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—— Abstract

We prove that no deterministic output-sensitive algorithm for the planar convex hull and maxima
problems can obtain both optimal time and I/O complexity, where the optimality is defined with
respect to both the input and output sizes. This explains why the best previous algorithms achieved
an optimal I/O bound at the cost of sub-optimal running time (Goodrich et al. [FOCS, 1993]). To
the best of our knowledge, the impossibility of simultaneous optimality was only shown previously
for the permutation problem by Brodal and Fagerberg [STOC, 2003]. Our results imply that
no optimal deterministic output-sensitive cache-oblivious algorithm exists for either problem. In
addition, we present simple deterministic algorithms that match our lower bounds and that provide
a trade-off between time and I/Os. On the other hand, a simple modification of our deterministic
algorithm results in a randomized algorithm that simultaneously achieves optimal (worst-case) time
and optimal expected I/O bounds.
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1 Introduction

We study the planar convex hull problem in the external memory (EM) [8,41] and cache-
oblivious (CO) [25] settings. The surveys on the EM model often mention that 2D convex hull
can easily and optimally be solved in this model via sorting and scanning, including the output-
sensitive variant [27,40]. We report a very surprising discovery that the output-sensitive
planar convex hull problem cannot be solved optimally both with respect to the external
memory cost and the internal memory computational cost (i.e., running time), simultaneously,
i.e., by the same algorithm! Consequently, this means that there is no optimal deterministic
cache-oblivious algorithm for the output-sensitive planar convex hull problem. We also note
that the existing I/O-efficient algorithms for the problem have substantially sub-optimal

© Peyman Afshani, Gerth Stglting Brodal, Nodari Sitchinava;
5 licensed under Creative Commons License CC-BY 4.0
53rd International Colloquium on Automata, Languages, and Programming (ICALP 2026).
Editors: Sayan Bhattacharya, Danupon Nanongkai, Michael Benedikt, and Gabriele Puppis; Article No. 115;
pp. 115:1-115:24

\\v Leibniz International Proceedings in Informatics
LIPICS Schloss Dagstuhl — Leibniz-Zentrum fir Informatik, Dagstuhl Publishing, Germany


mailto:peyman@cs.au.dk
https://orcid.org/0000-0001-6102-0759
mailto:gerth@cs.au.dk
https://orcid.org/0000-0001-9054-915X
mailto:nodari@hawaii.edu
https://orcid.org/0000-0001-8876-4846
https://doi.org/10.4230/LIPIcs.ICALP.2026.115
https://arxiv.org/abs/2605.09464
https://creativecommons.org/licenses/by/4.0/
https://www.dagstuhl.de/lipics/
https://www.dagstuhl.de

115:2

The Planar Maxima and Convex Hull Problems

Figure 1 Examples of a convex hull (left) and the maxima (right) of a planar point set. We let
N and H denote the number of input and output points, respectively.

(internal memory) computational cost. We improve this sub-optimality to a very small
factor (of an inverse Ackermann-like function) by giving a very simple algorithm, but with a
non-trivial analysis. In addition, we prove lower bounds showing that such sub-optimality is
necessary. Our lower bound applies even to the simpler problem of computing the maxima of
a set of points in 2D [30], a fundamental problem in its own right. See Figure 1 for examples
of the two problems.

To the best of our knowledge, this is only the second time that a “separation” between I/0
and computational cost has been found, meaning, a problem for which optimal I/O cost and
the optimal computational cost cannot be obtained simultaneously by the same deterministic
algorithm but they can be achieved separately by different algorithms. Such a separation result
immediately implies that an optimal cache-oblivious comparison-based algorithm cannot exist
for such problems. This is because an optimal cache-oblivious algorithm performs optimal
number of I/Os for all parameters M and B, including for M = O(1) and B = 1. However,
for these parameters, each I/O can result in at most O(M) = O(1) useful (non-redundant)
comparisons, i.e., comparisons that reveal new information. Since an optimal algorithm
would not perform redundant computation, the lower bound on suboptimal computation
cost (number of comparisons) implies suboptimal I/O complexity for parameters M = O(1)
and B = 1. There are very few instances of such impossibility result for cache-oblivious
algorithms [7,12,16]. Below, we first present the definitions, as well as the relevant models of
computation before presenting a more detailed statement of our results.

Models of computation. The external memory (EM) model (a.k.a. the I/O model) was
introduced by Aggarwal and Vitter [8,41] to model the cost of accessing memory in a machine
with two levels of memory: a fast but limited internal memory of size M words and a slow
but conceptually unlimited external memory. To perform computation, data must reside in
the internal memory. Both memories are divided into blocks of B words and the transfer
of data between the two memories are performed via reading or writing blocks. Each such
transfer defines an input/output (I/0) operation and the I/O complexity of an algorithm
is the number of I/Os performed during its execution. This captures the cost of memory
accesses and ignores the computational steps performed in the internal memory (the running
time in the standard algorithm analysis). For convenience we define m = M/B and n = N/B.

However, modern systems consist of more than two levels of memory hierarchy, e.g.,
disk, DRAM, multiple levels of cache, and registers. One way to deal with deeper memory
hierarchies is via cache-oblivious (CO) algorithms [25,26] which are designed in the classical
RAM model (i.e., without using M or B parameters), but they are analyzed in the ideal
cache model, a variant of the EM model. In particular, during the analysis, it is assumed
that there is a cache of m blocks and whenever the algorithm accesses an element, a block of
size B containing that element is loaded into the cache via an ideal offline paging algorithm,
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which makes the optimal choice when deciding which elements to evict from the cache. The
ideal paging algorithm can be replaced by the Least Recently Used (LRU) algorithm as it
offers a constant factor bicriteria approximation under a reasonable resource augmentation
assumption [26]. Since the values of M and B are not known to a CO algorithm, if a CO
algorithm achieves 1/O optimality with respect to an arbitrary choice of parameters M
and B, it is also optimal for every level of the memory hierarchy.

For many problems, optimal CO and EM algorithms are known. However, there are very
few actual separation results between EM and CO computations and we mention them here.
In the EM model, the problem of sorting a set of N comparable items has the tight bound
of ©(nlog,, n) [8,41]. However, Brodal and Fagerberg [16] showed that no CO comparison-
based sorting algorithm can achieve the same optimal bound unless M = Q(B 1+e ) for some
constant € > 0. This assumption is often known as the tall cache assumption. It is also
known that CO data structures for range reporting require asymptotically more space than
their EM counterparts [6,7]. Finally, Arge and Thorup [12] specifically studied possible
trade-offs between I/O complexity and time in the word-RAM model, highlighting that
attaining optimality in both metrics at the same time can be challenging.

Prior results on convex hull computation. Given a set P of N points in the plane, the
planar convexr hull problem asks to compute the smallest convex polygon containing P. It
can be solved in O(N log N) time using many techniques [9,13,28,33,34]. Graham’s scan [28]
is perhaps the most classical solution which involves sorting and a linear scan using a stack.
The Q(N log N)-time lower bound has been proven in various models [34,39,42] and holds
even if the points on the convex hull can be returned in an arbitrary order [34]. When the
size H of the convex hull is small (e.g., for uniformly random points in a fixed polygon [22]),
output-sensitive algorithms improve the running time to O(N log H) [18,29]. Kirkpatrick and
Seidel [29] proved a matching Q(N log H) lower bound in the algebraic decision tree model.

Obtaining an EM or CO algorithm for the planar convex hull is straightforward: sort the
points using O(nlog,, n) I/Os via one of the optimal EM or CO sorting algorithms [8,26,41],
followed by the stack-based Graham Scan algorithm [28] that requires O(n) I/Os.

An EM algorithm with the optimal output-sensitive I/O bound for convex hull was
presented by Goodrich et al. [27] and it achieves O (nlog,, %) I/Os but its running time (which
was not mentioned) is O(N log H + N log m), which is sub-optimal. Arge and Miltersen [11]
showed a matching Q(n log,,, %) I/O lower bound for the output-sensitive convex hull
algorithms. But surprisingly, there has been no output-sensitive CO algorithm that matches
this bound and the best known algorithm only achieves O(n(log,, H + loglogm)) 1/Os [5].1
Interestingly, the extra loglogm term comes from trying to “guess” the output size H and,
thus, the algorithm can be made optimal if H is known.

Our contributions. Table 1 presents a summary of our and previous results. We develop
deterministic CO algorithms for the planar maxima (Section 3) and convex hull (Section 5)
problems that can trade-off optimality between time and I/O complexity via a parameter s.
We prove that no deterministic algorithm can obtain both optimal time of (N log H) and
optimal I/O complexity of @(n log,,, %) simultaneously for these two problems (Sections 4
and 6). Our lower bounds are proven in the comparison-based model for the maxima problem
and in a model, where comparisons are generalized to geometric predicates on a constant

1 Note that the tall cache assumption, on which the algorithm [5] relies, implies log,, H = G(IOgm %)

115:3

ICALP 2026



115:4

The Planar Maxima and Convex Hull Problems

Table 1 Previous results and our contributions. H is the size of the convex hull or the number of
maxima points, s is an integer parameter, As(-) is an Ackermann-like function, as(+) is its inverse,
As(+) is the s-th function in its inverse hierarchy (see Section 2.1 for details), and Og(-) denotes an
expected complexity bound. CO results hold under the tall cache assumption and all results apply
to both 2D maxima and 2D convex hull problems.

Model Time I/O Complexity Notes
RAM O(NlogN) - Classic CH 9, 13,28, 33, 34]
RAM O(N log H) - [18,29]
EM O(NlogN) O(nlog,, n) Classic I/0 [8,26, 28]
EM O(N (log H 4 logm)) ©(nlog,, %) [11,27]
CcO O(Nlog H) O(n(log,, H + loglogm)) [5]
(6]0) O(Nlog H) Og(nlog,, H) new, randomized
(60) O(N(log H +1ogs))  O(n(log,, sH + as(min{H, m}))) new
(6]0) O(N(log H + Xs(N))) O(n(log,, H + s)) new

EM/CO O(N - As(H)) Q(n(al(min{H,\/N/M}) fs)> new

number of points (formally defined in Section 6), for the convex hull problem. The lower
bound applies to any deterministic algorithm that spends up to N - A;(H) time, where A(N)
is an Ackermann-like function (formally defined in Section 2.1) and s is a positive integer
parameter. For example, it applies to all known output-sensitive algorithms which take
O (Nlog H) time or O(NH) time, and even to algorithms that take O (N2#) time, and it

gives an Q(n e (min{H, \/N/M})) I/0 lower bound, by setting s to a fixed constant value

that depends on the constant hidden in the O(-) notation. Finally, we show a randomized
algorithm that can obtain both optimal worst-case running time and optimal expected 1/O
complexity (Section 7).

Our results imply that there are no optimal deterministic output-sensitive CO algorithms
or algorithms that have both optimal I/O complexity and optimal running time for these two
problems. The latter was shown only for one other problem before [16]. As far as we know,
we show the first upper and lower bounds involving inverse Ackermann-like functions in the
area of EM algorithm. Finally, our geometric embedding in Section 6 gives a technique that
enables us to handle arbitrary geometric predicates involving a constant number of points
in the context of the classical adversarial argument. We find this interesting and believe it
could be of independent interest. For instance, we can get an alternative lower bound of
Q(Nlog H) for the output-sensitive convex hull problem.

Summary of our approach. Our planar maxima algorithm (Section 3) is a very simple
cache-oblivious recursive algorithm that aggressively prunes the points and uses the number
of maxima points discovered in recursive subproblems so far to speed up the subsequent
recursions. This ultimately leads to a non-trivial recurrence (Eq. (2) on page 8). In the full
version [2] we show that it solves to an inverse Ackermann-like function. A similar approach
works for the convex hull problem by replacing the pruning step. This is done by generalizing
the “bridge finding” algorithm of Kirkpatrick and Seidel [29] to an algorithm that can find
multiple bridges at the same time (Section 5). However, by randomly switching the order of
the recursive calls, we can obtain an algorithm with both optimal running time and optimal
expected I/O complexity (Section 7).

From a lower bound point of view, the problem is more complicated and requires more
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involved techniques. For the maxima problem, we start in the classical comparison-based
adversarial setting where the algorithm can only compare the coordinates of the points and
the adversary decides on the results of the comparisons. However, we manage to apply this
idea in the setting where the input resides in the external memory and only the coordinates of
the points loaded into the internal memory of size M can be compared. During this argument,
we show that the adversary can give extra information to the algorithm at specific intervals
(epochs, defined on page 10) such that the behavior of the algorithm is simplified: among the
available “subproblems” (captured by the concept of top nodes in the adversary’s binary tree
in Section 4) the algorithm can choose one subproblem to do one step of the recursion (which
creates more subproblems). The main challenge is to show the lower bound regardless of
the choices of the algorithm. To do that, we develop a potential function analysis and show
that the best strategy for an algorithm is to recurse on the subproblems with the smallest
potential (Section 4.3). This analysis leads to the following conclusion: when limited to an
amortized budget of ¢ I/Os per element and a budget of N - A;(H) total comparisons, the
algorithm can only “discover” As;a¢—1(1) maxima points (Lemma 13). This in turn proves
the lower bound (Theorem 14).

For the planar convex hull lower bound, we generalize this strategy to work for any
geometric predicate: the algorithm can go beyond comparisons and choose a polynomial F’
and a set of o points pi,...,p, (for some fixed constant o) and then ask for the sign of
the evaluation of F' on the coordinates of points py,...,ps. To prove a lower bound in this
case, we show that the adversarial argument for the maxima problem can be embedded
geometrically in the plane. This requires some algebraic geometry ideas: we embed the
points close to the Y = X2 curve, for some fixed constant A, and designate “squares” that
represent the potential location of a group of points. The squares are conceptually arranged
in a tree T of large fan out such that for any node v € T with a square Q(v), the squares of
children of v are doubly-exponentially smaller than Q(v) and they are placed equally-spaced
inside Q(v) and centered on the curve Y = X, By making the sizes of the square shrink at
an appropriate doubly exponential rate, we show that the geometric predicates (captured
by the polynomial F') do not provide too much information to the algorithm (Lemma 23).
Thus, the lower bound for the maxima problem can be extended to the convex hull problem
as well (Theorem 24).

2 Preliminaries

Let P be a set of N comparable elements. Scanning P while performing O(1) work per element
can be accomplished in ©(N) time and ©(n) I/O0s. Comparison-based sorting of P can be
performed cache-obliviously in ©(nlog,, n) I/Os and ©(N log N) comparisons, assuming the
cache is tall [26], i.e., M > B'*¢ for some constant ¢ > 0. We define Scan(N) = n and
Sort(N) = nlog,, n.

Another fundamental problem is distribution, where given a value k, 1 < k < N, the
goal is to partition P into k subsets, Py, ..., Py, of roughly equal size, where each P; has
either | § | or [{] elements and all the elements in P; are larger than or equal to all the
elements in P;_;. Each of the resulting subsets P; should be stored in contiguous memory. In
the classical comparison-based RAM model, distribution can be solved deterministically in
O(N log k) time, e.g., by recursive applications of a ©(N)-time median finding algorithm [14].
Distribution can be solved cache-obliviously in O(n - max{1,log,, k}) I/Os and ©(N log k)
comparisons [23,26], assuming a tall cache. We define Distr(N, k) = n - max{1,log,, k}.

Observe that Distr(N, k) = nlog,, k when & > m and Distr(N,k) = Scan(N) when

115:5

ICALP 2026



115:6

The Planar Maxima and Convex Hull Problems

k < m. We exploit the following property of the Distr function, which follows from the
concavity of logarithms: If k = Zle k; for some values kq,...,k; > m and t > m, then

t
ZDistr (N, k;) <Distr (tN, lZ) = Distr (tN, k) — Distr(¢N,t). (1)

i=1

2.1 Ackermann-like Functions and Their Inverses

To aid the exposition of the analysis, different papers present different definitions of the
recursive functions that are referred to as the Ackermann functions [1,17,19,20,24,31,32,35-38].
While they differ from the original definition of Ackermann [1] and are not necessarily
equivalent even asymptotically speaking, what they have in common is that they are
extremely fast growing and their inverses are extremely slow growing. To aid our exposition,
we will use the following functions.

Let Ag, A1, As, ... be an infinite sequence of functions, where Ag(N) = N, A;(N) = 2V
for any integer N > 1, and A;11(N) = AENH)(N), where the notation f*) for a function f
represents applying f to itself k times, e.g., f®(N) = f(f(f(N))).

The inverses of A are defined as two distinct functions A;(z) and ay(z), where \;(x)
is the smallest value N such that A;(N) > x and ay(x) is the smallest value i such that
A;(N) > z. For example, A\1(z) = O(logz), A2(xz) = O(log"(z)) and in general, \;(x) is
roughly the number of times we need to apply function \;_; to x to get to a constant;
therefore, \; can be thought of as the i-th function in the inverse hierarchy. In contrast,
an () is a much slower growing function: «;(x) grows slower than any of the functions \;(z)
for any fixed 7 > 1.

While there are many definitions of the Ackermann function, one of the more commonly
accepted definitions is (the curried version of) the function by Péter [36] and Robinson [35],
defined as A;(N) = A§N+1)(1), with Ag(N) = N + 1 [37]. On the other hand, our definition
is more similar to the definition of Cormen et al. [21], albeit with a different base case:
they define Ag(N) = N + 1 and A4;(N) = AENH)(N) for all ¢ > 1, which implies that
A;(N) =2N + 1 and A3(N) = 2¥+1(N + 1) — 1 [21, Chapter 19.4]. Our definition’s base
cases Ag(N) = N and A;(N) = 2" on the other hand do not have the additional offsets,
which are not essential to the demonstration of how fast the Ackermann functions grow, and
will make it easier to reason about our upper and lower bounds. Observe that asymptotically
our function is slightly slower growing than that of Cormen et al. but faster growing that
that of Péter and Robinson. Since our function is not quite the Ackermann function, we will
refer to it as Ackermann-like function (Cormen et al. also refrain from calling their function
Ackermann).

3 Upper Bound for Planar Maxima

Let P be the input set of N points in 2D, listed in an arbitrary order. The algorithm, which
is presented in Algorithm 1, is initially invoked with an integral “seed” parameter h > 1 (not
necessarily a constant). The choice of the seed provides a trade-off between the time and
I/O complexity of the algorithm. At the subsequent recursive invocations, the parameter h
will be equal to the initial seed, plus the number of maxima points discovered so far.

The seed h solves the challenge of not knowing H a priori. If we new H, we could
distribute P into H buckets and it would be easy to show that the algorithm would achieve
simultaneous optimality. However, distributing into too many buckets, e.g., k = H“
buckets, results in sub-optimal time of w(N log H). But if we choose too few buckets, we will
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Algorithm 1 Algorithm for computing the maxima of a planar point set P with seed h > 1.

1: procedure MAXIMA(P, h)

2 if |P| <1 > Base case
3 Output P and return |P|

4: (Pap,, ..., P1) = DIST(P, 2h) > Distribute P into 2h buckets w.r.t. X -coor.
5: PRUNE(Py, ..., Poyp) > For each P; prune points dominated by points in U;;ll P;
6 H =0

7 for each P; € (Py,..., Pap)

8 H;, = MAXIMA(P;,h+ H')

9: H' =H'+ H;

10 return H’

P; Py Py

Figure 2 The pruning step: In P; the points pruned (grey) are those with height at most the
height y;—1 of the highest point to the of right P;, i.e., the leftmost maximal point in U;:l P;.

have too many recursive levels, resulting in a sub-optimal I/O bound. The total number of
discovered output points throughout the computation provides us with a lower bound on H,
meaning, it is always safe to increase the number of buckets as we discover more points and
the initial seed provides us with an initial “acceleration”.

We distribute the points of P into 2h buckets of equal size, where P; contains the
rightmost points and Psj, contains the leftmost ones. Next, we remove every point in P; that
is dominated by any of the points in Pi,..., P,_1 by a simple scan (see Figure 2): Process
the buckets in order from right to left, and maintain the maximum y-coordinate, y;_1, of the
points in buckets P, ..., P;_1; when processing the next bucket P;, remove any point in P;
whose y-coordinate is smaller than or equal to y;_1. Finally, recurse on each bucket, while
increasing h by the number of newly discovered output points in each recursive call.

» Theorem 1. For any integer h > 1, MAXIMA(P, h) finds the H mazima points of the input
set P of N points in O(Nlog H + Nlogh) time and O(nlog,, hH + n - ap(min{H,m}))
I/0s.

Proof. Observe that other than the recursive calls, the complexity of each level of the
recursion of the algorithm is dominated by the cost of the distribution step, which is
O(Distr(N,2h)) = O(Distr(N,h)).

Let Ty (N, h) denote the I/O complexity of MAXIMA(P, k), where |P| = N and H is the
number of maxima points in P. Let H; denote the number of maxima points of P; (computed
during the recursive call on P;). Observe that the pruning step can always be performed
with a simple scan and, thus, the distribution cost will always dominate the cost of all the
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other operations at every recursive level. For any h > 1, we have the following recurrence:

¢o - Distr(N, h) if h>H,
Ty(N,h) <{ ¢ -Distr(N, H) it H>h>m, (2)

21221 Ty, (é\’—h, h + Z;;ll Hj) + c-Distr(N,h) if h < min(H,m),

where cg, c¢1, and ¢ are some positive constants. We show that this recurrence solves to the
claimed I/O bound in the full version [2]. We just note that the recurrence that bounds
the time is exactly the same as the one described by Eq. (2), except the additive term
¢-Distr(N,h) is replaced by c¢N - log h — the number of comparisons required to perform
distribution into h buckets. But this is equivalent to setting m = 2 in the definition of
Distr(N, h). Observe that when m = 2, the third case in Eq. (2) cannot occur, meaning,
the time can be upper bounded by simply adding up the bounds in the first two branches of
Eq. (2), leading to the claimed time bound. |

Theorem 1 shows that we get almost optimal bounds, with the trade-off between optimal
time and optimal I/Os being defined by the initial seed parameter. In Section 4 we prove
that no algorithm can do asymptotically better.

» Corollary 2. For any integer s > 1, the maxima problem on a planar set of N points can
be solved with (i) optimal time of O(N(log H + log s)) and O(n(log,,, sH + as(min{H,m})))
I/0 complezity cache-obliviously, or (ii) optimal I/O complexity of O(n(log,, H + s)) and
either O(N (log H + As(N))) time cache-obliviously or O(N (log H + As(m))) time cache-
aware.

Proof. The first bound follows from Theorem 1 by calling MAXIMA(P, h) with the initial
seed h = s. The second bound is obtained by calling it with the initial seed h = A;(N)
for a cache-oblivious algorithm, or h = As(m) < A (V) if the cache parameters M and
B are known. Observe that we can assume N > m because otherwise N < m < M,
i.e., the whole input fits in the internal memory. The claimed bounds follow because
ax, (v (min{H,m}) < ay vy (N) = s. <

4 Lower Bound for Planar Maxima

Consider a set P of N points in the plane. In this section we show a lower bound for
computing the maxima of P. We use the classical adversarial setting based on a rooted
binary tree [15] for our lower bound. While this setting has been used in the past for proving
lower bounds for a single metric of an algorithm (e.g., either for time [15] or for I/Os [10]),
the biggest challenge for us is the need to balance the amount of I/Os performed by the
algorithm versus the running time.

We prove a lower bound for I/O cost of any deterministic algorithm A that computes
the maxima of any set of N points with H maxima points and uses at most N - A,(H)
comparisons, for an integer parameter s > 1. To simplify the presentation, we assume that
the algorithm uses at most NA (H) time, for a parameter s > 3. If the algorithm uses at
most ¢cNAg(H) time, for a fixed constant ¢, then we can bound ¢cNA;(H) < NA, - (H), for
a fixed constant ¢’ depending on ¢, and this only changes the constants in our lower bound.

We work in the classical comparison-based model. Comparisons between X- and Y-
coordinates are the only way the algorithm can glean information about the relative position
of the points but the algorithm has unlimited computational resources as well as unbounded
capacity to recall all the previous comparisons. We consider two cost functions: the total
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Figure 3 Conceptual regions (on the left) assigned to the nodes of T' (on the right). Upon the
completion of a comparison between two points p, g € v, their assignment to nodes in the subtrees
and, equivalently, to the corresponding regions maintains the consistency with future comparisons.

number of comparisons performed by the algorithm, which is a lower bound on the time, and
the number of I/Os. We do not require the “blocked access” restriction of the I/O model,
meaning, the algorithm can have the power of “random access” by being able to read or write
any B locations on the external memory via one I/O. At the end, the algorithm terminates
the computation and announces the set of maxima points and we obviously require the
algorithm to be correct.

4.1 Resolving Comparisons

The adversary maintains a perfect binary tree T. Each node v of T is associated with a
square region R, on the plane: if v is the i-th node at depth d > 0 (for i = 1,...,2%), it is

associated with the square region R, = (i;} , 2%] X (1 — 2—2, 1-— %] (see Figure 3 for an

example). That is, for the root r: R, = (0,1] x (0, 1]; for an arbitrary node v, its left and

right children are associated with the upper-left and lower-right quadrants of R, respectively.

Throughout the algorithm, the adversary will maintain an assignment of points to the
nodes of T" while maintaining the following invariant:

» Invariant 3 (Tree invariant). If a point p is assigned to a tree node v (denoted p € v), then
p can be placed anywhere within R, consistent with the outcomes of all prior comparisons
performed by the algorithm.

» Definition 4 (Ordered pairs). A pair of points p € v and q € u is called an unordered pair
if one of v or u is the ancestor of the other one (including v = ). Otherwise p and q is an
ordered pair.

» Observation 5. There is only one way to consistently resolve a comparison between an
ordered pair of points p € u; and q € uj, because the regions R, and R,,; have non-overlapping
X- and Y -ranges.

Initially, all points are assigned to the root of T. Whenever two points are compared, the
adversary produces the outcome of the comparison according to the following strategy and
announces the outcome to the algorithm. A comparison between an ordered pair p and ¢
is resolved according to the only consistent way, as per Observation 5. The next definition
covers how unordered pairs are handled.

» Definition 6 (Default strategy). A comparison between a pair of unordered points p € v
and q € u is resolved as follows. W.l.o.g., let v be an ancestor of w in T. If v = u, then p is
mowed to the left child of v and q is moved to the right child. If v # u, then p is moved to
the child of v that is not the ancestor of u. In both cases, p and q become an ordered pair
and the comparison is resolved according to Observation 5.

» Observation 7. The adversary’s default strategy for resolving a comparison between points
p and q maintains the tree invariant.
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4.2 Adversarial Strategy

In this subsection, we describe additional definitions and concepts used for our adversarial
strategy. We will use the notation T'(v) to refer to the subtree of T rooted at v. We say a
t-descendant of a node v is a node that lies at distance ¢ below v (e.g., v is the 0-descendant
of itself and the children of v are its 1-descendants). Each point p, is labeled as either a
deep point or an ordinary point. We will explain how this labeling is performed during our
adversarial strategy. Conceptually, deep points represent points that get involved in way too
many comparisons and, thus, the vast majority of points will be ordinary points. We call a
non-empty node v € T a top node if all ancestors of v are empty (i.e., contain no points).
The tree invariant implies that the number of top nodes is a lower bound on the number of
(current) maxima points. The initial size of v, denoted N, is the number of ordinary points
in v the first time v becomes a top node.

Charges. We will maintain a non-negative integer charge with each ordinary point. Later,
we show that the sum of charges across all ordinary points will be a lower bound on the
total number of points accessed in the external memory during the execution of algorithm
A. This is done via the classical “amortization” technique where for every point accessed in
the external memory, we transfer (1) charge to some ordinary point. The adversary will
maintain the following invariant:

» Invariant 8 (Equality of charges). For any top node v, all ordinary points in T(v) have
equal charges.

Charges will be the way the adversary controls the termination of the algorithm. In
particular, whenever ordinary points at a top node v accumulate ¢ charges, for a parameter
¢ to be chosen later, the adversary will use the following strategy.

» Definition 9 (Node termination). The adversary terminates a top node v by picking an
arbitrary point p € v and fixing its coordinates to those of the northeast corner of R,. For
the remaining points at the nodes in T'(v) the adversary fizes their coordinates arbitrarily
within the regions of their respective nodes. The coordinates of all points in T (v) are then
announced to the algorithm.

First, observe that the adversary can perform node termination because by the tree
invariant the points can be placed anywhere within the regions of their respective nodes and
the relative order within each region is unknown to the algorithm. Second, this effectively
reduces the size of the maxima among the points in 7T'(v) to 1, essentially pruning all the
other points in T'(v), because p will dominate all of them. Finally, terminated nodes are still
top nodes, and while the algorithm can still issue comparisons that involve the points in
T'(v), these points are now ordered (since their coordinates are fixed and announced to the
algorithm) and, thus, the results of these comparisons are already known.

Epochs. The adversary operates in epochs where during each epoch, the adversary resolves
comparisons issued by A via the default strategy. Under some conditions, the adversary
decides that the current epoch has to end, gives some extra information to the algorithm
and then transitions to the next epoch. Crucially, the number of top nodes only changes
during the transition. We use h; to denote the number of top nodes at the start of epoch 1.
Initially, we start at epoch 1 when the algorithm A has issued no comparisons, the root r of
T is the only top node, i.e., hy = 1, all points are ordinary, with charge zero, and they are
placed in r. We will now present the details behind the transition process.



P. Afshani, G. S. Brodal, N. Sitchinava

Consider an arbitrary epoch ¢. During the epoch the adversary resolves the comparisons
issued by the algorithm (via the default strategy) until for some top node v, the number
of ordinary points in v reduces to N, /2 (recall that v started with N, ordinary points). If
the ordinary points of v had ¢ — 1 charge, we increase their charge to ¢ and terminate v
using Definition 9 and the epoch ¢ continues. Otherwise, epoch i ends and the adversary
transitions to epoch i + 1 by performing the following. Define the function d(z) = 24+
and let d; = d(h;). First, the adversary labels every point that is in a ¢t-descendant of v
for any ¢t > d; deep. Next, consider every node u that is a t-descendant of v for 1 <t < d;.
All points in u are moved to an arbitrary d;-descendant of v that is also a descendant of
u. The remaining % points of v are then distributed equally among all d;-descendants
of v. These moves make a number of pairs among the moved points ordered. To do this,
the adversary provides the information about the relative order of the newly ordered pairs
(according to Observation 5) to the algorithm for free. The number of d;-descendants of v
is 2% and, thus, each d;-descendant will receive Jggi points. At this point neither v, nor
any of its d-descendants for d < d; contain any points. Therefore, the d;-descendants of v
become new top nodes and we call them activated. The charges of all ordinary points in the
newly activated top nodes are incremented by one, which preserves Invariant 8.

If at any point, all nodes are terminated, then every top node contains exactly one point
that dominates the others in its subtree. Since this information is available to the algorithm,
it can announce the result and terminate. It is important to note that termination means
that each ordinary point in T'(v) has received exactly ¢ charge.

» Observation 10. In each epoch i > 1: h; = hj_1 +2%-1 —1 = h;_; + 24hi-1) _ 1,

» Lemma 11. The initial size of every node v activated at the end of epoch i —1 is N, > h—j\é

Proof. By induction on i (presented in [2]). <

N,
R

» Lemma 12. The resolution of v at the end of epoch i creates at most 3

L deep points,

i

where N, is the initial size of v at the time of its activation.

Proof. Recall that A is limited to a budget of N - A;(H) comparisons. Moreover, during
each epoch i, if algorithm A performs more than N - A;(h;) comparisons, the adversary can
use node termination on all top nodes and force H = h;. Consequently, A is limited to a
budget of N - As(h;) comparisons in every epoch i. By Lemma 11 and monotonicity of h;s,
we have N < N,h?. Since each comparison moves at most 2 points one level lower, after

N - As(h;) comparisons in epoch 4, the total number of points that can be deeper than d; is
2N-As(hi) 2N, hZ A, (h;) 2N, h?Ag(h;)

at most an) S ) = —xuy — < é\,[;; , where the last inequality follows from
the fact that for all integers s > 3 and z > 1: 24:(®) > 222 A (z)2°. <

Our main technical lemma here is the following.
» Lemma 13. The number of top nodes is upper bounded by Asyoc—1(1).

The proof is postponed to the next subsection but below we quickly show that this is
sufficient to give us a lower bound.

» Theorem 14. Let P be a planar point set of size N with at most H maxima points, and
s > 1 be an integer parameter. Then any algorithm for computing the maxima of P that uses

at most N - As(H) comparisons requires Q(%(al(min {H, %}) - s)) I/0s.
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Proof. We first claim that the adversary creates an instance with at most H maxima points.
We choose ¢ = a( e) £ and let £ = min {H } Then by the definition of the a function
we have Agioc—1(1 ) < /£, i.e., by Lemma 13, the number of top nodes will always be smaller
than ¢ < H and, thus, the claim holds.

Let V' be the set of nodes of T that have been resolved during the execution of A and let

Z = Y Z, be the total charge across all ordinary points by the end of A, where Z, is the
veV’
increase in charges due to resolution of each v € V'. Observe that by summing the bound

given in Lemma 12, we get that at most a constant fraction of the points can be labeled deep,
meaning, most of the points will be ordinary. Then, since the adversarial strategy ensures
that each ordinary point receives a charge of ¢, we get Z = Q(N(¢). We now show that at
least Z/4 points must have been accessed in the external memory to resolve comparisons

performed by A, implying Z = Q(%) = Q(F(a1(¢) — s)) 1/O lower bound.

Observe that in the final epoch j, the number of top nodes h; < ¢ < 1/ . Since j is
the final epoch, every top node v must have been activated prior to the end of some epoch
J'—1<j and, by Lemma 11 and monotonicity of h;s, starts with N, > 5 A2 >4 N >am

points. By the time v is resolved, at least N, /2 > 2M points of v have been moved to the
lower nodes due to comparisons. Thus, all these points could not be kept in the internal
memory from activation till resolution of v, i.e., at least N, /2 — M > N, /4 of them must
have been accessed in the external memory during this period. But we also know that at
the end of the resolution of v, each ordinary point in T'(v) receives an additional charge, i.e.,
the overall charge in T is increased by Z, < N,. Summing over all nodes that have been
resolved during the execution of A, we get that at least ) . Mo >S5 v Zy — Z

¢ = £ vertices
must have been accessed in the external memory during the execution of A. |

4.3 Proof of Lemma 13

Thus, it remains to prove Lemma 13. The number of top nodes explodes very fast and
moreover, this number also depends on the order in which the top nodes are resolved.
To bound it, we use a potential function argument, for which we need to introduce two
crucial notions. A potential sequence (PS) is a finite sequence of pairs of integers, e.g.,
(t1,K1), (t2, k2),..., where t; > 0and 0 < K1 < kg < .... We call k; the potential and a PS is
allowed to be empty7 denoted by (). A status vector is a pair (h; S), where h > 0 is an integer
and S is a PS. The status vectors will help us bound the number of top nodes we will ever
get in the adversary argument. In particular, a status vector W = (h; (t1, £1), (t2, £2), .. .)
represents the end of an epoch where we have at most h top nodes and we have at most ¢;
top nodes whose points have charge ( — k;. We make the following observations to simplify
our mathematical manipulations of the status vectors.

» Observation 15. Let S1 = (t1,k1),...(tn, kn) and So = (t,K)),...,(t,,, k.,) be two
potential sequences, such that k, < k}. Then for any integer k, £, < k < K}:

(h; S1,(0,k), S2) = (h; S1,52), and

(h; S1, (¢, ), S2) = (h; (', k), (t — t',K)) for any integer 0 < t' < t).
The first one states that since (0, k) represents 0 top nodes of charge ¢ — k, they can be
safely omitted from the status vector. The second one states that we can view a collection of
t top nodes as two collections of ¢’ and ¢ — t' nodes (with the same charges).

We claim that there is actually an explicit way to maximize the number of top nodes
via function ® defined as follows. Let A(z) = As11(x) and S = (t1, K1), (t2,k2),... be an
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arbitrary PS. Then for all integers t > 0 and 0 < k < K1:

B(h; () = b and  (3)
®(h; S) ift =0,
O(h; (t,K),S) =1 PAR);(t—1,k),95) ift>0and k=1, (4)
O(A(h); (A(h),k —1),(t —1,k),S) ift>1and k> 1.

The ® function captures (the upper bound on) the number of top nodes of various potential
in the algorithm if the top node with the least potential are resolved first. In Lemma 18, we
will show that this resolution order produces the maximum number of top nodes. So consider
an epoch ¢ with at most h; top nodes. By Observation 10, we can bound h;+1 < As11(h;) =
A(h;). Eq. (3) captures the base case scenario where there are at most h top nodes and all
the top nodes are terminated (represented by the empty status vector ()). Eq. (4) captures
three possible values of the first term (¢, k) in the potential sequence of ®:

If t = 0, there are no nodes with potential x, so this term can be ignored.

If there are t nodes with potential kK = 1, i.e., the node contains items with charges

¢ — 1, one of those nodes is terminated, resulting in the activation of nodes with { charge

which, in turn, can only reach the termination condition. Of course this still increases

the number of top nodes to at most A(h), of which ¢ — 1 top nodes have potential x = 1.

In general, if all the top nodes have points with potential k > 1, application of the
resolution to one of the ¢ top nodes with the smallest potential creates at most A(h)
nodes of potential x — 1 and leaves at most ¢ — 1 nodes of potential k.

To prove that the ® function is an upper bound on the number of top nodes, we need the
following structural properties, which follow from the definitions of ® and of the PS.

» Lemma 16. Let Sy = (t1,K1),- .-, (tn, kn) and So = (¢, &), ..., (t,,, kL,) be two potential

sequences, such that k, < k). Then, for any h > 0 and k, < k < k}: ®(h;51,52) =
(I)(q)(h, Sl); Sg) and (I)(h, Sl, (O, Iﬁ), Sg) = ‘I)(h, Sl, SQ)

» Lemma 17. For any integer k > 1: ®(h;(1,k)) < Asyox—1(h).

Proof. (By induction) When x = 1, for any ¢ > 0: ®(h; (t,1)) = ®(A(h), (t—1,1)) = A%} (n)
and so ®(h;(1,1)) = As41(h). Now assume that x > 2 and that the claim is true for all
positive integers k' < k.

O(h; (1, %)) = (A(h); (A(h), k = 1), (0, 5)) = P(A(h); (A(h), k — 1)) by Eq. (4)
=®(Ah);(1,k—1),...,(1,k — 1)) by Observation 15

A(h) times
=P(P(A(h);(1,k—=1));(L,k=1),...,(1,k = 1)) by Lemma 16

A(h) — 1 times
< D(Asyon—3(Ah); (1,6 —1),...,(1,k = 1)) by Inductive Hypothesis

A(h) — 1 times

< AGGY S (AR)) ()
< Agion—2(Ast1(h)) < Aston—2(Astrok—2(h)) A(h) = Agp1(h), k> 2
< Asyan-1(h), Ai(Ai(x)) < Aiya (o)
where (*) follows from a simple inductive argument. <
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» Lemma 18. Let V = (h; (t1, k1), (t2,K2), .- -, (tm, km) e a status vector that represents
a state of the top nodes in the algorithm. Regardless of the order in which top nodes are
resolved, the resulting number of top nodes is at most (V).

Proof. Assume inductively that the claim is true for any V' that is lexicographically greater
than V. In the base case, the status vector is (h';()), i.e., the statement is vacuously true.
Assume that the next node to get resolved has potential ;. Let V; be the resulting status
vector, i.e.,

‘/i = (A(h,), (tl, Iil)7 ey (ti—la fii_l), (A(h), K; — 1), (tl — 1, Ri), (ti+1, Hi+1) ey (tm, I{m)).

Observe that no matter which top node the algorithm chooses to resolve first, the number of
top nodes at the next epoch will be upper bounded by A(h) > h, i.e, V; > V lexicographically.
Thus, for every 1 < i < m, inductively, ®(V;) is an upper bound for the number of top
nodes. Observe that ®(V) = ®(V}), so to prove the claim it is sufficient to prove that
O(V;) > ®(Viyq) for every 1 <i < m.

Consider an arbitrary 1 < < m. Observe that if x; = k;41 then V; = V11 and we have
nothing to prove. Thus, assume ;41 > k;. Define the following three potential sequences:

X = (t17"€1)7 EEE) (tiflaﬁifl)a Y= (A(h)ﬂk‘./l - 1)7 (tl - 17"{1')7

Z = (ti+1 - 1a Hi+1)a (ti+27 HH‘Q)’ ceey (tma K/Wl)'
Then, using Observation 15 we can rewrite V; and V;;1 as follows:

Vi= (A(h)7XaK (15K/i+1)7z)
Vier = (A(h); X, (ti, k), (A(R), Kig1 — 1), Z)
= (A(h),X, (tl — 1,/%), (lvﬂi)a (A(h),ﬁi+1 — 1)72)

Observe that @ is a strictly increasing function of all of its parameters. Then

A

A(h ( (h)a Ki — 1)7 (ti - LHi)a (Lﬁi)’ (A(h)”%l#l - 1>7Z>

D(Vig1) < O
(A(h); X, Y, (1, k), (A(h), Kiy1 — 1), 2)
(
(

Y,
®(A(h); X, Y); (1, ki), (A(h), Kipr — 1), Z)
X; (1, ki), (A(h), kiv1 — 1), Z),

)
)
)
)

where we set x = ®(A(h); X,Y). On the other hand, we have

O(Vi) = ©(A(h); X, Y, (1, Kit1), Z) = ®(P(A(R); X, Y); (1, Kkit1), Z) = (x5 (1, Kiv1), Z)
= ®(A(x); (A(x), ki1 — 1), 2).

Observe that x > A(h) > h which implies A(x) > A(h) and thus A(x) > A(h) + 1. Thus,

O(V;) = ©(A(X); (A(X)s kit1 — 1), Z) > 2(x; (A(X), ki1 — 1), Z)
O(x; (A(h) + 1, kiy1 — 1), Z) = ©(x; (1, kig1 — 1), (A(R), Kip1 — 1), Z)
(I)(X5 (17’%%)’( ( ) Ri+1 — 1)7Z) > (I)(Vi+1)’ (*)

where (*) follows from x;1+1 — 1 > k;, and ® being an increasing function. <
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B Pin

Figure 4 The collection C; initially contains all the points between ¢;_1 and £;4+1. The bridge b;
intersects ¢; but could potentially extend beyond the collection in either directions which means the
end points of b; are not guaranteed to be in the collection C;. The green (thicker) pair is the pair
with the median slope, m;, among the pairs in the collection. Red pairs have smaller slope than m;,
whereas blue pairs have larger slopes.

5 Upper Bound for Planar Convex Hull

In this section, we show that an algorithm similar to MAXIMA can be used to compute
the output-sensitive convex hull of a planar point set. Recall that the algorithm starts
with a (seed) parameter h. Observe that if h > VN, then we can simply switch to a
worst-case O(N log N) = O(N log h)-time convex hull algorithm, e.g., Graham’s scan, which
can compute the convex hull by sorting and scanning. Thus, in the rest of this section,
we assume that A < v/N. The algorithm distributes the points into 2h buckets /subsets,
Py, ..., Py, of size roughly % and each pair of neighboring buckets P; and P;;; separated
by a vertical line. In the maxima algorithm, the next step (line 5) is to eliminate all points
in each bucket that are dominated by the points in the buckets to its right. In the context
of the upper hull, this is slightly complicated and it involves pruning the points below the
“bridges”, which straddle the boundary between pairs of neighboring buckets P; and P;1.
We outline this process below.

To perform the pruning step, we adapt the strategy of Kirkpatrick and Seidel’s algorithm
for the convex hull [29]. Their main technique is to partition the input points into two
equal sets with a vertical line ¢ and then find the “bridge”, i.e., the edge of the upper hull
intersected by ¢ in linear time. Here, we would like to generalize their technique to a setting
that involves 2h subsets of points.

In our case, we have multiple buckets. Let ¢; be the vertical line separating (lies between)
P; and P,y and a bridge b; is the edge of the upper hull that intersects ¢; (it separates P;
and P;1). Let @ be the set of all end points of all the bridges, b1, ..., b2p—1. Observe that
pruning P; is trivial if all the bridges intersecting ¢; 1 and ¢; are already computed: simply
remove the points that lie below the bridges and recurse on the remaining points in each
subset P;. Thus, the pruning step can be reduced to a multi-bridge finding step where the
goal is to find all the bridges.

To find the bridges, we maintain 2h — 1 collections: The i-th collection, C};, is initialized
as P; U P11 and observe that each point belongs to at most two collections. Then, we show
that we can run the original Kirkpatrick and Seidel’s algorithm on each collection. However,
there are some details to take care of. During the algorithm we will be pruning a constant
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fraction of each C; until their total size becomes O(N/log N). We will maintain the invariant
that at all times

2h—1

i=1

The pruning strategy is as follows. Let C = U?ﬁflCi. First, we pair the points of C;

arbitrarily and compute the median slope, m;, of the pairs using the linear time and I/0
median finding algorithm [14]. Next, we show that for each m;, we can find an extreme
point p; of C' (not necessarily in C;) in the direction orthogonal to m; in Distr (N, h) time.

» Lemma 19. Given a set P of N points and a set of k slopes, for k < /N, we can compute
the extreme points along each slope in O(Distr(N,k)) time.

Proof. First, we sort (with an optimal CO algorithm) the slopes in decreasing order, s, .. ., sk.
Since k is small this can be done in O(Scan(NV)) time. Next, we group the points arbitrarily
into % batches of size k? and compute the upper hull of each batch using Graham Scan.
This can be done in O(Distr(N,k)) time by simple sorting and scanning each batch.

Let u; be the upper hull of the i-th batch. Then, for each u;, we do the following: we
scan all sq,...,s; at the same time as edges of u;. Observe that the upper hull edges of u;
are also in the order of decreasing slopes. This means that the vertices of u; that are extreme
with respect to si,...,s, can be found by just a forward scan of u;. While scanning the
slopes we update each slope with the most extreme point seen so far.

To analyze the I/O complexity, we need to consider two cases: First, consider the case
when k% > B. In this case, scanning each u; forward requires O(Scan(k:Q)) I/0Os. As there
are k slopes, the total cost per batch is O(Scan(k?) 4 1+ Scan(k)) = O(Scan(k?)). Over
all 4% batches this sums up to O(Scan(IN)). Now assume k? < B and let t = | £ |. In this
case, t consecutive batches are loaded with one I/0, and also all k slopes are loaded with
one I/O. Thus, we can find all extreme points of ¢ consecutive batches at the same time,
resulting in overall O(Scan(N)) I/O complexity. <

Thus, in the rest of the proof we assume that p;, an extreme point of C' in the direction
orthogonal to m; has already been computed.

» Lemma 20. Given p; in each collection C; C C, we can prune a fraction of the points in
C; in O(Scan(|C|)) I/Os. This process maintains Eq. (5), meaning, the invariant still holds
after pruning.

Proof. W.lo.g., assume p; is to the left of ¢; (see Figure 4). Observe that slopes of the
bridges b1, ..., bop_1 is a decreasing sequence and since C' contains @, it follows that the slope
of b; is at most m;. We now apply the argument of Kirkpatrick and Seidel [29]. Consider
the pairs in C; that have slopes larger than m; (blue pairs in Figure 4). Each such pair is
guaranteed to have a slope larger than or equal to the slope of b;. We prune the left end
points of each such pair as the left point cannot be an end point of b;.

However, we also need to verify that we have not pruned any point in Q. To do that,
consider a point g € Q. By definition, there exists a collection C; such that ¢ is a vertex of
the bridge b; over ¢;. If p; is to the left (resp. right) of ¢;, then it follows that b; does not
have larger (resp. smaller) slope than m;. Then, we consider the matched pairs in C; that
have larger (resp. smaller) slope than m;. For each matched pair of points (p,p’), where
the point p has smaller X-coordinate than p’, we pruned the point p (resp. p’). However,
observe that ¢ cannot be the pruned point. This shows that our invariant is maintained. <«
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After a pruning step, we go back to the beginning and pair the points in each C; arbitrarily
again and iterate. At each iteration, we will be pruning a fraction of the points in each
collection. Thus, the size of the union, C, will be decreasing geometrically. Once the size
decreases by a log N factor, we can simply compute the convex hull of the resulting subset
and find the bridges explicitly in O(Sort(N/log N)) = O(Scan(NN)) I/Os.

6 Lower Bound for Planar Convex Hull

In this section, we show how to adapt the adversarial argument from the maxima lower
bound to the planar convex hull problem.

Let A, o be some constants. We will use the notations Q(-) and O(-) to hide factors that
depend on A and o; to avoid circular dependencies in the constants, we will use the notations
to hide expressions that depend only on A and o and fixed constants, i.e., constants that do
not depend on other parameters in the construction. We call a polynomial F' suitable if it has
degree at most A — 1, and it is defined over 20 indeterminates with real-valued coefficients.

Predicates. At any moment, the algorithm can choose a suitable polynomial F' and a
sequence W of ¢ input points, i.e., W = p1,...,p,, and query the sign of the evaluation
of F on the X- and Y-coordinates of points py,...,p,, i.e., query SIGN(F(W)). We call
SIGN(F(W)) a geometric predicate.

As with the previous lower bound, the adversary will decide the result of the predicate
and then will inform the algorithm of the result. Based on the result of the predicate, the
algorithm can choose another predicate to be evaluated on a potentially different set of points.
This process will continue until the algorithm can correctly declare the points on the convex
hull. Observe that a comparison is a simple predicate of degree 1 where A =1 and ¢ = 2
and it involves only either X- or Y-coordinates of the two points. A standard orientation
test is the sign of a 3x3 matrix that is obtained by placing the X- and Y-coordinates of
three points as the first two column and then adding a column of ones. Thus, in this case we
have A = 2 and o = 3. In this section, we show a lower bound that applies to any algorithm
that uses such geometric predicates.

A rough sketch of the proof. We show that the same set up that was used in Section 4
can be adapted to the convex hull problem as well. In particular, we define a tree T" and the
points will be placed on the nodes of T. However, predicates make this process much more
complicated because they reveal much more geometric information about the position of the
points than the relative order of the coordinates. Nonetheless, for the argument in Section 4
to go through, we only need to replace two main tools used by the adversary: one is the
default strategy used to resolve comparisons (predicates here) and two, node termination
which enables the adversary to essentially prune all but one point in a subtree of T. To do
these, we borrow an idea due to Afshani and Cheng [3,4] of embedding points very close to
the curve Y = X 2. This enables us to approximate any monomial X°Y7 as X**74 which in
turn will convert any bivariate polynomial of degree less than A into a univariate polynomial
of degree less than A? where distinct monomials in the bivariate polynomial are mapped to
distinct monomials in the univariate polynomials. We follow this up by mapping every node v
in T to small enough geometric regions (squares), Q(v), close to the curve Y = X2 such
that from the point of view of the algorithm any point p € v can be anywhere inside Q(v),
i.e., without violating any of the predicates chosen by the algorithm. Finally, we show that
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Figure 5 Square Q(v) for node v.

the resolution of predicates can be done by moving points only a constant number of levels
down the tree T'. We now present the details.

The tree 7. Let f = A?- A% = A27*2 = O(1). The adversary maintains a tree T with fan
out f, similar to the lower bound in Section 4 but the adversary will also associate a square
with every node of T'. Let QQp be a unit square with its center on the point (1,1) which lies
on the curve Y = X2, Qo will be associated with the root of 7. We will shortly describe
how the adversary assigns progressively smaller squares that are inside @)y to every node
in T. We will use the notation p € v to denote that a point p is placed in a node v of T, the
square associated with v is denoted by Q(v) and the depth of v (in T) is denoted by d(v).

Assigning squares. Consider a non-root node v at depth d(v) in the tree T'. The square Q(v)
will have side length 2" Where ¢ is a large enough value that will depend on A and o (as
mentioned, we will not “hide” ¢ in our asymptotic notations). Consequently, the squares
associated with the children of v will have side length 2" and they will be placed
inside Q(v), spaced equally across the X-axis and centered on the curve Y = X (see
Figure 5 for an example). We claim that by picking ¢ large enough, we can guarantee that
the squares assigned to the children of v will be fully inside Q(v). Let A and B be the
intersection points of the boundary of Q(v) with the curve Y = X2. Observe that the
tangent to every point on the curve Y = X2, which is inside Qq, has a slope between 274
and 1.52 which means that the difference between X- or the Y-coordinates of the points

A and B is at least Q(Z‘AZ_CW)). By setting ¢ large enough we can easily ensure that

fr2me > 08 flome
the squares of the children of v.

“** This means that there is enough space inside Q(v) to place

As before, any non-empty node v whose ancestors do not contain any points is called a
top node. The equivalent of Invariant 3 in this case is the following invariant.

» Invariant 21 (The tree invariant). For every point p € v, every placement of the point p
inside the square Q(v) is consistent with the results of all previous predicates returned by the
adversary, meaning, if the algorithm in the past has queried the sign of a suitable polynomial
F on o points p1 € v1,,...,Ds € U, and the adversary has returned a sign value z, then for
every point W € Q(v1) X -+ X Q(v,), we have SIGN(F(W)) = z.

Node termination is captured with the following definition.
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» Definition 22 (Node termination). The adversary can terminate a top node v by picking
four points p1,p2, p3, pa € u, and declaring that they lie on the corners of Q(v). The adversary
also picks some arbitrary coordinates for the points in T (v) within their corresponding squares
and declares these to the algorithm.

Note that similar to the previous proof, after the termination of a node v, the positions
of all the points in the subtree of v will be known to the algorithm and thus we can assume
that no predicates involves the coordinates of such points. We call these the pruned points
and any other remaining point an unpruned points.

Thus, the heart of the construction is that the adversary can replace the default strategy
with a similar strategy, captured in the following lemma.

» Lemma 23. Consider a predicate F' chosen by the algorithm on a set of o points p1,...,po
such that p; € v;. The adversary can maintain Invariant 21 by moving each point p; to a
node u; such that u; is a t;-descendant of vi for some t; < o+ 1.

In fact, we show something stronger. The adversary can create an infinite sequence of
positive real values V1,72, ... such that the following holds: For every point W € Q(uy) X
X Qug), |[F(W)| > vq where d = max {d(uy),...,d(us)}.

Proof. The proof is an adaptation of an idea due to Afshani and Cheng [3,4] of embedding
the points very close to the curve Y = X2. The details are presented in [2]. |

Observe that as the function F' is continuous, the latter claim in the above lemma not
only implies that F' is non-zero over Q(u1) X - -+ X Q(u,) but also that its magnitude is lower
bounded by some fixed parameter that only depends on the depth of the deepest node among
U, oo Uge

We now show that these modifications are sufficient to obtain a lower bound for the
convex hull problem.

» Theorem 24. Consider a planar point set P of size N with H convex hull points and let
A >0 and o > 0 be integer constants. Consider an algorithm that computes the convex hull
of P using predicates which are polynomials of degree less than A with 20 indeterminates,
where each predicate is applied to o input points. If the algorithm uses O(N As(H)) predicates,

then it requires Q(%(oq(min {H, \/g}) - s)) I/0s.

Proof. The proof is very similar to the proof of Theorem 14. The observation is that in
the proof of Theorem 14, only two operations, the default strategy and node terminations,
give information to the algorithm about the positions of the points and the rest of the
proof does not really use the fact that we are computing the maxima other than that the
adversary maintains a binary tree and each comparison moves the points involved in the
comparison at most 1 level down the tree. In our case, we are maintaining a tree T' of fanout
f = A%9%2 but it can be simulated with a binary tree T’ where each level of T corresponds
to log(f) = (20 + 2) log(A) = ©(clog(A)) levels of 7. Lemma 23 directly replaces the the
default strategy and it can be used by the adversary to resolve the predicates. However,
the resolution of the predicates moves o points, o + 1 levels down the tree which in the
corresponding binary tree T” corresponds to moving o points O(c log(A)) levels down.

Next, consider node termination. Terminating a node u ensures that the points in T'(u)
will contribute at most four vertices to the convex hull. Consequently, if four times the
number of top nodes will be an upper bound on the size of the convex hull which again
changes only the argument in Theorem 14 by a constant factor.
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Algorithm 2 Randomized algorithm for computing the maxima of a planar point set P with an
integer seed h > 2.

1: procedure RANDOM-MAXIMA(P, h)

2: if |P| <1 then > Base case
3: Output P and return |P)|

4: L= (Pyp,...,P1) =DIST(P,2h) > Distribute P into 2h buckets w.r.t. X -coor.
5: PRUNE(L) > For each P; prune points dominated by points in U;;ll P;
6: Reverse £ with probability % > Backwards for-loop with prob. %
7 H =0

8: for each P; € £ do

9: H,; = RANDOM-MAXIMA(P;, h + H')

10: H' = H' + H;

11: return H'

The rest of the proof is, therefore, identical to the proof of Theorem 14, except any one
predicate translates to O(U2 log A) = O(1) comparisons, which only changes the internal
memory work of the algorithm by a constant factor, and the same lower bound argument
applies. |

7 Randomized Algorithm

In this section we present a randomized algorithm (Algorithm 2) for computing the maxima.
The algorithm is extremely similar to the deterministic algorithm of Algorithm 1 with only
two differences. In the original algorithm, first 2h subproblems are created and then they are
pruned. Then, the algorithm does a recursion on the subproblems, in the order Py, ..., Pay.
The first difference is that in the modified algorithm, with 50% probability, instead of that
we will recurse in the order Psp,...,P;. The second difference is that the algorithm is
called with the seed s = 2 at the top level. Below, we show that these simple changes lead
to an algorithm that has optimal (worst-case) time complexity and optimal expected 1/0O
complexity, i.e., an optimal randomized cache-oblivious algorithm.

First observe that the time analysis of Algorithm 1 is still valid for the randomized
algorithm because the order of recursive calls on the subproblems is not relevant to the
internal computation time. This implies that the randomized algorithm has an optimal
worst-case running time.

As before, let H be the total number of maxima points in the entire input set P, N = |P|,
s be the initial seed given to the algorithm (i.e., at the top level, the algorithm is called with
h = s =2), and H; denote the number of maxima points of P; (computed during the recursive
callon P;). Define HY = H+s,and G; = h+ Hy+---+H;—1 and G, = h+H; 41+ -+ Hop,.
Observe that a forward for loop calls RANDOM-MAXIMA(P;, G;), while the backward for
loop calls RANDOM-MAXIMA (P;, G}). Each case happens with 50% probability, therefore, the
expected I/O complexity of RANDOM-MAXIMA(P, h) is defined by the following recurrence
relation (with the base cases being the same as in Eq. (2)):

O(Distr(N,h)) if h > H,
- O(Distr(N, H)) it H>h>m,
Ty(N,h) = - _ 6
OV LT T (36 + 4 T (3G Oisee(h)
if h < min(H,m).
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Let ¢ = argmax{Hy,..., Hop}, i.e., the index of the largest Hy,..., Hy,. The main
observation here is that for any index j # 7, either G; > Hj, or G; > H; (both can be true,
and this might also hold for H;), i.e., the I/O complexity of at least one of the recursive calls
RANDOM-MAXIMA(Pj, Gj) or RANDOM-MAXIMA(P}, G%) is covered by the base cases. For
instance, if G; > Hj, Ty, (N/(2h),G;) = O(Distr(N/(2h),G;)) = O(Distr(N/(2h), H®))
(the last equality follows from G; < H®). Similarly, when G > H;, Ty, (N/(2R),GY) =
O(Distr(N/(2h), H?)). Then we can rewrite T (N, h) as follows by combining the recursive
calls defined by the base cases.

— 2h
Ty(N,h) = 9’ <ZTH1 (Qh’Gi) + Ty, (%,Gz) + Z Ty, (%,GZ))
=t i=i+1
1 — N N 2h N
2. ry () +Ty (2 7 (N o .
t3 (; H; (2h’Gl) +Th, <2hva> +i§1 HI(%,GZ)> +O(Distr(N, h))

1 - N - N
< Z. _ R - D4 (&)
<3 (THi (Qh’GL> + Ty, (2h >> + E TH ( )+c Distr(N, HY),

where G} is either G; or G}, ¢ > 0 is some constant, and the last inequality follows from
h < H®. The main insight here is that we get geometrically decreasing series. In particular,
we claim that Ty (N, h) < 4c-Distr(N, H?), which can easily be proven by induction:

- N
T (N,h) < <4c Dlstr( 57 JHP) +4c- Dlstr( 57 H@)>

N)M—l

[\3\'—‘

N
<Z 4c - Distr(— H®)> +c-Distr(N, H?)
: N o @
=4c(h+1) ~Dlstr(2h H®) + c¢-Distr(N, HY)
4 1
< % -Distr(N, H®) + ¢ - Distr(N, H?)
4(h+1
= a0+l +1)-c-Distr(N, H?)
2h
< d4c-Distr(N, H?) for any h > 2.

Observe that the same applies to the convex hull algorithm. Thus, we have the following
theorem.

» Theorem 25. For a set P of N points in the plane, there exists a randomized cache-oblivious
algorithm that finds the mazima of P or the convex hull of P in O(N log H) worst-case time
and Og(nlog,, H) expected 1/0Os, where H is the size of the output and m = M/B and
n = N/B.
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