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Problem - Internal Union-Find

= MainasubsetofSc{1, 2, ..., n}
= QOperations: Init(n) Delete(i) Succ(/)
= [Gabow, Tarjan JCSS 1981] O(n) init, O(1) Succ, amortized O(1) Delete

Succ(8)=12
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= Topic of this talk
A very simple data structure (with slightly worse theoretical bounds)



The Data Structure

INIT(20)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
112|3|4|5|6|7|8 1011111211314 (15|16 (17(18 (19|20
‘ DELETE(4) DELETE(S) - - -
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
112|3|5|6|7]|8 10111111 (13(14(15(15({16(17[18]19|20
SN N X X — N S ¥ X
Succ(5)=8
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
112(3[5|8|8|8|8|10]111|11113|14|15|15(16(17[18[19(20
\4& N— ¥ S ¥ X
‘ DELETE(8) Succ(5)=11 DELETE(11) Succ(6)=15 DELETE(12)
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
112|135 ]|11]15 11111 (11(15{13{15|15{15|16|17|18[19|20
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Proc INIT(n)
Create A[l..n]

fori «— 1 ton do
Ali] « 14

Proc DELETE(%)
Ali] + i+1

Proc Succ(q)
if Ali] =i then
return 1

Ali] < Succ(Alz])
/V return A|i]

path compression



Invariants

Proc INIT(n)

Create A[l..n]
= |finotdeleted, A[i] =1 for i < 1tondo
Ali] « 14
= |fideleted, i < A[i] <succ(S, i)
= (1 and n are never deleted) Proc DELETE(2)
Ali] + i+1
Proc Succ(q)
if Ali] =i then
return ¢
Ali] < Succ(Alz])
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 returnA[i]
1123 |5([11]15|8 [11[11]11]15|13([15[15|15|16|17|18|19]20




Variants

= Deletions can check if value already deleted

Proc DELETE(?) Proc DELETE(?)
Ali] < i1+1 if Afi] =i then
Ali] «+— i+1

= Path compression can be recursive or 2-pass iterative

Proc Succ(q) Proc Succ(i)
if Ali]| =i then J 1
return i while j < A[j] do
Ali] « Succ(Ali]) j <« Aljl
return Ali] while ¢ < A[i] do
i < Ali
Ali] = j
i 1

return



Variant - 1-pass Path Halving

Proc Succ(q)
while A[i] > i do
Ali] + A[Ali]]

i« Alil

return 2

2 3 4 5 6 7 8 9 10 11

415|6(7(8|9|10{11|M11
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Succ(4) =11
2 3 4 5 6 7 8 9 10 11

3|(4(6|(6|8|8|10{10(11|11
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Supporting Succ, Pred, RangeReport

3 4 5 6 7 8 9 10 11 12 13 14 15

1 2 16 17 18 19 20

4101125 |8[8|8|3|10{11|8 [13({14|15|11|15]16(17(18|19

gy —N XA S X X

Invariant [f i not deleted, A[i] = pred(S, i - 1); otherwise, i < A[i] < succ(S, i)

Proc INIT(n) Proc DELETE(7) Proc PRED(7) Proc Succ(q) Proc RANGEREPORT(%, j)
Create A[l..n] if Afi] <i then if Ali] <i then J j < PRED())
for i < 1 ton do j « Succ(i+1) return ¢ while j < A[j] do  while i < j do
Ali] «+ i—1 Alj] + Ali] return A[Succ(i)] j <+ Alj] report j
Ali] « j while i < A[i] do j < Alj]

i' <+ Al
Ald] « J
i @

return j



Previous and New Results

Successor Insert Delete
Binary search trees O(log n) O(log n) O(log n)
van Emde Boas trees O(loglogn) Of(loglogn) O(loglog n)
Weighted quick-find O(1) O,(log n)
Interval union-find O(1) O,(1)
This paper* O,(log n) O(1)

Theorem™ Init(n), d Delete, s Succ operations : O(n + d + s (1 + l0g,052.5/m MIN(S, N)))

Interval weight 1 Weight 4 Weight 3
union-find succ { ﬁ sSucc Succ
Gabow, Tarjan [JCSS 1985]
() O (L))
quick-find é . e » 0
microsets |00010000{00000000{00000000{00000000{00100010{00000000{00000000(00010001

log n bits word




Theoretical Analysis

Theorem: Init(n), d Delete, s Succ operations takes time

O(n +d+s-(1+ 108 ax2.s/m MIN(S, N)))
Note: TimeisO(n+d+s)ifs=0(n/logn)ors=0Q(n'*?

= Qurdata structure is a special case of Rem’s general union-find
data structure described by Dijkstra [1976]

= Tarjan, van Leeuwen [1984] analyzed Union-Find with naive linking



Experimental Results

= |ntelCorei7-1365U, Windows 11 (23H2), GCC 14.2.0 (MSYS2), A = 64 bit ints

= Data structures
1) no path compression
2) recursive path compression
3) 2-pass path compression
4) 2-pass path compression and checked deletions
5) path halving
6) union-find (weighted linking, path compression)
7) weighted quick-find

= Microset-macroset (microset = 64 bits, __ builtin_ctzll)

8) 2-pass path compression
9) union-find
10) weighted quick-find (interval union-find)



Bad Idea - Skip Path Compression...

Total time (seconds) / n

| —e— successor, no compression

successor, recursive

—e— Successor, 2-pass

] —— successor, 2-pass, checked

1 —— successor, halving
—o—union find

107° 5 quick find

1 —e- successor, 2-pass, micfset

| =e= union find, microse

quick find, microgét

107> 5

1077 5

10° 10t 102 103 104 10° 10°

INIT(n)
DELETE(1)
DELETE(2)

DELETE(n)
SUCC(1)
SUCC(1)

SUCC(1)



Recursion - Stack Overflow...

Total time (seconds) / n

le-9
4.0
3.5
3.0 -
2.5
2.0 -
v —— .
1.5 - -‘ successor, recursive
= =—e== SLCCEeSSOor, 2-pass
—e— successor, 2-pass, checked
1.0 —e— successor, halving
—e— union find
—eo— quick find
0.5 —e = successor, 2-pass, microset
== ynion find, microset
—e= quick find, microset
00 LR | ' LR | ! LB | f LI | ! LR | LA LR | v L]
10° 10t 102 10° 10° 10° 10°

INIT(7n)
DELETE(1)
DELETE(2)

DELETE(n)
SUCC(1)

SUCC(1)

Succ(1)



Worst-Case Sequence ("add new root")

le—8
5 00 - SuUCCessor, recursive INIT(n)
—e— SUCCESSOor, 2-pass
1.75 —e— Successor, 2-pass, checked ©(logn) DELETE(1 )
' —e— successor, halving
< o |~ unionfing }9(1) SuccC(worst)
Py quick find DELETE(Z)
§ — e = successor, 2-pass, microset
S 1.259 —«- union find, microset o Succ(worst)
k) quick find, microset M
v 1.00- DELETE(3)
= 0.75- Succ(worst)
2 .
0.50 - '
DELETE(n)
0.25 + - AP G- a4y gy S~
==t : SUCC(worst)
0.00

10° 101 102 103 104 10° 109 n



Random Sequence (n Delete & Succ)

Total time (seconds) / n

le—8
1.6 - successor, recursive INIT(n)
—e— SUCCEeSSOor, 2-pass : :
1.4 { —e— successor, 2-pass, checked U(gluoig_kf:‘?:d& DELETE(random)
—e— successor, halving
1.2 { —— union find ‘ Succ(worst)
quick find | DELETE(random)
1.0 4 == successor, 2-pass, microset
—e= union find, microset Delete skips SUCC(WOfSt)
quick find, microset
0.8 - already deleted DELETE(random)
0.6- SUCC(worst)
0.4 - *
DELETE(random)
0.2 1
\ Succ(worst)
0.0 Al Al T — T ——rrr
10° 10! 102 103 104 10° 1 n

Delete oblivious



Conclusion

= Simple internal union-find data structure

= Theoretical better structures exist

= Performance in same ballpark

= Performs very well with microset-macroset idea

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 1617 18 19 20

Proc INIT(n)
Create A[l..n]
for: < 1tondo
Ali] « i

Proc DELETE(:)
Ali] + i+1

Proc Succ(i)

J 1

while j < A[j] do
j <« Alj

while i < A|i] do
i — Al
Ali] <
i

return J
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