Computing Triplet and Quartet
Distances Between Trees

Gerth Stglting Brodal, Morten Kragelund Holt, Jens Johansen
Aarhus University

Rolf Fagerberg

University of Southern Denmark

Thomas Mailund, Christian N. S. Pedersen, Andreas Sand
Aarhus University, Bioinformatics Research Center

Work presented at SODA 2013 and ALENEX 2014

Computer Science Institute, Charles University, Prague, Czech Republic, 18 September 2014



Outline

Evolutionary trees

— rooted vs. unrooted, binary vs. arbitrary degree

Tree distances
— Robinson-Foulds, triplet, quartet

Results and previous work
— triplet, guartet distances

Algorithms
— triplet (quartet)
Experimental results (ALENEX 2014)



Rooted Evolutionary Tree
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Bonobo Chimpanzee Human Neanderthal Gorilla Orangutan



Unrooted Evolutionar
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. Abbreviation Full Terms
B Ac Acanthamoeba castellanii
Acl Acetabularia cliftonii
¢ l X Al Aequipecten irradians (scallop)
“chsy Rnmyr? Mm Waltzer - At Arabidopsis thaliana (thale cress)
vi oo S | Bm Brugia malayi
XVII Mmob Hsixa OO PgmSa.. | S, e Bt Bos taurus (cow)
Pg csmi co R myV Ms VIB V ? ce Chara coraliina
| 7 ;MsVIA Ce Caenorhabditis elegans
Fncemi, Hs XV o //scMyo2 cohume Cr Chiamydomanas reinhardti
o Mm XV Sc Myodf “Rn myré Dd Dictyostelium discoidium
o B’{T X l Gﬂ plg? Dm Drosophila melanogaster
[ ] im Dilute En Emiricella nidulans (Aspergillus)
X 1T cerums VII Hs Usherlb Y/ Rn myoSa ’ En Entamoeba histolytica
Mm shaker | |/ myoJ (V?) Gg Gallus gallus (chicken)
Dm 358 Ss Vila \ 4 o Mvo,:\ ) Ha Helianthus annus (sunflower)
Hs MysPDZ Ce HUMG \ At XI- Hs Homo sapiens (human)
A " Mo, ax : lp [ieiies e
2 111 ‘ el )
Kin D NinaG. P N Ms Morone saxatis (striped bass)
. Oc Oryctolagus cuniculus (rabbit)
o N Plant Myosins ov Onchocerca volvulus (a nematode)
= N \ f VIIL X1, X111 Pl Plasmodium falciparum (malaria)
( N Pg Pyricularia grisea (rice blast fungus)
Rn XVI | Re Rana catesbeiana (bullfrog)
X V I N \ '? Rn Rattus norvegicus (rat)
~ s S Sc Saccharomyces cerevisiae (yeast)
‘\ Sm Schistosoma mansoni
N \\' ( l ] Ss Sus scrofa domestica (domestic pig)
Acl myo1 H Tg Toxoplasma gondii
N Tt Tetrahymena thermophila
Tg myoC N N Acl myo2 X Xenopus laevis (clawed toad)
Ha hamy3 Zm Zea mays (maize)
Tg myoB N S
Tg myoE / Zm ZMM3
XI Pt PIMA > / Ha hamy1 V l [ l
Tg myoA N = AtATM Sl
s N -~ - AtVIIIA
g myol At ATM2
= . sl ALVIIB
Pt PIMB SIPRIG Adren Bovine Adrenal (myosin )
ank Ankyrin like repeats
Ce Y11D7A.14 Bb Brush Border Myosin |
TtMYO1 Sc Myol lIA CaA Cardiac alpha (myosin I1)
Dd myoM Dm Il CaB Cardiac beta (myosin If)
"g p;gk chs Chitin synthase type V homology
Oo FSkE csm Chitin synthase-myosin
HsFske  Skeletal FSk Fast Skeletal (myosin Il) = striated
> Rn FSKE FSKE Embryonic Fast Skeletal (myosin 11)
ScMYOs R CaA HMWMI  High Molecular Weight Myosin |
Se MYO3 MH&C&A kin Kinase domain
En MyoA Hs CaB Cardi neur Neuronal (myosin 11)
DdIC I:An %aBB ardiac nm Non-muscle (myosin Il)
a Cal PDZ Myosin like protein with a PDZ domain.
Dd 1D 74 Al Peri Perinatal (myosin II)
AciC Smil sm Smooth muscle (myosin 1)
Mm | 3 :
e ® Node found in >90% Bootstrap trials
GglB N
Subclass 1 Ha 16 ?cee”ge — — Partial Sequence
(amoeboid) RN st 11 Class uncertain by matrix analysis
Ce F58G4.1
AciB CellA
g o NMY1 Ce NMY2 5% Divergence
nmi
S nmi
Dd myoK oy \ X Gg nmil non-muscle
DmIA Hs nmilA H
oyt L 2 An Unrooted Phylogenetic Tree
I Subclass 4 Bt Adken ) Enll : .
‘ Vi Tta Ho o] ! _ of the Myosin Superfamily
- RclB  Rn Myl Mm IA Dd 1A Conventional
Subclass 3w MM BNTE G, 5,610 DIIE " AWM Myosins 11 Tony Hodge, MRC-LMB

L Subclass 2

Jamie Cope, UC Berkeley
July 2000

Dominant modern approach to study evolution is from DNA analysis



Constructing Evolutionary Trees —
Binary or Arbitrary Degrees ?

Distance matrix

Sequence data 1 2 3 - n
1 1
2 2
3 3
n n
Binary trees Arbitrary degree Arbitrary degrees
(despite no evidence (compromise ; good (strong support for all
in distance data) support for all edges) edges ; few branches)
Neighbor Joining Refined Buneman Trees Buneman Trees
Saitou, Nei 1987 Moulton, Steel 1999 Buneman 1971

[ O(n3) Saitou, Nei 1987 ] [ O(n3) Brodal et al. 2003 ] [ O(n3) Berry, Bryan 1999 ]



Data Analysis vs Expert Trees —
Binary vs Arbitrary Degrees ?

Cultural Phylogenetics of the Tupi Language Family in Lowland South America.
R.S. Walker, S. Wichmann, T. Mailund, C. J. Atkisson. PLoS One. 7(4), 2012.
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Linguistic expert classification

Neighbor Joining on linguistic data (Aryon Rodrigues)



Evolutionary Tree Comparison

split
1357|2468 8

\\

N 4
5

~

1
3
T1 TZ
Common Only T, Only T,

1357|2468  35|124678  57|123468
13567]248  48|123567
Robinson-Foulds distance = # non-common splits=2+1=3

D. F. Robinson and L. R. Foulds. Comparison of weighted labeled trees.
In Combinatorial mathematics, VI, Lecture Notes in Mathematics, pages 119-126. Springer, 1979.

[Day 1985] O(n) time algorithm using 2 x DFS + radix sort



Robinson-Foulds Distance (unrooted trees)

D. F. Robinson and L. R. Foulds. Comparison of weighted labeled trees. In Combinatorial
mathematics, VI, Lecture Notes in Mathematics, pages 119-126. Springer, 1979.

3 4
6 -
\8,)
Common  Only T, Only T,
? (none) 12567|348 12567834
. 2 1257|3468 12578346
~ 157|23468 1578|2346
57|123468 578|12346
5 78|123456
7
Tl
- ~\

RF-dist(T,, T,)=4+5=9
RF-diSt(Tl\{S} , Tz\{g}) =0

Robinson-Foulds very

( !
I [ o o I
'\ sensitive to outliers ;'



Quartet Distance (unrooted trees)

G. Estabrook, F. McMorris, and C. Meacham. Comparison of undirected phylogenetic trees
based on subtrees of four evolutionary units. Systematic Zoology, 34:193-200, 1985.

n
Consider all ( ) quartets, i.e. topologies of subsets of 4 leaves {i,j,k,/}

4
J | j I
>, X,

resolved : ij| kl unresolved : ijkl

(only non-binary trees)

2 3 > Quartet T, T,
3 1 {1,2,3,4} 14|23 14|23
3 {1,2,3,5} 13|25 15|23
4 {1,2,4,5} 14|25 1245
4 2
T, 1

{1,3,4,5} 14|35 1345
T, {2,3,4,5} 25|34 23|45

n
Quartet-dist(T,, T,) = (4) - # common quartets=5-1=4



Triplet Distance (rooted trees)

D. E. Critchlow, D. K. Pearl, C. L. Qian: The triples distance for rooted bifurcating
phylogenetic trees. Systematic Biology, 45(3):323-334, 1996.

Consider all (g

AN T

) triplets, i.e. topologies of subsets of 3 leaves {i,j,k}

! J
resolved : k|ij unresolved : ijk
(only non-binary trees)
Triplet T, T,
{1,2,3} 2|13 2|13
{1,2,4} 1]24 4|12
{1,,5} 1|25 5|12
{1,3,4} 4|13 4|13
— {1,3,5} 5/13 5|13
2o ,-\5 (\.2) 4 5 {1,45} 1145 1|45
4 (2 31 {2,3,4} 3|24 4|23
=1 / 2,35} 3|25 5|23
T S~ _7 T, {245} 524 2|45
- {3,45} 3|45 3|45

Triplet-dist(T,, T,) = (g) - # common triplets=10-5=5




Computational Results

Rooted
Triplet distance

Unrooted
Quartet distance

O(n3) 411’

: v D 1985
Binary O(n?) CPQ 1996 5
O(n?) BTKL 2000
O(n-log?n) SBFPM 2013 A
O(n-log? n) BFP 2001
O(n-log n) [SODA 2013]
O(n-log n) BFP 2003
10
AT S
_ 3 1 5 DA
Arbitrary 462
degrees , O(d®-n-logn)  spmgF2007
O(n?) BDF 2011 O(n?588) NKMP 2011
O(n-log n) [SODA2013] | O(d-n-logn)  [SODA 2013]

[ALENEX 2014]



Distance Computation

Triplet-dist(T,, T,) =B+ C+ D= () -A-E
T2

Resolved Unresolved

i J
k ,
i j B : Disagree
KN KN
i Yk i7 Tk
Unresolved

D
A | AN N
ok i i7 Yk j7 Nk

Sufficient to compute ‘A and E
D + E and C+ E ‘unresolved in one tree
(For binary trees C, D and E are all zero)




Parameterized Triplet & Quartet Distances

B+a:(C+D), 0<axl
TZ
Resolved Unresolved
A : Agree
Resolved /<\
k
AN - C
k
i j B : Disagree i/jT\k
KN KN
] k
T, j ki
Unresolved D E
/T\ /<\k /<\i /<\: i/T\k
Tk i i i !

( BDF 2011 O(n?) for triplet, NKMP 2011 O(n?*%88) for quartet

X [SODA 2013/ALENEX 2014] O(n-log n) and O(d-n-log n), respectively
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Counting Unresolved Triplets in One Tree

V. i<j<k

nyn,ng - ng

Triplet anchored at v

Computable in O(n) time using DFS + dynamic programming

/ _______________________________ [

Qu artets (root tree arbitrary)

z( 3 +<—Z> S )

V. \igj<k</ ] i<j<k




Counting Agreeing Triplets
(Basic Idea)

v e
g
1 ] d
T T2
i ' (nS\ w C w C
3 (") (8 = n = + )
vel,wel, € 1<i<d x



Efficient Computation

Limit recolorings in T, (and T,) to O(n-log n)

(precondition) Count T. Recolor
contribution recurse

@/\/\Z\

Reduce recoloring cost in T, from O(n?) to O(n-log? n)

4 )
TZ K »X H( Tz)
arbi.trary 6 3 918 5 /\ /\ binary

height 1 3 6 9 height

degree 8 O(log n)
4 Y

Reduce recoloring cost in T, from O(n-log? n) to O(n-log n)
= Contract T, and reconstruct H(T,) during recursion



Counting Agreeing Triplets (Il)

node in H(T,) =
component
composition in T,

Contribution to agreeing triplets at node in H(T,)

D Gy (M) (0.S-n)+ ) (0.5 g

1<i<d 1<i<d 1<i<d

IN



From O(n-log? n) to O(n-log n)

Compressed version

Update O(1) counters for all
of T, of size O(n,)

colors through node

Colored path Iengthsz |og(|Tz|) —= z n - |Ogn_
n.
2<i<d ’ 2<i<d

a®  Total cost for updating counters

a(f"‘l)

IogW =n-logn
leaf IET, ancestor a¥
not heavy child




Counting Quartets...

= Root T,and T, arbitrary
= Keep up to 7d? + 97d + 29 different counters per node in H(T,)...

Counter C' G Counter C G C 1t C Counter C Counter C G Counter Counter C Counter ('
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o3/ nfeo | 0 AN
/ Moy | N C&
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Distance Computation
Triplet-dist(T,, T,) =B+ C+ D = (g) _A-E
7-2

Resolved Unresolved

i J
k ,
i j B : Disagree
KN KN
j k i k
Unresolved

D
A | AN N
iR N T N

Sufficient to compute ‘A and E




ALENEX 2014: Implementation

(M.Sc. thesis Morten Kragelund Holt and Jens Johansen)

Binary Arbitrary degree
time  counters time counters
Triplet |O(n log n) 6 O(n log n) 4d+2
O(max(d,, d,) nlog n) 2d? + 79d + 22 (B, with T,<>T,)
Quartet |O(n log n) 40 7d? +97d + 29 (B, no swap)

O(min(d,, d,) nlog n
( (d;, d) gn) d?+12d + 12 (E, no swap)

Worst-case #counters per node in HDT(T,)

= First implementation for triplets for arbitrary degree

= Space usage ~10 KB per node for quartet (binary trees)
—> can handle ~ 1,000,000 leaves

= 64 bit integers, except 128 bit integers for values > n3
—> quartet distance of up to ~ 2,000,000 leaves




150

100 +

50

103

Experimental Results
Quartet Distance — Binary Trees

—e— O(nlgn) [SODA 2013] 60| —e—O(nlgn) A+E

—=—O(nlgn) A+B +O(nlg;2 n) MP 2004
—e—O(nlgn) A+E 50 1 ——O0(n%%%%) NKMP 2011
40 |
30 +
20 |
10 +

104 10° 108 102

= [ALENEX 2014] are the first O(n-log n) implementations
= MP 2004 overhead from working with polynomials



Experimental Results
Quartet Distance — High Degree Trees

T+ .
—o— O(max(dy,ds2)nlgn) [SODA 2013] o= O(min(dy, dy)nlgn) A+B
2007 O(min(dy,ds)nlgn) A+B Gt == O(n™ %) NKMP 2011
—o— O(min(dy,do)nlgn) A+E d = 1024
150 | d = 256 |
_1 1
100 + 3
2 1
50 +
1 1

103 104 103 108 102 103 104

= [ALENEX 2014] are the first n-poly(log n,d) implementation



Experimental Results
Triplet Distance — Binary Trees

—e— O(nlgn) [SODA 2013]
—8— O(nlg® n) SBFPM 2013

103 104 10° 106

= [ALENEX 2014] are the first O(n-log n) implementation
= SBFPM 2013 only binary trees, no contractions



Experimental Results
Triplet Distance — High Degree Trees

50 +

——O(nlgn) [SODA2013],d =2
—— O(nlgn) [SODA2013], d = 256
40 + ——0O(nlgn) [SODA2013], d = 1024

103 104 10° 106

= [ALENEX 2014] first implementation
= Triplet distance appears hardest for binary trees



Summary

Binary

o(n-logn) ?

Arbitrary
degrees

d = minimal degree of any node in T, and T,

Rooted Unrooted
Triplet distance Quartet distance
2 5
!{k\s O(nz) 4}3 D 1985
4 2 n BTKL 2000
0(n?) CPQ 1996 Of )2 '
5 O(n-log? n) BFP 2001
O(n-log®n) SBFPM 2013
O(n-log n) [SODA 2013] O(n-log ) oo
OopP° O(n-log n) [SODA 2013]
10
AT S
314625 2?67 g
O(d®n-logn)  spmgF2007
0O(n?) BDF 2011 O(n2688) NKIVIP 2011
O(n-log n) [SODA 20131 | O(d-n-log n)_ 7 [SODA 2013]
"0~ [ALENEX 2014]

= fastest implementation for large n

O(n-log n) ?
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