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Syntax
✦Typesare

–τ::=nat|τ1→τ2.

–Naturalnumbersareinunary-notation

✦Termsare

E::=|x

|funf(x
τ1

)
τ2

.E

|E1E2

|0

|succE

|ncase(E1,E2,x.E3)
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Intendedmeaning
✦ncase(E1,E2,x.E3)correspondstoML’s

caseE1of|Zero⇒E2

|Succx⇒E3

✦funf(x
τ1

)
τ2

.Eisarecursiveλ-abstraction–inML

letfunf(x:τ1):τ2=Einfend

✦theothersareasusual
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ACVBDenotationalSemantics
✦Types,τareinterpretedasaCPO,V[|τ|]

–V[|nat|]
(def)
=N–the”flat”naturalnumbers

–V[|τ1→τ2|]
(def)
=V[|τ1|]⇒V[|τ2|]⊥–thespaceofcontinuous

functionsfromV[|τ1|]tothelifting(−⊥)ofV[|τ2|](whichisitself
aCPO)

–finallytypingcontexts,Γ={x17→τ1,...,xn7→τn}aredenoted
by

V[|Γ|]
(def)
=

∏

x∈domΓ

V[|Γ(x)|]

–Wecanthinkofanelement,ρ∈
∏

V[|Γ(x)|],asafunction
ρ:domΓ→

⋃

x∈domΓV[|Γ(x)|]suchthatρ(x)∈V[|Γ(x)|]
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DenotationalSemantics–terms
✦Well-typedterms,Γ`E:τareinterpretedascontinuousfunctions,

ie.elements∈V[|Γ|]⇒V[|τ|]⊥

V[|x|]
(def)
=λρ.up(ρx)

V[|0|]
(def)
=λρ.up(0)

V[|succE|]
(def)
=λρ.(λn.up(n+1))

†
(V[|E|]ρ)

V[|ncase(E1,E2,x.E3)|]
(def)
=λρ.Φ

†
(V[|E1|]ρ)

✦wherethecontinuousfunctionΦis

Φ
(def)
=λn.

{

V[|E2|]ρifn=0

V[|E3|](ρ[x7→m])ifn=m+1
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Termscontinued...
✦and

V[|funf(x
τ1

)
τ2

.E|]
(def)
=λρ.up(fixΨ)

✦whereΨ:(V[|τ1|]→V[|τ2|]⊥)→V[|τ1|]→V[|τ2|]⊥

Ψ(φ)
(def)
=λa.V[|E|](ρ[f7→φ,x7→a])

✦finallyapplicationis

V[|E1E2|]
(def)
=λρ.(λφ.φ

†
(V[|E2|]ρ))

†
(V[|E1|]ρ)
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Extensions
✦Whatifwewanttoaddexceptionstoourlanguage?

–E::=...|fail|tryEcatchE

✦Thenweshouldchangetheinterpretationoftypes

–V[|nat|]=N(–thesame)

–V[|τ1→τ2|]=V[|τ1|]⇒(V[|τ2|]+1CPO)⊥(–changed)

✦Sofunctionsmightproducearesult,raiseanexceptionorsimply
diverge

✦Defineforanycontinuousfunctionf:A→(B+1CPO)⊥an
”extended”functionf

�
:(A+1CPO)⊥→(B+1CPO)⊥by

f
�(def)

=











⊥7→⊥

up(inl(a))7→fa

up(inr(?))7→up(inr(?))

✦alsowriteξ(x)forup(inl(x))
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Redefiningthesemantics
✦Togivesemanticstoourextendedlanguage,weneedtoredefinethe

entiresemantics,notjustaddtheinterpretationofthenew
constructs!

✦Itwouldbemuchnicerifwecouldhaveamoremodularapproachso
thatwedon’tneedtochangethemeaningoftheoldconstructs,
whennewareintroduced.

✦LaterwewillseethatMonadscanhelpwiththis.
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ExceptionSemantics
✦Theexception-semantics,VeoftermsΓ`E:τ,isacontinuous

function:Ve[|Γ|]→(Ve[|τ|]+1CPO)⊥

Ve[|x|]
(def)
=λρ.ξ(ρx)

Ve[|0|]
(def)
=λρ.ξ(0)

Ve[|succE|]
(def)
=λρ.(λn.ξ(n+1))

�
(Ve[|E|]ρ)

Ve[|ncase(E1,E2,x.E3)|]
(def)
=λρ.Φ

�
(Ve[|E1|]ρ)

..

.

✦Φisasbefore(butwithV=Ve).
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ExceptionSemantics-continued.
✦forfail

Ve[|fail|]
(def)
=λρ.up(inr(?))

✦forthetry-catch

Ve[|tryE1catchE2|]
(def)
=λρ.φ

†
(Ve[|E1|]ρ)

✦where

φ
(def)
=

{

inl(a)7→ξ(a)

inr(?)7→Ve[|E2|]ρ
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Whataboutstate
✦Let’stryandaddstatetothesimplelanguagewithoutexceptions

✦Let∆={v1,v2,...,vn}beafixedcollectionofcellnames-vwill
nowrangev∈{vi}

n
i=1

✦Weextendthesyntaxwith

E::=...|!v|v:=E

✦Theinterpretationofstateswillbe(set-theoretic)functionsfromthe
cell-namestonaturalnumbers.

Vs[|∆|]
(def)
=∆⇒N
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Statesemantics–types
✦We’llkeeptheinterpretationofnatandtake

–functionsfromτ1toτ2as

Vs[|τ1→τ2|]
(def)
=Vs[|τ1|]⇒

[

Vs[|∆|]⇒(Vs[|τ2|]×Vs[|∆|])⊥
]

–thatisthespaceofcontinuousfunctionstakingasinputa“τ1”
andproducingacontinuousfunctionwhichtakesastateand
returnsaresultandanupdatedstate(ordiverges)

✦themeaningofawell-typedterm,Γ`E:τwillbeacontinuous
function

Vs[|E|]:Vs[|Γ|]→
[

Vs[|∆|]→(Vs[|τ|]×Vs[|∆|])⊥
]
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Statesemantics–terms
✦Wenowdefinethesemanticsofterms

Vs[|x|]
(def)
=λρ.λσ.up(ρx,σ)

Vs[|0|]
(def)
=λρ.λσ.up(0,σ)

Vs[|succE|]
(def)
=λρ.λσ.(λ(n,σ

′
).up(n+1,σ

′
))

†
(Vs[|E|]ρσ)

Vs[|ncase(E1,E2,x.E3)|]
(def)
=λρ.λσ.Φ

†
(Vs[|E1|]ρσ)

..

.

✦wherethefunctionΦ:Vs[|nat|]×Vs[|∆|]→(Vs[|τ|]×Vs[|∆|])⊥is

Φ(n,σ
′
)

(def)
=

{

Vs[|E2|]ρσ
′

ifn=0

Vs[|E3|](ρ[x7→m])σ
′

ifn=m+1
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Statesemantics-continued
✦for!v

Vs[|!v|]
(def)
=λρ.λσ.up(σv,σ)

✦forthev:=E

Ve[|v:=E|]
(def)
=λρ.λσ.(λ(n,σ

′
).up(n,σ

′
[v7→n]))

†
(Vs[|E|]ρσ)

✦Thiswasamoresubstantialchangeandhopefullyitisanice
surprisethatbothofthesenotionsofcomputation(andmanymore)
areinstanceofamoregeneralCBV-Monadicsemantics:-)
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MonadsandKleisliTriples
✦Definition:AKleisliTriple,K,overacategoryC,isatriple,K=(T,η,−

?
)where

–T:Obj(C)→Obj(C)assignstoeachobject,AofObj(C)anobjectTAofObj(C).

–ηisafamilyofmorphisms,indexedbytheobjectsofC,sothatηA:A→TA.

–Finally−
?

assignstoeachmorphismf:A→TBa”lifted”morphism,f
?

:TA→TB.

Suchthatthefollowingequationshold

–foranyobjectAofC,

(ηA)
?

=1TA

–foranymorphismf:A→TBofC,

(ηA;f
?
)=f

–foranymorphismsf:A→TB,g:B→TCofC,

f
?
;g

?
=(f;g

?
)
?
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ExamplesofusefulKleisliTriples
InthecategoryCPO

✦partiality

TA=A⊥

ηA=λa.up(a)

f
?

=

{
⊥7→⊥

upa7→f(a)

✦exceptions

TA=(A+1CPO)

ηA=λa.inl(a)

f
?

=

{
inl(a)7→f(a)

inr(?)7→inr(?)

✦state

TA=∆⇒(A×∆)

ηA=λa.λσ.(a,σ)

f
?
c=λσ.(λ(a,σ

′
).faσ

′
)(cσ)
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WhataboutthoseMonads?
✦Definition:AMonad,T,overacategoryC,isatriple,T=(T,η,µ)

where

–T:C→Cisanendo-functor

–η:1C→T:C→Cisanaturaltransformation

–µ:T
2
→T:C→Cisanaturaltransformation

Suchthatthefollowingdiagramscommute

TA
T(ηA)

1TA

T
2
A

µA

TA
ηTA

1TA

TA

T
3
A

T(µA)

µTA

T
2
A

µA

T
2
AµATA
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MonadicSemantics
✦InthefollowingletCPObethecategoryofCPOsandcontinuous

functions.LetK=(T,η,−
?
)beaKleisliTripleoverCPO(we

assumefurtherthatTAispointedforeveryA).Wecandefinea
genericCBV,semantics,VK[|−|]

✦ontypes

–forbasetype

VK[|nat|]
(def)
=N

–forfunctiontypes

VK[|τ1→τ2|]
(def)
=VK[|τ1|]⇒T(VK[|τ2|])
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MonadicSemantics–terms
✦Weassumefurtherthatforeveryf:A→TBthatf

?
:TA→TBis

strict.

✦NowdefineourK-semanticsonterms,Γ`E:τasacontinuousfunction
VK[|E|]:VK[|Γ|]→T(VK[|τ|]).WriteητasashorthandforηVK[|τ|]

VK[|x|]
(def)
=λρ.ητ(ρx)

VK[|0|]
(def)
=λρ.ηnat0

VK[|succE|]
(def)
=λρ.(λn.ηnat(n+1))

?
(VK[|E|]ρ)

VK[|ncase(E1,E2,x.E3)|]
(def)
=λρ.Φ

?
(VK[|E1|]ρ)

VK[|funf(x
τ1)

τ2.E|]
(def)
=λρ.ητ1

→τ2(fix(λψ.λa.VK[|E|](ρ[f7→ψ,x7→a])))

VK[|E1E2|]
(def)
=(λφ.φ

?
(VK[|E2|]ρ))

?
(VK[|E1|]ρ)

✦Notethatweobtainthepartialitysemanticswithη=upandf
?

=f
†

,

andtheexceptionsemanticswithη=ξandf
?

=f
�

.Extraexercise:

howdowegetthestatesemantics?
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MonadicSemantics:Exceptions
✦Supposenowwewanttoaddexceptionstoourlanguage.

✦TodothiswesimplyusethefollowingKleislitriple,Ke=(T,η,−
?
)

–forTtake

TA=(A+1CPO)⊥

–forηtake

ηA=a7→ξ(a)=up(inl(a))

–for−
?

take

f
?

=f
�





⊥7→⊥

up(inl(a))7→fa

up(inr(?))7→up(inr(?))
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ExceptionSemantics-revisited.
✦fortheoldtermssimplyuseVK[|−|]!!

✦forfail

VKe[|fail|]
(def)
=λρ.up(inr(?))

✦forthetry-catch

VKe[|tryE1catchE2|]
(def)
=λρ.φ

†
(Ve[|E1|]ρ)

✦where

φ
(def)
=

{

inl(a)7→ξ(a)=up(inl(a))

inr(?)7→VKe[|E2|]ρ

✦Similarlyforthestate-semantics–justusetheKleislitripleforstate.
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Wanttoknowmore?
✦Youshouldconsiderthisa(very)shortintroductiontoMonads

✦Thereisalotmoretolearn.Inparticulartakealookatthearticles:

–AndrzejFilinski-SemanticsofFunctionalProgramming-
preliminarylecturenotesfall98(availablefromMikkel)

–NickBenton,JohnHughesandEugenioMoggi-Monadsand
Effects-acomprehensivearticle(+abiglistofpointers)
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