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ABSTRACT

We develop a cache-oblivious data structure for storing a
set S of N axis-aligned rectangles in the plane, such that all
rectangles in S intersecting a query rectangle or point can be
found efficiently. Our structure is an axis-aligned bounding-
box hierarchy and as such it is the first cache-oblivious R-
tree with provable performance guarantees. If no point in
the plane is contained in B or more rectangles in S, the
structure answers a rectangle query using O(,/N/B+T/B)
memory transfers and a point query using O((N/B)¢) mem-
ory transfers for any € > 0, where B is the block size of mem-
ory transfers between any two levels of a multilevel memory
hierarchy. We also develop a variant of our structure that
achieves the same performance on input sets with arbitrary
overlap among the rectangles. The rectangle query bound
matches the bound of the best known linear-space cache-
aware structure.
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1. INTRODUCTION

Traditional algorithms research assumes that a computer
system consists of a processor (CPU) with an unbounded
amount of memory. This is motivated by the fact that most
programming languages are based on a memory model with
one uniform and very large address space. Referencing mem-
ory (to read the value of a variable, or to write a new value of
a variable) is considered an elementary operation, just like
CPU operations such as adding two numbers; the complex-
ity of an algorithm is then measured in terms of the number
of elementary operations performed by the algorithm.

In reality, however, the memory systems of modern com-
puters consist of a hierarchy of several levels of cache, main
memory, and disk. The access times of different levels of
memory often vary by orders of magnitude; for example, ac-
cessing disk can be 100,000 times slower than accessing main
memory. To amortize the large access times of memory lev-
els far away from the processor, data is normally transferred
between levels in large blocks. Thus, it is important to de-
sign algorithms that are sensitive to the architecture of the
memory system and have a high degree of locality in their
memory-access patterns. Moreover, the complexity analy-
sis should take the number of blocks transfers between the
memory levels into account, as these often have much more
impact on the actual running time than the CPU time.

In the past decade, a lot of work has been done on al-
gorithms for a two-level memory model, which was intro-
duced to model the large difference in the access times of
main memory and disks. However, relatively little work
has been done for multilevel memory models. One reason
for this is the many parameters in such models. Recently,
Frigo et al. [19] introduced the so-called cache-oblivious
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In this paper we develop cache-oblivious data structures
for storing a set S of N axis-aligned rectangles in the plane,
such that all rectangles in S intersecting a query rectangle
Q@ can be found efficiently. We refer to such queries as rect-



angle queries and to the special type of query in which @
is a point as point queries. Both types of queries are cen-
tral to many applications and have been widely studied in
several areas, including computational geometry, computer
graphics, spatial databases, and GIS. Previously, no cache-
oblivious structures were known for this problem.

Model of computationIn their seminal paper, Aggarwal
and Vitter [5] introduced the external-memory model (or
I/0-model). The memory in this model has two levels: an
internal memory, or cache, of size M and an arbitrarily large
external memory. In external memory, data is stored in
blocks of size B. Whenever an algorithm wants to com-
pute on data not present in internal memory, the block(s)
containing those data have to be read from external mem-
ory. Writing data to external memory is also done in blocks.
The complexity of an algorithm in this model is measured in
terms of the number of 1/O’s—blocks read from and written
to external memory—it performs, as well as the amount of
external memory it uses.

In the cache-oblivious model, introduced by Frigo et al. [19],
algorithms are developed and analyzed in the two-level 1/O-
model, but they cannot make explicit use of M and B.
Thus, contrary to the I/O-model, one cannot specify that
certain data has to be placed together in one block, since the
block size is unknown to the algorithm. The only control
the algorithm has over the data placement is the following:
data written to external memory in a certain order will be
grouped into blocks in the same order. It is assumed that
M > B%—the tall-cache assumption—and that when an al-
gorithm accesses a data element not stored in cache, the
relevant block is automatically transferred into the cache in
a memory transfer. If the cache is full, and another block has
to be evicted and written back to external memory, it is as-
sumed that this is done by an optimal paging strategy based
on all future accesses.® The analysis of a cache-oblivious
algorithm is done using the parameters B and M. Since the
algorithm itself does not use these parameters, however, the
analysis holds for any B and M. Hence, it holds for any
level of an arbitrary memory hierarchy [19], and a cache-
oblivious algorithm that is optimal in the two-level model is
optimal on all levels of an arbitrary multilevel hierarchy.

Previous results As mentioned, many data structures have
been proposed for answering rectangle queries on a set S of
N rectangles. See e.g. [4, 20] for surveys. In this paper
we are interested in structures that use linear space and
in particular in (axis-aligned) bounding-box hierarchies, or
bozx-trees for short. Box-trees are trees with N leaves, each
storing a distinct rectangle from S, where each internal node
v stores the bounding box of all rectangles stored in the
leaves of the subtree rooted in v. A rectangle (or point)
query @ is answered on such a tree by starting at the root
and recursively visiting all nodes whose bounding boxes in-
tersect Q.

In the internal-memory model, Agarwal et al. [3] devel-
oped a box-tree structure, called the kd-interval tree, that
answers a query @ in O(v'N + T) time, where T is the
number of reported rectangles [22]. They also proved that

The assumption of an optimal paging strategy is not as
unrealistic as it seems, because the well known LRU paging
strategy for cache size M is within a factor two from the
optimal paging strategy for a cache size M/2.

this is optimal for rectangle queries. Furthermore, if o is
the stabbing number of S, that is, the maximum number of
rectangles in S containing any query point p, the kd-interval
tree answers point queries in O(log? N) time for all values
o = O(log N); as o increases to ©(NN), the point query time
gradually degrades to O(v/N +T)). See [3, 22] for surveys of
earlier internal-memory box-tree results.

In the external-memory model, trees with fan-out ©(B)
(rather than two or constant) are often used to obtain effi-
cient data structures. For example, the ubiquitous B-tree [18,
10] is such a tree; a search (traversal of a root-leaf path) in
the B-tree can be performed in O(loggy N) memory trans-
fers, since each node can be stored in a constant number of
blocks on disk and thus loaded into main memory in a con-
stant number of transfers. Refer e.g. to [6, 29] for general
surveys of results in the external-memory model. Box-trees
in external memory have been studied extensively, mainly
in the database community, under the name of R-trees [21]:
an R-tree is simply a box-tree with fan-out ©(B) where
each node stores the bounding boxes for each of its chil-
dren. While many R-tree variants have been proposed—
see for example [11, 23, 28] or refer to the surveys in [20,
25]—it is only recently that a worst-case-efficient R-tree has
been developed. Agarwal et al. [3] described how to mod-
ify their kd-interval tree structure to obtain an external-
memory structure that answers queries using O(y/N/B+T)
memory transfers. Very recently, Arge et al. [8] developed
the so-called priority R-tree (or PR-tree) that improves the
bound to O(y/N/B + T/B), which is optimal for rectangle
queries and for point queries on data with high stabbing
number [3, 24]. For point queries on data with low stabbing
number, no better bounds than the internal-memory results
are known.

In the cache-oblivious model, a number of cache-oblivious
B-tree structures with O(logg V) search and update bounds
have been developed [19, 12, 13, 14, 16, 27]. This may be
surprising since the B-tree definition seems to rely crucially
on knowledge of B. The structures all utilize the so-called
Van Emde Boas layout [19, 26], which is a recursively defined
layout of the nodes in a balanced binary tree that allows for
a root-leaf path traversal in O(logg N) memory transfers.
Other efficient fundamental cache-oblivious data structures
such as priority queues [7, 17] and kd- and range-trees [1]
have also been developed. However, no efficient structure for
rectangle or point queries on a set of rectangles is known. In
particular, no cache-oblivious R-tree (box-tree) is known; a
Van Emde Boas layout of the kd-interval tree or the PR-tree
seems to give a worst-case number of memory transfers for
a rectangle query of O(y/N/B + T) at best.

Our results. We develop the first cache-oblivious data struc-
tures for storing a set S of N axis-aligned rectangles in the
plane, such that rectangle and point queries can be answered
efficiently.

In Section 2 we develop a cache-oblivious R-tree. If S has
stabbing number o < B, this structure answers a rectangle
query using O(y/N/B+T/B) memory transfers and a point
query using O((N/B)¢) memory transfers.?> Note that the

*Whenever we write bounds of the form O((N/B)%), we
mean that for any € > 0 we can construct a structure such
that the bound is O((N/B)®). The constant factor in the
bound will depend on the choice of e.



Figure 1: The top of a cache-oblivious R-tree. To the left we see the rectangles stored in this tree; to the right
we see the kd-nodes on the top two levels of the tree (represented by circles) and their subtrees (represented
by trapezoids). Inside each circle or trapezoid, we see a simplified copy of the input to the left, indicating
what is stored in that node or subtree, respectively. Each node stores the bounding box (dashed rectangle)
of the rectangles stored below it. Each subtree stores a number of rectangles. The white trapezoids represent
recursively constructed subtrees rooted at kd-nodes. The dark trapezoids represent line-based subtrees—for
such subtrees, the figure also shows the base line ¢ which intersects all rectangles stored in that subtree and
is also the line that is used to split the parent. Note that the base lines are not actually stored in the data

structure.

PR-tree, the only cache-aware R-tree that achieves optimal
O(y/N/B + T/B) memory transfers for rectangle queries,

needs ©(y/N/B) memory transfers for point queries in the
worst case even when the input rectangles are disjoint.

In Section 3 we turn our attention to input sets whose
stabbing number can be arbitrarily high. Our goal is to
achieve the same performance as for stabbing number less
than B, that is, O(y/N/B + T'/B) memory transfers for
rectangle queries, and O((IN/B)® 4+ T'//B) memory transfers
for point queries. Unfortunately, the lower bounds of Agar-
wal et al. [3] show that any R-tree must do Q(y/N/B +
T/B) memory transfers in the worst case for point queries
if the stabbing number can be arbitrarily high. Therefore
we slightly relax the definition of our bounding-box hierar-
chy: we allow a rectangle to be stored at most twice instead
of exactly once, and at some nodes we store some addi-
tional (constant amount of) information. We show that this
small change in the definition makes it possible to obtain
O(y/N/B + T/B) and O((N/B)® + T/B) bounds on the
number of memory transfers for rectangle and point queries,
respectively.

2. A CACHE-OBLIVIOUS R-TREE

In this section we describe our cache-oblivious R-tree. We
show that if the set of input rectangles S has stabbing num-
ber o < B, the structure answers rectangle and point queries
in O(y/N/B+T/B) and O((N/B)®) memory transfers, re-
spectively. Our structure is inspired by the kd-interval tree
of Agarwal et al. [3]. For convenience, we assume that a
point lies in a rectangle if it lies in its interior, and that two
rectangles intersect if their interiors intersect.

2.1 The structure

Our cache-oblivious R-tree is a box-tree whose nodes have
degree at most four. We distinguish two main types of nodes,

kd-nodes and line-based modes. This distinction only plays
a role during preprocessing—it determines how nodes are
handled—and during the analysis; they store exactly the
same information (namely a bounding box and pointers to
their children) and the query algorithm treats them in the
same way. The kd-nodes, which include the root of the
tree, form a binary tree that resembles a kd-tree. Besides
its two kd-children, each kd-node may have a third child
which is the root of a line-based subtree, that is, a subtree
that consists of line-based nodes and stores rectangles that
intersect the axis-parallel line that separates the two kd-
children.

The structure is defined recursively as follows. Suppose
the recursive call is to create the subtree that is rooted at a
node v. Parameters for this recursive call will be the set S,
of rectangles to be stored below v, and the type of the node
v (a kd-node or a line-based node). If the type is line-based,
a base line £ that intersects all rectangles in S, is also given.
The recursive construction is started with the construction
of a tree on the full input set S rooted at a kd-node.

The construction of a tree rooted at a kd-nodee cre-
ate a node v that stores the bounding box R, of the current
set of rectangles S,. Next, we partition R, into two subrect-
angles R, and R;, thus partitioning S, into three subsets:
a set S, of rectangles lying completely in R, , a set S; of
rectangles lying completely in R;}, and a set S of rectangles
intersecting the boundary between R, of R}. Splitting is
done using vertical and horizontal splitting lines in a round-
robin fashion, like in a kd-tree, so that nodes at even levels
at the structure have vertical splitting lines, and nodes at
odd levels have horizontal splitting lines. The splitting line ¢
is chosen such that |S; |,|S;| <|S.|/2. For the subsets S,
and S, we recursively construct two subtrees rooted at kd-
nodes, which are made children of v. For the subset S, we



recursively construct a line-based subtree rooted at a line-
based node with base line ¢, which is also made a child of v.
Refer to Figure 1 for an illustration.

The construction of a tree rooted at a line-based node.

Assume, for the sake of simplicity, that £ is a vertical line;
a horizontal line can be handled similarly. To obtain the
O((N/B)?) bound for point queries, define a parameter § :=
(1 —1/2°)"/¢. We create a node v that stores the bounding
box R, of S,. Let S. be the (§/2)|S,| rectangles in S,
that extend farthest to the left and let S} be the (§/2)]S,|
rectangles in S, \ S! that extend farthest to the right. We
partition the remaining set of rectangles S, \ (S, U .S%) into
three subsets S, , S;, and S, in the same way a set S, of a
kd-node is partitioned, but always splitting with a horizontal
line (that is, a line orthogonal to ¢). Note that all rectangles
in S,¢ overlap in the intersection of the splitting line and £.
For each of the four sets S, , S, SX and S := S U ST,
if not empty, we construct a line-based subtree rooted at
a line-based node with base line ¢ recursively, making the
subtrees’ roots, denoted v~, vt, v* and V", respectively,
children of v: refer to Figure 2.

In the analysis, we will call v~, v*, v* and ", the lower
(regular) child, the upper (regular) child, the separator child
and the priority child, respectively. Correspondingly, the
trees rooted at these nodes are called the lower (regular) sub-
tree, the upper (regular) subtree, the separator subtree and
the priority subtree. The input rectangles stored in these
trees—that is, the sets S, , S}, SX and S —are called the
lower rectangles, the upper rectangles, the separator rectan-
gles, and the priority rectangles of v.

Observe that when constructing a node v in a separator
tree, we will never be able to find a horizontal splitting line
such that both the upper and the lower regular subtree of
v are non-empty. Nevertheless, each node v in a seperator
subtree will have a priority subtree containing a fraction
6 of the rectangles stored below v, and each of the other
subtrees below v will have at most a fraction 1 — § of the
rectangles stored below v. Thus, the recursive construction
of a separator subtree on a set S’ will not go deeper than
O(log|5'|) levels.

+

Memory layout.Even though our cache-oblivious R-tree
is defined in terms of kd-nodes and line-based nodes, it is
simply a tree of bounded height with nodes of degree at
most four. We need to specify how to lay this tree out
in memory in order to obtain an efficient query algorithm.
Unlike most previous cache-oblivious structures we do not
use a Van Emde Boas layout, but simply lay the tree out in
depth-first order: to lay-out a tree T, rooted in a node v,
we define an ordering of the children v*,12,...v° of v and
lay out the tree such that v is followed by a recursive layout
of the tree 7,1 rooted in v*, followed by a recursive layout
of 7,2, and so on.

2.2 Query algorithm

Like in any other box-tree, a query with a rectangle or
a point @ is answered by recursively visiting all nodes in
the tree whose bounding boxes intersect ). To obtain a
good query bound, we visit these nodes in depth-first order,
always following the same order on the children of a node
that was used when we laid the structure out in memory.
To make sure the depth-first search will not incur too many

memory transfers, we implement it using a stack that con-
tains the nodes still to be visited. We initialize the stack by
pushing a pointer to the root of the tree onto the stack. We
then do the following:

1. repeat
pop a node v from the stack
if @ intersects the bounding box of v
then if v is a leaf
then report it as an answer;
else push the children of v onto the stack in
the order v*, 13,12, 1!, with v* on top
7. until the stack is empty.

2.3 Analysis

We will now analyze the number of memory transfers
needed to answer a rectangle query. Below, we will dis-
tinguish three types of nodes that are visited by a query.
We will show that the number of memory transfers needed
to answer a query is basically determined by the number of
nodes of only one type, and then analyze the number of such
nodes, first for a single line-based subtree, and then for the
full structure.

Let the weight of a node v be the number of rectangles
stored in the subtree 7, rooted at that node. A node is
called heavy if its weight is at least B. Denote by S, the
set of rectangles stored in 7,,. We distinguish the following
three types of visited nodes:

Hot nodes: heavy nodes v such that at least 6|S,|/2 rect-
angles of S, are reported, and all descendants of such nodes
v; notice that a descendant p of a hot node v is called hot
even if y itself is not heavy or does not have any of its rect-
angles reported.

Heavy cold nodes: visited heavy nodes that are not hot.

Light cold nodes: the remaining nodes, that is, visited
nodes of weight less than B that are not hot.

o

S Ot W

LEMMA 1. Let T be a cache-oblivious R-tree storing N
rectangles. The number of memory transfers needed to an-
swer a query on T with a rectangle Q is O(C +T/B), where
C is the number of heavy cold nodes visited and T is the
number of answers reported.

Proof: For each of the three types of nodes, we analyze the
number of memory transfers needed to visit them.

Hot nodes. Let v',...,v* be all hot nodes that have no
hot node as ancestor. Observe that the query algorithm
searches the subtree 7,: rooted at v* using at most O(|S,:|)
stack operations and reading each node in 7,,; at most once.
Moreover, the nodes are read in the same depth-first order
as the order in which they are stored in memory (possibly
skipping children of nodes whose bounding boxes do not
intersect @), so that O(|S,:|/B) memory transfers suffice
to read 7,:. The stack operations take at most O(|S,:|/B)
memory transfers as well [7]. Since the trees 7,1, ..., 7, are
disjoint and have at least a fraction §/2 of their contents
reported as answers, we have >.'_, |S,:| < 2T/4, so the
total number of memory transfers needed to traverse these
treesis O(3;_, (14]5,:|/B)) = O(t+T/B). Since each tree
7, contains at least dB/2 answers, we have ¢ = O(T/B),
and it follows that the total number of memory transfers
needed to visit hot nodes is O(T'/B).

Heavy cold nodes. Clearly, at most C' memory transfers
are needed to visit these nodes.
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Figure 2: A line-based node v, with |S,| = 12 rectangles stored below it. To the left we see the bounding box
of v (the big square) with the twelve rectangles and the base line ¢ that intersects them all. For the sake
of illustration, we set § := 1/3, so that §|S,| = 4 rectangles go into the priority subtree: the two rectangles
extending farthest to the left and the two rectangles extending farthest to the right. The remaining rectangles
are partitioned into three sets with a horizontal line: the upper regular subtree stores the rectangles above
the line, the lower regular subtree the rectangles below the line, and the separator subtree the rectangles
intersecting the line. — In the proof of Lemma 3, node v is considered to be a middle node, because it lies
between the top and the bottom edge of the query range (). Since its lower regular child extends far enough
to the right to intersect ), we know that at least half of its (dark-shaded) priority rectangles intersect Q) as

well.

Light cold nodes. Let v be a light cold node. Imagine
walking back up the tree until we reach a heavy node, that
is a node u of weight at least B. By the definition of hot
nodes, if © would be hot, v would have been hot as well. So
1 must be a heavy cold node.

Let p’ be the child of y whose subtree contains v—see
Figure 3. Observe that the weight of y’ is less than B, and
since the complete structure is stored in depth-first order,
7, must be stored in O(B) consecutive memory locations.
Thus it can be retrieved in O(1) memory accesses, which we
charge to p. Since there are C' different heavy cold nodes p
and each such node can be charged at most four times (once
for each child '), the number of transfers needed to visit
light cold nodes is O(C).

It remains to bound the number of heavy cold nodes. In
the analysis we will often use the following lemma.

LEMMA 2. Let € be a constant such that € > 0. Define
6 := (1 —1/2°)"%. Suppose g(N) is a function of N such
that g(N) < ¢g(N/B)®, for some constant cg > 0 and all
N > 0B. Let f(N) be a function of N such that:

f(N) < max{f(lT_(sN)ﬂ(% )} +
(5555 +

max {f (6N),g (6N)}

for N > B, where f(N) = 0 for N < B; then there is a
constant ¢y > cg such that f(N) < cf(N/B)® for all N > 0.

Proof: Let ¢ := ((1 — 4)/2)° + 6°. Note that ¢ > 0 and
¢ < 1/2° 4 6° = 1. We claim that for ¢y := ¢g/(1 — ¢) > c¢q,
we have f(N) < ¢f(N/B)®. We prove this by induction.
The base case f(N) = 0 < ¢f(N/B)® for 0 < N < B is
obviously true. Now suppose that f(N') < cs(N'/B)® for
all 0 < N’ < N, where N > B. Then we have:

V) < maxtera) (U5P) ¢
o (U0Y)
waxfep,cs} (%)
< (cge+cg)(N/B)*
= Cf(N/B)E7
which proves our claim.

We will now proceed to bound the number of heavy cold
nodes. Observe that the nodes we visit are the nodes whose
bounding boxes intersect @), and the children of such nodes.
For convenience, from now on, we consider a node visited
only if its own bounding box intersects ). To include the
children of such nodes in the count, we would have to mul-
tiply all counts by a constant.

We start by analyzing the number of heavy cold nodes
visited when querying a line-based subtree.



LEMMA 3. Let 7 be a line-based subtree storing N rectan-
gles, such that no point is contained in B or more rectangles.
Then, for any € > 0, setting the parameter § in the construc-
tion to (1 — 1/26)1/5 ensures that a query with a rectangle Q
on T wisits at most O((N/B)®) heavy cold nodes.

Proof: We assume that the query rectangle @ lies at least
partially to the right of the line £ intersecting all rectangles;
the case where @ lies to the left is symmetric. Through-
out this proof, we ignore all nodes with weight less than
B, since they cannot have any heavy cold descendants. In
particular, we ignore the separator subtrees. Such subtrees
contain boxes that overlap in a single point. By assumption,
no point is contained in B or more rectangles, so all nodes
in separator subtrees must have weight less than B.

We distinguish four classes of heavy cold nodes, as illus-
trated by Figure 4, and analyze them one by one.

Top nodes: heavy cold nodes whose bounding boxes in-
tersect (or contain) the top but not the bottom edge of Q.
Let Vi(N) be the worst-case number of such nodes in a sub-
tree of size at most N. Since the bounding boxes of the
regular children of a node are disjoint, a node can only have
one regular subtree, and possibly a priority subtree, whose
bounding boxes intersect the top edge. The regular subtree
would have size at most % (1 —§)N, and the priority subtree

2
at most  N. Therefore we have:

Vi(N) < Vi (17‘5 ) L V(BN £ 1,

for N > B, and V;(N) =0 for N < B. By Lemma 2 (with
f(N) = Vi(N) and g(N) = 1), this recurrence solves to
Vi(N) = O((N/B)").

Bottom nodes: heavy cold nodes whose bounding boxes
intersect (or contain) the bottom edge, but not the top edge
of Q. The analysis for this class is analogous to the analysis
of top nodes.

Spanning nodes: heavy cold nodes whose bounding boxes
intersect (or contain) both the top and the bottom edge of Q.
Observe that the analysis for the number of top nodes, given
above, only considered whether or not bounding boxes of
nodes intersect the top edge; possible intersections with the
bottom edge were not considered. Hence, nodes that in-
tersect both the top edge and the bottom edge were in fact
included in the count. The number of such nodes is therefore
O((N/B)?) as well.

Middle nodes: heavy cold nodes whose bounding boxes lie
between the lines containing the top and bottom edges of Q).
To bound the number of middle nodes, we will first bound
the maximum number V,'(N) of middle nodes that can oc-
cur in any subtree of size at most N, rooted at a middle
node. After that, we will use the result to bound the num-

<B v

Figure 3: Walking from a light cold node v to a
heavy cold node p.

ber of middle nodes V;5,(N), V,2(N) and V,%(N) in subtrees
rooted at top, bottom, and spanning nodes, respectively.

Obviously, a middle node v cannot have any top, bottom
or spanning nodes as children. Furthermore, a middle node
can have at most one middle node among its children, and
if it has such a child, it must be the priority child. This can
be seen as follows. If any of the regular children of v has
its bounding box extend far enough to the right to inter-
sect @, then certainly @ intersects the §|S,|/2 rectangles in
S, that were put in the priority subtree of v because they
extended farthest to the right—for an example, see the mid-
dle node v in Figure 2. But then v and all its descendants
are hot or light, not heavy and cold. So if any visited child
of v is a heavy cold node, it must be the priority child of
v and it must be a middle node. It follows that all middle
descendants of a middle node v are found on a single path of
priority nodes from v down into the tree. Therefore the max-
imum number V' (N) of middle nodes in a subtree of size IV,
rooted at a middle node, is at most 1 + |log, ,s(N/B)].

Next we bound the maximum number of middle nodes
V.. (N) in subtrees of size N rooted at top nodes. As men-
tioned above, one regular child of a top node may be a top
node as well, with at most (1 — §)N/2 rectangles stored un-
der it. The child could also be a middle node, but never a
spanning or a bottom node. The second regular child, if it
is heavy and cold, can only be a middle node. As observed
before, the priority child could be a top node—or a middle
node, with at most 6 N rectangles stored under it. There-
fore, the worst-case number of middle nodes in a subtree of
size N, rooted at a top node is:

vy < max{vs (50 ) v (A50w) )

for N > B, and V|, (N) = 0 for N < B. Again, by Lemma 2
this recurrence solves to V;5(N) = O((N/B)®).

The worst-case number of middle nodes in a subtree rooted
at a bottom node can be bounded by V2 (N) = O((N/B)?)

in an analogous manner.

l

spanning node

top node

middle node

bottom node t__.______.!

Figure 4: Four classes of heavy cold nodes in a line-
based subtree, shown by means of their bounding
boxes.



It remains to bound the maximum number of middle nodes
Vo (N) in subtrees of size at most N rooted at spanning
nodes. Of the two regular children of a spanning node, we
visit neither, one or both of them. If we visit one, the visited
child can be a spanning node or any other type of node with
at most (1 — §)N/2 rectangles stored below it. If we visit
both regular children, both must be non-spanning nodes:
one of the visited children must be a top or a middle node
and the other must be a bottom or a middle node. A span-
ning node can have any type of priority child. Let us denote
the maximum number of middle nodes in subtrees of size N
rooted at mon-spanning nodes by

Vi (N) == max(Viu (N), Vi (N), Vi (N)) = O((N/B)?),

The worst-case number of middle nodes in a subtree of size
N, rooted at a spanning node is then at most:

Va(N) < max{v;,i (%“szv),v;z (%‘s )}+
nfl—0
vm(—2 )+

max {V,, (6N),V,; (6N)},

for N > B, and V,;,(N) = 0 for N < B. Again, by Lemma 2
this solves to V,;,(N) = O((N/B)?).

It follows that the total number of middle nodes visited is
O(max(log, 5 (N/B),(N/B)%) = O((N/B)?).

Since no other heavy cold nodes can exist, adding up the
bounds for top nodes, bottom nodes, spanning nodes and
middle nodes yields the claimed bound of O((N/B)®).

We can now analyze our total structure.

THEOREM 4. Let S be a set of N rectangles in the plane,
such that no point is contained in B or more rectangles.
For any € > 0, we can construct a cache-oblivious R-tree
on S such that the number of memory transfers needed to
answer a rectangle query is O(\/N/B + T/B), where T is
the number of reported answers, and the number of memory
transfers needed to answer a point query is O((N/B)®).

Proof: By Lemma 1, we only need to prove that for rect-
angle queries we visit O(y/N/B) heavy cold nodes, and for
point queries we visit O((IN/B)?) heavy cold nodes (note
that for point queries, T' < B).

We will first characterize and analyze the number of heavy
cold nodes in the case of rectangle queries. Recall that the
complete structure is defined in terms of two types of nodes:
kd-nodes and line-based nodes. Every kd-node can be as-
sociated with a region in the plane, like in a kd-tree. Note
that the bounding box of a node v is contained in the region
of v. A descendant of a kd-node whose region lies com-
pletely inside the query rectangle cannot be heavy and cold:
all rectangles in the subtree rooted at that kd-node will be
reported as answers, and therefore all nodes in that subtree
will be hot or light.

So we only have to count kd-nodes of weight at least B
whose regions contain or intersect an edge of @), and heavy
cold nodes in line-based subtrees rooted at children of such
kd-nodes. We analyze the number of such kd-nodes follow-
ing the standard kd-tree analysis, as follows. Fix an edge
e of Q. Let E(N) be the maximum number of kd-nodes in

a tree storing N rectangles whose regions intersect e. Then
E(N) satisfies the recurrence:

E(N) < 2E(N/4) + 3,

for N > B, with E(N) =0 for N < B. To account for the
number of heavy cold nodes in line-based subtrees rooted at
kd-nodes, we extend the recurrence to:

E(N) < 2B(N/4) + 3+ Q1 (N) +2Q1 (N/2),

where Q1(N) is the maximum number of heavy cold nodes
visited in a line-based subtree on N rectangles. We know
from Lemma 3 that @1(N) = O((N/B)®). Hence, if we
choose € < 1/2, it follows that E(N) = O(\/W)

For point queries, we observe that the number of regions
P(N) that contains a certain point satisfies:

P(N) < P(N/2)+1,

for N > B, with P(N) = 0 for N < B. To account for
the number of heavy cold nodes in line-based subtrees, we
extend this recurrence to:

P(N) < P(N/2) +14 Q:1(N),
which gives P(N) = O((N/B)*).

3. CACHE-OBLIVIOUS
AUGMENTED R-TREES

We will now describe our cache-oblivious augmented R-
tree, and show that it answers rectangle and point queries in
the same aymptotic bounds on the number of memory trans-
fers as the cache-oblivious R-tree from the previous section,
but regardless of the stabbing number ¢ of the input. This is
achieved by increasing the storage and changing the query
algorithm slightly: an input rectangle can now be stored
twice instead of exactly once, and some nodes will store a
so-called reference point to guide the query algorithm.

3.1 The structure

The construction proceeds in exactly the same way as be-
fore for kd-nodes, and also for line-based nodes, except that
separator subtrees—subtrees storing rectangles containing a
common point—are treated in a special way.

The construction of a tree rooted at a separator hode.

Given a set of rectangles S to be stored in a separator
subtree below a line-based node v, we construct a separator
node v* that stores a reference point. The reference point is
the intersection of the base line (which we assume to be ver-
tical) and the splitting line used at v (which is horizontal);
this point is known to lie in all rectangles in S)°. We give
v”* two children, which will be the roots of a lower separator
tree and an upper separator tree. Both separator trees will
store all rectangles in S5, but in a different order.

The upper separator tree is built exactly like a line-based
subtree, except that splitting is done on the basis of only the
top edges of the rectangles. More precisely, when splitting
a set of rectangles S, \ S in a node v of the upper separa-
tor tree with a horizontal line, all rectangles with their top
edge above the splitting line will be considered to lie above
the line and go into the upper regular subtree of v, and all
rectangles with their top edge below the splitting line will be



considered to lie below the line and go into the lower regular
subtree of v. Rectangles with their top edge on the splitting
line are arbitrarily distributed among the lower and the up-
per regular subtree so that the number of rectangles in the
two regular subtrees differs by at most one.

The lower separator tree is built in the same way but on
the basis of the bottom edges rather than the top edges.

Thus the upper and the lower separator tree contain pri-
ority subtrees and regular subtrees but no more separator
subtrees, as all rectangles go into priority and regular sub-
trees.

Memory layout.The cache-oblivious augmented R-tree is
laid out in memory in depth-first order, exactly as the cache-
oblivious R-tree from the previous section.

3.2 The query algorithm

As with an R-tree, a query with a rectangle or point
Q@ is answered by recursively visiting all the nodes in the
tree whose bounding boxes intersect ) in depth-first order.
When a separator node v is encountered, the query proceeds
to only one of the two children. For the result of the query,
it does not matter which of the two subtrees is explored, as
both subtrees store the same set of rectangles. However, to
be able to guarantee good query bounds, we choose the sub-
tree to search as follows: if, in the orthogonal projection on
¢, the query lies completely below the reference point of v,
the query visits the lower separator tree, otherwise it visits
the upper separator tree.

3.3 Analysis

We take the same approach to analyzing the query time
as in the previous section, again distinguishing hot nodes
(nodes in subtrees with many answers), heavy cold nodes
(other nodes of weight at least B) and light cold nodes (the
remaining nodes).

LEMMA 5. Let T be a cache-oblivious augmented R-tree
that stores N rectangles. The number of memory transfers
needed to answer a rectangle query on T is O(C + T/B),
where C' is the number of heavy cold nodes visited and T is
the number of answers reported.

Proof: The proof is the same as for Lemma 1; the only
difference is in the number of memory transfers needed to
search a complete subtree. In the proof of Lemma 1, we used
the fact that in a cache-oblivious R-tree, O(|S,:|/B) mem-
ory transfers suffice to search any subtree 7,: of size |S,:|.
In a cache-oblivious augmented R-tree, rectangles may be
stored twice, so that traversing the tree may take twice as
many memory transfers. The asymptotic bounds remain the
same.

Now the query analysis again reduces to an analysis of the
number of heavy cold nodes visited. We start by analyzing
the number of heavy cold nodes visited when querying a
separator tree.

LEMMA 6. Let v be a separator node in a cache-oblivious
augmented R-tree. Let p be the reference point of v and
let Tupper and Tiower be the upper and lower separator trees
of v, respectively. Let N be the number of rectangles stored
under v. A query with a rectangle (Q on the subtree rooted
at v visits O((N/B)®) heavy cold nodes.

Proof: We assume that the query rectangle @ lies at least
partially to the right and above the reference point p of the
separator node. Hence, the query will only explore the upper
subtree. (The case where @ lies below the reference point
is symmetric — substitute the lower subtree for the upper
subtree and bottom edges for top edges — and the case
where @ lies to the left of the reference point is symmetric
as well.)

Figure 5: A rectangle intersects () iff its top edge
intersects q.

Note that all boxes stored in Zypper extend below the refer-
ence point and therefore cannot lie above Q. Consequently,
the question whether or not a rectangle intersects the query
rectangle, reduces to the question whether the top edge of
the rectangle lies high enough (that is, above the bottom
edge of Q) and extends far enough to the right (that is, be-
yond the left edge of Q). In other words, it reduces to the
question whether or not the rectangle’s top edge intersects
the half-line ¢ that extends upwards from the lower left cor-
ner of Q—see Figure 5. Likewise, the question whether or
not a bounding box of a set of rectangles intersects @, re-
duces to the question whether or not the bounding box of
the rectangles’ top edges intersects q.

Recall that the rectangles in 7ypper are distributed as if
Tupper Were a line-based subtree 7’ on the rectangles’ top
edges. By the above observations, a bounding box of a node
in Tupper intersects @ if and only if the bounding box of the
corresponding node in 7" intersects q. Therefore, the num-
ber of heavy cold nodes visited when searching with @ in
Tupper is exactly the same as when searching with ¢ in the
line-based subtree 7’. By Lemma 3 the number of heavy
cold nodes visited is then O((N/B)®).

We can now analyze the number of heavy cold nodes vis-
ited when querying a line-based subtree in an augmented
R-tree.

LEMMA 7. Let T be a line-based subtree of an augmented
R-tree, and let N be the number of rectangles stored in T. A
query with a rectangle Q on T wvisits O((N/B)®) heavy cold
nodes.

Proof: The proof of Lemma 3 already shows that we visit
O((N/B)?) heavy cold nodes that are not descendants of
separator nodes. Now we have to account for heavy cold
nodes in separator trees as well. Again, we distinguish four
classes.

Top nodes: heavy cold nodes that are descendants of sep-
arator nodes whose parents’ bounding boxes intersect (or
contain) the top, but not the bottom edge of Q;



Bottom nodes: heavy cold nodes that are descendants of
separator nodes whose parents’ bounding boxes intersect (or
contain) the bottom, but not the top edge of Q;

Spanning nodes: heavy cold nodes that are descendants
of separator nodes whose parents’ bounding boxes intersect
both the top and the bottom edge of Q;

Middle nodes: heavy cold nodes that are descendants of
separator nodes whose parents’ bounding boxes lie between
the lines containing the horizontal edges of Q.

The proof of Lemma 3 goes through verbatim for the first
three classes, except that in the recurrence for Vi(N), we
have to add a term Qo(N), which is the maximum number
of heavy cold nodes visited in a separator subtree on N rect-
angles. From Lemma 6, we know that Qo(N) = O((N/B)?),
so we can still apply Lemma 2 and the recurrence still solves
to Vi(N) = O((N/B)").

It remains to bound the number of middle nodes. In the
proof of Lemma 3, we showed that if the bounding box of a
node v lies between the lines containing the horizontal edges
of @, all heavy cold descendants (outside separator subtrees)
of v are found on a single path of 1 + [log, 5(|Sv[/B)] pri-
ority nodes below v. Each of the nodes on that path may
have a separator subtree that is visited. Because the weights
of the nodes on the path are bounded by a geometrically
decreasing series and the number of heavy cold nodes vis-
ited in a separator subtree is polynomial in its weight, the
largest possible separator subtree dominates. Hence, the to-
tal number of heavy cold nodes visited in separator subtrees
below a node of weight N is V' (N) := O((N/B)*). For the
total count of middle nodes, we can now derive the same
recurrences as in the proof of Lemma 3, leading to the same
O((N/B)?) bound.

Adding up the bounds for heavy cold nodes outside sepa-
rator subtrees and for top, bottom, spanning and middle
nodes in separator subtrees yields the claimed bound of

O((N/B)?).

Following the same analysis as for Theorem 4, now us-
ing Lemma 5 instead of Lemma 1 and Lemma 7 instead of
Lemma 3, we get the following.

THEOREM 8. Let S be a set of N rectangles in the plane.
For any e > 0, we can construct a linear-size cache-oblivious
augmented R-tree on S such that the number of memory
transfers needed to answer a rectangle query is O(/N/B +
T/B) and the number of memory transfers needed to answer
a point query is O((N/B)® + T/B), where T is the number
of reported answers.

4. CONCLUSIONS AND DISCUSSION

We developed the first cache-oblivious R-tree with non-
trivial performance guarantees. It answers rectangle queries
using O(y/N/B+T/B) memory transfers and point queries
using O((N/B)*+T/B) memory transfers, provided that the
input rectangles have a small stabbing number. Our cache-
oblivious augmented R-tree, where rectangles can be stored
twice, answers queries in the same bounds but without a
stabbing-number assumption.

The structures presented in this paper can easily be con-
structed in O((NN/B) log, N) memory transfers using a cache-
oblivious O(N/B) selection algorithm [19, 26]. This imme-
diately leads to semi-dynamic structures with an amortized

update bound of O((logi N)/B) = O(log% N) using the
logarithmic method [15, 9]. It is likely that the construc-
tion bounds, and consequently the update bounds, can be
improved to O((N/B)log,;,5(N/B)) using an I/O-efficient
construction technique due to Agarwal et al. [2]. It remains
an open problem to also support deletions; the techniques
utilized by Agarwal et al. [1] to obtain a dynamic cache-
oblivious kd-tree might prove helpful. Of course it also
remains an open problem to obtain a true cache-oblivious
R-tree with an O(/N/B + T/B) rectangle query bound
(regardless of the stabbing number of the input rectangles).
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