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Background

= Bachelorproject = shortest paths on Open Street Map graphs
= Students have trouble implementing Dijkstra's algorithm in Java™

»+ Export | OpenStreetMap X + v — O X
&~ C O E') nttps openstreetmap.org/ex; = - ?ﬁ’ i. G‘ =
2 OpenStreetMap : User Diarie iti op p About | Lo ‘ Sign Up \

A Bog)lle F/" Croxteth —~
Search Ll \ It A ; |
> ~eed 4 Norris Green | W
1 /. _Walton
VoY s 3 |
New Brighton b Y/ % Sy
pril : :
EXp 0] rt X P \ Deysbrook ~ Stockbridge 5‘{
¢ JKirkdale Anfieldi=, 4= WestDerby Village " S
i 'n Clubmoor, = =% o)
53.4529 1 J A Z
{ 1 Wallasey | uebrogk Woolfall
| { Everton Stoneycroft Dovecot
5 \ 1 1 Bakers Green
-3.2084 -2.7819 D g Vauxhall kY Knotty Ash ,
5 Kensington Fairfield H L =
Poulton \ N \ e = Huyton.z—
Seacombe . s P, Broad Green,===5"
53.3643 L,'YﬁEPQB[ e e R
3 X Ropewalks  Edge Hill! ="
Manually select a different area Fast Hoyle Meols=. =~ = ‘,o,” 1
Bank = 3 .l o7 Georgian Quarter Wavertree 2
L. 5 w0 & e’ LY Childwall  Belle Vale S
icence Hoylake : AR | Toxteth \
y x Saughall Massie A Birkenhead { \\v\ Netherley
OpenStreetMap data is licensed under the Open | Upten '4.-\ Noctorum N L { ‘\ Gateacre
Data Commons Open Database License (ODbL). | N e - OWEllranTSte ~Bingle \ Allerton
| LY \ ~ 1
; Greasby 2 South Tranmere i Mossley Hill Halewood Green H
2 West Kirb; Newton Woodchurch % ¥ 3 . . \_‘\ Woolton
km Frankby ) ) ~ -
|_1___r_r {anKDy \ Egerton Park % Aigburth LS | A S
v mi R o ) A\ N, ©OpensStreetilap contributors v IMake a Donation. Website and APl terms




J. op
enSt
reetM
ap
Edlt
Histo
ry
Expo
rt
GPS
Trace
s Us
er Diaries C
omm
unities
Co
pyrigh
t H
elp A
ot [ togin_
Log
NEETS
. Sign
U
p

]
“r"u i/l.JU
L'Ll'E'
|




<node 1d="4606377719" visible="true" version="1" changeset="45143381" timestamp="2017-01-13T19:11:482"
user="Dyserth" uid="1892838" 1at="53.4064488" lon="-2.9660774"/>

<way 1d="4961017" wvisible="true" version="11" changeset="66454995" timestamp="2019-01-19T14:25:322"
user="Redhochs" uid="1744940">

<nd ref="348087292"/>

<nd ref="4606377719"/>

<nd ref="268780437"/>

<nd ref="2700274352"/>

<nd ref="268779145"/>

<tag k="highway" v="pedestrian"/>

<tag k="1lit" v="yes"/>

<tag k="name" v="Ashton Street"/>

<tag k="surface" v="paving stones"/>
</way> N
<way 1d="826473129" visible="true" version="3" changeset="129789472" timestamp="2022-12-06T16:23:142"
user="pmyteh" uid="81653">

<nd ref="107366213"/>

<nd ref="3468209232"/>

<nd ref="3476406048"/>

<nd ref="4112993338"/>

<nd ref="2188828954"/>

<nd ref="534390991"/>

<nd ref="7839585527"/>

<nd ref="348087295"/>

<tag k="bicycle" v="yes"/>

<tag k="foot" v="yes"/>

<tag k="highway" v="tertiary"/>

<tag k="horse" v="yes"/>

<tag k="lanes" v="3"/>

<tag k="1it" v="yes"/>

<tag k="maxspeed" v="30 mph"/>

<tag k="name" v="Brownlow Hill"/>

<tag k="oneway" v="no"/>

<tag k="postal code" v="L3"/>

<tag k="sidewalk" v="both"/>

<tag k="surface" v="asphalt"/>
</way>



Dijkstra’s algorithm (1956) .

source

* Non-negative edge weights
= Visits nodes in increasing distance from source

proc Dijkstra,(V, E, 4, s) N
dist[v] = +oc for all v € V' \ {s} proc Dijkstra,(V, E, 9, s) E f
dist[s] = 0 dist|v] = +oco for all v € V' \ {s} '
Insert(Q, (dist[s], s)) dist[s] = 0 {6y

while Q # () do Insert(Q, (dist[s], s))
while QQ # 0 do

Fibonacci heaps (d,u) = ExtractMin(Q) |
(Fredman, Tarjan 1984) for (u,v) € EN({u} x V) do (d,u) = ExtractMin(Q)
= O(m + n - log n) (if dist[u] + 6(u,v) < dist[v] then fo‘f‘ (ua.”U) c En({uf x V) do
\ dist[v] = dist[u] + d(u,v) if dist[u] + 6(u,v) < dist[v] then
rolax <\if v € Q then dist[v] = dist[u] + §(u,v) O(log n) Remove
DecreaseKey(Q, v, dist[v]) if v€ Q then / = O(m - log n)
else Remove(Q, v)
| Inmsert(Q, (v, dist[v])) Insert(Q, (dist[v],v))

return dist return dist



The Challenge - Java's builtin binary heap

" no decreasekey
" remove O(n) time
= Dijkstra O(m - n)

= comparator function

e Java SE 18 & JDK 18
SEARCH: |2, Search X
Implementation note: this implementation provides O(log(n)) time for the enqueuing and
dequeuing methods (offer, poll, remove() and add); linear time for the remove(Object)
and contains(0Object) methods; and constant time for tEe Detrieval metﬁoas IpeeE,
etement, ana 51zei.
This class is a member of the Java Collections Framework.
Since:
1.5 5
— Java SE 18 & JDK 18
SEARCH: |2, Search X
PriorityQueue(int initialCapacity) Creates a PriorityQueue with the “
specified initial capacity that orders its
elements according to their natural
) G
ordering.
G
PriorityQueue(int initialCapacity, Creates a PriorityQueue with the
Comparator<? super E> comparator) specified initial capacity that orders its
elements according to the specified
comparatorn




Repeated insertions 0 2

source

= Relax inserts new copies of item
= Skip outdated items

proc Dijkstra,(V, E, 9, s)
dist[v] = +oo for all v € V' \ {s}
dist[s] =0
Insert(Q), (dist|s], s))
while Q # () do
(d,u) = ExtractMin(Q)
outdated ? — if d = dist[u] then
for (u,v) €e EN ({u} x V) do
if dist|u] + 0(u,v) < dist|v] then
dist[v] = dist[u] + d(u,v)

relax .
_ reinsert > Insert(Q, (dist|v],v))

return dist



Using a visited set 0 2

source

proc Dijkstra,(V, E,J,s)
dist[v] = 400 for all v € V' \ {s}
dist|s] =0
visited = ()
Insert(Q), (dist|s], s))
while QQ # () do
(d,u) = ExtractMin(Q)
use bitvector — if u & wvisited then
visited = visited U {u}
for (u,v) € EN({u} xV) do
if dist|u] + 0(u,v) < dist|v] then
dist|v] = dist|u] + d(u,v)
Insert(Q, (dist|v],v))
return dist




A shaky idea...

proc Dijkstra,(V, E,J,s) = Q only store nodes

dist[v] = o0 for all v € V' \ {s} (save space)
dist|s| = 0 = Comparator
visited = ()

Tnsert(Q, (dist[s], s)) = Key = current distance dist

while QQ # () do
d never used —* x’uf) = ExtractMin(Q)

if u & visited then a1 by
visited = visited U {u} p / \C extract oy y / \C
for (u,v) € EN ({u} x V) do A
if dZSt[’LL] + (5(’&,’0) < d’LSt[’U] then bs eq bg €6

dist|v] = dist|u] + d(u,v)
Insert(Q, (d>KT], v)) Heap invariants break \

return dist



Experimental study

= Implemented Dijkstra, in Python

= Stress test on random cliques

visited = set ()
Q = Queue ()

Q.insert (Item (O,

source) )

while not Q.empty () :
u = Q.extract min() .value
if u not in visited:
visited.add (u)
for v in G.out[u]:
dist v = dist[u] + G.weights[(u, v)]
if dist v < distl[v]:

dist[v] = dist v
parent[v] = u
Q.insert (Item(dist[v], Vv))

= Binary heaps failed (default priority queue in Java and Python)
= Skew heaps worked )
= Leftist heaps worked

" Pairing heaps worked

* Binomial queues worked

" Post-order heaps worked

= Binary heaps with top-down insertions worked

VAN

> Pointer based

> Implicit (space efficient)




Binary heap insertions
— bottom-up vs top-down




Binary heaps using dist in a comparator fails

.
OO OnuOnsO

(S‘ ] P CIJ > b( - j > ¢

( extract sg 1 extract aq / E extract bo d5 extract ds bi
insert ay / \ insert bo \ insert cs / \ not smallest / \
insert b ds ¢y ds  c7 by 3 key (3 3
insert cry / / — — —
insert dsx \ \ /\ /
insert eg bS €6 bg €6 cg C3 €6

wron
outdated &
placement
> C3 > C: > y > E¢ >
extract bo extract cs 3 extract c3 dLL extract da 6 extract eg
€6 C3 eg  dy €6

since visited



Definition
Priority Queues supporting Decreasing Keys

" |tems = (key, value)

= Qver time keys can decrease — priority queue is not informed
" |tems are compared w.r.t. their current keys

= The original key of an item is the key when it was inserted

Insert (item)

ExtractMin () returns an item with current key less than or equal to
all original keys in the priority queue




Theorem 1

Dijkstra, correctly computes shortest paths when using dist as
current key and a priority queue supporting decreasing keys

Theorem 2

The following priority queues support decreasing keys (out of the box)
" binary heaps with top-down insertions ((Williams 1964))

= |eftist heaps (Crane 1972)

" binomial queues (Vuillemin, 1978)

= skew heaps (Sleator, Tarjan 1986)
" pairing heaps (Fredman, Sedgewick, Sleator, Tarjan 1986)
" post-order heaps (Harvey, Zatloukal 2004)



Proof of Theorem 2 - Basic idea

= Decreased heap order Tn uo 3 merge(T1,Ts) vo 2
u ancestor of v = w1 16/ \4 o 3/ \15
current key u < original key v A VAN
uz2 8 7 214 Uil lg 4
" Root valid item to extract v1 5/ \7 2\14
1> vo 2 /\
= Top-down merging two paths o 5/ \15 . ?9 b
preserves decreased heap order N\ uz 8
V2 29 443

= skew heaps and leftist heaps
support decreasing keys



comparisons / n

Experimental evaluation of various heaps

" Cliques with uniform random weights
= With decreasing keys less comparisons (outdated items removed earlier)

(key, value) pairs

decreasing keys
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Reduction in comparisons

comparisons decreasing keys / comparisons (key, value) pairs
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Postorder heap [Harvey and zatloukal, FUN 2004]
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" Tnsert amortized O(1), ExtractMin amortized O(log n)
" Implicit (space efficient)
= Best implicit comparison performance (and good time performance)




Conclusion

Introduced notion of priority queues with decreasing keys
... as an approach to deal with outdated items in Dijkstra’s algorithm

Experiments identified priority queues supporting decreasing keys
... just had to prove it

Builtin priority queues in Java and Python are binary heaps
... do not support decreasing keys

Binary heaps with top-down insertions do support decreasing keys
... and also

skew heaps, leftist heaps, pairing heaps,
binomial queues, post-order heaps




