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—— Abstract

We revisit the two classic algorithm exercises skyline and Young tableau, often given to students in
an introduction to algorithms course. For both problems we present alternative, still very simple,
divide-and-conquer solutions achieving running-times better than what is traditionally asked to
achieve in these exercises, in the sense that the running times we achieve are output and input
sensitively, respectively. Computing the skyline of a list of n buildings is a classic algorithm problem,
solvable with various sweep line and divide-and-conquer approaches in O(nlgn) time. The classic
divide-and-conquer solution resembles mergesort, merging skylines of subsets of the buildings. In this
paper we describe an alternative simple divide-and-conquer approach (using Kirkpatrick and Seidel’s
marriage-before-conquest technique), achieving an optimal output sensitive running time of O(nlgk),
where k is the number of buildings contributing to the skyline. For the Young tableau problem,
we consider searching rectangular m X n matrices which are both row and column monotone, and
where the original problem asks to find an algorithm with running time O(m + n). We present
a simple divide-and-conquer algorithm for searching matrices in worst-case optimal running time
O(m(l +lg %)), where m < n. We also present an input sensitive search algorithm with optimal
running time O(k(l +lg %)), where k is the complexity of the boundary in the matrix between
values smaller and larger than the query value (k is the number of vertical line segments on the
boundary, where k& < m). Here optimality refers to the best possible running time when expressing
the running time in terms of m and n, or m, n and k, respectively.
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1 Introduction

A good algorithm exercise/problem should be simple to state. At the same time it should
allow students to grow by finding solutions of varying complexity by exploiting different
ideas. An example is searching for a value in a sorted list of n values, that canonically leads
to a binary search accessing 1 + [lgn] values of the list,! where the next step is to prove
the optimality of binary search by an adversary argument. Generalizing the search to an
unbounded sorted list asks the students to come up with exponential search followed by
a binary search, totally accessing 1 + 2|lgp| values, where p is the position of the value
searched for in the list (or its successor if not present). Bentley and Yao [2] gave a sequence
of algorithms performing better for unbounded search, ultimately achieving an algorithm
accessing Zi.g:*lp 15 p + O(lg" p) values and proved that this is optimal up to an O(lg* p)
term.?

In this paper we revisit two classic algorithm problems, namely the skyline problem, where
the task is to compute the skyline (silhouette) of a set of buildings, and the Young tableau
problem, where we consider searching matrices that are both row and column monotone.

1 lgn denotes the binary logarithm of n.
2 1gMp=1gp, Ig® p= lg(lg(i_l) p) for i > 1, and lg* p = min{7 | lg®p < 1}.
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Buildings: [(1,3,3), (2,5,8), (4,2,7),(6,6,9), (10,2,17), (12,4, 15), (13,1, 14), (16, 5, 19)]
Skyline: (1,3,2,5,6,6,9,0,10,2,12,4,15,2, 16,5, 19)

Figure 1 The skyline (thick red line) of eight buildings. Blue values are heights.

For both problems, we present alternative solutions achieving improved output- and input-
sensitive running times, using simple divide-and-conquer ideas traditionally already taught
in the context where these questions are given to the students.

1.1 The skyline problem

When teaching the algorithm design technique divide-and-conquer, a very popular problem
is to ask the students to solve the skyline problem using divide-and-conquer. The input to
the problem is a list of n buildings, each represented by a triple (¢, h,r), where £ < r are
the z-coordinates of the left and right corners of the building, respectively, and h > 0 is the
height of the building. The output is the polyline capturing the skyline (silhouette) of the
buildings, represented as (x1, hy,x2, ho, ..., Tp_1,hk_1,2k), where x; < xa < -+ < xp are
the x-coordinates of the corners of the skyline, and h; is the height of the skyline/highest
building between z; and x;41. Note that a single building is a skyline by it self. See Figure 1.

The origin of the skyline problem is unclear to the author of this paper. But it is a
popular problem on various programming contest and coding interview websites, including
GeeksforGeeks® and LeetCode?, and numerous O(nlgn) time solutions to the problem can
be found on the internet (with slight variations of the output format). The problem can be
solved in many ways, e.g., by a horizontal sweep left-to-right keeping track of the buildings
intersecting the sweepline in a heap, a vertical bottom-up sweep with a balanced binary search
tree with the skyline of the buildings below the sweepline, or a recursive divide-and-conquer
algorithm merging skylines of subsets of the buildings.

The goal of this paper is to revisit the skyline problem, and to show that one can achieve
an asymptotic running time better than O(nlgn), when the number of horizontal segments k
on the skyline stemming from the input buildings is small. As illustrated below, in the
worst-case k = 2n — 1 (left) and in the best-case k = 1 (right).

Jnnnnnn, ]

Kirkpatrick and Seidel [10] introduced the variant of the divide-and-conquer technique

called marriage-before-conquest, to compute the convex hull of a set of n points in the plane
in time O(nlgh), where h is the number of points on the convex hull. In Section 2 we

3 www. geeksforgeeks.org/dsa/the-skyline-problem-using-divide-and-conquer-algorithm/
1 www.leetcode.com/problems/the-skyline-problem/
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Figure 2 Boundary (solid line) of the search for 50 in a 5 x 10 Young tableau, where the boundary
contains k = 3 vertical segments. Values < 50 are yellow and > 50 are red. Circles are entries that
any correct algorithm must at least access to correctly determine that 50 is not in the Young tableau.

apply the marriage-before-conquest technique to the skyline problem to achieve the improved
running time of O(nlgk) (which matches a known upper bound by Nielsen and Yvinec [13],
see discussion below).

The problem of computing the skyline of a set of buildings is actually just the problem of
computing the upper envelope of a set of horizontal line segments, which is a special case of the
more general problem of computing the upper envelope of a set of arbitrary line segments in
the plane. Whereas the output complexity of the upper envelope of n horizontal line segments
or n non-intersecting (not necessarily horizontal) segments contain at most 2n — 1 segments
of the input lines, the general problem where line segments can intersect can have output

complexity O(n - a(n)), where « is the functional inverse of Ackermann’s function [7, 14].

Atallah [1] and Hart and Sharir [7] showed how to compute the upper envelope of n arbitrary
line segments, possibly intersecting, in O(n - a(n) -1gn) time. Hersberger [8] improved this to
O(nlgn) time, and Nielsen and Yvinec [13] further improved this to optimal O(nlgk) time,
where k is the number of segments on the upper envelope. Since the skyline problem is a
very special case of the general upper envelope problem, our algorithm is much simpler than
the one in [13].

Interestingly, in an educational context students are often asked to solve the skyline
problem using divide-and-conquer to illustrate this algorithm design technique. Our algorithm
is also purely based on divide-and-conquer. We divide the rectangles on the z-coordinate by
using the linear time selection by Blum et al. [3]—that is another textbook example of a
(nontrivial) usage of divide-and-conquer, see, e.g., [4, Chapter 9.3] (which can be considered an
application of the related prune-and-search technique by Megiddo [11]). We then recursively
solve the problem for vertical slabs, while pruning buildings that cannot contribute to the
skyline in the slabs before recursing.

1.2 The Young tableau problem

Spoiler alert: This paper contains solutions to Problem 6-3(f) in Cormen et al. [4]:

fo Give an O(m + n)-time algorithm to determine whether a given number is stored
in a given m X n Young tableau.

Cormen et al. [4, Problem 6.3] denote an m x n matrix a Young tableau, if all rows and
columns are sorted in non-decreasing order. Their exercise asks students to use a Young
tableau as a data structure to support insertions, extract-min and searches for values in
O(m + n) time, where co entries are considered empty. In this context a Young tableau can
be viewed as a generalization of the heap order of a binary heap [6, 15] to a two-dimensional
grid. In this paper we only consider the searching operation.

41:3
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he

Figure 3 Pruning buildings that cannot contribute to the skyline in the slab [¢,7].

We present a simple divide-and-conquer algorithm for searching a Young tableau in
optimal worst-case O(m(l +1g %)) time, where m < n (Section 3.3). We also present two
different input sensitive algorithms with optimal worst-case O(k(l +1g %)) time (Sections 3.4
and 3.5), where k is the complexity of the boundary between the values in the matrix smaller
and larger than the value searched for (k is the number of vertical line segments on the
boundary, where k < m). Here optimality refers to the best possible running time when
expressing the running time in terms of m and n, or m, n and k, respectively. Figure 2
shows the boundary of a search in Young tableau. Again, our algorithms are applications
of algorithm concepts already taught in the context where the Young tableau problem is
traditionally stated to students.

2  Output-sensitive skyline algorithm

In this section we present an algorithm for the skyline problem with an improved running
time of O(nlgk) for the case where the resulting skyline is small. Here k denotes the number
of buildings contributing to the skyline. Pseudocode for the algorithm is shown in Figure 4.

The idea is to use a divide-and-conquer approach on the x-axis (without sorting all
building endpoints). Assume we are going to construct the part of the skyline in the vertical
slab [¢,r] between two x-coordinates ¢ and r (initially between the leftmost and rightmost
building corners). Crucial to the algorithm is the pruning of buildings that cannot be on
the skyline, and therefore can be omitted from consideration in recursive calls. This is the
application of the marriage-before-conquest idea of Kirkpatrick and Seidel. See Figure 3.
Let h be the height of the highest building spanning the slab (h = 0 if no building spans
the slab). We prune all buildings (dashed) not intersecting the slab (orange), including
those only touching at the endpoints, all buildings spanning the slab below A (blue), and all
buildings with one or two top corners with height equal to or below h in the slab (purple).
The remaining buildings (solid purple) are the only buildings that could contribute to the
skyline in the slab. If there is at least one building remaining, it is crucial for the analysis
that there is at least one corner of an input building on the skyline within the slab.

If there is no building left after pruning, the skyline in the slab is simply a horizontal line
at height h from ¢ to r. Otherwise, we select the median z-coordinate m of all remaining
building corners strictly between ¢ and r in linear time in the number of buildings using the
selection algorithm by Blum et al. [3], and recursively construct the skyline for the two slabs
[¢,m] and [m,r] using the pruned set of buildings. In the example in Figure 3, in the slab
[¢, m] all buildings are pruned by the building of height h, spanning the slab, and we do not
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function SKYLINE(B)
/| B is a list of buildings [(l1,h1,71), ..., (s by )]
! = mln{& | (&;,hi,’l"i) € B}
r =max{r; | ({;, hi,;) € B}
return SKYLINESLAB(Y,0,r, B)

function SKYLINESLAB(Y, h, r, B)

/| Construct the skyline of the buildings B for the slab [¢,r], assuming
// there is a height h building in the original input whose span includes [¢,r]
h=max({h} U{h; | (bi,hs,7mi) € B N £; <l AN r<wr;}) // max height spanning slab
B={(l;,h;,r;) €EB|lhi>h N {<l;<r VvV L{<ri<r)} [/ prune buildings
if B=0 then

return (¢, h,r)
else

m = MEDIAN({&', i | (@1, hi, 7’1') S B})

L = SKYLINESLAB(¢, h,m, B)

R = SKYLINESLAB(m, h,r, B)

return SKYLINECONCATENATE(L, R)

Figure 4 Divide-and-conquer algorithm to compute the skyline of a set of buildings B.

need to recurse within the left slab [¢, m]. In the right slab [m, ], the new spanning building
of height h, prunes one additional building with both corners inside the slab, and we recurse
within the right slab on the two buildings with corners strictly above h,. and within [m,r].

The skylines L and R found within the slabs [¢,m] and [m, r], respectively, might contain
adjacent segments at m with the same height (in Figure 3 the top of the building with
height hy is reported as several smaller segments). We clean this before concatenating L
and R: Since the rightmost z-coordinate in L equals the leftmost z-coordinate in R, we first
remove the rightmost z-coordinate from L. If the rightmost height of L equals the leftmost
height of R, we further remove the first z-coordinate and height from R before concatenating
L and R (we assume this cleanup is performed by the function SKYLINECONCATENATE in
Figure 4).

The resulting divide-and-conquer algorithm is shown in Figure 4. The function SKYLINE-
SLAB takes as arguments the left and right z-coordinates ¢ and r of the slab, the height h of
the highest building spanning the slab that has been pruned, and the remaining buildings B to
consider in the slab. The initial call takes as £ and r the leftmost and rightmost x-coordinates
of all buildings, and as B the complete set of buildings without any pruning, i.e., with h = 0.

2.1 Analysis

For the analysis, consider the z-coordinates of the k corner points of input buildings on
the found skyline. As observed above, we only need to consider recursive calls on slabs
containing at least one of these k x-coordinates strictly within the slab, since the remaining
slabs must either not overlap any building or there is a building spanning the slab and having
the maximum height of any building overlapping the slab, and therefore all buildings in the
slab are pruned. It follows that there are at most k calls at each depth of the recursion with
at least one building remaining after pruning. At depth d of the recursion, the number of
input z-coordinates in the interior of each slab is at most 2n/2¢, i.e., in total at depth d
there are at most min(2n, k - 2n/2%) such coordinates, since k < 2n. It follows that the total
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size of all subproblems (number of buildings in B), where not all buildings are pruned, is
O(ZLIEO"] min (2n, k - 2n/2d)) = O(n lgk + nz‘rilfﬁl{k] k/Qd) =O0(nlgk +n) =O0(nlgk).
The method SKYLINESLAB recurses on exactly these subproblems plus one additional level
of recursion to realize that all buildings in a slab have been pruned. This at most doubles

the total size of the subproblems considered, and it follows that the total running time is
O(nlgk).

2.2 Lower bound

That O(nlgk) is the best possible output sensitive running time for the skyline problem in
the comparison model can be shown by reducing the problem of counting the number of
distinct values in a set of n values to computing a skyline.

Assume we have an input of n values, possibly with duplicates. Find the largest value Z
by scanning over the values in O(n) time and performing n — 1 comparisons. In additional
O(n) time and n — 1 comparisons remove all occurrences of  from the set. Let z1, za,..., Ty
denote the remaining values (all strictly less that ), where 0 < m < n. Compute now the
skyline of the m buildings (z1,z1,Z), ..., (Tm, Tm,Z) (see Figure 5). If the skyline contains
n — 1 heights, then all n input values are distinct, and appear in sorted order on the found
skyline. For algorithms only performing comparisons this implies a worst-case 2(nlgn) time
lower bound for constructing the skyline by the lower bound for comparison-based sorting.
More generally, if the skyline contains k& — 1 heights, then there are k distinct values among
the n input values. Below we argue that to determine if there are exactly k distinct values in
an input, for 1 < k < n, requires worst-case Q(nlgk) comparisons. It follows that computing
skylines of size k requires worst-case Q(nlgk) coordinate comparisons.

If a decision tree correctly decides if an input of n values contains exactly &k distinct
values, 1 < k < n, then the comparisons performed by the decision tree on an input with
k distinct values must identify the partition of the n values into k£ non-empty subsets, and
determine the relative order of the k distinct values. Therefore, the decision tree must have at
least S(n, k) - k! leaves, where S(n, k) is the Stirling number of the second kind counting the
number of ways to partition a set of n values into k non-empty subsets, and the height is at
least 1g(S(n, k) - k!) = O(nlgk), since k"% < S(n, k) < k™/k!. Altenatively, the lower bound
for sorting multi-sets by Munro and Spira [12] implies a lower bound of @(Zle n;lg nl),
where n; is the multiplicity of the i-th distinct value, i.e., a matching O(nlgk) lower bound
when all n, = n/k.

y=x
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T -
,
e
,
,
e
.
xr3 -
.
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01 2 3 4 5 6 7 8 9 10111213 14 1516
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Figure 5 Reduction of values 1, 8, 4, 7, 3, 15 to a set of buildings and their skyline.
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3 Searching Young tableaus

In this section we consider the problem of searching for a value x in an m x n Young
tableau M, i.e., a matrix M where the values in each row and each column are sorted in
non-decreasing order [4, Problem 6.3]. We first recall the standard O(m + n) time search
(Section 3.1), and then present an algorithm with improved running time for non-squared
matrices (Section 3.3), and algorithms with input sensitive running times (Sections 3.4-3.5).
Matching lower bounds are given in (Section 3.2).

3.1 “Textbook” algorithm and lower bound

The basic observation is that if M; ; < x, then My j» <z for 1 < ¢ <jand 1 < j <j,
since columns and rows are sorted. Similarly, if M;; > x, then My j; > x for i <i' <m
and j < j' < n. This implies, if the lower-left entry M,, 1 < z then we can prune the first
column of M from further consideration, and if M,, 1 > x then we can prune the last row
and recurse on the remaining matrix. This gives rise to a simple O(m + n) time algorithm:
Start in the lower-left corner M,, 1 of the matrix, and repeatedly compare x with the values
in the row left-to-right until the first value > z is found. Either we have found x, or we prune
the remaining of the row (since all remaining values in the row are > z) and all columns to
the left (only containing values < x), and we move to the entry in the row above and repeat
until either z is found or the whole matrix has been pruned. See Figure 6 (left), where the
yellow and red entries are the entries accessed by a search. Since we can move to the right at
most n — 1 times and move up at most m — 1 times when starting in the lower-left corner,
we access at most 1 4+ (n — 1) + (m — 1) = m + n — 1 entries of M during a search, and we
have the following theorem.

» Lemma 1. Searching an m x n Young tableau M for a value can be done in O(m + n)
time accessing at most m +mn — 1 entries of M.

A simple adversary argument shows that this is the best possible worst-case upper bound
for n x n square Young tableaus.

» Lemma 2. Searching an n x n Young tableau M for a value requires worst-case > 2n — 1
accesses to M.

Proof. Consider the adversary strategy illustrated in Figure 6 (middle), where the adversary
always answers accesses on or above the anti-diagonal to be < = (say —oo) and accesses
below the anti-diagonal to be > x (say co). Our claim is that any correct algorithm must
access all nodes on the anti-diagonal and the entries immediately below (the colored cells
in Figure 2 (middle)). If an algorithm does not access all these 2n — 1 entries, then any of
these entries could potentially contain = since this would be consistent with all other entries
containing —oo and oo as described above. |

The bound of Lemma 1 is obviously not optimal in general, since, e.g., for a 1 x n matrix
(a sorted list) we can perform a binary search with 1+ |lgn] accesses to the matrix, and
this is worst-case optimal for searching a sorted list. In the following sections we present
worst-case optimal divide-and-conquer algorithms for searching rectangular m x n Young
tableaus.
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Figure 6 (left) Linear search for 61 in a Young tableau; (middle) 2n — 1 adversary lower bound
for square matrices; and (right) generalization to rectangular matrices. Yellow entries are < x, red
entries > x, and the thick line the boundary between larger and smaller values.

3.2 Lower bounds for searching rectangular Young tableau

We first prove a lower bound on the complexity for searching an m x n Young tableau in
terms of the dimensions m and n.

» Lemma 3. Searching an m x n Young tableau M, where m < n, requires worst-case
Q(m(l +lg Lt )) accesses to M.

m

Proof. To prove a lower bound for searching rectangular m x n Young tableaus, we assume
that the algorithm repeatedly accesses the entries of the matrix. For each access the algorithm
learns that the entry is either —oo or co. To correctly determine that x is not in the matrix,
the algorithm must access sufficiently many entries to have determined which entries are
—o0 and which are co in the matrix, i.e., it must have determined the boundary between
the —oo and oo entries. The number of possible boundaries from the lower-left corner to
the upper-right corner in an m x n Young tableau is (m:;"), since each boundary can be
described by a path of length m 4+ n where exactly m segments are vertical (and n horizontal),
i.e., each binary string of length m + n with exactly m ones corresponds to a unique possible
boundary in a Young tableau.

By considering an algorithm to be a decision tree where each node accesses an entry of
the matrix, the two children correspond to the two possible values —oo and oo, and each leaf
is labelled with the determined boundary, it follows that the height of the decision tree must
be at least [lg (m‘m)] = @(m(l +1g %)) <

m

We can tighten the lower bound of Lemma 3 by observing that the boundary between
values smaller and larger than the value searched for can consist of k¥ < m longer vertical
segments. See, e.g., Figure 6 (right), where a possible boundary in a 4 X 8 Young tableau
consists of k = 3 vertical segments. Note that an algorithm in this example must have
accessed the 2k lower-right and upper-left “corner” entries x1, x2, x3 and y1, Y2, y3 in “smaller”
and “larger” regions, respectively, to correctly have determined this boundary. In general, =,
and yj might not exist (when the first and last vertical segments are on the boundary of the
matrix). It follows that any algorithm must have accessed at least between 2k — 2 and 2k
entries, depending on the boundary. The following lemma gives a more fine-grained lower

bound.

» Lemma 4. Searching an m x n Young tableau M, where m < n, and the boundary of the
search contains k vertical segments, requires worst-case Q(kz(l +lg %)) accesses to M.

Proof. To count the number of possible boundaries with k vertical segments, each of the
k vertical segments can be to the left of the first column, between two columns or to the
right of the last column, i.e., the vertical segments can be at n 4+ 1 horizontal positions.
The first vertical segment starts at the bottom and the last vertical segment ends at the
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top of the matrix, but the remaining vertical positions for the start and end of segments
are k — 1 vertical positions out of m — 1 possible ones. It follows that the total number
of boundaries with k vertical segments is ("',:1) . (72:11) From the discussion before the
lemma, we already have a lower bound of 2k — 2 accesses, i.e., we get the following worst-case

lower bound on the number of accesses for a search maX(Qk: -2, ﬂg((”:l) . (7,’;:11))]) >

3@k =2+ B((F) - ()] 2 ko1 31 () = 001+ 121). -

A note on random matrices

Assume we construct an m x n random Young tableau M as follows: Fill an m x n matrix
with random values chosen independently and uniformly from [0, 1], sort the rows, and finally
sort the columns. It is easy to verify that the resulting matrix is both row and column
sorted. In this Young tableau, the vertical segments of the boundary of the search for a
value z € [0,1] (assuming M is constructed independently from x) are adjacent to columns
xn + O(W) with high probability. This follows since before the sorting steps, each row
contains expected an values < z, and a Chernoff bound [5, Theorem 1.1] implies that the
number of values < z in each row is within zn = O(y/nIgn) with high probability. It follows
that each row before sorting columns has at least zn — O(\/m) elements < z and at
least n — xn — O(\/TTM) values > x with high probability. Sorting columns preserves this
statement. It follows that the expected number of vertical segments k on the boundary is
O(v/nlgn), which can be significantly smaller than m for larger m, e.g., when m = n.

3.3 Divide-and-conquer search in Young tableaus

A simple divide-and-conquer algorithm for searching an m x n Young tableau M for a value z
is as follows: Perform a binary search in the middle row i = [m/2] to find the column j such
that M; ; < x and M, j41 > =, where 0 < j < n. If M; ;11 = = we are done. Otherwise, we
recursively search for = in the two submatrices M1 ;—1,1..; and M;11.m j+1..n (we only recurse
if a submatrix is nonempty, allowing us to skip searching in some rows). The remaining of
the matrix is pruned from the search. See Figure 7 for the pruning after one binary search,
and Figure 8 for an example of a recursion over the rows.

Analysis

In the worst case, we perform a binary search in a range in each row of M, which gives a
trivial upper bound on the number of accesses to M of m(1 + |lgn]). However, we can give
a tighter upper bound.

Observe that the maximal depth of the recursion over the rows is at most |lgm], since at
each level of the recursion the number of rows is halved. At each depth of the recursion, the

total number of columns in all subproblems is at most n, since the subproblems are disjoint.

E.g., at depth 3 in the recursion in Figure 8, we have searches in rows 1, 3, and 15, which
search over columns 1-8, 9-12 and 13-15, respectively.

If the t searches at some depth d is over ¢t subranges of ny,ns,...,n; columns, where
22:1 n; < n, the searches require at most Zzzl(l + lgn;]) < 22:1(1 + lgn;) accesses

to M. Since the sum is maximized when all n; are equal, we get the upper bound ¢ + ¢ -1g %.

Since this grows as a function of ¢, and there are at most 2¢ subproblems at depth d,
the total number of accesses to M at depth d is at most 2¢ + 27 . 1g 5q- Summing over
all depths of the recursion, the total number of accesses to M can be upper bounded by

Zgig'” (Qd +2%.1g 2%) =O(m+mlgL). It follows that the divide-and-conquer algorithm
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Figure 7 Divide-and-conquer search in a Young tableau for the value z. A binary search in the
middle row ¢ (gray) reduces the search to two searches in the two blue submatrices.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Figure 8 Recursion of a divide-and-conquer search in a Young tableau. To the left the recursion
tree over the rows. The gray boxes are the ranges of the binary searches for x, and x; is the found
entry by a binary search in row i. Note that in rows 1 and 4 the search is over columns only
containing values > z, i.e., the column index found is the column to the left of the first column in
the searched range.

searches an m X n Young tableau in O(m(l +lg %)) time, matching the lower bound in
Lemma 3.

3.4 Exponential searching in Young tableaus

The “linear” search algorithm described in Section 3.1 and illustrated in Figure 6 (left) takes
inherently ©(m + n) time. However, we can improve the search time by alternating to
perform an exponential search in rows and columns, essentially following the same path as
the “linear” search: Start in the lower-left corner M,, 1, and perform an exponential search
rightwards in the row to find the first value > x. Either we have found x, or we can proceed
with an exponential search upwards in the column to find the first value < z. Either we have
found z, or we continue searching horizontally again.
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Analysis

If the boundary identified by the searches consists of k vertical segments, the boundary
consists of a total of k' < 2k + 1 vertical and horizontal segments of lengths s1, sg,. .., Sk,
where Ele s; = m—+mn. Since each exponential search identifies one segment of the boundary
of size s; in time O(1 4 lg s;), the total time for the search is O (k' + Zflzl lg s;). Since this
sum is maximized when all segments have equal length we get the following upper bound on
the search time O(k' +k - 1g mk—"j") = O(k(l +1g %)), matching the lower bound of Lemma 4.

3.5 Divide-and-conquer with exponential search in Young tableaus

The divide-and-conquer algorithm in Section 3.3 does not achieve optimal performance when
k is small. When all values in the Young tableau are oo, i.e., k = 1, the algorithm accesses
O(lgm - lgn) entries where the optimal bound for £ = 1 is ©(lgn). In this section we
show that if the divide-and-conquer algorithm performs bidirectional exponential searches
in the rows instead of just binary searches, the algorithm’s running time is improved to
optimal O (k(1+1g%)). It is a little bit surprising that such a minor change to the canonical
divide-and-conquer algorithm leads to an algorithm matching the lower bound of Lemma 4
and the complexity of the algorithm in Section 3.4. Since the algorithm in Section 3.4 is
inherently sequential, the divide-and-conquer algorithm in this section might be interesting
when parallelism is available, since it trivially can achieve parallel time O(lgm - 1gn) on an
EREW PRAM with ©(m/lgm) processors (see, e.g., the textbook by JaJa [9, Section 1.3]
for a discussion of PRAM models).

The only change to the divide-and-conquer algorithm in Section 3.3 is that if we are
searching in row 7 in the column range j; to ja, we first compare x with A ; , where
Jm = L(j1 + Jj2)/2] is the middle column in the column range. If x = M, ;  , then we are
done. If x < M; ;, , we perform a rightwards exponential search in columns ji,...,5m — 1
(starting in column j;), and otherwise a leftwards exponential search in columns j,, +1,. .., j2
(starting in column js).

Analysis

The search in a row within a range of n columns partitions the columns into two subranges
of lengths ny and ng, where 0 < n; < n and n; +ne =n. If ny = 0 or ny = 0, the time
using exponential search becomes O(1), and there is at most one recursive call on half the
number of rows. E.g., in Figure 8 the searches for x4 and x12, establish the segments of the
boundary between x4 and xg, and xg and x12, respectively. Otherwise, the n columns are
split at a new horizontal position into two nonempty subranges of lengths n; and ny. In this
case, the time for the exponential search is O(1 + lg min(nq, na)).

Let us consider the recursion tree and how the searches in the rows discover a vertical
segment of the boundary (e.g., in Figure 8 the searches in rows 4, 8, 12 and 14 discover
the vertical segment of the boundary between columns 8 and 9). The existence of vertical
segment is first discovered by some search (row 8) and subsequent recursive searches above

and below this row (rows 4, 12, and 14) will discover the extent of the vertical segment.

Each of these searches take O(1) time. Furthermore, since we recurse over the rows in a
binary tree fashion the interval of rows spanning the vertical segment must decrease by
at least a factor two for each new interval above or below the initial row, i.e., a vertical
segment of length s can at most be discovered by searches in O(lg s) rows. If the k vertical
segments have length s1,...,s;, where Zle s; = m, it follows that the total number of
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constant time row searches where either the left or right recursive problem is empty is at
most ¥ O(1 +1gs;) = O(k-1g ™).

The remaining searches perform a hierarchical decomposition of the columns into at
most k 4+ 1 subranges between vertical segments on the boundary of length ¢y, ..., cpy1,
where Zf:ll c¢; = n. Note that ¢y, ..., cx11 are the lengths of the horizontal segments on the
boundary. The cost of these searches can be captured by a binary tree with the subranges
C1,...,Cry1 as the leaves. If a node has two subtrees spanning n; and ne columns, respectively,
the cost of the search is O(1 + lgmin(ny, ng)). To analyze the total cost of these searches,
we apply the following amortized analysis. Assume we give each leaf ¢; an initial potential of
2+1g ¢;. We argue inductively bottom-up that the cost of searching in a subtree can be covered
by this leaf potential. Assume we have processed the two subtrees of a node with range n and
subranges ni and nsy, where n = ny + ne and n; < ns, and there is potential 2 4+ lgn; and
2+ lgng left for each of the two subtrees, respectively. After using potential 1+ lg, ny for the
searching at the node, the potential left is (2+1gni) + (2+1gns) — (1+1gny) =3 +1gny =
2+41g(2ny) > 2+41gn, i.e., at the root we have covered all costs for the searches in the binary
tree by the cost at the leaves (and we still have 2 4+ lgn potential left). The total potential
required at the leaves is Zfill@—l—lg ci) <2(k+1)+(k+1)-lg iy = O(k+k-1g%). In total,
the time for searching a Young tableau becomes O(k g +k+k-lg %) = O(k(l +lg %))

Refined boundary sensitive analysis

The running times of the algorithms discussed in Sections 3.4 and 3.5 have been stated as
O(k(l +1g %)), which is optimal in terms of k£ and n by Lemma 4. However, if we consider
the boundary to consist of s alternating horizontal and vertical segments of lengths ¢1,..., £,
where Zle l; = m + n, the proofs of the running times of both algorithms actually prove
that the worst-case running times are O(s + Zle lg &-).

4 Conclusion and open problems

In this paper we have revisited two classic algorithm exercises: computing the skyline of a set
of buildings and searching Young tableaus. For both problems we have presented very simple
divide-and-conquer algorithms that are worst-case optimal in an output or input sensitive
sense. The analysis of the algorithms become slightly more complex, but we believe that
the algorithms and their analyses are still simple enough to be presented as examples of
divide-and-conquer in a course on introduction to algorithms, or to be stated as optional
questions to illustrate the algorithmic depth of these seemingly innocent undergraduate
textbook exercises.
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