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—— Abstract

The online sorting problem is a natural online analog of classical sorting: n elements arrive one

by one and must be placed irrevocably into an array of size n so as to minimize the sum of
absolute differences between consecutive elements. Recent work by Aamand et al. [SODA 2023]
and Abrahamsen et al. [ESA 2024] showed that the optimal competitive ratio for this problem is
6(\/5), even when randomization is allowed. Bertram [ESA 2025] extended this bound to the
online traveling salesman problem (TSP), of which online sorting is a special case on the line metric.
These polynomial bounds raise the question of whether additional information can lead to improved
performance. In this paper, we initiate the study of online sorting and TSP in the framework of
machine-learned predictions. We characterize the exact tradeoff between consistency and robustness
for online sorting with predictions, and prove a surprising lower bound showing that robustness
is not lossless in this setting. This phenomenon sets online sorting apart from most previously
studied online problems with predictions. We extend our results to online TSP with predictions on
general metric spaces, where the same consistency—robustness tradeoff persists. Finally, we present
a sharp contrast in the case of online TSP on the uniform metric. While Abrahamsen et al. gave an
O(log n)-competitive algorithm without predictions for the uniform metric, we show that predictions
enable an algorithm that is simultaneously O(1)-consistent and O(logn)-robust. We further extend
this result to the setting of multiple predictions.
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1 Introduction

Sorting, where n elements have to be reordered to a monotonically non-decreasing (or
non-increasing) order, is one of the fundamental pillars of combinatorial algorithms. In
online sorting, we are given an online sequence of n elements x1, xs, ..., x, that have to be
inserted into an n-element array A[l...n]. At time ¢, the t-th element z; is provided to the
algorithm and has to be placed in one of the empty cells of array A. Once placed, the location
of x; is fixed and z; cannot be moved to other cells during the arrival of the subsequent
elements. The goal is to produce as close to a sorted array as possible. Formally, if A[j]
is the element occupying the j-th cell of array A, then the cost of the algorithm is defined
as ¢ = Z?;ll |A[i + 1] — A[i]|. Clearly, the optimal solution is a sorted array (increasing
or decreasing), and its cost is copt, := max; £, — min, 2. Following standard convention, an
algorithm is said to be p-competitive if ¢/copy < p for all instances of the problem.

Aamand et al. [1] introduced the online sorting problem and gave a deterministic algorithm
with a competitive ratio of O(\/ﬁ) under the assumption that the range of the elements is
known in advance. They also showed a matching lower bound for deterministic algorithms.
Later, Abrahamsen et al. [2] showed that the same upper and lower bounds also apply in
the general setting of an unknown range of elements, and extended the lower bound to
randomized algorithms. They also introduced a natural generalization of the problem called
the online traveling salesman problem (online TSP), where a sequence of points in a metric
space have to be inserted in an array to minimize the sum of distances between consecutive
points. The online sorting problem is the special case of online TSP on the line metric.
Recently, Bertram [10] gave a deterministic algorithm for online TSP with a competitive ratio
of O(\/ﬁ) for general metrics. This bound is tight by virtue of the existing lower bounds for
the special case of online sorting. In contrast, for the uniform metric where all distances are
0 or 1, Abrahamsen et al. [2] gave matching upper and lower bounds of O(logn), establishing
this as a variant of online TSP that admits better competitive bounds than online sorting.

While these recent works have provided a detailed picture of competitive bounds for online
sorting/ TSP, the large lower bounds and the fundamental nature of sorting/TSP motivate
further exploration of these problems beyond worst-case settings. In this paper, we consider
online sorting/TSP in the popular setting of (machine-learned) predictions (see references in
related work). In this framework, at time ¢, along with the element z;, the algorithm also
gets a predicted index i; € [n] for z; in the array A. We assume that the predicted indices
over all the n elements form a permutation of the indices [n] of the array, i.e., that the
predictions correspond to a valid solution of the problem. The cost of the solution produced
by the predictions is denoted ¢é. If the algorithm simply follows the predictions, then its
cost would also be é. Following standard terminology established by Purohit et al. [35], we
call this a 1-consistent solution. More generally, an a-consistent solution is one whose cost
is at most « - é&. The 1-consistent solution is ideal if the predicted solution is optimal, but
provides no guardrails if the predicted solution has a large cost, possibly €2(n) times copt.
On the other hand, the online algorithm can ignore the predictions and run the algorithms
from [1, 2, 10] to obtain a cost of O(y/n) - cops. In this case, we say that the solution is
O(\/ﬁ)-mbust; in general, if the cost is no more than 7 times cqpt, then the algorithm is said
to provide a robustness guarantee of r. (Thus, one can think of an r-robust algorithm as
being r-competitive irrespective of any prediction.) Of course, the problem with the latter
strategy is that it fails to take advantage of accurate predictions, e.g., even if they give an
optimal solution. The main question that we study in this paper is the tradeoff between these
two desiderata — consistency and robustness — for online sorting and TSP with predictions.
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Note that an r-robust algorithm is always r-consistent, since ¢ > cqpt, but not vice versa.

1.1 Our Results

For many online problems, we can simultaneously obtain optimal consistency and robustness
(up to constants), usually by standard techniques (e.g., [5]) that combine two solutions for an
online problem to obtain the better of the two costs up to constants (e.g., caching [30], ski
rental [35, 21], set cover [9, 3], etc.). For online sorting/ TSP, this would imply O(1)-consistent,
O(\/ﬁ)—robust algorithms. Our first contribution is a lower bound for online sorting (and
therefore online TSP which is more general) that rules this out in a rather strong sense:

» Theorem 1. For any n and r, with 1 < r <n, for any algorithm for online sorting with
predictions (randomization allowed) there is an input sequence (including predictions) of
length n and optimal cost 1, where the algorithm, when run on that sequence, has expected
robustness Q(r) or expected consistency Q(%).

By [1] and [2] we know that deterministic and randomized algorithms (with void
predictions) must have robustness (y/n), and there exist algorithms achieving robustness
O(y/n), and therefore also consistency O(y/n) (when ignoring the predictions). Our lower
bound raises the question of whether we can get better consistency bounds if we relaz the
robustness guarantee to be weaker than O(\/ﬁ) We show that this is indeed the case. Given
any r = (y/n), we give a deterministic O(n/r)-consistent, O(r)-robust algorithm for online
sorting. (Following [1], in Theorems 2 and 3, we assume that copt is known to the algorithm.)

» Theorem 2. For any r = Q(y/n), there is a deterministic O(n/r)-consistent and O(r)-
robust algorithm for online sorting with predictions (when copt s known to the algorithm).

Note that this result is tight by Theorem 1. We also extend this theorem to the more
general problem of online TSP:

» Theorem 3. For any r = Q(y/n), there is a deterministic O(n/r)-consistent and O(r)-
robust algorithm for online TSP with predictions (when copy s known to the algorithm).

Finally, we consider online TSP with predictions on the uniform metric. Intuitively, in
this case, the cost simply counts all pairs of unequal neighbors in the array. Recall that
Abrahamsen et al. [2] had shown a qualitative separation between online TSP on the line
metric (i.e., online sorting) and the uniform metric; for the latter, they gave an O(logn)-
competitive deterministic algorithm and a matching lower bound for randomized algorithms.
We show that there is a qualitative separation between these problems with predictions as
well. On the uniform metric, we give an algorithm for online TSP with predictions that
simultaneously achieves the asymptotically best consistency and robustness bounds:

» Theorem 4. On the uniform metric, there is an O(1)-consistent, O(logn)-robust determi-
nistic algorithm for online TSP with predictions.

This theorem can be interpreted as a “best of both worlds” result — an algorithm can
match the better cost up to constants between two solutions given online. What if the
algorithm is given more than two solutions? This is called the multiple predictions setting
(or prediction portfolios), studied previously in, e.g., [21, 8, 17, 3, 27, 16]. For online TSP on
the uniform metric with h predictions, we generalize Theorem 4 to the following:

» Theorem 5. There is a randomized algorithm for online TSP with h predictions on
the uniform metric that is O(logh)-consistent with the best of the h predictions, and a
deterministic algorithm that is O(h)-consistent with the best of the h predictions.
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Intuitively, Theorem 5 captures the situation where we have access to multiple algorithms
that produce valid online solutions, and we wish to do as well as the best among them
(in hindsight). Observe that Theorem 5 implies Theorem 4, since we can set h = 2, and
have the sequence i, from Theorem 4 as one of the predictors, and the output of the
O(log n)-competitive algorithm from [2] as the other.

Our Techniques. The main idea behind the lower bound (Theorem 1) is simple. Suppose
the adversary presents a set of elements in [0, 1] that are spread out uniformly over the
interval, and the prediction also spreads them uniformly in the array (similarly to previous
input sequences in [1, 2]). Now, the algorithm faces a continuum of choices between two
extremes: it can follow the prediction and spread the elements uniformly, or it can allocate
the elements to a contiguous block of array cells. The former is the correct choice if the
adversary continues to present well spread-out numbers in the future, while the latter is the
correct choice if the adversary reverts to only giving 0 or 1. Of course, the adversary will
choose the future that does not match the algorithm’s choice, thereby making the algorithm
incur large cost. This tension is quantified by the number of gaps (maximal contiguous
blocks of empty cells) in the array. If the algorithm creates a large number of gaps, then the
adversary presents either all Os or all 1s as the remaining elements, resulting in a large cost at
the boundaries of these gaps. On the other hand, if the algorithm keeps the number of gaps
small, then it necessarily places many different elements next to each other, also incurring
large cost. In the first case, robustness suffers as the optimal solution places the Os or 1s at
one end incurring lower cost. In the second case, consistency suffers, as the predictions may
turn out to be accurate, but we do not follow them.

At a high level, all our algorithms (Theorems 2—4) carefully balance these two approaches,
adapting to the input and prediction sequences. The idea is to follow the predictions
approximately, placing elements more compactly than the prediction to reduce the number of
gaps. If at some stage the cost of the prediction becomes prohibitive and ensuring robustness
becomes the goal, then the algorithm switches to a robust algorithm defined only on the
empty spaces in the array. Deviating from the predictions on the fly introduces challenges
both for the algorithm and its analysis. First, we need careful bookkeeping to ensure that
future predictions are still adequately mapped to empty cells, and second, we must account
for the effect of these changes on the cost and consistency.

In case of online sorting/TSP (Theorems 2 and 3), we can bound the additional cost due
to not strictly following the predictions by using a consistency factor O(n/r). The uniform
metric case (Theorem 4) is more challenging, since we cannot afford to lose more than a
constant compared to the prediction. In this case, we devise a compaction strategy that not
only reduces the number of gaps in the array but does so at no penalty; in fact, we show that
the compaction actually lowers the cost compared to the prediction. This strong property
helps ensure a strict consistency bound for the uniform metric. Moreover, it also allows
more flexibility in switching between different strategies, which we exploit further in our last
result for the multiple predictions setting (Theorem 5). When switching from one strategy
to another, we re-map the empty cells of the array to a virtual array, bounding the penalty
due to this abstraction. Correspondingly, we also map the predictions to the empty cells of
the array, which allows the algorithm to recurse on this virtual array. Crucially, the overall
prediction cost can be additively decomposed into a non-recursive and a recursive part, which
are then used to account for the non-recursive and recursive parts of the algorithm’s cost.
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1.2 Related Work

The online sorting problem was introduced by Aamand et al. [1] as a gadget for studying
geometric packing problems such as packing polygons arriving online in a given geometric
space. Such problems are widely studied in the literature, e.g., online strip packing [7, 15,
23, 40] and online rectangle bin packing [12, 19, 39, 20, 13, 14, 37, 22]. The online sorting
problem itself has been studied in beyond worst-case settings earlier, such as for stochastic
inputs [2, 25, 18], or with resource augmentation (meaning, in this context, an array with
more than n cells) [1, 34, 6]. To the best of our knowledge, our work is the first to consider
it in the predictions setting.

More broadly, augmenting online algorithms with machine learning predictions has
emerged as an exciting new paradigm in the last few years that seeks to circumvent strong
lower bounds in worst-case competitive analysis using side information. This framework was
formalized in the work of Lykouris and Vassilvitskii [30], and has since developed into a robust
literature in a variety of problem domains (see the survey [33]). In particular, the predictions
setting has been explored in data structures both in theory (e.g., [32, 24, 38, 29, 16]) and
practice (e.g., [28] and many follow up works). Our work can be seen as extending the
predictions setting to the problem of constructing a sorted array (or more generally a TSP
tour) online.

The term “online TSP” has been used to define a variety of problems in the past. In the
1970s, Rosenkrantz et al. [36] studied the problem of incrementally constructing a TSP tour
over a sequence of points arriving online. This problem is strictly simpler than the online
TSP problem studied in this paper since it only asks for commitment to the ordering of
points and not their locations in the array. Indeed, this problem admits O(logn)-competitive
algorithms without predictions [36, 26]. Later, the term “online TSP” was used for other
classes of problems: in the problem setting of [4, 11], requests appear over time and have to
be served by a moving server, with the goal of minimizing the total time to serve all requests;
in the setting of [31], requests appear online and a tour of small cost has to be maintained for
all seen requests, with a limited budget for updating the set of edges in the tour. Although
they share the same name, these problems are not related to ours.

Organization. We give the (randomized) lower bound for online sorting with predictions
(Theorem 1) in Section 2, and the matching algorithm for the more general online TSP with
predictions (Theorem 3) in Section A. For online TSP with predictions on the uniform metric,
although Theorem 5 generalizes Theorem 4, we present them separately in Sections B and 4
for improved readability. We close with some future directions in Section 5.

2 Lower Bound for Online Sorting with Predictions

In this section we show that it is impossible to have good consistency while ensuring robustness,
even for a randomized algorithm. Our lower bound uses input sequences very similar to
those used in the lower bounds by Aamand et al. [1] and Abrahamsen et al. [2]. But whereas
[1] provide an adversary against deterministic algorithms, and [2] provide a single random
input distribution hard for all deterministic and randomized algorithms, we provide for each
deterministic or random algorithm a specific input sequence where the algorithms fail to
achieve simultaneously good expected consistency and robustness (Theorem 1).

We show that it is possible to create input sequences and predictions so that part of the
way through the sequence, the sequence could be completed so that all of the predictions are
correct and constant consistency is possible, or that they are far from correct and robustness
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is the measure of interest. Thus an algorithm needs to follow the predictions, or at least
come close to following them, if they end up being correct. Our sequences are, however,
constructed in such a way that following the predictions can result in poor robustness, should
the predictions not be correct. We now prove Theorem 1.

We assume a fixed randomized algorithm and for convenience assume - and 3 are integers.

Consider a sequence X = x1, o, ..., T, of elements to be inserted into the size-n array A:
round 1 round 2
0 1 r—1 0 1 r—1
X =

r—1r—1""r-1"""r-1r-1""r-1

Also define 27 sequences X]Q and X}, where j € [2 — 1], which are the same as X but with
all values after round j being replaced with 0 or 1:

round 1 round j "

0 1 1 0 1 poomiatl B
r— r—

X = , , ,0,0,...,0,...,0,0,...,0
r—1r—1 r—1 r—1r—1 r—1

round 1 round j n

0 1 1 0 1 poomdatl o B
r— r—

X = , , J1,1,...,1,...,1,1,..0,1
r—1r—1 r—1 r—1r—1 r—1

The sequence of predictions I= 71,19, ...,1 is an optimal sequence of predictions for

the sequence X: It is the permutation such that if z; is inserted into A[#;] the elements will
be sorted in increasing order. Specifically:

round 1

0Z 41,10 41, L (=D 41,
T T T

round 2
R e N
round 2
Y G L
ror r r r

Our basic approach is to show that inserting one of the sequences X7 or X gives an
expected robustness of Q(r) or inserting X gives an expected consistency of (7). We use I
as the prediction sequence for all 27 + 1 sequences X JQ, X ]1 or X.

After the algorithm has inserted a prefix of the n elements, some array cells will contain
elements and some will be empty. Define a transition in the array to be an adjacency between
an empty cell and a non-empty cell. Let T} be the stochastic variable equal to the number of
transitions that the algorithm on input X and predictions I has after round J, where the
expectation is with respect to the possible randomized choices of the algorithm. There are
two cases — either for some j € [2], Pr[T; > £] > 1 or for all j € [2], Pr[T; > ] < 1.

First Case. First consider the case where there exists a j where Pr[T; > £] > 1, fix such a
J for this paragraph. This j can not be *, as after the last round the array is full and there
are no transitions. Observe the first j rounds of the sequences X, X and X} are identical.
Consider the non-empty array cells in each transition after round j, and compute the expected
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average of these elements. This expected average is either above or at most %, assume that

it is above. In that case, when inserting XJQ7 each of the at least 7 transitions after round j

will result in 0’s next to an element whose average is at least % The contribution to the
1

cost in these pairs alone is thus at least 5 - 5 = &. The case where the average is at most %

is symmetric, where the insertion of X jl will result in cost of at least z. Thus in this case

insertion one of the sequences X Jl and X]Q will result in an expected cost of & - i = 57 and

thus a robustness of Q(r), since the optimal cost X} and X is 1.

Second Case. Next we consider the case Pr[T; > ] < 1 for all j € [2], i.e., Pr[T; < 5] > 2
for all j € [%]. We now focus on the cost of inserting X (not any of the X](-J or le) and we
know that I has perfect predictions that if followed on X will result in the array being sorted
and with cost 1.

Call a round j bad if after rounds j — 1 and j the number of transition 7;_; and T} are
both at most 7. By the union bound, this happens with probability at least % During
round j, r elements are inserted. In a bad round at most % of these can occupy the at most
empty cells of a transition present after round j — 1. Also at most 7 of these r newly inserted
elements in round j have an empty cell next to them after round j completes. This means
that at least % of the elements inserted in round j must have as neighbors on both sides in
the array other elements inserted in round j, creating at least 7 adjacencies in the array
between elements inserted in round j. Any two elements inserted in round j have values that
are at least % apart, so the total cost incurred by adjacancies between elements inserted in a
bad round j is at least % - % = %

The total cost of an algorithm is at least the cost incurred by elements which are placed
in consecutive cells in the array in the same bad round. We now bound this quantity via
linearity of expectation. Since in this case, bad rounds happen with probability at least %
the total expected cost of inserted-in-the-same-bad-round adjacency is at least the number
of rounds times the probability of a bad round times a lower bound on the cost between
the adjacant elements added in a bad round round: * - % : % = &= Recall that in X the
predictions are perfect with a predicted cost ¢ = 1, i.e., an expected cost of at least g- gives

an expected consistency of Q(%). This concludes the proof of Theorem 1.

3  Online Sorting with Predictions

In this section, we give an algorithm that for a given parameter r = Q(\/ﬁ) establishes the
upper bound for online sorting with predictions (Theorem 2). The algorithm consists of two
phases, where the first phase continues as long as the predicted cost is sufficiently small. In
the first phase, the algorithm partitions the array A into r contiguous blocks of n/r cells
each. The j-th block goes from the ((j — 1) - n/r + 1)-st cell to the (j - n/r)-th cell of the
array. We denote the indices in the j-th block B;. On the arrival of an element x; with
predicted index 7, the algorithm places z; in the next available empty cell in the block j
where 7, € B;. Since the predicted indices produce a valid permutation of [n], there are at

most n/r predicted indices in B; for any j. Therefore, we never run out of space in any block.

Let é(t) be the cost of the predicted solution until time ¢, i.e., the cost of the array of
size n where 1, ..., z; would be placed at indices 71, ..., % and the remaining n — t empty
cells removed. Note that the cost é(t) is non-decreasing in ¢ and ¢ = é(n). The first phase
continues while (n/r)-é(t) < r-copt, and the second phase starts if and when this condition is
violated. We remark that knowledge of cops is used in this step by the algorithm to determine
the transition from the first to the second phase.
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4 | | )

n
12 —— —_— — —— —

\\ \ 4‘//mapping of empty gaps

virtual array A’ | [ [ [ [ |
1 2 n’

Figure 1 Algorithm for online sorting and online TSP with predictions, end of phase one. Grey
area of each block are cells placed during phase one. The empty gaps form a new virtual array of
size n’ for phase two.

At the beginning of the second phase (see Figure 1), suppose the number of empty cells
is n/. The algorithm maps these n’ cells to an empty virtual array A’ of size n’. Then, it
inserts the remaining n’ elements in the virtual array A’ using the online sorting algorithm
from [1] that achieves a cost of O(\/T? ) - Copt ON the virtual array, where ¢/, < copy is the
optimal cost for the elements of the second phase. Note that the predictions are ignored
by the online algorithm in the second phase. Each element is inserted in the real array by
mapping its cell in the virtual array back to the empty cell in the real array that it represents.

We now analyze the cost of the solution produced by the algorithm. First, note that the
cost incurred by pairs of consecutive elements in the virtual array inserted in the second phase
is at most O(W Opt) by [1], which is at most O(y/n - copt). Moreover, since the virtual
array maps to at most r gaps in the real array, the cost incurred by pairs of consecutive
indices in A filled in different phases is at most 21 - copt.

We are left to analyze the cost of the first phase. First, we show two simple lower bounds
on the cost of the predicted solution. Let m denote the number of non-empty blocks in A
after placing x1,...,2; and let j; < --- < j,, denote the indices of the non-empty blocks.

> Claim 6. At time ¢, we have the following lower bounds on the cost of the predicted
solution:
A m . . .
e(t) > > iy (maxt/gt:it/esjk_ Ty =My oy e, xt/), i.e., the total cost is at least the
sum of ranges in the individual non-empty blocks.

A 1 m—1 R . R .
e(t)y > 430 (maxt,gt:it,eg UB,, T T Wiy <y en, uB,, :ct/>, i.e., the total cost

is at least half the sum of ranges across pairs of contiguous non-empty blocks.

Proof. Note that for any set of elements in arbitrary order, the total cost is at least the
difference of the maximum and minimum elements. For the first claim, we use this observation
separately for each block and observe that the total cost is at least the sum of costs in each
block of the predicted solution. For the second claim, we use the same observation twice, once
for elements in B;, U B;,, B, UB;

J2 Jas

and again for elements in B;, UB,,,B;, UBj;,.... <«

Now, observe that the first phase incurs two types of costs: those within a block and those
across consecutive non-empty blocks. Let the first phase end at time ¢. The first type of cost
is incurred for < n/r —1 pairs of elements in any block j, and the cost for each pair is at most
Max, <, cg, Lt — ming, . eB, T By the first property in Claim 6, this adds up to at most
é(t) - (n)r — 1) across all the non- empty blocks at time ¢. The second type of cost is incurred
for at most m — 1 pairs and is at most maxX, cy;,ep; UBj, Ty — mmt/gt:it/es WUBjy iy Ty
for the k-th pair. By the second property in Claim 6, this adds to at most 2¢(¢ ) across all
the non-empty blocks at time ¢. It follows that the total cost for the first phase is at most

&) - (n/r+1).
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To complete the proof of Theorem 2, we consider two situations. If the second phase is
not invoked, i.e., (n/r) - & <1 - copt, then the total cost is at most

é(n)-(§+1) :O(é-g).

On the other hand, if the second phase starts at time ¢ + 1, then é(t) - n/r < r - copy and

A

é(t+1)-n/r>r-copt, i.e., é-n/r >r-cop. Then, the total cost is

S T+ Copt

é(t) - (g + 1) +2r - Copt + O(V/n - copt) = O((r 4+ /1) - copt), since &(t) -
= O(r - Copt), since r = Q(\/ﬁ) )

33

In both cases, we have established that the cost of the algorithm is O (min(é- n/r,7 - copt))-

4 Online TSP with Predictions on the Uniform Metric

In this section, we consider online T'SP on the uniform metric on k points denoted vy, v, . .., Vg.
We assume w.l.o.g. (by scaling) that the distance between any pair of points, v;,v; for i # j,
is 1. In an optimal solution, all elements corresponding to any point v; are stored consecutively.
For simplicity, we start with the case when the input comprises at least one copy of each v;,
resulting in an optimal cost of kK — 1. Our goal in this section is to prove Theorem 4.

The algorithm that establishes Theorem 4 has two phases. Broadly speaking, these
correspond to small and large cost in the predicted solution. The algorithm always starts in
the first phase and either switches to the second phase during the instance when a specific
condition (that we give below) is met, or never does so if the instance ends without meeting
this condition. As before, let us denote by ¢ the cost of the predicted solution.

First Phase. The algorithm would ideally like to follow the predictions in this phase.
However, naively doing so is not robust. This can be illustrated even with & = 2, i.e., points 0
and 1 in the metric space. In the first half of the instance, the prediction places 0 in alternate
cells of the array. If the algorithm also does so, then the instance now gives 1 for all the
remaining elements resulting in an Q(n) cost for the algorithm. (The cost of the prediction is
also Q(n), but this is immaterial for robustness.) This instance illustrates that the algorithm
should place identical elements in contiguous cells as much as possible, while also ensuring
that the cost of the solution does not increase with respect to that of the predicted solution.
To do this systematically, we define a permutation o; that evolves with time ¢. Intuitively,
this permutation maps the predicted sequence to a hybrid sequence that agrees with the
algorithm’s partially filled array at any time. Among other things, this allows the algorithm
to interpret a new prediction that points to an empty index in the predicted sequence but
might point to an already filled array cell in the algorithm’s solution.

We describe the steps of the algorithm and the permutation o; below. We use 4; to denote

the index of array A where element z; is inserted, i.e., A[i;] = z;. First, consider ¢ = 1.

Let o1 be the identity permutation, i.e., o1(i) = 4. On receiving x; and its predicted index i,
the algorithm sets i1 := o1 (i1) = i1. The algorithm then inserts ; at A[i;] = A[i1]. In other

words, the algorithm inserts the first element at the index given by the predicted solution.

Now, we extend the above steps to arbitrary ¢ > 1. On receiving element z; and its predicted
index i;, we set a temporary index i; := oy_1(i;). The following key property holds:

» Lemma 7 (Backward Compatibility). Fiz anyt > 1. For anyt' <t, it holds that o (i) = iy
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Proof. The proof is by induction on ¢. For the base case, consider t = 1. We only need to
establish the lemma for ¢ = 1. We have that o7 is the identity map. Therefore, 01(21) = %1.
To complete the base case, recall that the algorithm sets i; = 1.

We now prove the inductive case. Recall the definition of o; from o;_; described in
Section 4 after the statement of Lemma 7. We have the following properties:
- If¢,r # L1, then o4(i) = or—1(i) for all i such that o;—1(i) < ¢ and o¢—1(3) > r.
- If ¢ =1, then o4(i) = 04—1(4) for all i such that o¢_1(i) > 7.
- If r =1, then 04(i) = 0¢—1(7) for all ¢ such that o1 (i) < /.
By the definitions of ¢ and r, the algorithm’s array does not contain any of x1,xo,...,T;_1
between A[¢ 4 1] and A[r — 1], both inclusive. Therefore, o4(i) = o;_1(4) for all ¢ such that
iy = o4—1(7) for some ¢’ < t. Therefore, the lemma holds for all ' < ¢ by the inductive
hypothesis.

We now consider the element z;. We need to show that Ut(ft) = 14;. Recall that
o 1(%) = 4;. We consider the three cases in the algorithm separately:
- In the first case, i; = £ + 1 and the algorithm also sets at(gt) = {4 1 since at_l(gt) = 1.
- In the second case, i; = r — 1 and the algorithm also sets at(%t) =r—1 since Ut,l(ft) = 1.
- Finally, in the third case, i; = i; and the algorithm also sets at(ft) = Ut_l(gt> = 1.
We have now established the Backward Compatibility property for all ¢’ < ¢, which completes
the proof of the lemma. <

In other words, for all elements up to z;, the algorithm’s solution agrees with the prediction
after the permutation o; is applied to the latter.

This property ensures that A[i;] is not occupied by z1,zs, ..., 2 1, i.e., Afis] is empty
in the algorithm’s solution when the algorithm is inserting element x;. (We will prove this
formally later.) Let £ and r represent the closest occupied array indices in the algorithm’s
solution to the left and right of 7; respectively. Formally,

{=max{i:i<i;and W <tst. Ali] =z}
r=min{i:i >4 and I <t s.t. Afi] = 2}

If ¢ (resp., r) is undefined because the set we are maximizing (resp., minimizing) over is
empty, then we say £ = L (resp., 7 = L). Let the element z; be the point v; in the metric
space. There are three cases (see Figure 2 for illustration):

- If A[{] = v;, then we set 9, = £+ 1 and assign x; to A[¢ + 1]. The intuition is that we
would like to keep the two array cells containing v; contiguous while deviating minimally
from the predicted solution.

To define o; from o;_1, we compose the latter with the following permutation:

i+1 ifl+1<i<i—1
fr()) =<0 +1 ifi=7,

) otherwise.

Thus, oy := f; 0041, where f; maps the index i; to £+ 1 and to make room for it, pushes
each index in the range [¢ + 1, i — 1] to the right by one spot. Note that remapping 1 to
£ + 1 is necessary to ensure backward compatibility.
If A[¢] # v; (including A[{] = L), we go the second case.

- If Alr] = v;, then we set ¢, = r — 1 and assign z; to A[r — 1]. The intuition is again
the same as the previous case: we would like to keep the two array cells containing v;
contiguous while deviating minimally from the predicted solution.
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Figure 2 Inserting element x; = v; into the array, occupied cells shown in gray. Predicted index i
is first mapped to temporary index iz = o¢_1(2;). Left: if A[¢] = v;, then element is inserted at
i = at(%t) = ¢+ 1. Middle: otherwise, if A[r] = v;, then element is inserted at i; = at(%t) =r—1.
Right: if neither holds, then element is inserted at i; = o4 (is) = 041 (it) = 7. Permutation oy is
obtained by augmenting o,—1 with cycle f:, shown with horizontal arrows.

We again define oy from o;_1 by composing the latter with a permutation:

r—1 ifi=q
fi()=<i—1 ifu+1<i<r—1

) otherwise.

Thus, 0y := f; 00y_1, where f; maps the index ; to r — 1 and to make room for it, pushes
each index in the range [Et + 1,7 — 1] to the left by one spot. As in the previous case,
note that remapping 7; to r — 1 is necessary to ensure backward compatibility.
If A[r] # v; (including A[r] = 1), and we go the third case.

- We arrive at this case if neither ¢ nor r contains v;. In this case, the algorithm has no
incentive to try to keep x; contiguous with either ¢ or r. So, in this case, we assign z; to
Ali;] and keep the permutation unchanged, o; := o;_;.

Transition from First to Second Phase. We now define the condition that causes the
algorithm to switch from the first to the second phase. To define this condition, we introduce
a new parameter of the predicted sequence that lower bounds the cost of the prediction é.
We call this parameter switch count and denote it é&. To define switch count, we introduce
the operation of condensing an array, similarly to Section 3.

» Definition 8 (Condensing an array). In this operation, we are given an array A of size n
and a selection of n’ < n indices in [n], denoted S = s1 < s3 < -+ < s,». We say that an
array B of size n’ is formed by condensing A with respect to S if B[k] = A[sy] for all k € [n/].
In other words, the k-th cell in the array B is a copy of the contents in the k-th cell in A
when only considering the indices in S.

The switch count ¢&; at time ¢ is defined as the cost of the predicted sequence with respect
to the predicted indices for xy,zo,..., x4, ie., S = {%t, : ' < t}. Tt is easy to see that
condensing an array with respect to any index set cannot increase its cost (we show this
formally later). This means that at any time ¢, the switch count ¢, is a lower bound on the
cost of the predicted solution ¢é. The algorithm terminates the first phase and moves to the
second phase when ¢ > klgn. This tallies with the intuition that the first phase (that uses
predictions) should give way to the second phase (that ignores predictions) when the cost of
the predicted sequence becomes large.

Second Phase. The algorithm in the second phase ignores predictions and runs the O(log n)-
competitive algorithm from [2] on the empty cells to insert x¢11, ty2,...,T,. To make this
formal, we first condense the array A with respect to the empty cells, i.e., S = [n]\{i¢ : t/ < t},

76:11

ESA 2026



76:12

Learning-Augmented Online Sorting and TSP

to obtain a virtual array B. We then run the algorithm from [2] on this virtual array, and
invert the mapping produced when condensing A to B to actually insert the element in A.
We establish Theorem 4 by analysing the algorithm given above.

Analysis of the First Phase. As a simple corollary of the Backward Compatibility property
(Lemma 7), we get that A[4] is not occupied by any of 1, x5, ..., 2,1, which validates the
definitions of ¢ and r. Moreover, it also implies that the algorithm produces a valid solution,
i.e., there are no collisions.

» Corollary 9. Fiz any t > 1. It holds that iy # iy and also iy # iy for any t' <t.

Proof. Fix any ¢’ < t. Note that since the predictions form a permutation, we have 2, # it
Therefore,

iy = at_l(gt) * at_l(gt/) (since 041 is a permutation and iy % %t)

=iy (by Backward Compatibility).

This proves the first claim in the lemma. We now show the second claim. Note that i; is one
of the three indices £+ 1, 7 — 1, or 7;. By the definitions of ¢ and r, the array A is empty
between indices £ 4+ 1 and r — 1, both inclusive, after the algorithm has inserted the first ¢ — 1
elements. (If £ = L, then A is empty between indices 1 and r — 1. Similarly, if » = L, then
A is empty between ¢ + 1 and n.) It follows that i; # iy . <

So far, we have established that the algorithm avoids collisions. We now bound the cost
of the solution produced in the first phase. Recall that the algorithm maintains a parameter
called the switch cost ¢ of the predicted solution. First, we show that the switch cost is a
lower bound on the cost of the predicted solution. We prove a more general lemma:

» Lemma 10. Suppose array B of size n’ is formed by condensing a larger array A of size
n > n' with respect to any set of indices S = s1 < s9 < -++ < 8pr. Then, the cost of B is a
lower bound of the cost of A.

Proof. We show that whenever B incurs a cost, so too does A. Suppose B incurs a cost of 1
between its k-th and k + 1-st cell, i.e., Blk] # B[k +1]. Then, A[s;] = By # Alsg+1] = Br+t1-
No matter what the contents of the cells between A[sy] and A[si41] are, A incurs at least a
cost of 1 summing over all consecutive pairs of cells in the range s; to sg11. <

Since ¢ is the cost of an array obtained by condensing the predicted solution with respect
to its indices for x1, s, ..., x¢, it follows that:

» Corollary 11. At any time t, the parameter é is a lower bound on the cost ¢ of the predicted
solution.

Next, we upper bound the cost of the algorithm’s solution in the first phase against the
parameter ¢;. We define the cost of the first phase as the number of pairs of consecutive
non-identical elements in array A at the end of the first phase. Note that we are not
considering the cost of adjacent elements inserted by the two different phases yet — this will
be considered later in the analysis.

» Lemma 12. Fiz any t > 1. The cost of the algorithm’s solution at time t is at most ;.
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Before proving this lemma, we introduce some new notation. We denote the predicted
sequence by the function # that maps t to ;. The sequence obtained by applying the
permutation o; to 7 is then denoted 7, i.e., #¢(t') = 04 (ip/). We also denote by éy (7:) the
cost of the sequence #; on the elements 1, s, ..., 2zy. In contrast, recall that ¢ = ¢y (#)
denotes the cost of the predicted sequence on the same elements. We have the following
claim, which essentially says that applying the permutation o; to @ does not increase the
cost ¢ for any prefix of elements x1,zs, ...,z such that ¢ > t.

> Claim 13. Fix any ¢ > 1 and any prefix of elements x1, @2, ..., zy such that ¢’ > ¢. Then,
¢y (fty) < ¢y

Proof. We proceed by induction on t. For the base case t = 1, the permutation o; is the
identity map; hence, ; = 7 and the lemma holds trivially.

We now consider the inductive case. Fix any ¢. By the inductive hypothesis, ¢y (f:—1) < é
for all # > ¢ — 1 (and therefore, for all ¢’ > ¢). In contrast, we want to show ¢y (#;) < ¢y for
all t' > t. Therefore, it suffices to show that ¢ (#:) < ¢ (#;—1) for any t' > t.

Fix any t' > t. If 0y_1 = oy, then we have #; = #;_1, and therefore, éy (#;) = &y (f1—1).

So, we only consider the two cases in the algorithm where o1 # o:
In the first case, we have that A[¢] = x; and the algorithm sets iy = £ 4+ 1. In this case,
the sequences defined by {#,(t") : t” € [n]} and {&;—1(t") : ¢ € [n]} only differ on the
indices £+1,¢+2,...,i;. Excluding i; which is occupied in #;_; by element z;, we denote
the (possibly empty) set of other occupied indices at time ¢’ in this range by

Sprev i={i € [0+ 1,4, — 1] : 3" <t s. t. 71 (t") =i}

There are two subcases. The first (simpler) subcase is when Sprev = @. Le., for every
t"" such that #;_1(t") € [{ + 1,i; — 1], we have ¢ > t'. In this case, after condensing
the cells occupied by z1,xs,...,xy in 71 and 7y, we get the same array. Therefore,
ey (fty) = Cu (fe—1).

Now, consider the case when Sprev 7 @. We denote the smallest and largest index in
Sprev DY Smin and smax respectively. Note that smin = Smax if |Sprev| = 1. We also denote
by Snext the smallest index i > 4; such that &, ;(t") = i for any t’ < t'. Note that if
r# L, then spex € [i; + 1,7]. If 7 = L, either spexs € [i; + 1,7] OF Speyy = L if there for
every i such that 7,1 () = 4, we have that i < 7.

On condensing with respect to the indices of the elements x1,zo, ..., zy, there are at
most three pairs of consecutive indices that have different pairs of elements between 7;_1
and 7;. These are:

- in @41, the pairs are (¢, Smin), (Smaxagt)a and (ft, Snext ), while

- in @y, the pairs are (£, + 1), (£ 4+ 1, Smin), and (Smax, Snext)-

If Spext = L, then the last pairs (i;, snext) and (Smax, Snext) are not defined, and the first
two pairs are the only differing ones.

Now, suppose x; = v;. By the definition of this case in the algorithm, we have A[{] = v;.

This implies by the Backward Compatibility property (Lemma 7) that é (#;) does not
incur any cost for the pair (¢,¢ + 1). Next, consider the pair (£ + 1, $pyin). If this pair
incurs unit cost in &y (), then so does the pair (¢, smin) in ¢ (#;—1). Finally, consider the
Pair (Smax, Snext)- If this pair incurs unit cost in éy (7;), then so does at least one of the
Pairs (Smax, i¢) and (ir, Snext) in & (;_1). Overall, this means that & (#;) < & (f;_1).

The second case is symmetric to the first case. In this case, we have that A[r] = z, and
the algorithm sets iy = r — 1. In this case, the sequences defined by {#:(t") : t" € [n]}
and {#;_1(t") : t" € [n]} only differ on the indices 4t,i; +2,...,r — 1. Excluding i; which
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is occupied in 7;—1 by element z;, we denote the (possibly empty) set of other occupied
indices at time #' in this range by

Spext = {i € [ip+ 1,7 —1]: " <t's. t. 71 (") =i}

There are two subcases. The first (simpler) subcase is when Spext = . Le., for every

t"" such that #;_1(t") € [iy + 1,7 — 1], we have ¢” > t/. In this case, after condensing

the cells occupied by z1,xs,...,xy in #;_1 and 7y, we get the same array. Therefore,

ey (fty) = G (Fri—1).

Now, consider the case when Syexy # @. We denote the smallest and largest index in

Shext DY Smin and Smax respectively. Note that Spmin = Smax if |Snext| = 1. We also denote

by Sprev the largest index ¢ < iy such that ;1 (t"") = i for any ¢ < t'. Note that if £ # 1,

then sprev € [, iy — 1]. If £ = L, either Sprev € [1,7; — 1] or Sprev = -L if there for every i

such that #; 1 (") = 4, we have that i > 7.

On condensing with respect to the indices of the elements x1, x5, ..., xy, there are at

most three pairs of consecutive indices that have different pairs of elements between 7;_{

and 7;. These are:

- in #;_1, the pairs are (sprev,zt), (%t, Smin)s a0d (Smin, Smax ), While

- in @y, the pairs are (Sprevs Smin)s (Smax,” — 1), and (r — 1,7).

If sprev = L, then the first pairs (sprev,%t) and (Sprev, Smin) are not defined, and the last

two pairs are the only differing ones.

Now, suppose z; = vj. By the definition of this case in the algorithm, we have A[r] = v,.

This implies by the Backward Compatibility property (Lemma 7) that éy(7;) does not

incur any cost for the pair (r — 1,7). Next, consider the pair (Smax,” — 1). If this pair

incurs unit cost in éy (7;), then so does the pair (Smax,7) in & (7¢—1). Finally, consider

the pair (Sprev, Smin)- If this pair incurs unit cost in & (7;), then so does at least one of

the pairs (sprevﬂt) and (i¢, Smin) in é (75_1). Overall, this means that &y (7;) < & (f;_1).
This completes the proof of the claim. <

We use this claim to prove Lemma 12.

Proof of Lemma 12. Suppose the first phase of the algorithm ends at time ¢. Then, using
t’ =t in Claim 13, we can conclude that & (7;) < &.

But, note that by Backward Compatibility (Lemma 7), the algorithm’s array A agrees
with 7t; on elements x1, 2, ..., ;. Now, if we condense the algorithm’s array A with respect
to the indices occupied by x1,xs,...,x:, then the cost of the resulting virtual array is
¢t(#tt) < é&. Therefore, the algorithm’s cost in the first phase is at most ¢é. |

By Corollary 11, the above lemma shows that if the algorithm never enters the second
phase, then its cost is no more than that of the predicted solution. But, if the algorithm
enters the second phase, then we need to also bound two other costs: the cost due to
consecutive non-identical elements inserted in A by the two different phases, and the cost
due to consecutive non-identical elements inserted in A by the second phase alone. We call
the former interphase cost and bound it first.

Interphase Cost. We start with the following claim, which uses the terminology of gaps
and guards from the previous section:

> Claim 14. Fix any time ¢ and consider the array A produced by the algorithm after insertion
of x1,x9,...,zs. If a gap has a left and a right guard, then the array cells corresponding to
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the left and right guards are occupied by non-identical elements, i.e., are different points in
the metric space.

Proof. The proof is by induction over time. Clearly, the claim holds after ¢ = 1 since there
is no gap with a left and a right guard. Now, suppose the claim holds after time ¢ — 1. The
only way the claim can be violated at time ¢ is if the insertion of x; violates it. We consider
each of the three cells that z; can be inserted at:

- Suppose z; is inserted at A[{+1]. If A[r] = L, then x is the left guard of a gap that does
not have a right guard, and hence the claim cannot be violated. If A[r] # L, then the
claim can only be violated if A[¢ + 1] = A[r]. But, this would mean A[¢] = A[r], which
violates the inductive hypothesis.

- Suppose z; is inserted at A[r — 1]. If A[¢] = L, then a; is the right guard of a gap that
does not have a left guard, and hence the claim cannot be violated. If A[¢] # L, then the
claim can only be violated if A[¢{] = A[r — 1]. But, this would mean A[¢] = A[r], which
violates the inductive hypothesis.

- Finally, if ; is inserted at A[i;], then the claim can only be violated if A[¢] = A[i;] or
Ali¢] = A[r]. But, for either of these, we would have been in one of the first two cases.

This completes the proof of the claim. <

We can use this claim to bound the interphase cost. In fact, we can bound the sum of the
interphase cost and the cost incurred by the first phase. Suppose that z; is the last element
processed in phase one of the algorithm.

» Lemma 15. The sum of the interphase cost and the cost incurred by the first phase of the
algorithm is at most 2¢; + 2.

Proof. Suppose the total number of right and left guards at the end of the first phase at
time ¢ is g. (If an element is both the right guard of a gap and the left guard of the next
gap, we count it twice in g.) Except possibly the two gaps at the two ends, every other gap
has a left and a right guard, which are non-identical elements by Claim 14. After condensing
on the occupied cells, each such pair of guards incurs unit cost in ¢ (#;). This total cost is
> gT_Q Additionally, every pair of consecutive non-identical elements inserted in the first
phase also contributes unit cost to & (7;), and this cost is distinct from that contributed by
the guards. Let us denote this cost ¢;. Then, (g — 2)/2 + ¢; < &(7y), i.e.,

The interphase cost is at most g and the first phase cost is ¢;. The lemma follows. |

Analysis of the Second Phase. We are only left to bound the cost of consecutive non-
identical elements, both of which are inserted in the second phase. This is at most the
cost incurred by the algorithm of [2] on the virtual array obtained by condensing A at the
beginning of the first phase. The following lemma follows immediately from the O(logn)-
competitiveness of the algorithm of [2]:

» Lemma 16. The cost of the second phase of the algorithm is at most O(klogn).

Theorem 4 now follows by adding the costs of the first and second phases along with the
interphase cost, using Lemmas 12, 15, and 16.

A minor shortcoming of the above algorithm is that it assumes knowledge of k (recall that
the condition for switching to the second phase depends on k). We remove this assumption in
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a more general setting via Theorem 5 (Section B). Recall that Theorem 5 yields an algorithm
that is consistent with the best of h prediction sequences revealed simultaneously, and the
resulting algorithm is oblivious to k. In particular, for h = 2 and using a prediction sequence,
resp., the output of the algorithm of [2], we obtain Theorem 4 as a corollary.

5 Closing Remarks

Like many online problems, online sorting/ TSP suffers from strong lower bounds in the
worst-case model that act as a deterrent to the design of useful and interesting algorithms.
To obviate this shortcoming, we study the popular predictions setting in this paper where the
online algorithm is additionally provided a predicted solution in the form of a permutation of
the elements. We derive tight upper and lower bounds on the tradeoff between consistency
and robustness for online sorting/ TSP with predictions. Interestingly, we show that unlike
the vast majority of online problems, robustness is not “lossless” for online sorting/ TSP, i.e.,
the consistency bounds degrade by super-constant terms when one also demands robustness
of the solution. We then consider online TSP on the uniform metric and show a qualitative
distinction: for this problem, one can indeed obtain optimal robustness while being constant-
consistent. We further generalize this observation to the case of multiple predictions.

Our work raises several interesting questions. Are our multiple predictions results
(deterministic and randomized) for the uniform metric tight? Is there a natural parametrization
of metric spaces, e.g., the aspect ratio, that explains the contrasting behavior of online TSP
with predictions on the uniform and line metrics? Can the assumption of known cop in online
TSP be removed without degrading the results? The natural idea for the latter question
would be to enclose the algorithm in a guess-and-double loop that guesses the value of cqpy
and doubles the guess every time the current guess is breached. Implementing this idea,
however, does not seem straightforward since switching to a new iteration implies a penalty
for re-mapping the empty cells to a virtual array. Indeed, we can show that the natural
implementation of our online sorting/TSP algorithms in a guess-and-double framework does
not work, and we leave this as an interesting open question.

A broader agenda might include other forms of predictions for online sorting/TSP (for
instance, removing the assumption that the predictions form a valid permutation) or a
comprehensive understanding of online sorting/TSP in other beyond worst-case settings, not
necessarily using predictions.
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A  Online TSP with Predictions on General Metric Spaces

In this section, we extend the upper bound of Section 3 to online TSP. We assume that the
optimal value copt is known.

» Theorem 3. For any r = Q(y/n), there is a deterministic O(n/r)-consistent and O(r)-
robust algorithm for online TSP with predictions (when copty s known to the algorithm,).

The technical ideas in this section mirror those in Section 3, although the introduction of
the metric leads to some technical complications.

We first introduce some notation and preliminary claims. We consider a general metric
space U with a metric d : Y x U — R. Note that for the special case of online sorting we
have U = [0,1] and d(z,y) = |z — y|.

Condensed Cost of a Prediction. Consider a subset of array indices Z C [n] consisting of
s indices i1 < @2 < -+ < i5. Given an array A with elements from U, we let A[Z] denote
the array obtained by removing from A all cells not in Z, and we define the cost of A with
respect to I as:

s—1
(AZ) = 3 d(Afir], Aligsa))
k=1
Consider an input sequence X = z1,...,x, with predictions I= %1, - ,gn. Let A be the
resulting array if we follow the predictions, i.e., A[%t] =y for1<t<n. Let I, =i1,...,%,

for 1 <t < n. We define the condensed cost of the predictions at time ¢ as
&(t) = c(A[l]) -

We note that é&(t) is non-decreasing, since I; 11 O I; and d is a metric. Finally, we let

A

¢ =é(n).

Lower Bounds on the Condensed Cost. For a subset of indices Z C [n] and a metric d, we
define the diameter of A with respect to Z as

diam(A[Z]) = max d(A[i], A[j]) -
i,j€L
Similar to Claim 6, we have the following lower bounds:

> Claim 17. Let Z;,...,Z,, be disjoint subsets of Z C [n] such that all the indices in 7}, are
smaller than all the indices in 7 for all 1 < k < m. Then, for any array A of size n, we
have that:

Proof. Consider any subset 7 C [n] consisting of indices i1 < iy < --- < i5. We claim that
c(A[T]) > diam(A[T]). Namely, let i;, <1;, with i;,,4;, € T denote two indices where the
diameter is realized, i.e., diam(A[T]) = d(A[i;, ], Al4;,]). We then have that:

s—1 Jj2—1

c(A[T]) =Y d(Alix], Alinsa]) = Y d(Alin], Alir1]) = d(Alij, ], Alig]) |

k=1 =J1
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where the last inequality is true because d satisfies the triangle inequality.

To prove the first claim, we invoke the above inequality for 7 = Z for every k € 1,...,m
and notice that, by definition, ¢(A[Z]) > Y;*; c(A[Z]). To prove the second claim, we invoke
the first claim twice: once for 7; UZs, T3UZy, ... and a second time for ZoUZ3, 74, UZ5,.... <«

Algorithm. The algorithm consists of two phases. In the first phase, the algorithm partitions
the array A into r contiguous blocks of n/r cells each. The j-th block goes from the
((j = 1) n/r+1)-st cell to the (j - n/r)-th cell of the array. The algorithm fills the cells in
each block in a left to right manner: On the arrival of an element x; with predicted index i,
the algorithm places x; in the leftmost available empty cell in the block containing #;. Since
the prediction produce a valid permutation of [n] for each input sequence, there are at most
n/r predicted indices in any block. Therefore, the algorithm never runs out of space in any
block. For each t € [n], let &(t) be the cost of the predicted solution until time ¢. The first
phase continues for all time steps as long as (n/r) - &(t) < 7 - copt, and concludes if and when
this condition is violated. Then, the algorithm switches to the second phase.

At the beginning of the second phase (see Figure 1), suppose the number of empty array
cells is n’. The algorithm maps these n’ cells to an empty virtual array A’ of size n’ and
uses the O(\/?? )—Competitive algorithm of Bertram [10] to insert the remaining elements

into A’. Note that the predictions are ignored by the online algorithm in the second phase.

Each element is inserted into A by mapping its cell in A’ back to the empty cell in A that it
represents.

/

Analysis. We now analyze the cost of the solution produced by the algorithm. Let cf,

denote the cost of the optimal solution from the second phase (restricted to the array A’).

First, note that the cost incurred by pairs of adjacent elements inserted in the second phase
(i.e., in A’) is at most O (V') - ¢l Since ]

opt* opt
the solution within the array A’ is at most O(\/ﬁ . copt) = O(r - copt ), since by assumption

< copy and n’ < n, we have that the cost of

r = Q(y/n). Moreover, since A’ maps to at most r gaps in A, the cost incurred by adjacent
elements filled in different phases is at most 27 - cop¢. In total, this second phases incurs a
cost of O(7 - cop)-

We are left to analyze the cost of the first phase. We will bound this cost in terms of
¢é(t) and in particular, bound the cost we incur by not placing elements exactly where the
prediction tells us but rather only within the same block. Specifically, let I, = Tyl
denote the indices that would be occupied if we were to follow the prediction. Similarly,
let I; represent the indices that are occupied when our algorithm processes X;. Note that
c(A[l3]) is an upper bound on the cost of the first phase. We show the following claim:

> Claim 18. At time ¢, we have that c¢(A[lt]) < (n/r +1) - é(t).

Proof. We consider a partitioning on I, and I, that is induced by the blocks. Namely, let m
denote the number of non-empty blocks in A after placing x1,...,z; and let j; < -+ < jp,
denote the indices of the non-empty blocks. Note that these m blocks are also going to be
the only non-empty ones if we were to follow the prediction: this is because we never place
an element outside its predicted block. These non-empty blocks therefore induce a natural
partition of I, and I, into Zj,...,1Z;, and fjl, e ,fjm, respectively.

We decompose ¢(A[l;]) into two components. The first component is the cost incurred
within each block, i.e., Y ;°, ¢(A[Z;,]). For this, we have by definition that, for each Z;, , it
holds that ¢(A[Z;,]) < (|Z;,| — 1) - diam(A[Z;,]) and, moreover, since |Z;, | < n/r, we have
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that c(A[Z;,]) < (n/r —1) - diam(A[Z;,]). Therefore:

c(A[Z;,]) < (nfr —1)- ) diam(A[Z;,]) .

k=1

NE

=
Il
-

Since each block stores the same elements of the input sequence, we have that diam(A[Z;, ])
= diam(A[Z;,]) (recall that A is the array with A[s;] = 2 for all t = 1,...,7n). By the first
property of Claim 17, we get that:

c(AlZ;,]) < (nfr—1)- ) diam(A[Z;,]) < (n/r —1) - &(t) .

k=1

NE

=~
Il
—

Now we are left to bound the distance between elements in successive non-empty blocks,
i.e., the distances between Afr;, | and A[/;, ] for each 1 <k < m — 1, where rj, and £,
are the maximum and minimum indices in Z;, . Fix such a k € [m — 1]. Then the distance

d(Alrj, ], All,.,,]) < diam(A[Z;, UT;,,.\]) = diam(A[Z;, UI]HI]). By the second property in
Claim 17, we then have that:
m—1 m—1
d(Alr;, ), Al ] diam(A[Z;, UZ;,,,]) < 2-&(t) .
k=1 k=1

We note that by definition ¢(A[l]) = S5, ¢(A[Z;,]) + Son, d(Alr;], Al¢j,.,]) and add
the bounds we obtained on each term separately. This completes the proof. <

To complete the proof of Theorem 3, we consider two situations. If the second phase is
not invoked, i.e., (n/r) - én) < r- copt, then the total cost is (n/r +1) - é(n) by Claim 18. If
the second phase starts at some time ¢ + 1, i.e., (n/r) - é(n) > r - cops, then the total cost is
at most

é(t) - (n/r+1) 4+ O(r - copt) = O(r - copt), since é(t) - n/r < r - copt -

In both cases, we have established that the cost of the algorithm is O (min(n/r - é(n),r - copt))-
This completes the proof of Theorem 3.

B Online TSP with Multiple Predictions on the Uniform Metric

In this section we consider online TSP on the uniform metric with multiple predictors and
prove the following theorem:

» Theorem 5. There is a randomized algorithm for online TSP with h predictions on
the uniform metric that is O(logh)-consistent with the best of the h predictions, and a
deterministic algorithm that is O(h)-consistent with the best of the h predictions.

Recall that we have access to h different predictors. At time ¢, when element z; is revealed,
the algorithm also receives predicted indices z‘iﬂ ) e [n], for j =1,..., h. We assume that for
every j, the sequence igJ Vfort € [n] forms a permutation of the indices [n] of the array.

We now describe the algorithm. The algorithm computes at every timestep ¢ the partial
costs c,(gj ) corresponding to the first ¢ predlctlons of the j-th predictor, for j € [h]. Similarly to
our earlier quantity ¢, the quantities ct ) denote the cost of an array obtained by condensing
the solution for the elements x1, xs, ..., x:, obtained by following predictor j for the entire

sequence.
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Note that (:55 ) is the total cost of the j-th predictor; we denote this quantity by ¢(). We
observe that, by Lemma 10, the quantity cij ) is non-decreasing in t, for every j.

The algorithm runs in epochs. Epoch 4, for ¢ = 0,1,... runs while the cost of the best
predictor (so far), minje[h]{cgj)} is in [2¢,20F1).

When we are in epoch i, we call the predictors with index j € [h] whose cost cgj ) is
currently in [2¢,2iT1) admissible. Observe that with the assumption of sentinel elements, the
initial cost is 1, and therefore, at the beginning of epoch 0, all h predictors are admissible.

Further observe that for all ¢, we have |c§i)1 — cgj )| < 2, i.e., the cost of a predictor can
increase in one step by at most 2. Thus, when we finish epoch 4, i.e., none of the predictors
are admissible for ¢, then we necessarily move into epoch 7 4+ 1 with at least one admissible
predictor.

Within each epoch, the algorithm runs in phases. A phase in our current algorithm is
similar to the first phase in the algorithm of Section 4. During a phase, the algorithm follows
just one admissible predictor, ignoring all other predictors.

We apply the same modification to the predictions within one phase as in Section 4,
applying a dynamic permutation o; that remaps the predictions (placing an element at the
boundary of the gap it falls into, when an equal element guards the gap). As before, the cost
of following the predictions within a phase can only improve by this transformation, while
keeping the interphase cost manageable.

Precisely, at the beginning of each phase, the algorithm chooses one of the (currently)
admissible predictors uniformly at random, and follows the predictions of that predictor,
until it becomes inadmissible. When that happens, the phase ends and a new phase starts.
This continues until the set of admissible predictors becomes empty, which marks the end of
the epoch, and the start of the next epoch, as well as of a new phase.

At the end of a phase (or of an entire epoch), before switching to a different predictor in
the next phase, we remap the empty cells of the array into a smaller but contiguous virtual
array via a mapping 7. In the next phase, starting with time ¢’ the remaining predictions
for zy,...,x, will first be condensed into a virtual array, and then mapped (by inverting 7)
into the actual empty cells. This is, again, identical to the step of switching from the first to
the second phase in the algorithm of Section 4. As we note next, condensing the remaining
predictions into a (contiguous) virtual array cannot increase their total cost.

The above description is for a randomized algorithm. If randomization is not allowed,
then we replace the uniform random choice of an admissible predictor above, by an arbitrary
(deterministic) choice.

Analysis. We rely on a simple but crucial property of predictors. For ¢’ < ¢ let cgf)f be the
condensed cost of the j-th predictor, for the predictions from timestep ¢ to timestep ¢, i.e.,
applied for the input elements zy,...,z:, in an initially empty array. By Lemma 10, we
have cgf)t < c(ljz = cEj).

Now we bound the cost of the algorithm.

As before, we separately bound the cost within each phase, and the interphase cost (due
to switching to a different predictor and remapping the remaining empty cells to a virtual
array).

Suppose that the current phase lasts from timestep ¢’ to timestep ¢ and in this phase we
follow predictor j. Since at the beginning of the phase we remap empty cells into a virtual
array, the cost within the phase can be bounded identically to the first phase of the algorithm
in Section 4, by Lemma 12, as ¢/,
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The cost due to switching and remapping the empty cells into a virtual array is cﬁ,])t + 2,
by an argument identical to that of Lemma 15.

Thus, the total cost of the phase and the interphase cost due to switching at the end of
the phase are 2c§,j:)t +2< 202@ + 2. If this phase happens within epoch 4, then this cost is at
most 2 - 2¢+1,

Suppose the algorithm finishes in epoch N. Then, none of the predictors were admissible
for epoch N — 1, in particular the total cost of the best predictor is C' = minje[h]{c(j)} >N,

Let n; denote the number of phases of the algorithm in epoch ¢. Then, adding up the
costs within each phase and the interphase costs, and using the above upper bound, we
obtain that the total cost of the algorithm is at most 30 2142 . n;.

In case of the deterministic algorithm, clearly n; < h’ < h, and thus the total cost of the
algorithm is at most

h-2NT3 < h.8C < O(C - h).

For the randomized algorithm we will show that E[n;] < Inh + 1. Then, the expected
cost of the algorithm is at most

(Inh+1)-28F3 < (Inh +1)-8C < O(C - logh).

This proves Theorem 5.

To upper bound E[n;], suppose that b’ < h predictors are admissible at the beginning
of epoch i, and label them from 1 to A’ according to the order in which they will become
inadmissible (breaking ties arbitrarily).

Our algorithm chooses the prediction sequences to follow in epoch i according to a uniform
random permutation my,..., 7 of [A']. This means that after a phase in which we follow
prediction sequence 7;, we will follow the first among 741, 42,... that is still admissible
after prediction sequence 7; became inadmissible. It is easy to see that we only follow a given
prediction sequence in 7y, ..., 7wy if its label is a left-to-right mazimum in the order m, i.e., if
it becomes inadmissible later than all those before it. As the expected number of left-to-right
maxima of a random permutation of length n is H,, < Inn + 1, the claim follows.
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