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» Theorem 1. There exists a deterministic cache-oblivious algorithm solving the multiple-
selection problem using O(B + N) comparisons and O (B0 + %) 1/0s in the worst case,
assuming a tall cache M > B¢,
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partition

Internal Memory Sorting - Randomized

random pivot

}
9| 1(36|74(39|16(38|63|66|20|51|19|71|48|86|10]|26|12]11]97
9| 1|36|39|16|38 (20|19 |10|26|12|11]48|74|63 66|51 |71|86|97
9| 1|10[12|11]|16]36(39|38(20|19|26| |63|51[66|74|71|86]97
1|9|10|12]11| |20|19]|26|36|39(38| |51|63| |74|71|86]97
10f11]12| [19]20| [36]39 |38
1|9 |10|11|12|16|19|20|26|36|38|39|48|51|63 6671|7486 |97

sorted result (in original array)

= Quicksort
[Hoare 1959]

= Expected time
O(n log, n)



Internal Memory Single Selection — Randomized
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= Quickselect
[Hoare 1961]

= Expected time
O(n)



partition

Internal Memory Multiple Selection - Randomized

C
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9| 1(36|74(39]16|38|63|66|20|51|19|71|48(86|10]|26]12]11]97
9| 1|36|39|16|38 (20|19 |10|26|12|11]48|74|63 66|51 |71|86|97
9| 1|10[12|11]|16]36(39|38(20|19|26| |63|51[66|74|71|86]97
t
1]90]12]11 74| 71(86] 97
t
1011] 12 71| 74
t t

= PMultiple selection
[Chambers 1971]

= Expected time

O(n log, q)
q = # query ranks



partition

Internal Memory Multiple Selection - Randomized
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r, r, ry r,
Al A, A Bl B
9|1 [36|74|39|16|38|63|66(20|51|19|71|48|86|10|26|12]11]97
9| 1|36|39|16|38 (20|19 |10|26|12|11]48|74|63 66|51 |71|86|97
9| 1|10[12|11]|16]36(39|38(20|19|26| |63|51[66|74|71|86]97

t
1]90]12]11 74| 71(86] 97
t
1011] 12 71| 74
t t

= Multiple selection
[Chambers 1971]

= Expected time
[Prodinger 1995]

4 O(B + n) A

g+1
B = 2 A; log

Kquery rank entropy)j




Internal Memory Single Selection — Deterministic

= [Blum, Floyd, Pratt, Rivest, Tarjan 1973] Worst-case linear time
T(n) < T(1/5 - n) + T(7/10 -n) + O(n)

|

recursive select(r)

45232 54)59(32| 6 {97](92|81|5769|55((95|42 (43|78 48]00| 65| 3(|53 15|64 (B3 |85 (80|52
medih 2838 |54(69|48(53|64| 1/5:n
iti roups of 5 ,
partition group * recursive select(n/10)
@ pivot
45(23120|28(40|38 22132| 6 (424348 15(33 52|53|66 61|54|97(92|81|57|69|55(95|78|90(65|64(59|85|80
\ J
Y
<7/10-n




Internal Memory Distribution Sorting — Deterministic

Quicksort + Linear time median - pivots
[Hoare 1959] [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

random pivot
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3] . |
optimal O(n log, n) time

| 1] 9]10]11]12]16]19]20]26]36]38]39]48]51]63 6671748697

sorted result (in original array)




Internal Memory Multiple Selection — Deterministic

Multiple selection + Linear time median - pivots
[Chambers 1971] [Blum, Floyd, Pratt, Rivest, Tarjan 1973]

ran ran ran ran
5 |9‘1|36|74|39|16|38 6366|2051 19|71|48 86|10|26 12 |11 |97 ¢
.EC
3 |9‘ |36| ‘ 6| | 19110 (26|12 4|6 ‘ | 7
EIESEEY 320

[12[1]]
1 39(16|38| 20 3|66 51‘71‘86|9 ‘
11012 1136 | |63 5174|71‘86|97‘ ( . . . . . \
EEEE ! Tl Deterministic multiple selection
f .
[Dobkin, Munro 1981]

optimal O(B + n) time

\_ /




Summary Internal Memory

Randomized /

Deterministic
Sorting O(n log, n) M/B
Single selection O(n) v
Multiple selection O(B + n) B/B/log, g
|
g+1 n Lower bound
— . _ [Dobkin, Munro 1981] +
B j=1 AI logz AI [Arge, Knudsen, Larsen 1993]
Upper bounds
(query rank entropy) Randomized [ESA 2023]
. . s Iy Deterministic [SWAT 2024
R PN A, S | |
911(36|74|139(16(38|63|66|20(51(19|71|48(86(10|26|12|11(97




multi-way partition

Cache-aware Distribution Sort - Randomized

45]2320]28]66(40(38))2 [22[61[54]59(32] 6 [97|92[81]57 69 )55|95]42(43| 78] a8]l0]65] 3 [53|15]64[33]85]80]52
23(20(28| 2 |22(32| 6 | 3 |15|33|38|45|40|42|43|48|66|61|54|59|57|55 65|53 |64(52|69]|97|92|81|95|78|90|85 |80

Generalize Quicksort
Pick ©(M/B) random pivots

Multi-way partition: Scan and distribute to buckets
[internal memory: ©(M/B) pivots + 1 block input + 1 block per output bucket]

l recurse

Recurse on buckets ( £ M elements sorted in internal memory)

Expected O (% log/5 %) I/Os and O(n log n) internal work




Cache-aware Multiple Selection — Randomized
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45]23]20]28|6640(38))2 |22]61[54]59]32] 6 [97|92]81]57 69[55|95]42]43] 7848 )00]65] 3 [53]15]64]33]85]80]52
23]20|28| 2 [22|32| 6 | 3 |15|33|38 48 169]97|92|81|95|78|90|85|80

multi-way partition

l recurse

= O(M/B)-way distribution sort with pruning (a la Chambers)
= Expected optimalO(n/B + B/B/log,%) 1/Os

l recurse




Cache-aware Multi-way Partition — Deterministic

next batch
{ ]][ ]]I ]][ |95 42143|78(48|P0|65| 3 [53|15|p4(33(85|80|52

23(20( 2 |22| 6 45|30/38(54|32|55||57||66|61[59|97|92|81[69| current buckets

= Goal: create k = ©(M/B) buckets each of size O(n/k)
= Repeatedly distribute batches of n/k elements into buckets (initially one)

= Split overflowing buckets (> 2-n/k elements; at most 3n/k)
[using Blum et al. median finding algorithm; split creates pivot]

= Result: = k buckets each of size [n/k, 2n/K]

= Distribution sort: O (g log,/s %) I/Os and O(n log n) internal work
= Multiple selection : O(n/B + B /B/log, %) 1/Os




Summary Cache-aware

Sorting O (508ws 77) 1/Os

Single selection O(n/B)1/Os

Multiple selection O(n/B+B/B/log,%) !/0s

[Hu, Tao, Yang, Zhou 2014] achieved both I/0O and work optimality



[Frigo, Leiserson, Prokop, Ramachandran 1999]

Cache-oblivious Funnelsort — Deterministic

k-merger

[\
buffer size .

KO(1/¢) I

; \Q/I—<-merger

[\ 7/ \\
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sorted
output

L EE TR

k recursively sorted input streams

Tall cache assumption
M > B1+8
Neccessary [Brodal, Fagerberg 2002]

Binary mergesort with
buffered output

k-merger , k = n®)

O (5085 17) 1/Os



Cache-oblivious Multiple Selection — Idea

unsorted elements .
k-partitioner sorted ranks = Reverse computation of
k-merger > k-partitioner
= algorithm a la Chambers
- pivot —
= Challenges
I I I I * Pivots ?
(P.) (Po) D D * Pruning subtree

computations before
knowning ranks of pivots ?

I.I I.I I.I I.I I.I I.I



[Brodal, Wild 2023]

Cache-oblivious Multiple Selection — Randomized

unsorted elements

k-partitioner sorted ranks = Sortn/lognsize sample

= Select k = n®E© pivots
(P uniformly in sample

pivot

= Estimate pivot ranks
() ¢ within £n2/3 w.h.p.

- B i ] " Prune inside k-partitioner

(5.) (7.) D D subtrees w.h.p. no query
= Buckets just sort

= Expected

[ ] | = - = L - 3
IIIIIIIIIIII oI BIBTes s



[Brodal, Wild 2024]

Cache-oblivious Multiple Selection — Deterministic

unsorted elements . Entropy bound = sort > sort
k-partitioner sorted ranks = Smaller k

() = Prune buckets with no query
pivot 2 n/2 elements pruned

= Recurse on buckets
(P) (1)

R B i » = Pivots deterministically

* Incremental batches size n/k
@ () @ D * Split bucket + rebuild k-partitioner

= O(n/B+B/B/log,%) 1/0Os
k=n/A

| L | || | . | |
LTI IR T
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