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Abstract

We present dynamic binary search trees where each node only stores a value and pointers to its parent
and its children. We denote such binary search trees pure binary search trees. Our structure supports finger
searches in worst-case O(lgd) time, where d is the rank difference between the node given by the finger and
the node found by the search. Inserting a new node with a successor or predecessor value for a node pointed
to by a finger and deleting a node in the tree pointed to by a finger are supported in amortized O(1) time and
worst-case O(lgn) time, where n is the number of nodes in the tree. The temporary working space during
the operations is O(1) words. The result is obtained by an alternative representation of the red-black trees
by Guibas and Sedgewick [FOCS 1978] that encodes bits of information in the tree structure, generalizing the
encoding of 2-3-trees by Brown [IPL 1979], and rearranging the nodes in a red-black tree (“folding” left and
right paths) such that the predecessor and successor of a node can always be found in worst-case constant
time. The same time bounds can easily be obtained by, say, red-black trees and AVL trees augmented with
pointers to the predecessor and successor of each node. The novelty of our result is that we store no extra
information than the binary tree structure. The structure can be represented by two pointers per value, i.e.,
the same representation as a doubly linked list.
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1 Introduction

In this paper we present the first pure binary search trees supporting finger searches and finger updates in optimal
time. By a pure binary search tree we denote a binary search tree (BST) where each node only stores a single
value and pointers to the children and parent. No additional pointers or bits of information is allowed to be
stored in a node. All previous finger search trees require more information to be stored for each node to achieve
matching time bounds.

The overall goal of the presented research is to study how efficient operations one can achieve for BSTs if the
representation should be as simple as a pure BST. The goal of the research presented in this paper became more
general over time. Our final construction solves each of the following open problems. ) The initial open problem
was the following: Some search trees, e.g., red-black trees [26], support the insertion of new values in a tree with
n values in worst-case O(lgn) timdﬂ, but if the insertion point of the new value (empty leaf) is already known, the
insertion can be performed in amortized constant time. But red-black trees store balance information at each node
(a bit indication the color red or black). The first problem asked was if there exist balanced pure BSTs without
any balance information at the nodes (like splay trees [41], scapegoat trees [3] 23], or encoded 2-3 trees [I4] [I5])
that could achieve matching time bounds for searching and adding a new leaf? 4) Adding a new leaf might be
a canonical operation on a BST, but a more canonical black-box interface is to add a predecessor or successor
value for an existing node in the search tree, like in a doubly linked list (see Figure . Can such insertions be
supported in constant time in a balanced BST? In a balanced BST the initial step of an insertion (before some
rebalancing is performed to ensure logarithmic height) is to insert the new value at the leftmost empty leaf in
the right subtree of the node (see Figure [2). But finding this leaf can take worst-case Q(lgn) time, provided
no shortcut pointers are maintained to the successor and predecessor of a node. i) In addition to insertions,
can deletions of arbitrary nodes be supported in constant time, like in a doubly linked list (see Figure [1)? In
a balanced BST the deletion of a node with two children usually first swaps the node with its predecessor or
successor, that takes worst-case 2(lgn) time to find, such that the deletion is reduced to the deletion of a node
with at most one child. ) Finally, can we in addition to O(Ign) time top-down searches in a balanced pure BST

*Supported by Independent Research Fund Denmark, grant 9131-00113B.

T Aarhus University, Deparment of Computer Science, gerth@cs.au.dk. ORCID 0000-0001-9054-915X.
fAarhus University, Deparment of Computer Science, rysgaard@cs.au.dk. ORCID 0000-0002-3989-123X.
llgn denotes the binary logarithm of n.

Copyright (© 2025 by SIAM
Unauthorized reproduction of this article is prohibited



INSERTSUCC(v, 7)

v v w
SO O o O DS OO P O Ot
N

DELETE(w)

Figure 1: Inserting 7 as a new successor node w to an existing node v in a doubly linked list, and reversely the
deletion of a node w from a doubly linked list.
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Figure 2: Performing INSERTSUCC(v, 7) inserts 7 as a successor of 6 in a BST by inserting 7 as a predecessor (left
child) of the successor w of v.

also support finger searches in O(lgd) time (d being the rank difference between the start and end nodes of a
search)? Previous finger search trees require additional pointers to achieve this goal, e.g., like [27] [12].

1.1 Search tree operations In this section we give a more formal definition of the BST operations we consider
in this paper. We assume that a BST stores n ordered values e; < --- < e, in nodes vy, ..., v,, respectively. Note
that we do not require the values stored to be distinct, i.e., the same value can be stored in multiple nodes. We
assume that the n nodes form a BST, i.e., v; is the ith node in an inorder traversal of the tree. We say that e;
and v; have rank i, i.e., if there are multiple nodes with equal value, the rank of a value is defined by the index
of the node it is stored in. We only consider “stable” BSTs, i.e., whenever a value is inserted into a node and
a pointer to this node is returned, then the value resides in the node until deleted from the BST. See [7] for a
discussion of stability in practical data structure libraries. The operations we consider supported are:

PRED(v) Takes a pointer v to a node v;. Returns a pointer to v;_1, if ¢ > 1, and NIL otherwise.
Succ(v) Takes a pointer v to a node v;. Returns a pointer to v;41, if ¢ < n, and NIL otherwise.

INSERTPRED(v, €) Takes a pointer to a node v and a value e. Creates a new node v’ storing e. If v = NIL, v’ is
a new tree by itself. Otherwise assume v points to v;. It is a precondition that e;_; < e < e; (assuming
€9 = —00). Inserts v in the tree, such that v’ is after v;—; (if v;_; exists) and before v; in the new inorder
of the tree. Returns a pointer to v'.

INSERTSUCC(v, €) Takes a pointer to a node v and a value e. Creates a new node v’ storing e. If v = NIL, v’ is
a new tree by itself. Otherwise assume v points to v;. It is a precondition that e; < e < e;41 (assuming
ent1 = 00). Inserts v’ in the tree, such that v’ is after v; and before v;11 (if v;41 exists) in the new inorder
of the tree. Returns a pointer to v’.

DELETE(v) Takes a pointer to a node v. Removes the node v and its associated value from the tree containing v.

FINGERSEARCH(v, e) Takes a pointer v to a node v; and a value e. If e < e7, returns a pointer to v1. Otherwise,
returns a pointer to the node v;, such that e; < e < e;;1 (assuming e,41 = 00). For a finger search, we let
d = |j — i| denote the rank difference between the start node and the node returned by the search.

We denote the three operations INSERTPRED, INSERTSUCC and DELETE as finger updates.
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1.2 Binary search trees BSTs are one of earliest data structures in computer science, see, e.g., Windley [47]
from 1960 for an early description of BSTs. Knuth [31l page 453] gives an account of the early history of BSTs,
and Andersson et al. [4] of later developments on balanced BSTs.

The classic AVL trees of Adelson-Velsky and Landis [I] support insertions, deletions and searches in O(lgn)
time. Mehlhorn and Tsakalidis [35] showed that the amortized restructuring cost of AVL trees after an insertion
is amortized O(1) time, i.e., an AVL tree supports finger insertions in amortized constant time if the AVL tree
is augmented with successor/predecessor pointers. The red-black trees of Guibas and Sedgewick [26] achieve
matching O(lgn) worst-case bounds. Tarjan [44] proved that the rebalancing required by both insertions and
deletions in a red-black tree is amortized constant time, i.e., a red-black tree supports finger updates in amortized
constant time provided the red-black tree is augmented with successor/predecessor pointers. Insertions and
deletions perform at most two and three rotations, respectively [43] [44].

The splay trees of Sleator and Tarjan [41] are arguably the simplest BST representation: Each node stores
a value and two pointers to the children. They support insertions, deletions and searches in amortized O(lgn)
time. Even when a finger insertion can be done in worst-case constant time in a splay tree, as shown in Figure
the insertions must be charged logarithmic potential increase to support amortized logarithmic queries, i.e., the
amortized insertion time is logarithmic.

INSERTSUCC(v, €)
AWA AR

Figure 3: INSERTSUCC(v, e) in a splay tree.

Levcopoulos and Overmarks [33] describe BSTs supporting finger updates in worst-case O(1) time and searches
in O(lgn) time, essentially by maintaining bags of @(lg2 n) values.

Seidel and Aragon [40] presented simple randomized search trees denoted treaps, where a random priority is
assigned to each value and the BSTs are heap ordered with respect to the priorities. Treaps support updates and
searches in expected O(lgn) time, and store expected O(1) bits at each node, and with high probability at most
O(lgn) bits. Martinez and Roura [34] considered a variant of treaps where each node instead of a random priority
only stores the subtree size. Subsequently, Seidel [39] presented a variant of treaps where nodes store no balance
information, i.e., they are pure BSTs, but the update time increases to expected O(lg2 n) time. Gila, Goodrich
and Tarjan [24] presented zip-zip trees, that similar to treaps store random bits at the nodes of a BST, but they
reduce the high probability bound on the number of random bits to O(lglgn).

Andersson [3] and indenpendently Galperin and Rivest [23] presented the scapegoat trees, that are essentially
pure BSTs, except for a global variable storing the tree size n. The invariant is that the tree has height O(lgn),
which is maintained by rebuilding subtrees whenever the height invariant is violated.

Brown [I4, [15] presented a pure BST supporting updates and searches in O(lgn) time, by encoding a 2-3
tree [2] in the structure of a pure BST, where pairs of nodes encode bits of balance information for a 2-3 tree
node. It is crucial for the decoding that operations start at the root, i.e., finger operations cannot be supported.

1.3 Finger search data structures A finger search in a sorted array can be implemented by an exponential
search as shown in Figure[] consisting of a doubling phase followed by a binary search phase, in total performing
21gd + O(1) comparisons.

Bentley and Yao [8] studied the comparison complexity of finger searches. They proved that a finger search
requires IgV) d+1g® d+1g® d+- - +1g"% D 4+ ©(lg* d) comparisons, where IgV) d = 1gd, 1g0+1 d = lg(lg(i) d),
and 1g* d = min{i € N | 1g¥ d < 1}, i.c., they proved that the number of comparisons performed by exponential
search can be improved by essentially a factor two.

A balanced BST, like an AVL tree or a red-black tree, can support a finger search in O(lgd) if the finger is
at the smallest or largest value in the tree: Move up along the left or right spine of the tree, respectively, until a
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Figure 4: Exponential search for e in a sorted array, where esg < e < esg.

top-down search can be performed on a single subtree attached to the spine. Building on this observation, Guibas
et al. [25] presented search trees based on B-trees supporting O(1) moveable fingers, finger updates in constant
time, and finger searches and moving a finger in O(lgd) time. Kosaraju [32] achieved a similar result based
on 2-3-trees, Tsakalidis [46] a solution based on AVL trees, and Tarjan and van Wyk [45] a solution based on
red-black trees. Huddleston and Mehlhorn [27] presented a solution based on level-linked (a,b)-trees, supporting
finger updates in amortized constant time and finger searches in worst-case O(lg d) time—without any restriction
on the number of fingers. Their structure requires five pointers per node. Brodal et al. [I2] presented an involved
pointer based finger search structure supporting finger updates in worst-case constant time and finger searches in
worst-case O(lgd) time.

Treaps [40] support finger updates in expected constant time and finger searches in expected O(lgd) time,
essentially since the random structure of treaps implies that a finger is expected to be close to a leaf. Splay
trees were analyzed in the context of finger searches by Cole et al. [I6] [I7], who proved that splay trees support
searches, insertions, and deletions in amortized O(lgd) time, where d is the rank distance from the last accessed
node.

Deviating from pointer based structures, Anderson and Thorup [5] presented optimal finger search trees in
the RAM model supporting finger updates in constant time and finger searches in C’)(\/lg d/1glg d) time. Kaporis
et al. [30] considered interpolation based finger search structures on the RAM model achieving O(lglg d) expected
search time for a large class of input distributions.

For more results on finger search data structures, see the survey by Brodal [I0]. Table |l summarizes the
finger update bounds for various BSTs supporting an arbitrary number of fingers and the amount of balance
information they store in each node.

1.4 Result Our main result is essentially an alternative representation of red-black trees achieving:

THEOREM 1.1. There exist pure binary finger search trees supporting PRED and Succ in worst-case O(1)
time, INSERTPRED, INSERTSUCC, and DELETE in amortized O(1) time and worst-case O(lgn) time, and
FINGERSEARCH in worst-case O(lgd) time, where n is the number of nodes in the tree before the operation
and d is the rank difference between the node given by the finger and the node found by the search. The tree can be
represented by n records, where each node stores a value and two pointers (a pointer to the left child, and a pointer
to either the right sibling or the parent). The temporary working space during the operations is O(1) words.

The result is achieved by combining four simple ideas: i) Red-black trees support finger searches in asymptotic
optimal time if the successor and predecessor of a node can be accessed in constant time; ii) rearranging the nodes
in a red-black tree by “folding” left and right paths (adding a single bit to the nodes but no additional pointers),
successor and predecessor nodes can be located in O(1) time, while still allowing access to the parent and children
of a red-black tree node in O(1) time; 4ii) by partioning the nodes of a pure BST into “metanodes”, O(1) bits of
information can be encoded by the tree structure of each metanode; and iv) by ensuring all unary nodes have a
left child, two pointers are sufficient to represent each node.

1.5 Outline of paper The paper is organized top-down gradually introducing details to keep a focus of the
contribution of the individual ideas to our construction. In Section [2] we first recall the definition and operations
on red-black tree. In Section |3| we describe how red-black trees support optimal finger searches, provided that
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Reference Finger updates Information stored

AVL trees [1] O(lgn) 2 bits per node
Red-black trees [26] O(lgn) 1 bit per node
Red-black trees + predecessor/successor links [44] 04(1) O(lgn) bits per node
Scapegoat trees [3] 23] Oa(lgn) global tree size
Level-linked (a, b)-trees [27] 04(1) O(Ign) bits per node
BST with O(lg”n) sized bags [33] o) O(lgn) bits per node
Treaps [40] Og(1) Og(1) bits per node
Seidel random BST [39] Or(lg*n) none

Splay trees [41] Oa(lgn) none

Encoded 2-3 trees [14, [15] O(lgn) none

This paper O4(1) none

Table 1: Results for selected balanced BSTs. O4 and Op denote amortized and expected bounds, respectively.
All search trees have logarithmic height, and support searches in logarithmic time, except [39], 40] are randomized
and bounds are expected, and bounds for [41] are amortized, with no bound on the tree height.

red-black trees are augmented to support finding the successor and predecessor of a node in worst-case constant
time. In Section [4] we describe how paths in red-black trees can be rearranged such that the resulting tree is still
a BST with two bits of information at each node, but no additional pointers, where we can navigate and update
as in a red-black tree plus have access to the predecessor and successor of a node in constant time. In Section [5]
we describe how we can group nodes of a pure BST into metanodes, where the metanodes form binary subtrees
and encode bits of information through the tree structure, and in Section [ we describe how to store the resulting
pure BST with only two pointers per node. In Section [7] we combine the constructions of the preceding sections
to achieve our main result (Theorem . In Section (8] we argue that it is not possible to achieve worst-case
constant time finger updates and logarithmic searches if the structure is a pure BST, but in Section [9] we show
that better bounds are possible for general pointer structures where each node only stores two pointers. Finally,
in Section [10] we give some concluding remarks and mention some open problems.

2 Red-black trees

In this section we briefly recall the red-black trees of Guibas and Sedgewick [26], and how they support the
operations described in Section The amortized restructuring analysis of red-black trees is due to Tarjan [44].
The rebalancing operations in Figure |§| and m are from Cormen et al. [18].

Each node stores a value, pointers to its left child, right child, and parent, and a single bit indicating if the
node is red or black. Red-black trees satisfy the invariants:

1. A red node has a black parent, and
2. the number of black nodes on all root-to-external-leaf paths are the same.

If k& denotes the black height of the tree, i.e., the number of black nodes on any root-to-leaf path, then the tree
contains between 2% — 1 and 2%* — 1 nodes, implying that the height of a red-black tree is O(Ign). Figure [5|shows
a red-black tree with black height 3.

A shortcoming of red-black trees, and most BSTs, is that the successor and predecessor of a node are not
necessarily adjacent to the the node (e.g., in Figure the nodes storing values 6 and 7 are not adjacent). In general
there can be ©(lgn) nodes on the paths between a node and its successor and/or predecessor. In Section [3[ we
describe how a red-black tree can support finger searches in O(lg d) time, provided the successor and predecessor
of a node can be accessed in O(1) time, e.g., by adding additional links. In Sectionwe describe how to rearrange
the nodes in the representation of a red-black tree such that we can both navigate and update the red-black
tree, as if it was stored using the normal representation, and simultaneously have access to the successor and
predecessor of a node in O(1) time, without additional links (but one more bit per node).

A Succ(v) query is supported in O(lgn) time as follows: If v has a right child, returns the node found by
moving to the right child of v and then repeatedly moving to the left child until a node with no left child is
reached. If v does not have a right child, repeatedly moves up to the parent until v is in the left subtree. If such
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Figure 5: A Red-black tree (red nodes are shaded red; the remaining nodes are black). Dashed lines show where
the successor or predecessor of a node is not an adjacent node.
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Figure 6: Insertion rebalancing cases on red-black trees, when the two adjacent red nodes are on the left. Omitted
subtrees have a black root or are empty. Cases la and 1b perform recoloring and continues from node y, while
Cases 2 and 3 perform rotations in addition to recoloring, before terminating.
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Figure 7: Deletion rebalancing cases on red-black trees, when the double black node (marked m) is on the left.
The dashed nodes denote a node which color can be either red or black. Omitted subtrees can be empty or have
a black or red root. The node v can possibly be an empty subtree. Case 2 performs recoloring and continues from
node w, while Cases 1, 3, and 4 perform rotations in addition to recoloring. In Case 4, the color of node y after
rebalancing is the color of node w before rebalancing.
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a node is found, it is returned. Otherwise, v is the rightmost node in the tree and NIL is returned. The query
PRED(v) is handled symmetrically.

The finger insertion INSERTSUCC(v, e) creates a new node v" with value e. If v has no right child, v" becomes
the right child of v. Otherwise, v’ becomes the left child of Succ(v). In both cases v’ becomes a red leaf and
the black height invariant is maintained, but potentially v’ might have a red parent. This is fixed in amortized
O(1) time by performing amortized O(1) local transformations on the tree, involving amortized O(1) recoloring
at most two rotations. The transformations are recalled in Figure @ INSERTPRED(v, €) is handled symmetrically.
A finger deletion DELETE(v) first checks if v has two children. If v has at most one child, we delete v from the
tree, replacing it by its child if it had one. If v has two children, the values of v and Succ(v) are swapped,
and we delete Succ(v), that has at most one child. If the deleted node was red, we are done. Otherwise the
black height invariant might be violated, and a sequence of amortized O(1) transformations are applied where one
node is treated having an extra layer of black color (initially the child that replaced the deleted node, possibly
a NIL external leaf). The transformations are shown in Figure [7] where the “double black” node is marked
with m. If a red node becomes marked m, it is made a black node, and the transformations terminate. The
transformations perform amortized O(1) recoloring and at most three rotations. In total, the time for a finger
update is amortized O(1) plus the time for a Succ query (and worst-case O(lgn) time).

3 Finger searches using predecessor and successor links

In this section we describe how a balanced binary tree, say a red-black tree or an AVL tree, can support a finger
search in O(lgd) time, if the predecessor PRED(v) and successor SUCC(v) of a node v can be found in constant
time. Whereas PRED(v) and Succ(v) can be supported in constant time trivially by augmenting a BST with
these as pointers (such that the nodes are also maintained in a sorted doubly linked list), we in Section |4| show
how the additional pointers can be avoided for the case of red-black trees by rearranging the nodes.

Let u denote the node to be returned by a finger search FINGERSEARCH(v, €), i.e., the rightmost node in the
tree storing a value < e. In a normal top-down search starting at the root, we would go left whenever a node
stores a value larger than the query value e and right otherwise, until we reach an empty leaf. The node u to be
returned is the last visited node on the search path with value < e, i.e., the last node where the search continued
to the right child. Our finger search algorithm makes repeated use of such top-down searches on various subtrees.

Our finger search algorithm uses a parameter h, bounding how many levels we are allowed to move up in the
tree. Initially h is O(1). If a search fails because h is too small, we double h, and restart the search. For each
choice of h the algorithm will spend O(h) time, i.e., the total running time will be a geometric sum asymptotically
bounded by the final choice of h, that will be O(lgd).

In the following we assume the value at v is < e. The case where the query value e is smaller than the
value at v follows by a symmetric argument, where calls to SucC are replaced by calls to PRED. A search
FINGERSEARCH(v, €) proceeds as follows and as illustrated in Figure If v has a right child, call Succ(v) to
find the leftmost node vy in the right subtree of v. If the value at vs is > e, return v as the answer. If v does
not have a right child, let v = v. From vs move up the ancestor path h levels to reach node 7, (or until the
root is reached). Perform a top-down search in the subtree rooted at ry. If the top-down search from ry finds a
node with value > e, we return the answer u found in the subtree rooted at r,. Otherwise, we have reached the
rightmost node ¢ in the subtree rooted at ry, and the value at £ is < e. We find ¢ = Succ(?). If ¢ is NIL, then
{ stores the largest value in the tree, and we return £. Otherwise, ¢ is an ancestor of both ¢ and 7, and £ is the
rightmost node in the left subtree of ¢. If ¢ stores a value > e, return ¢. Otherwise, compute r = Succ(c). If
r is NIL or stores a value > e, return c. Otherwise, from r move up the ancestor path h levels to reach node r,
(or until the root is reached), and perform a top-down search in the subtree rooted at r,.. If the top-down search
from 7, finds a node with value > e, we return the answer u found in the subtree rooted at r,.. Otherwise, we
declare the search to have failed, and restart with a larger h.

For the analysis, we assume all root-to-leaf paths in a subtree are guaranteed to contain the same asymptotic
number of nodes. E.g., for red-black trees and AVL trees the difference between the longest and shortest paths is
a factor two. For fixed h, the total search time is O(h) plus the time for the top-down searches from r, and 7.
For 1, observe that we reach r, along an ancestor path of length A from v or Succ(v), where either v has no
right child or Succ(v) has no left child, respectively. It follows that the subtree rooted at r, has height O(h).
For r,., observe that r either has no left child (r is the leftmost node in the right subtree of ¢), or ¢ has no right
child and c is the left child of r. Since we reach r, from r along an ancestor of length h, the subtree rooted at r;
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Figure 8: The steps of FINGERSEARCH(v, ¢) for a fixed h in a BST with successor and predecessor links. The
dashed path are the vertices visited and u the returned node.

has height O(h). For fixed h, this implies that the top-down searches at ry and r,. take O(h) time, i.e., O(h) total
time. If a search fails, then the value at 7. is < e, and the final answer will be r, or a node to the right of r,.. If
r, is in the right subtree of ¢, the rank distance d between v and the final node u is at least the rank difference d,.
between r and 7., and d, equals the number of nodes in left subtree of r,, where d, > 2%h)  If r,. is ¢ or an
ancestor of ¢ (possibly to the left of v), and the search fails, then all 2%h) nodes in the right subtree of ¢ store
values < e, i.e., d > 2P Tn both cases h is O(lgd) when the search fails. Since h for the final successful search
is twice the last failed h value, it follows that the total time for a finger search is O(lgd).

4 Folded red-black trees

In this section we describe the folded representation of red-black trees, that we denote folded red-black trees,
further abbreviated as folded trees. We let unfolded red-black trees denote regular red-black trees (Section ,
similarly abbreviated unfolded trees. The folded tree representation of an unfolded tree is a unique BST on the
same set of nodes as the unfolded tree, but with an alternative arrangement. The goal of folded trees is to
support access to the predecessor or successor of a node in constant time, access to the parent and children in
the corresponding unfolded tree in constant time, and to support finger updates in amortized constant time (and
worst-case logarithmic time), without adding additional pointers to the nodes of the tree (but with adding one
additional bit to each node).

A folded tree consists of folding disjoint left paths and right paths in the unfolded tree. A left path (right
path) is a maximal path of nodes that are left (right) children. The construction is applied recursively, such that
the right subtrees of a left folded path are right folded, and the left subtrees of a right folded path are left folded.
The initial fold is on the left path from the root.

Consider a left path in an unfolded tree (right paths are handled symmetrically). If the path contains only
a single node, i.e., the node has no left child, the folded path is only this node and its right subtree recursively
right folded. Otherwise, we split the unfolded left path in two parts; an upper part and a lower part. Denote
nodes on the upper part as upper nodes and nodes on the lower part as lower nodes. The lower part is partitioned
into connected lower chunks. The topmost lower chunk is denoted the last lower chunk. See Figure [9] (left) for
an illustration of these definitions. The partitioning is created as follows to guarantee that the number of upper
nodes is equal to the number of lower chunks: Initially, the topmost node of the path is the only upper node and
all other nodes constitute the last lower chunk. Repeatedly, split off the lowest black node from the last lower
chunk, and possibly its left red child, as a new lower chunk and split off the topmost node as a new upper node,
provided the last lower chunk remains non-empty. Each iteration creates one new lower chunk and one new upper
node, i.e., the final number of upper nodes equals the number of lower chunks. All lower chunks, except the last
lower chunk, by definition consist of a lower black node, and additionally its left child if this node is red. Since in
each iteration two or three nodes are removed from the last lower chunk, we can always split of an upper node and
a lower chunk while the last lower chunk has four or more nodes, i.e., the final non-empty last lower chunk can
at most have three nodes. Furthermore, if it contains three nodes, the lowest node must be red, since otherwise
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Unfolded left path Left folded path

last lower chunk

Figure 9: (left) unfolded left path and (right) the folded rearrangement of the path. The dashed areas denote the
lower chunks, and the nodes in non-dashed areas denote the upper nodes, with (left) their unfolded positions and
(right) their folded positions. T; is (left) the right subtree of node x;, and (right) the recursively folded subtree
at the new location in the folded path.

we can split off an upper node and a single black node as a lower chunk. We conclude that the last lower chunk
contains 1-3 nodes, and only three nodes if the lowest node in the last lower chunk is red. The possible last lower
chunks are illustrated in Figure [I0}

The left folded path is constructed by alternating upper nodes and lower chunks, starting with the top upper
node and ending with the last lower chunk, such that lower chunks are left children of upper nodes, and upper
nodes are right children of lower chunks. The top-down order of the lower nodes are reversed in the left folded
path, such that if in an unfolded tree a lower chunk contains v and its left child v = v.£, then in the folded tree v
is the right child of u. See Figure [] for an illustration of an unfolded left path, and the folded representation of
that path. Let x1,x9,... denote the nodes bottom-up on the unfolded left path. Each node x; on the left path
in the unfolded tree has a right subtree T;, possibly empty. For each upper node z; in the folded tree, the right
subtree is T;. Similarly, the right subtree of the node at the end of the last lower chunk is placed as the right child
(27 and T7 in Figure E[) Otherwise, the right subtree T; of a lower node z; is placed as the left subtree of z; 1
(since T; contains values between z; and x;1). For each subtree T}, we recursively fold the right path.

In the folded tree, when given a node, it cannot be detected locally if the node is on a right or left path. We
therefore add one additional bit to each node, to mark the orientation, i.e., if the node is a left or right child in
the unfolded. Using this information, it can be detected in constant time if a node is an upper or lower node:
for a left folded path, only upper nodes have left children, which are also on the left path, i.e., have the same
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Figure 10: Possible colorings of the last lower chunk on an unfolded left path.

orientation, and symmetrically for the right folded path. If a node defines a path by itself, it can similarly be
detected in constant time. Using the information left/right fold and upper/lower, the local lower chunks can be
detected locally in constant time.

4.1 Properties of folded trees Having defined the folded representation of an unfolded tree, we summarize
the properties of the folded representation and how it supports navigation in the unfolded tree:

e The inorder of the nodes of the unfolded and folded trees are identical,
e left and right paths in the unfolded tree become paths in the folded tree with identical topmost nodes,

e the topmost and bottommost nodes on a left (right) path in the unfolded tree are adjacent in the folded
tree, i.e., given the topmost node in a left (right) path, the minimum (maximum) node in the subtree rooted
at the node in the unfolded tree can be found in constant time,

e given a node in the folded tree, the left child, right child, and parent of the node in the unfolded tree can
be found in constant time, and

e the folded tree is unique for a given unfolded tree,
e the height of the folded tree is logarithmic.

To see that the folded trees preserve inorder, observe the layout of the folded path in Figure |§| (right) satisfies
inorder, and apply the argument recursively. By definition a left/right path becomes a folded path with the same
topmost node and the topmost and bottommost nodes on left and right paths are adjacent.

Let v be a node in the unfolded tree, which is the left child of some node u, where u is either part of a left
or right path. We will argue that the path between v and v in the folded tree contains at most two additional
nodes, i.e., we can navigate from v to u and from w to v in constant time. If u is on a left path, then v is on the
same left path, and will in the folded path be separated by at most two nodes (two upper nodes are separated by
a lower chunk containing one or two nodes; two lower nodes can be adjacent or are separated by one upper node;
and the adjacent upper node and lower node by the at most two other nodes in the last lower chunk). If u is on a
right path, then v is the root of the left subtree of v and the topmost node on a left path, and will in the folded
right path be separated by at most two nodes (a lower and an upper node; see the distance between z; and the
root of T; in Figure |§| (right)). Symmetrically, this applies to right children.

The folding definition is deterministic. The root of the folded tree is the same node as the root of the unfolded
tree. Given a node in the folded tree, the left and right children in the unfolded tree can be found. Therefore
there exists a deterministic unfolding algorithm of a folded tree. The folded tree is therefore unique for a given
unfolded tree.

To bound the height of a folded tree, let v be a deepest node in the folded tree. Since the root in the folded
and unfolded trees are identical, the above argument implies that if the simple path in the unfolded tree from v
to the root contains k nodes, there exists a path (not necessarily simple) from v to the root containing at most
k+2(k —1) = 3k — 2 nodes. Therefore, the simple path in the folded tree from v to the root contains at most
3k — 2 nodes. Since unfolded trees have logarithmic depth (Section , folded trees also have logarithmic depth.

4.2 Finding the predecessor and successor In this section we consider how to find the predecessor and
successor of a node in a folded tree in constant time, even if they do not exist in the corresponding subtree in the
unfolded tree, but as an ancestor. We only describe how to find the successor of a node. Finding the predecessor
is symmetric.
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Denote the starting node as v. If the right subtree of v in the unfolded tree is non-empty, then the successor
is the minimum value in this subtree. Denote the right child of v as r, and the left subtree of r as T,.. Note
that r must exist, as the right subtree of v is non-empty, and r can be found in constant time in the folded tree
(Section . If T.. is empty, then the successor of v is r. Otherwise the successor is the minimum value in T;..
Independent if v is on a left or right folded path, T, must be left folded, as illustrated on Figure As T, is
left folded, the minimum in 7} can be accessed in constant time from v (Section . If the right subtree of v is
empty, then the successor of v must be an ancestor u of v, where v is the maximum in the left subtree of u. Note
that v is the predecessor of u. By symmetric argument from above for finding the predecessor in a non-empty left
subtree, we from u can access v in constant time. As the pointers of the tree can be traversed in both directions,
we from v can access its successor u in constant time. This concludes that the successor of any node can be found
in constant time.

Figure 11: Folding orientations covering node v in an unfolded tree. The dashed areas show if the underlying path
is left or right folded, with (left) the path containing v being left folded and (right) right folded. The subtrees T}
and T;. may be empty.

4.3 Translating rotations from unfolded red-black trees An unfolded tree is maintained balanced by
performing rotations. When a rotation occurs while rebalancing the unfolded tree, the folded tree must be
updated accordingly. How to do so depends on the orientation of the paths in the unfolded tree. Figure [12] shows
the four cases how rotations are performed in unfolded trees and how the orientation of the paths may be.

Consider the right rotation on Figure (top). Define the main path to be the path containing the node
rotated, in this case v, and the height of the rotation to be the height of the node rotated in the unfolded tree. In
this case the main path loses node v. If v is an upper node or a node in the last lower chunk, then the path needs
to be rebuilt, which takes time proportional to the height of the rotation, as the upper nodes are in the top half
of the path. If v is a red lower node not in the last lower chunk, then the number of lower chunks is unaltered,
and updating the main path takes constant time. The right path starting at T, gains a new upper node, the right
path starting at w loses an upper node and the left path starting at T gains an upper node, which all need to be
rebuilt in time proportional to the height of the rotation. All other paths are unaltered.

Symmetric arguments exist for the other three cases of rotations. The total time spent to perform a rotation
is proportional to the height of the rotation in the unfolded tree, provided that the number of lower chunks is
unaltered in the case when the node rotated is a lower node.

4.4 Insertions in folded red-black trees In this section we describe how to perform INSERTSUCC on a folded
tree in amortized constant time. Performing INSERTPRED is symmetric.

For an INSERTSUCC(v, €) operation, SUCC(v) can be found in O(1) time (Section [4.2)). Remaining is to show
that the time spent maintaining the folded tree to accommodate the new node in the folded tree is proportional
to the time spent on rebalancing the unfolded tree. The rebalancing steps on the folded tree is identical to the
rebalancing on unfolded trees (Section , utilizing that the local nodes needed in the rebalancing can be found
in constant time (Section [4.1)). First the successor leaf of v is located to create the new node containing e. The
leaf is v.r if v.r = NIL and otherwise it is Succ(v).¢. Initially the new node is colored red. If it is placed in an
empty path, it becomes the root of the path. Otherwise, it is inserted into the top of the topmost lower chunk
in the folded tree, i.e., the location of the lowest node on the unfolded path in the folded tree (see node z; on
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Figure 12: Rotations in an unfolded binary tree. The dashed areas show if the underlying path is left or right
folded, with (top) the main path being left folded and (bottom) right folded.

Figure E[) The folded tree may during rebalancing contain a lower chunk with three nodes, with one black node
at the bottom and two red nodes above it. It is an invariant during the rebalancing that each non-last lower
chunk, contains exactly one black node and the red nodes below it from the unfolded tree. Since during insertions,
at most one location in the unfolded tree contains two consecutive red nodes, all non-last lower chunks contain
1-3 nodes with exactly one black node, with at most one chunk being of size three. Further, in each non-last
lower chunk the black node is at the bottom. Rebalancing proceeds by first performing a phase of recoloring
nodes, and then terminating either at the root of the tree or by performing at most two rotations with associated
recoloring of the rotated nodes. In Figure[6] these cases are shown for the unfolded tree, with Case 1a and 1b being
the recoloring cases, and Case 2 and 3 being the terminating cases, which perform rotations. For the possible
orientations of the paths, see Figure

During the recoloring phase, three nodes are recolored in each iteration, and the rebalancing continues two
nodes higher up in the unfolded tree. If an upper node is recolored, the tree remains correctly folded, as upper
nodes may be of any color. If a lower node in a non-last lower chunk is recolored red, and it is the bottom node
in the chunk in the folded tree, it is moved to the top of the lower chunk below in the folded tree, to ensure that
the bottom node in the non-last lower chunk is black, which according to the recoloring cases it must, as the now
bottom node has been recolored black. If this moves the node to the last lower chunk, it is further checked if the
last lower chunk can split to introduce a new extra lower chunk and upper node. When a recoloring appears in
the last lower chunk, this may similarly allow for splitting the last lower chunk. Both checks on the last lower
chunk can be done similarly to how the folded tree was initially constructed. Note that during the recoloring,
it is not possible that two nodes in the same lower chunk become black, and each lower chunk always contains
exactly one black node, which therefore lead to only checks on nodes colored red in lower chunks being needed.
Each of these operations correspond to a single recoloring step in the unfolded tree, and as each operation can
be executed in constant time, the total time for the recoloring phase on the folded tree is asymptotically equal to
the time for recoloring the unfolded tree.

If the recoloring phase does not terminate at the root of the tree, then at most two rotations are performed,
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Figure 13: Insertion rebalancing cases on unfolded trees, when the two adjacent red nodes are on the left, with
the underlying possible folding of the paths shown with dashed areas. Omitted subtrees have a black root or are
empty. Cases la and 1b perform recoloring and continue from node y, while Cases 2 and 3 perform rotations in
addition to recoloring, before terminating.
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along with constant recoloring. These rotations are performed on the unfolded tree, and are therefore to be
performed as in described in Section [I.3] on the folded tree. The rotations take time proportional to the height of
the rotated node in the unfolded tree, assuming that the number of lower chunks in the main path remains the
same if the rotated node is a lower node, without counting updates to the number of lower chunks from splitting
or joining the last lower chunk. In each case of rotations performed in Case 2 and 3, the assumption that the
number of lower chunks is unaltered is satisfied, utilizing in Case 3 that nodes are recolored, and therefore the
rotations take time proportional to the height of the rotated node. As the height increases by a constant for each
recoloring iteration, then the total time does not asymptotically exceed the time spent on the recoloring phase.

It therefore holds that the folded tree can be maintained under the rebalancing following an insertion, with
the same asymptotic running time as the unfolded tree. The INSERTSUCC operation on an unfolded tree takes
amortized constant time for the rebalancing plus the time for a SUCC operation (Section . The Succ operation
on folded trees take O(1) time, resulting in the INSERTSUCC and symmetrically INSERTPRED operations running
in amortized constant time on the folded tree.

4.5 Deletions in folded red-black trees In this section we show how to perform the DELETE operation on
a folded tree in amortized constant time. Similar to insertions, the procedure uses the same rebalancing rules as
unfolded trees, and it must be shown that the time spent on maintaining the folded tree to remove the desired
node is proportional to the time spent on rebalancing the unfolded tree.

When performing a deletion on an unfolded tree, if the node to be removed has two children, it is swapped
with its successor, including swapping their colors, and then remove the node. This guarantees that the deleted
node has at most one child (if it has a child, it must be a single red right child), and let the rebalancing operation
proceed from this node. In the folded tree, the successor can be found in O(1) time (Section . If the removed
node is red, then the unfolded tree remains a valid red-black tree. In the folded tree, this node can be removed
in O(1) time, as it must either be a red lower node, which does not decrease the number of lower chunks, or it is
an upper node, on a path consisting of only that node. Otherwise, the removed node is black and the number of
black nodes on the path in the unfolded tree decreases, which breaks the black height invariant. A rebalancing
procedure proceeds from the child replacing the removed node (possibly a NIL pointer).

In the folded tree, if the double black node is NIL, it remains a leaf, and therefore does not give rise to any
complications. However, in the folded tree this location may exist a non-leaf, and therefore the situation must be
handled with care, e.g., by introducing a temporary black dummy node.

In the folded tree, if the removed black node is a lower node, then this removes a lower chunk. Therefore the
node marked double black must count as the black node in an additional lower chunk. To handle this, during
the rebalancing, if the node marked double black is a lower node, and there exists a lower chunk below it in the
unfolded tree, then this non-last lower chunk is broken, meaning that it contains no nodes, or only a single red
node. During rebalancing, this broken lower chunk must be fixed, when progressing up the unfolded tree, such
that the node marked double black still counts as the needed black node in the neighboring lower chunk.

The cases of the rebalancing on unfolded trees can be seen in Figure [7] where the node the rebalancing is
executed from is node v which is marked double black. For the possible orientations of the paths, see Figure
The procedure on unfolded trees runs in amortized O(1) time (Section. Only in Case 2 the rebalancing proceeds
upwards by a single node in the unfolded tree. In all other cases, a constant number of rotations and recoloring is
performed, before terminating. At the point of the rotations, the time spent on rebalancing is equal to the height
of the double black node and therefore also asymptotically equal to the height of the rotations. Note that in all
cases, the node marked double black can be assumed to be black, since if the marked node is red, it may freely be
colored black, thereby fixing the black height invariant, and the procedure terminates. In the folded tree, there
may be a broken lower chunk, which in this case of termination, by recoloring the red node marked double black
into a black node, introduces a new black node without removing a lower chunk, and the broken chunk can be
fixed in constant time.

In Case 2, the sibling y is colored red. If y is a lower node, then this breaks the lower chunk of y. However,
in this case v must be the root of an unfolded path, and therefore it is an an upper node in the folded path, and
there is therefore no broken lower chunk below v, and as the procedure proceeds from node w, then y is exactly
the allowed broken lower chunk below w. If v is the last node in the last lower chunk, then this chunk must be
fixed when moving to the upper node w on the same path. This can be fixed by merging the last lower chunk
with the neighboring upper node and lower chunk in the unfolded tree to create a new last lower chunk, which
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Figure 14: Deletion rebalancing cases on unfolded trees, when the double black node (marked m) is on the left,
with the underlying possible folding of the paths shown with dashed areas. The dashed nodes denote a node
which color can be either red or black. Omitted subtrees can be empty or have a black or red root. The node v
can possibly be an empty subtree. Case 2 performs recoloring and continues from node w, while Cases 1, 3, and 4
perform rotations in addition to recoloring. In Case 4, the color of node y after rebalancing is the color of node
w before rebalancing.
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then potentially splits. The broken lower chunk then ceases to exist. The total time for Case 2 on the folded tree
is O(1).

In Case 1, a rotation is performed around w. According to Section this rotation takes time proportional
to the height of node w, if w is either an upper node, or if the number of lower chunks in the path of w is
unaltered. If the path around w is right folded, then removing a red lower node does not alter the number of
lower chunks. If the path is left folded, then a red node is added to the path, which does not alter the number of
lower chunks. Both cases use that nodes are recolored alongside the rotation. The potentially broken lower chunk
below v remains. The rebalancing then continues to Case 2, 3, or 4. If it continues in Case 2, then the procedure
terminates afterwards, as w then is red.

In Case 3, a rotation is performed around y, and by a similar argument to above, this rotation runs in time
proportional to the height of y, and the potentially broken lower chunk below v is preserved, with no new broken
lower chunks being created. This runs in time proportional to the height of y. The rebalancing then continues to
Case 4.

In Case 4, a rotation is performed around w. If the path of w is right folded, then the number of lower chunks
is preserved. If the path is left folded and w is a lower node, then a new lower chunk consisting of a single black
node is created. However, there must then be a broken lower chunk below v, which then can be filled, to allow the
number of lower chunks to be preserved. It is used that nodes are recolored. The time is therefore proportional
to the height of node w. The rebalancing then terminates.

In Case 2, the time for the rebalancing on the folded tree runs in O(1) time, which does not increase the
asymptotic time, from the unfolded tree. In Case 1, 3, and 4, the time for the rebalancing on the folded tree runs
in time proportional to the height of the rotation. Each of these operations can only be run once. As the height
of the rotations increases by a constant for each iteration of Case 2, the folded tree can be maintained under
rebalancing with the same asymptotic running time as the unfolded tree. The DELETE operation on an unfolded
tree takes amortized O(1) time for the rebalancing plus the time for a Succ operation (Section [2). The Succ
operation on folded trees take O(1) time, resulting in the DELETE operation running in amortized constant time
on the folded tree.

5 Metanodes

In this section we describe how a BST Ti;ts, where each node stores a constant number of m bits, can be represented
by a pure BST T with no information at the nodes and without increasing the running times by more than a
constant factor. FEach node in Tis is represented by O(1) nodes in T. The basic idea is to partition a sorted
sequence of n values into groups of 4 4+ 2m to 7 + 4m consecutive values, where each group is stored as a small
pure BST, denoted a metanode. The metanodes become the binary nodes of a Ty,;;s tree, where the tree structure
of a metanode encodes m bits. For the special case where the tree contains less than 4 4+ 2m nodes, we have no
metanode and the tree is just a single left path.

A metanode consists of 3 + 2m + s pure binary nodes, 1 < s < 4 + 2m, each node storing a value, and in
left-to-right inorder are the nodes

1 32 1 2
xavalw~'7wsablabla"'7bm7bm7z'

The root of the metanode is y with left child z and right child z storing the smallest and largest value in the
metanode, respectively. If all m bits by, ...,b,, are equal to zero, the remaining nodes are stored as a left path
in the left subtree of 2. The nodes wy, ..., w, are buffer nodes, and b} and b? encode bit b;. If bit b; is set to 1,
node b? is rotated right to become the right child of b}. Flipping bit b; from 0 to 1 is done by ROTATERIGHT(b?),
and reversely flipping bit b; from 1 to 0 is done by ROTATELEFT(b}). Finally the left child of z is either NiL
or the root L of another metanode (storing values smaller than or equal to the value at x), and similarly the
right child R of z is possibly a metanode (with values larger than or equal to the value at z). The “value” of a
metanode is the value interval between the values in x and z. Figure [15|shows a metanode encoding two bits.

The resulting pure BST T will be composed of multiple metanodes, and the search tree operations should be
performed on the tree T'. It is crucial that given a node v, to determine if v is the root of a metanode, since then
we can decode the bits and access the left and right metanode children L and R as v.f.¢ and v.r.r, respectively.
The following lemma states that a metanote root can be uniquely determined by computing .
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Figure 15: A metanode with root y, encoding two bits by = 1 and by = 0, and L and R are the roots of two
metanodes (possibly NIL).

LEMMA 5.1. A node v is the root of a metanode if and only if
(5.1) vl £ NIL A v.r £ NIL A v.r.d £ NIL A (vl =NIL V (v.lL.r #£ NIL A v.L.L.r.L # NIL))

Proof. If v is the root y of a metanode, it by definition has two children v.£ = x and v.r = z, and its right child v.r
has a left child v.r.¢ that is either b} or b2,. Either the metanode with root v has no left child metanode, i.e.,
vl =L = NIL, or the left child metanode exists and v.f.£.r.£ exists and is a node in the encoding of the b, bit
of the metanode with root L. This completes the “=" part of the proof. To prove “<”  observe that the only
nodes in a metanode with both a left and right child are the root y and possibly z and all b}, but only y and z
can have a right child with a left child, i.e., only ¥ and z can satisfy v.£ # NIL A v.r # NIL A v.r.f£ # NIL. Finally,
if v.0.¢ = NIL, then v # z, since z.£.0 is a b] or wy (2..£ = w, only if m = 1 and bit by = 1), i.e., v = y. Otherwise,
vl # NIL, and by we must have v.£.L.r # NIL and v.0.L.r.l # NIL. If 2.0.0.r # NIL then z.0.4 = bl |,

2Ly =02, and z.LLrf = NIL. We have v # z, and the only possible value for v is the metanode root y.
O

Note that all nodes with a right child (y and possibly 2 and all b}) also have a left child. This fact is used in
Section [6] to represent each node in a pure BST using two pointers only.

Given a Tyits binary finger search tree, a pure binary finger search tree is created as follows. The sorted
list of n values is partitioned left-to-right in a sequence of metanodes. The metanodes become the nodes of a
Thits tree. To perform FINGERSEARCH(v, e), where v is a node in a metanode, we find the root of the metanode
by repeatedly moving up along the path until is true or we reach the root of the tree. To verify that the
tree actually contains sufficiently many nodes to encode the first metanode, we check if the tree contains at least
4 + 2m nodes, by traversing the tree until 4 + 2m nodes have been identified. If the tree is smaller than a single
metanode, the answer can be computed by comparing e with the values at all nodes. Otherwise, the search is
performed on Ti;ts using v.4.4, v.r.r and v.p.p to navigate to the left child, right child and parent, respectively.
To compare e with a metanode, we compare e with the value e, and e, at the nodes x and z of the metanode. If
er < e < e,, the answer to the search is inside the metanode and we return the result of a top-down search in the
metanode. Otherwise, e < e, or e, < e and we answer that e is less than or greater than or equal to the value of
the metanode, respectively, and we continue the search in Tjjs.

To perform a finger update at a node v in a metanode, we find the root of the metanode and identify left-
to-right the remaining nodes of the metanode in sorted order. Insertions create a new node next to v in the
list, whereas deletions remove v. If the resulting list contains between 4 4+ 2m and 7 + 4m nodes, the nodes are
rearranged to represent a metanode representing the same bits, possibly updating pointers to changed x, y and z,
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i.e., the Tyits tree is unchanged. If the update is an insertion that causes the metanode to overflow, i.e., to contain
8 + 4m nodes, the mentanode is split into two metanodes with 4 + 2m values each, and we perform INSERTSUCC
on Tijs to insert the new metanode. If the update is a deletion that causes the metanode to underflow, i.e.,
contain < 3 4 2m nodes, we try to transfer a node from the successor or predecessor metanode, provided one
of them exists and would not underflow. If the successor or predecessor metanode would underflow (i.e., before
the deletion stores 4 + 2m nodes), we remove the successor or predecessor metanode from This by performing
DELETE, and fusion the two metanodes to one metanode with 4m + 7 nodes. Overall a finger search or update
takes worst-case O(1) time plus the time for searching or updating This with a constant factor overhead for
decoding metanodes.

6 Representation of pure binary search trees

The canonical representation of a pure BST is to store each node as a record containing a value and three pointers
£, r and p to the left child, right child and parent of the node, respectively. See Figure [16] (left). The pure BSTs
resulting from the metanode construction in Section [5] satisfy that all nodes with at least one child have a left
child. Therefore, the nodes can be represented only using two pointers per node: a pointer ¢ to the left child and
a pointer r to either the right sibling, if it exists, or the parent of the node. For the root, the r pointer is NIL.

See Figure [16] (right).

p T
4 r 1 r
pp
@/ \@ ({2
Figure 16: Representation of a node v in a pure BST with parent ¢ and two children a and b and no right sibling;:

(left) left-right-parent representation using three pointers; (right) left-right sibling/parent representation using
two pointers.

In the two pointer representation, the right child and parent of a node v can be determined as follows: The
right child of v is v.l.r, if v.£ # NIL and v.£.r # v. Otherwise, v has no right child. If v.r = NIL, then v is the root
and has no parent (and no sibling). The parent of v is v.r.r, if v.r.r # NIL and v.r.r.l = v (v is the left sibling
of v.r). Otherwise, v.r is the parent of v.

The leftmost child plus right sibling representation is traditionally used to represent multiway trees—
essentially storing the children of a node as a singly linked list. Iverson [28] denoted this representation a
filial-heir chain; Sussenguth [42] denoted it a doubly-chained tree; Knuth [31] page 477] denoted it the binary tree
representation; and Fredman et al. [22] denote it the child, sibling representation. Fredman et al. [22] in their
paper on pairing heaps discuss a representation of binary trees only using two pointers, storing a pointer to the
leftmost child and a combined right sibling/parent pointer. They store a bit per node to distinguish if a node
with only one child has a left or right child. We avoid this by our invariant that all nodes with at least one child
have a left child. Note that if the tree is a single left path then the representation is exactly a doubly linked list.

7 Pure binary finger search trees

We now combine the results of Sections to achieve our main result (Theorem : A pure BST supporting
finger searches in O(lgd) time and finger updates in amortized constant time. The tree can be represented by n
records, each storing a value and two pointers.

The pure BST is simply a folded-red black tree (Section [4]) represented using metanodes (Section . This is
possible since the nodes in a folded red-black tree only store left child, right child, and parent pointers and two
bits (color and orientation). It can be represented by records storing a value and two pointers (Section @, since
each node in a metanode cannot have a right child without a left child.

Since a folded red-black tree allows navigation like in a red-black tree plus predecessor and successor queries
in worst-case constant time (Section , they allow finger searches in O(lgd) time (Section , and the metanode
encoding (Section [5)) only causes a constant factor overhead. By the same argument (combining Sections ,
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finger updates will take amortized constant time, since red-black trees support amortized constant time finger
updates, provided SUCC can be supported in constant time (Section .

In the preceding sections we did not discuss the temporary working space during the operations. But searches
and updates in a red-black tree only requires constant temporary space to remember the current state during a
search and rebalancing. Since our pure binary trees support both navigation to the parent and children of a node,
we can with constant working space move between adjacent nodes in the pure binary tree, and therefore also in
the folded and unfolded trees represented by the pure binary tree, using additional constant space to decode the
local cases in the encoded metanodes and folded trees. In total O(1) temporary working space is sufficient for the
operations listed in Section [I.1

8 Worst-case lower bound for pure binary search trees

The finger update times achieved in Section [7] are inherently amortized constant. In this section we argue that
this is a crucial requirement for pure BSTs, i.e., BSTs without any additional pointers than pointers to the parent
and children of a node (the following arguments even apply if nodes can store any additional balance information).
We show that worst-case constant finger updates in a pure BST can result in trees with asymptotic linear height,
causing searches to take worst-case linear time.

LEMMA 8.1. Assume that an INSERTPRED or INSERTSUCC operation can at most access (and possibly modify) a
connected component of ¢ nodes in a pure BST containing the node pointed to by the finger. Then there exists a
sequence of n insertions causing the the tree to have height at least |n/2°].

Proof. We first make an observation, that we will use repeatedly: Consider a binary tree with at least 2¢ nodes.
In such a tree there must exist at least one node v with depth ¢+ 1 (the root having depth one), since the first
c levels of a binary tree can at most contain Z‘;& 2! = 2¢ —1 nodes. By performing INSERTPRED or INSERTSUCC
at v, the changes caused by the insertion cannot reach the root of the tree, and the root remains unchanged.

After the first 2¢ insertions, we consider the root v; fixed. We then repeatedly insert 2¢ additional nodes as
predecessors or successors to a deepest node (in the subtree rooted at v;). None of these updates can reach v;.
The subtree rooted at v; now contains 2¢t! nodes. The left or right subtree of v; must contain at least 2¢ nodes
(otherwise the subtree rooted at v; would contain at most 1 + 2 - (2¢ — 1) = 271 — 1 nodes). We let vg be a
child of v, with a largest subtree. We now repeat inserting 2¢ nodes in the subtree rooted at vo, and let vs be a
child of vy with largest resulting subtree, etc. After k- 2¢ insertions, we will have constructed a path vy, va, ..., v
starting at the root w1, i.e., the tree has height at least k. It follows that the tree after n insertions has height at
least |n/2¢]. a

From Lemma [8:1] we have the following two corollaries.

COROLLARY 8.1. If INSERTPRED or INSERTSUCC takes worst-case O(c) time in a pure BST, then searches take
worst-case n/2A°) time.

COROLLARY 8.2. Pure BSTs with height O(lgn) can only be achieved if INSERTSUCC and INSERTPRED take
worst-case Q(lgn) time.

Proof. If the height of a pure BST is at most algn after n INSERTPRED insertions, for some constant «, and the
maximum number of nodes accessed by INSERTPRED is ¢, then by Lemma the height can be at least [n/2¢],
i.e., we have the constraint |n/2¢] < algn, implying ¢ > lg Traten = Q(lgn). Similarly for INSERTSUCC. 0

Interestingly, in the comparison model, if arbitrary insertions and deletions (not given by a finger) are allowed
to make O(c) comparisons, queries are known to require n/ 29(¢) comparisons in both the worst-case and amortized
sense [9, 111, 29]. For finger updates, like studied in this paper, total order is provided for free to the algorithm.
Only the Q(lgn) lower bound for binary searches applies together with the lower bound of Bentley and Yao for
finger searches [g].

It is important to note that the above lower bounds do not rule out general pointer based finger search
structures with worst-case constant time finger updates. Such a data structure was described by Brodal et
al. [I2]. It remains an open problem if a pointer based data structure exists, supporting worst-case O(lgd) time
finger searches and O(1) time finger updates, where each node only stores a value and two pointers. In the next
section we describe a general transformation that potentially could lead to this result. In particular, it is an open
problem if the transformation can be applied to the construction in [12].
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9 Linked list metanodes

In the previous sections the underlying assumption is that the final finger search data structure should be a pure
BST, where each node can be represented using two or three pointers. In this section we briefly deviate from the
pure binary tree assumption and present alternative data structures, where each record only stores a single value
and two pointers. The main goal is to show that the lower bounds on the worst-case update time in Section [§ do
not apply under this relaxation.

Assume the goal is to store a sorted list of n values. The basic idea is to maintain the values in a sorted
singly linked list, where each node stores a value and has a next pointer to the next node in the list, where the
next pointer of the last node is NIL. Finally, each node has a secondary pointer info. The linked list is partitioned
into metanodes consisting of ©(1) consecutive nodes. Each metanode can represent a record in a pointer based
structure storing t pointers to other records and m bits. The nodes of a metanode left-to-right are: a head
marker, with info pointing to the node itself; a node for each of the ¢ pointers, with info pointing to the head of
the corresponding metanode; a node for each of the m bits, with info being NIL if the bit is zero, or info equal to
next otherwise, i.e., non-NIL; s buffer nodes, where 0 < s < 14t¢+m, all with info equal to NIL; and a terminating
tail node with info pointing to the head of the metanode. The “value” of a metanode is the value interval between
the values in head and tail. Figure [I7] shows a metanode representing a red node in a red-black tree with parent,
left child, right child pointers and links to the predecessor and successor metanodes, and a single color bit set to
one. Note that the successor pointer in this representation points to the node following tail, and therefore could
be omitted by only introducing a constant overhead to find the successor of a metanode.

Hc,‘%%%%%%oﬁ%%%%

~

V V V V

head parent left rlght pred succ color buffer tail

Figure 17: A linked-list metanode representing a node in a red-black tree with predecessor and successor links.
Horizontal arrows are next pointers, and dashed arrows are info pointers.

Head nodes are uniquely determined by info pointing to the node itself. Tail nodes are uniquely determined
by next being NIL or pointing to the head node of the next metanode in the linked list (with info pointing to
itself). Given a finger to a node v in a metanode, we can find the head of the metanode by repeatedly following
next pointers until we reach a tail node, where info points to the head.

We give two applications of the above metanode encodings. The first application is a simplified dynamic finger
structure achieving time bounds matching those in Section Consider a red-black tree with explicit successor
and predecessor pointers. Such a tree supports amortized constant time finger updates (Section and worst-case
O(lgd) finger searches (Section [3). Since the resulting data structure consists of records storing a value, five
pointers (parent, left child, right child, predecessor and successor), and one bit (node color) we can apply the
above metanode construction and achieve a finger search data structure where each node only stores a value and
two pointers. To support FINGERSEARCH(v, €), where v is a node inside a metanode, we first find the head of the
metanode containing v in O(1) time. We then perform the search in the red-black tree of metanodes as described
in (Section , with the following twist: When comparing e with a metanode we compare e with the values epeaq
and e,y at head and tail. If epeaq < € < etajl, the answer to the finger search is inside the metanode and the
query can be finalized by a scan through the metanode in O(1) time. Otherwise, e < €pead Or €tayl < € and the
search proceeds left or right in the red-black tree, respectively. To perform a finger insertion INSERTPRED(v, e) or
INSERTSUCC(v, e) for a node v in a metanode, we add a new node v’ storing the value e to the singly linked list
before or after v, respectively, such that v’ becomes a new node in the metanode containing v. The information
in the info pointers of the metanode is updated to reflect the same metanode information (pointers to other
metanodes and bits). Note that to insert e to the left of head we need to update the next pointer in a node in the
predecessor metanode that can be accessed using the predecessor pointer. Also if head changes, then all pointers
to this metanode should be updated, but since these are the parent and the children of the metanode in the
red-black tree, this can be done in O(1) time. Finally, if the buffer overflows, i.e., contains 2 + t +m buffer nodes,
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the metanode is split to create a new metanode containing the last 2+t +m nodes, by updating the info pointers,
where each of the two metanodes have empty buffers. The new metanode is then inserted as the successor of the
old metanode in the red-black tree in amortized O(1) time (Section [2). A DELETE(v) operation similarly deletes
a node from a metanode, and requires similar updates. If a metanode underflows, i.e., has 1 + ¢ + m nodes, the
metanode either gets a node from the successor or predecessor metanode or fusions with either the predecessor
or successor metanode with an empty buffer (like a deletion in a B-tree [6]) such that the resulting metanode
has a buffer of size 1 + ¢ + m. This requires deleting a metanode from the red-black tree in amortized O(1) time
(Section . It follows that finger updates can be performed in amortized constant time and finger searches in
O(lgd) time. The same result could also have been achieved by combining the metanode encoding idea with the
level-linked (a, b)-trees of Huddleston and Mehlhorn [27].

Our second application is the existence of a search tree encoding supporting worst-case constant time
insertions. Levcopolous and Overmars [33] presented a BST supporting finger updates in worst-case constant
time and searches in worst-case O(lgn) time. We sketch below how this structure can be adapted such that we
can apply the metanodes of this section, and support INSERTSUCC in worst-case O(1) time and searches in O(lgn)
time, i.e., surparsing the lower bound for pure BSTs (Corollary . The structure in [33] is pointer based, but
uses integers and records not storing values, two requirements falling outside the requirements for the metanode
encoding. We next discuss how to circumvent these restrictions, such that we can apply the metanode encoding
and achieve the same bounds for INSERTSUCC and searches using only two pointers per node. Essentially, [33]
partitions the sorted list of values into bags of O(lg2 n) values, and stores the bags as the nodes of a balanced
BST, say a red-black tree. During a sequence of insertions, a bag of maximum size is split into two bags and
the new bag is inserted into the search tree incrementally over the next O(lgn) operations. This ensures that
all bags will have size O(lg2 n) 33, Lemma 3.3]. Bags are represented as lists-of-lists, such that all lists have
length O(Ilgn). Bags of equal size are again stored in a linked list, and all these lists-of-bags are maintained in a
linked list by increasing bag size. Finally, to achieve worst-case bounds bag splitting is performed incrementally
while inserting into the bags, and incremental global rebuilding [38] is applied to handle changing values of 1gn.
By letting a record storing a value contain multiple pointers for each of the involved linked lists, pointers to head
of the lists etc., we can manage with one record for each value. To be able to store bag sizes, and compare bag sizes
for equality, we can let the record for each value represent an integer 1,...,n, and maintain these in increasing
order. To store an integer we have a pointer to this list. Crucially, for this to work we disallow deletions, such
that whenever a new value is inserted it can just be added as the next value n + 1 to this list. We omit further
details, since the main goal of this section is just to highlight that the lower bounds in Section [8] only apply to
pure BSTs.

We leave it as an open problem if the finger search data structure by Brodal et al. [I2] supporting worst-case
constant time finger updates and O(lgd) finger searches can be encoded using linked-list metanodes.

10 Conclusion and open problems

We have presented optimal pure binary finger search trees. Whereas each of the ideas is conceptually simple, the
resulting data structure has a quite large constant factor overhead. It would be interesting to find simpler pure
BSTs with a smaller overhead.

In this paper we have only considered pointer based data structures. One could also consider the problem in
the more general RAM model, e.g., allowing bit operations on words and aiming at more succinct representations.
Recently, Bender et al. [7] considered a randomized scheme to encode BSTs in this model using tiny pointers.
They showed how to encode dynamic balanced BST using only O(n) bits for storing the tree structure, while
each tree modification takes O(lg” n) time. An open problem is what the best possible space and time bounds
are for finger search trees in this model.

For the extreme case, where no additional space is allowed, Munro and Suwanda [37] introduced the notion
of implicit data structures, where only an array of the values is stored, without any additional information. All
additional information must be encoded in the permutation of the values. Munro and Suwanda presented an
implicit dynamic dictionary with O(nl/ 3g n) time bounds. Frederickson [21] improved the update time bounds

to O(nV2/1871g%2 ) with O(lgn) time searches. Munro [36] achieved O(lg?n) time bounds for queries and

updates by encoding AVL-trees, Franceschini et al. [20] achieved (’)(lg2 n/lglgn) time bounds for queries and
updates by encoding implicit B-trees. Finally, Franceschini and Grossi [19] achieved searches and updates in worst-
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case optimal O(lgn) time. Dictionaries supporting finger searches in this very restricted model were considered
by Brodal, Nielsen and Truelsen [I3], who proved trade-offs between the time for finger queries and the time to
move a single finger.

Generally, in the RAM model, it is an interesting open problem how efficient dynamic finger search structures

can be obtained with limited space in addition to the stored values, e.g., are there trade-offs between update time,
query time and space usage? In particular, what are the best possible bounds for stable dictionaries, i.e., values
are never moved once inserted? Stability appears crucial to be able to support an arbitrary number of fingers.
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