vi,p)) < k-vi(1)-D(vi, p). (7.15)
Now, and yield

V,'(l)—p > 1

D(v; > .
vip) 2 = p 2 21

Thus,

—Fo(2xp) 1_Hi(P).

1
F ; >E, F. i '(0) > > =
vk, (D01, p)] 2 Eyo [D(vi, p) 1{4(0) > 2ip}] > — 0 = —

Lemma 7.4.5. Let k be an integer and 0 < 71,22, ...,z < 1. Then, for every t € (0,1),
it holds that

1—H(1—t.zi)2t<1—n(l—zi)>

i€[k] i€[k]

Proof. 1t suffices to show that the LHS is concave as a function of #; then it is at least
as high as the line that connects points (0,0) and (1,1 —[T;e (1 —2)), i-e., the RHS
of the above inequality. Indeed, the first derivative of the LHS is equal to

H(l_tlzi» Z I—Z;-Zi

i€[k] i€[k]

and its second derivative is equal to

2 2
Zj Zi
— (1 —t’Zi) ( E ) - E < ) < 07
iclk] e Ltz el N~z

as desired. O
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Now, using the constraint (7.5]) of the mathematical program (7.3)) for p > 2x — 1

and applying Lemma (with k = n and X; = D(v;, p) for i € [n]), Lemma
and Lemma(/.4.5 we have

12> p-Eyr [min{L )y D(vzsp)}] >p- (1 -[10- EV1~F1[D(Vi7P)])>

i€[n] i€[n]

1—H,
=" <1_ig] <1_ 2’<—(f)>> = (1_ HHi(p)>7

i€(n]

i.e., equivalently,

p (1 — HH,-(p)) <R,Yp >R,
i€(n]

with R = 2K — 1, as the second constraint of the mathematical program (7.1)) requires.
O

The second step of our proof is to relate the objective values of the two mathemat-
ical programs (7.3)) and (7.1).

Lemma 7.4.6. The objective value of the mathematical program at solution
(q,F) is at most 2K times the objective value of the mathematical program with
R = 2K — 1 at solution (r,H).

Proof. Notice that, by the definition of H, we have FI.I)I (t) = 2xH; " (t). Hence,

: -1 : -1
| a@F 0 =gt dr < [ a(rs (1 - ao)dx

< /Olqz'(x)dx'ﬂ,ol (1 _/Olqz'(x)dx>

= ZKFI'HI-_I (1 — V,').

The first inequality follows by the concavity of valuations which implies Fl-;l (1) is
non-increasing in x. The second inequality follows by applying Jensen inequality;
recall that, by the regularity of v/(0), the function g - FiI)I (1 —gq)is concave ing. [

Theorem|[7.4.TJnow follows by Theorem and Lemmas and[7.4.6] Indeed,
these three statements imply a revenue gap of at most 2k (2k — 1)e. O

7.5 The multi-agent case: a direct approach

We now present a direct approach to bound the objective value of the mathematical
program ([7.3), which will give us a better (logarithmic) dependency on k at the
expense of a logarithmic dependency on the number of agents. In particular, we prove
the following statement for multiple agents.
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Theorem 7.5.1. The revenue gap when selling a divisible item using linear pricing to
n agents with random concave valuations of IMOTV at most K and with derivatives
that follow regular probability distributions is at most O'(Ink + Inn).

Proof. The proof of Theorem [7.5.1]is decomposed into two main parts. First, we
show that the mathematical program has a feasible solution that satisfies certain
properties. Then, we use this solution and its properties to bound the maximum
objective value.

Lemma 7.5.2. Any feasible solution (q,F) of the mathematical program satisfies

! 1
> / (1= Fix(p))dx < ——Vp> 1.
0 p—1

i€[n]

Proof. We will prove the statement using the constraint (7.5)) of the mathematical
program (7.3) and the next technical lemma.

Lemma 7.5.3. Let Xy, X5, ..., X;. be independent random variables with X; € [0, 1] for

i € [k] and let X =Y ;cjy Xi- Then, E[X] < %

Proof. Using Lemma(7.4.3|and applying the geometric-arithmetic mean inequality,
we get

E[min{1,X}] > 1— [ (1—E[X}])

i€ (k]
k k
1 1
>1- (k' Y (1—E[Xi])> =1- (1—k'E[X]> ;

which implies that
E[X] <k- (1 (- E[min{l,X}})l/k> .

By the concavity of function 2%, we get zi/k —zé/k < % (21 —22) 'ziﬂ“l for z; < z;1.
Applying this inequality to the RHS above with z; = 1 and zp = 1 — E[min{1,X}], we

get

E[X] < Efmin{1,X}]- (1 (1 - E[min{1,X}))!/*"")

< E[min{1,X}]- (1 — (1 — E[min{1,X}])"")
_ E[min{1,X}]
1 — E[min{1,X}]’

as desired. O
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Lem clearly implies that E[X]| < when E[min{1,X}] < 1/p.
Lemma now follows by applying Lemma with £ = n and the random
variable X; = D(v;, p) for i € [n], where v; is drawn from the probability distribution
F;. Notice that E,,cp,[D(vi,p)] = Jy (1= Fi.(p))dx and, hence, E[X] = Zie[n]X- =
Yiep fo (1 —Fix(p))dx, while E[min{1,X}] < 1/p is due to constraint of the
mathematical program (73). O

Our next lemma shows that the mathematical program (7.3)) has an approximately
optimal feasible solution in which no selling probability is very close to 0.

Lemma 7.54. The mathematical program (.) 7.3) has a feasible solution (q,F) which
furthermore satisfies q;(x) > 5- L for every i € [n] and x € [0,1] and approximates its
maximum objective value within a factor of 2.

Proof. Consider the optimal feasible solution (q,F) of the mathematical program
and define g;(x) = 5- + @ fori € [n] and x € [0, 1]. The only constraint of the
mathematical program that can be affected by the change from q to q is .
Due to the feasibility of solution (q,F), we get

L fawa= [ (5%

implying that solution (q, F) is feasible as well.

To prove that the objective value (q,F) approximates (q,F) within 2, it suffices
to prove that 2- Ry, y,(x) > Ry, r,(x) for every i € [n] and x € [0,1]. Let i € [n] and
x € [0,1]. The claim is obvious if ¢;(x) = 1/n (since g;(x) = 1/n as well). We
distinguish between two further cases.

Case 1: g;(x) < 1/n. Notice that g;(x) > g;(x) in this case. Recall that due to the
regularity of probability distribution F; ,, the revenue-quantile curve z- F, ' (1 —z) is

concave. Thus, it takes values above the line g(z) = 4ilx () 5 (1 - ql( ))-(1—2)

1—gi(x
connecting points (¢;(x),q;(x) - F,.'(1 —g;(x))) and (1,0). Hence,

1,X

2R p,(x) =2 <21n +q’§ )> F! (1 _%_ qz'éX))

gi(x) 1 qi(x)
22'1*7%'(35) ix L (1=gi(x)- (1—2”— > >

> qi(x) ’ F;:cl(l - qi(x)) = Rq;-,Fi (x),

as desired.
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Case 2: g;(x) > 1/n. Notice that g;(x) < g;(x) in this case. Again, due to the
regularity of probability distribution F; ., the revenue-quantile curve z - Fi;l (1—z)is
concave and takes values above the line g(z) = F,;l (I —gi(x))) - z connecting points
(0,0) and (gi(x), 4i(x) - F;;/' (1 = ¢i(x))). Hence,

> qi(x) - F' (1= gi(x)) = Ry, v, (x),

completing the proof. O

The proof of the next lemma follows a similar structure to the proof of
Lemma [7.3.3]in Section [7.3] However, due to the constraint (7.4) on the selling
probabilities, the simple argument about their optimality that we used in the proof of
Lemma|7.3.3|cannot be used here; the dependency on the number of agents in our
analysis is mainly introduced due to this subtle issue.

Lemma 7.5.5. Let (q,F) be any feasible solution of the mathematical program
that satisfies the additional constraint g;(x) > 5~ for every i € [n] and x € [0,1]. Then,
for every i € [n], it holds

1
R; r,(0) < 8nk? /0 Ry r,(x)dx. (7.16)

Proof. Consider an agent i € [n] and define S; = {vi €YV :vi(0) > FiI)I (1— Z],(O))}
to be the set of valuation functions drawn from F; with derivative at least Fl.’f)l (1—
gi(0)) at point 0. By the definition of set S;, we have Pr,.p,[v € S;] = 1 —g;(0). Hence,

2 G E (1 - ).

(7.17)

minv'(x) < £ (1-G(0)) < F7(1-Gi0) < =5

The second inequality follows due to the constraint for monotone non-increasing
selling probability in mathematical program ll and the third one since g;(x) >

= 2n
and ¢;(0) < 1. By Equation (7.17), we get
miny/ () dx < 7 /IR (x)d (7.18)
miny' (x)dx < —- 7. F (x)dx. )
0 veS; — q(o) 0 qiFi

Now, let z € [0,1] and v be a valuation function of S; satisfying V'(z) = min,cg, V' (¢).
We have

/Olﬁ’(x)dx:/Oty(x)dx—i—/tlﬁ'(x)dx
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<t-V(0)+ (1—1)-V(r)
l—t [
<t-V(0)+——" [ minV'(x)dx
t 0 veS
2n-(1—1) !
<t-v(0 +~7_/ R; y.(x)dux. 7.19
<70+ S [ 0 (7.19)

The first two inequalities are due to the concavity of the valuation function v (and its
definition), while the third one is due to Equation . Now, we divide both sides
of Equation by v/(0) and use the facts that the valuation function ¥ has IMOTV
at most k and belongs to set S; (and, therefore, v'(0) > FI.I)I (1 —¢i(0)). We obtain

1 1 1
K V(0) t q(0)-v(0) t Ry 5,(0)
(7.20)
Rearranging Equation (7.20)), we get
Rz %.(0 - (1—
ar(0)  _2n(1-1) 2

folRtii,Fi(x)dx (1)

Similarly to the last step in the proof of Lemma(7.3.3| settingt =1—4/1 — %, Equation

(7.21) yields
-2
R: r.(0 1
1‘I"¢§2n- ]—\/]—7 §8"K27
fo R%Fi (x) dx K

as desired. O

The next two lemmas refer to optimal feasible solutions of the mathematical
program ([7.3), among those satisfying the additional constraint.

Lemma 7.5.6. Let (q,F) be an optimal feasible solution to mathematical program
, under the additional constraint g;(x) > 5 for i € [n] and x € [0,1]. Then,
Rg y,(x) is monotone non-decreasing in x for every i € [n].

Proof. For the sake of contradiction, let 0 < x; < x; <1 and assume that Ry, f, (x) <
Rg, g, (x2) for every x € [x1,x2). Then, notice that due to the concavity of the valuation
functions, we have

Gi(x2) - F (1= Gi(x2)) > Gi(x2) - Fipy (1= Gi(x2)) > Gi(x1) - F ) (1= Gi(x1).

This contradicts the optimality of the solution (q,F) since decreasing g;(x) to g;(x2)
for x € [x1,x,) would strictly increase the objective value of the mathematical program

(73], without violating constraint (7.4), the constraint for monotone non-increasing

selling probability, as well as the additional constraint (recall that g;(x,) > ﬁ .0
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Lemma 7.5.7. Let (q,F) be an optimal feasible solution to mathematical program
, under the additional constraint G;(x) > 5 for i € [n] and x € [0,1]. Then,
R, F,(x) <256n°k" for every i € [n] and x € [0, 1].

Proof. Leti € [n] and z € [0, 1]; for the linear price p = Fl.;l (1 —4gi(z)), the constraint
(7.5) of the mathematical program (7.3)) yields

L e, [min{l, Y D F2 (1 —@(z)))}]

F'(1-i(2)) =

> Eyer, [P0 B2 (1-31(2)] 2 231,

The last inequality is due to the fact that, by definition, the demand D(vi,Fi;l (1—
qi(z))) is at least z with probability ¢;(z). Hence,
~ _ ~ 1
Ry (2) = a@i(2) - Fi. (1= (@) < — (7.22)

for every z € [0, 1].
Now, let 7 € [0,1]. Using Lemma [7.5.5] Equation (7.22)), and the inequality
Rg, ¥,(0) > R, p,(x) from Lemma(7.5.6, we have

R;.r,(0) ! t !
aF\9) _ /O Ry p,(x) dx = /O Ry 5, (x) dot /t Ry 5,(x)dx
1

8nk?
ldx

(0)) “and using the inequality 1+ 1Inz < 2,/z, we get

qu7Fi (0) /

and, equivalently, R, ¥, (0) < 256n%k*. The lemma now follows due to Lemma
O

Setting t = (R, F,

To summarize the proof of Theorem [7.5.1]so far, Lemmas[7.5.2] [7.5.4] and[7.5.7
imply that the mathematical program (7.3) has a feasible solution (q,F) that approxi-

mates its maximum objective value within a factor of 2 and satisfies the next two sets
of inequalities:

1
Y (1—Fl~,x(p>)dxspi vp>1 (7.23)

i€[n] 1

Ry, (x) <256n°k*, Vi€ [n],x€0,1] (7.24)
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Using this solution, we define the subsets A, B, and C; for t > 2 of set [n] x [0, 1]:
A= {(i,x) € [n] x[0,1] s.t. Fl-;l(l —qi(x)) < 2}
B={ (i) €[] x [0,1] st 3 (1 - gi(x)) =2

and g;(x) - F; (1= gi(x)) < 2+ (1= ai(x)) }

C = {(i,x) € [n] % [0,1] s.t. F; (1= gi(x)) > 1

and g;(x) Fl;l (1-gi(x)) >t-(1— qi(x))}

Furthermore, we define

1
s () €X)=2- ¥ [ a0 1{(i.0) € X}dx
ic[n) /0
for functions g; : [0,1] — R>p for i € [n] and X C [n] x [0,1]. Thus, the maximum
objective value of the mathematical program (7.3) is upper-bounded by

2% i) (1= i) = (R (013 63) € ] 0,1)

= I(Rq:'-,Fi (x); (ivx) € A) + I(Rq:’-,Fi (X); (iax) € B)
|log (256n°Kc*) |
+ )Y I(RyE(x):(i,x) € Gy \Cynr). (7.25)
j=1

The last sum runs up to |log (256n21<4 )j since, due to the inequalities the
set C; is empty for r > 256n*k*. We will complete the proof of Theorem by
upper-bounding each summand in the RHS of Equation by a constant. In doing
so, we will be assisted by a last technical lemma.

Lemma 7.5.8. Let F be a regular probability distribution, z € [0, 1], and ¢ > 0 such
that { < F~'(1—z). Then,

2 F1(1-2)
(1—z)-L+z-F1(1—-2) <1=F(0).

Proof. We use lower-left and upper-right points to define axis-parallel rectangles.
Notice that the assumption £ < F~!(1 —z) implies that z < 1 — F(¢). We distinguish
between two cases.

Casel: /- (1 —F(¢)) >z-F~'(1 —z). Then, the area of the rectangle defined by
the points (0,0) and (1,z- F~!(1 —z)) is upper-bounded by the total area in the two
rectangles defined by the points (0,0) and (1 — F(¢),z-F~'(1 —z)) and by the points
(z,0) and (1,£- (1 —F(¥))), respectively. Thus,

2 F ' (1-2)<(1=F() -z F ' (1-2)+(1—2)-£- (1= F(0)),

which is equivalent to the claimed inequality.
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2 F7Y(1 = 2) |- o
- (1-F(0) P Aé/

""""""""""""""""""" ( /

A

> TR0 1

Figure 7.1: An illustration of the argument in the proof of Lemma (Case 2) using
the revenue-quantile curve ¢- F~!(1 — g). To compare the two rectangles with thick
sides A and B, we show that due to concavity of the revenue curve g - F~! (1—4q),
rectangle A contains the lower-left shaded region corresponding to rectangle A and
the upper-right shaded region corresponding to rectangle B contains rectangle B. To
complete the proof, it suffices to observe that the two shaded rectangles have equal
areas.

Case 2: (- (1 —F(f)) <z-F~'(1—z). Denote by A the axis-parallel rectangle
defined by points (z,0) and (1 —F(£),£- (1 —F(¢))) and observe that its area is equal
tol-(1—F(¢))-(1—F(¢)—z). Also, denote by B the axis-parallel rectangle defined
by points (1 —F(¢),¢-(1—F(¢))) and (1,z- (F~'(1 —z)) and observe that its area is
equal to F(£)(z-F~'(1—2z)—£-(1—F(¢)). We claim that rectangle A is at least as
large as rectangle B and, hence,

2 F7'(1—z) <z-F'(1—2)+area(A) — area(B)
=z F ' (1=2)+(1=F{)—z2)-£-(1—=F))=F{)(z-F '(1=z)—£-(1=F(¢)))
=(1=F(0)-(z- F ' (1-2)+L-(1-2)),

which is equivalent to the stated inequality. The argument is illustrated in Figure

To prove the claim area(A) > area(B), it suffices to consider the point C at the
intersection of the line connecting points (z,z-F (1 —z)) and (1,0) with the line
connecting points (0,0) and (1—F(¢),£-(1—F(£))). Now, denote by A and B the axis-
parallel rectangles defined by points (z,0) and C and by points C and (1,z-F~!(1—z)),
respectively. Due to the concavity of the revenue-quantile curve ¢-F~'(1 —q),
the point (1 —F(¢),£- (1 —F(£))) lies inside rectangle B and point C lies inside
rectangle A. Thus, area(A) > area(A) and area(B) < area(B). Furthermore, observe
that rectangles A and B have the same area (this would still hold even if we had picked
point C anywhere in the line connecting points (z,z-F (1 —z)) and (1,0)). Thus,
we have

area(A) — area(B) > area(A) —area(B) =0
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as claimed. O]
Now, we have
I(Ry r,(x); (i,x) € A) <2-I(gi(x); (i,x) €A) < 4.

The first inequality follows by the definition of set A, and the second one by inequality

(7.23)). Also,

. qi(x)-F ' (1= gqi(x) .
I(RyF,(x); (i,x) € B) <4-1 ( 0= g(0) s (i,x) € B)

§4.I< qj(x)'F’;‘l(l_quX)) (i, %) €B>
2-(1=qi(x)) +qi(x) - Fi, (1 = qi(x))
<4-T(1 - Fu(2);(i,x) € B) <8.

The first inequality is obvious, the second one follows by the definition of set B, the
third one follows by applying Lemma with F = F; , z=g;(x), and £ =2, and
the fourth one follows by applying inequality (7.23)) with p = 2. Finally,

I(Ry, F,(x); (i,x) € Cypi \ Cyirt) <I(27F1;(i,x) € Cy \ Cpinr)
1
3 (i,x) € Gy \C2j+l>

'< ai(x) - F' (1 - ai()
(

wquw»+wwfyu—%@f“”€Q“Q”)

<2/2.1(1 —Fix(27);(i,x) € Cy \Cz_/+|)
2J+3

The first inequality follows since (i,x) & C,;+1 and, hence, g;(x) ~Fi;1(1 —qi(x)) <
max{2/*1. (1 —¢g;(x),2/"" - g;(x)} <2/*!. The second inequality follows since (i, x) €
C,, and, hence, g;(x) -Fi;l (1—qi(x)) > 2/ (1 —g;(x)). The third inequality follows
by applying Lemma with F = F; , z = ¢;(x), and £ = 2/, and the fourth one by
inequality for p =2/.

Overall, the RHS of Equation and, consequently, the maximum objective
value of mathematical program and the revenue gap, is upper-bounded by
4+8+16- [log (256n*k*) | <1404 32-logn+64-log k € O(Ink+1Inn). The proof
of Theorem [7.5.1]is now complete. O

7.6 Extensions and open problems

Motivated by recent work on “simple vs. optimal” revenue trade-offs in Bayesian
mechanism design, we have explored the power of linear posted pricing when selling
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a perfectly divisible item. Our work leaves several interesting open problems. Of
course, we would like to determine the tight bound on the revenue gap for linear
pricing, closing the gap between our upper bound of & (max { Inx+Inn, KZ}) and
our lower bound of Q(Ink). It is tempting to conjecture that the dependency on the
number of agents is not necessary and ®(In k) is the tight bound on the revenue gap.
Furthermore, we would like to explore whether the revenue gap increases significantly
when agents are utility-maximizing instead of shortsighted. Preliminary attempts to
show a separation between the two agent models have not been successful. Finally, the
optimal revenue for the ex-ante relaxation of the multi-parameter setting in Section
could be used to bound the revenue gap of other mechanisms for allocating a divisible
item, such as the proportional mechanism [[101}, [105], which has been extensively
studied in terms of social welfare [28 |29, 45]). This could lead to results on the Bayes-
Nash price of anarchy for revenue which, with a few exceptions such as [31, 91} [111]],
are rather sporadic in the literature.
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