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Research Context 

Computational Models 
RAM     Pointer Machine       

IO     Cache oblivious     Implicit      
Succinct     Parallel      Functional       

Fault tolerant 
Bit-probe      Succinct 

Data Structures 

Priority Queues 
Tries        Search Trees 

Finger Search Trees 
Priority Search Trees 

Hardware 
TLB  Cache-faults  Paging   

Memory hierarchies 
Branch mispredictions  
Conditional operations 

Theory 

Algorithm Engineering 



Example 1 : Binary Search 

BSc (Algorithms and Data Structures 1) 
 Store data in sorted order 

 Binary search from the center 

 

MSc (Algorithm Engineering) 
 Don’t store data in sorted order 

 Don’t do binary search from the center 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

ESA06 

Why?  
cache lines  and branch prediction 

Sorting 
   O(n·log n) comparisons  

→ (n·log n) mispredictions 

WADS05 



Binary 
0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 
1101 
1110 
1111 
0000 

Decimal 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
0 

Binary 
0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 
1101 
1110 
1111 
0000 

Binary 
0000 
0001 
0010 
0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 
1101 
1110 
1111 
0000 

Reflected 
Gray code 

0000 
0001 
0011 
0010 
0110 
0111 
0101 
0100 
1100 
1101 
1111 
1110 
1010 
1011 
1001 
1000 
0000 

Reads 4 bits 
Writes 4 bits 

Reads 4 bits 
Writes 1 bit 

Example 2 :  
Counting [ Bit-probe ] 

Question 
Does there exist a counter where 
one never needs to read all bits 

to increment the counter ? 



Decimal 
0 0000 
1 0001 
2 0100 
3 0101 
4 1101 
5 1001 
6 1100 
7 1110 
8 0110 
9 0111 

10 1111 
11 1011 
12 1000 
13 1010 
14 0010 
15 0011 
0 0000 

b3b2b1b0 

-1-0 

b0 

b1 

b1 

---1 --1- ---1 0--- --00 1--- -0-- 

b3 b3 b3 

b2 

0             1 0             1 0             1 0             1 

0                1 0                1 

0                          1 

Always reads 3 bits 
Always writes ≤ 2 bits 

General case 

 n-bit counter n-1 reads and 3 writes 

 lower bound log2 n reads 

Redundant counters 

 use 1 extra bit → Θ(log n) reads sufficient TAMC11 

Example 2 :  
Counting [ Bit-probe ] 



58 13 138 55 141 137 11 53 10 54 

Example 3 : Integer Sorting [ RAM ] 

00001010 00001010 00001101 00110101 00110110 00110111 00111010 10001001 10001010 10001101 
10 11 13 53 54 55 58 137 138 141 

00111010 00001101 10001010 00110111 10001101 10001001 00001010 00110101 00001010 00110110 

Input 

Output 

1 2 3 4 5 6 7 8 9 10 

w bits 

n integers 



Bucket sort O(n+2w) 

Radix sort; Hollerith 1887 O n
w

log n
 

van Emde Boas 1975 
Willard 1983 

O n logw  
superlinear space 
expected 

Kirkpatrick and Reicsh 1983 O n log
w

log n
 

Merge sort: von Neumann 1945 O n log n  comparison based optimal 

Thorup and Han 2002 
O n log (w/log n)  

O n log log n  
expected 

Andersson et al. 1998 O(n) expected, w ≥ Ω log2+εn  

SWAT14 O(n) expected, w ≥ Ω log2n ∙ log log n  

Time per element 

w 
log2 n·loglog n log2+ε n 

O log log n  

O(1) 

log n 

1 

2 

3 

1 

2 

3 

SWAT14 ? 

Example 3 :  
Integer Sorting [ RAM ] 



Progress-Report94 

Open if worst-case 
 full persistence result exist ? 

Driscoll et al. STOC86 
General techniques to make data 
structures of constant degree 
partial and fully persistent with 
constant amortized overhead. 

Theorem 
Pointer based data structures of 
constant degree can be made 
partial persistent with worst-case 
constant overhead. 
 NJC96 

Example 4 :  
Persistence 

[ Pointer Machine ] 

Fully persistent B-tree   SODA12 



Progress-Report94 



Example 5 : Finger Search Trees  
[ Pointer Machine ] 

 

 Failed to solve cascaded splittings in full 
persistence technique  

 

 Turned towards the simpler (but related) 
problem of cascaded splittings in (a,b)-trees 
with finger search 





M
ay

 1
9

9
4

, F
in

g
er

 S
ea

rc
h

 T
re

es
. B

R
IC

S 
St

ra
te

gy
 W

o
rk

sh
o

p
.  

H
ja

rn
ø

, D
en

m
ar

k 

• Solution 
presented at 
STOC02 

August 1997, Finger Search Trees with Constant Insertion Time.  
Oberwolfach Seminar on ``Effiziente Algoritmen'' 

February 2002, Optimal Finger Search Trees in the Pointer Machine. 
Dagstuhl Seminar on ``Data Structures'' 



Dagstuhl 



Example 6 : Meldable Priority Queues  
[ RAM & Pointer Machine & Functional ] 

SODA96 [ RAM ] WADS95 [ Pointer ] STOC12 [ Pointer ] 

JFP96 [ Functional ] 



Example 7 :  
Functional Catenable Sorted Lists 

[ Functional ]  

 Join( (1,3,9,11),(14,19,21) ) → (1,3,9,11,14,19,21) 

 

ESA06 



 
Example 8 : 

Range Minimum Queries  
[ Succinct ] 

better upper or 
lower bound ? 

Indexing Model 
(input accessible) 

Encoding Model 
(input not accessable) 

m = 1 

1D 

2n+o(n) bits, O(1) time [FH07] 

n/c bits  Θ(c) time ESA10 

≥ 2n - O(log n) bits 

2n+o(n) bits, O(1) time [F10] 

1 < m < n 
O(mnlog n) bits, O(1) time [AY10] 

O(mn) bits, O(1) time ESA10 

mn/c bits  Ω(c) time ESA10 

O(clog2 c) time ESA10 

O(clog c(loglog c)2) time ESA12 

Ω(mnlog m) bits ESA10 

O(mnlog n) bits, O(1) time ESA10 

O(mnlog m) bits, O(mn) time ESA13 

m = n 

squared 

Θ(mnlog n) bits, O(1) time 
[DLW09,AY10] 

1 2 3 4  n 

1 3 1 3 42 12 8 

2 7 14 6 11 15 37 

3 13 99 21 27 44 16 

  23 28 5 13 4 47 

m 34 24 1 24 9 11 

i1 

i2 

j2 j1 

RMQ(i1, i2, j1, j2) = (2,3)  
= position of min 

≥ m 



Summary 

 Classic data structures  
 – still a lot of open problems 

 Lesson learned  
      – some problems take long time to solve 

 Future  
 – new technologies  
    new models of computation ? 

    intrinsic trade-offs  ? 

 


