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1 Lecturel

1.1 Introduction

In this sequence of lectures | will talk abdetinctional Data Structures, i.e., data structures suitable
for functional programming languages.

e Purely functional languages do not allow destructive ugslab assignments

e lists andtuplesare the basic tools for building data structures,

e data structures can be viewedgraphs with nodes of out-degre@(1). Integers, chars, etc. are
stored at nodes of degree zero, and

e nodes cannot be modified

We start with giving two natural examples illustrating timitations of the built-in list representation of
the functional languageugs.

Most of the work presented has been done by Cris Okasaki framegie Mellon University.

1.1.1 Example: List reversion

In a functional programming language it usually takiewar time to catenate two lists (linear in the
length of the first list). We consider a natural implemewtatof a functionreversing a list which is
based on list catenation. It turns out that the running tifie list reversing procedure is quadratic -
for a problem which obviously can be solved in linear time.

Two purposes: Introduce soragntax, and illustrate aspects ti$ts in thefunctional language Haskell
The following is an example taken from the book:

“Haskell: The craft of functional programming,” by S. Thosgm, page 140.

List reversing program:
— Reverse.hs —



rev :: [t] ->[t]
rev (b

Explanation:

1

(rev ) ++ [€]

e line 1 =type definition: Function rev takes &st of elements of typé and returns a list of elements of
typet

e lines 2-3 =implementation: Two cases, captured Ipatterns: the reverse of an empty list is the empty
list, and the reverse of a nonempty list withst-element e andtail | is recursively defined++ denotes
list-catenation.
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[[SLIDE]] Experiments show that list reversion requiraad&io (n?).
The reasonL.ist catenation takes time linear in the length of the first list.
Blackboard example: [1,2,3]++[4,5].

A more efficient representation of lists supporting conistame catenation will be given later in this course (3.
lecture).

1.1.2 Example: Array indexing

The !! operator selects thi¢h index of a list. We results of testing !! from the preluda-hfgs were:
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Conclusion: It takes timé&(n) to select the:th element of a list.
[[SLIDE]]
A more efficient list representation allowing faster indexivill be given next.

1.2 Random Access Lists

Would like to extend the usual lists with fast random accgsse
balanced random access

lists trees lists
Push (cons) 1 logn 1
Head/Tail 1 logn 1
Lookup/Update n logn logn

— Okasaki '95

By storing a list as @alanced treeall operations can be done in logarithmic time. To suppogtstandard
operations Head/Tail/Cons at the head of a list in consharg tve need to do something different, i.e., combine

the two solutions.

1.2.1 Skew binary numbers

A skew binary number is a number
d[,...,dQ,dl

where

e d; €{0,1,2}

(] dj:2:>V’L'<jZdi:0
Example: 11001200
The number represented by, . . ., ds, d; is

FACT: Every number has anique skew binary representation.

— Meyers '83



FACT: 21 —1=2- (20~ 1) +1
Increment:

e Letjbegivensuchthat; #0,Vi<j:d; =0

o If d; =1thend; :=d; + 1, elsed; = 0andd;y; :=dj+1 +1
Decrement:

e Letjbegivensuchthat; #0,Vi<j:d; =0

o d;:=d; —1.1f j > 1thend;_, :=2

List representation:

o Let alist be represented by a sequenceafiplete binary treesof size2’ — 1
e The sequence of trees correspond to the skew binary repatisarof the length of the list
e A preorder traversal of the trees reveals the stored list

Example: [1,2,3,4,5,6,7,8,9,10,11,12,13] =
Sizel319 = 120 (skew-binary)

1.-- 4 ------ 7
23 56 10811 12913
Tail:
2 - 3-- 4 ------ 7
> 6 10811 12913
or Cons(0,.)
0 ------=-- 7

213 546 10811 12913
— FunctionalArray.hs —

nodul e Functional Array where

data Treet = Leaf t | Node t (Tree t) (Tree t)
type Func_array t = [(Int, Tree t)]

list_empty :: Func_array t

list_isenmpty :: Func_array t -> Boo

list _head :: Func_array t ->t

l'ist_tail :: Func_array t -> Func_array t

i st_cons .t -> Func_array t -> Func_array t
list_lookup :: Func_array t ->1Int ->1t

list_update :: Func_array t ->1Int ->t -> Func_array t
tree_lookup :: Int -> Treet ->1Int ->t

tree_update :: Int -> Treet ->1Int ->t -> Tree t

tree_| ookup size gLeaf e) 0 =¢e
tree_| ookup size (Node e t1 tzg 0 =e¢e
tree Node e t1 t2) i

tree_l ookup size’ t1 (i-1)
tree_l ookup size’ t2 (i-1-size’)
div size 2

| ookup si ze
i <=si ze’
| otherw se
where size’

tree_update size (Leaf e) 0 v = Leaf v
tree_updat e sizegNodeetltZ Ov = Node v tlt2
tree _update size (Node e t1 t2) i v
| i<=size’ = Node e (tree_update size’ t1 (i-1) v) t2
| otherwise = Node e t1 (tree_update size’ t2 (i-1-size’) v)

where size’ div size 2



list_empty =[]
list_isenpty [] = True
list_isenpty _ = False

list head §§ ,Leaf e): ) = e
i st _head l\bdee_ ):) =e
|

ist_tail §§ , Leaf e): 1) ]
ist_tail S|ze l\bdeetltZ) 1) = ((size’ ,t1):(size ,t2):1)
where size = div size

list _cons e ((sizel,tl): (S|ze2 t2):
| sizel==size2 = ((1+2*size1),hbde etlt2):l
| otherwi se = ((1, Leaf e):(sizel,tl):(size2,t2):1)
list_cons el = ((1,Leaf €):1)
list_|ookup ((size,t):1)
| i<size = tree_|lookup size t i
| otherwise = list_lookup | (i-size)
list_update ((size,t):1) i v
| I1<size = ((size,tree_update sizet i v):l)
| otherwise = ((size,t):list _update I (i-size) v)
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The graph shows the time for performing lookups to a list withl = 511 + 255+ 127463+ 31+ 2 7 elements

Cris Okasaki has done some experimental work in Standardavtl,observed that in random access lists never
perform worse than a factor 6o compared to standard lists.

Note: Finger search treescould also be used to obtain the same asymptotic boundd,ibutan-trivial to adopt
well-known finger search trees to a functional setting.

Note: Skew binary numbers will be used in the implementation tiieit priority queues.

1.3 Stacks

Stacks can be implemented as
— Stack.hs —

nodul e Stack where
type Stack t = [t]
push i Stack t ->t -> Stack t



pop :: Stack t -> (t,Stack t)
enpty :: Stack t

push | e = (e:l)
pop (e:1) = (e, l)
enpty = []

1.4 Queues

The semantics can be described by the following Haskell:code
— Queuel.hs —

nmodul e Queue where
type Queue t = [t]

inject :: eue t ->t -> Queue t
pop e éeuet -> (t, Queue t)
empty eue t

infject | e =1 ++ [¢€]

pop (e:1) = (e, l)

enpty =[]

Bottleneck: Inject requires linear time, because of thedirtime ++ operator!

A standard implementation which is efficient in the amodisense is given by the code. The amortized time for
each operation i§(1). A queue is represented by a pair of ligtsr) such thaf + +(reverser) is equal to the
gueue as a list.

— Queue2.hs —

nodul e Queue where

type Queue t = ([t],[t])

inject :: eue t ->t -> Queue t

pop s %euet -> (t, Queue t)

enpty eue t

inject (I,r) e =(l,(e:r))

bob (1T (5 ]) ™= Pop (1 &berse (e:r),11)
empty = ([].[])

Notice thatpop requires linear time whenever se is performed.
Example: [1,2,3,4,5,6,7] could be represented by the phi2,3],[7,6,5,4])
Amortized analysis:

Q) =Irl, ifQ=(l,r)

= pop andi nj ect take amortized constant time.

In general a list is divided into a left and right part, andt@ed as a pair consisting of the left part plus the reverse
of the right part. The reverse of the right part allows effitienj ect operations.

Unfortunately functional data structures gersistent, i.e., all old data structures are remembered. This implies
that an expensive pop operation causing a list reversiorbeaepeated over and over again without doing any
insertions.

To overcome this problem the expensive operation is spread @ sequence of operations by doing the list
reversion and catenatidncrementally in advance = Real time queue(all operations take worst-cage(1)
time).

— Queue3.hs —

nodul e Queue where
type Queue t = ([t],[t],Work t)

i nj ect e eue t ->t -> Queue t
pop D eue t -> (t, Queue t)



enpty o eue t

progress :: %eue t -> Sjeue t

progress’ :: eue t -> ueue t

data Work t = Nil | Rev [t] [t] | Cat Int [t] [t] [t]
inject (I,r,w) e = progress(progress(progress (l,e:r,w)))
pop (e:l,r,w) = (e, progress(progress(progress’ (l,r,w))))
enpty = ([],[],NI)

progress (I,[],NI) = (I,[]1,N1)
progress (l,r, Nl = progress I,[],Rev [T )
progress (l,r,Rev 11 (e:rl)) = (l,r,Rev (e:l1) rl)
progress (l,r,Rev 11 []) = progress (l,r,Cat O I 11
progress (l,r,Cat s r e:l1) 12) =(l,r,Cat (s+1) (e:rl1) 111
progress (l,r,Cat 0 r1 [] I2 =(12,r,N1I)
progress (l,r,Cat 1 (e:rl [2) = ((e:12),r,Nil
progress (l,r,Cat s (e:rl 12) = (lI,r,Cat (s-1) r1 [] (e:l2))
progress’ (l,r,Cat s r1 1112) = progress (l,r,Cat (s-1) r1 11 12)
progress’ w = progress w
Approach: (I,r,incremental-work)

[,r,Nl)

I,[], Rev H r}

I,[], Rev ? , ll1=reverse r

[,[],Cat O [ 1)

(I,[],Cat s rl1 [] I1) , rl=reverse |, s=|rl|

EI,Z[hCﬁlltlg) [T [] 12), [I2=(reverse rl)++l 1=l ++1

’ ’ I

It can be shown that applying progress 3 times is sufficiegurante&) # 0 = [ # (.

1.5 Double ended queues - deques
— Deque.hs —

nodul e Deque where
type Queue t = [t]

ush e eue t ->t -> eue t
Bop e 8jeuet -> (t, QJ%e t)
inject :: Queue t ->1 -> Queue t
eject :: Sjeuet -> (t, Queue t)
enpty eue t
Do ce: £ UL 1
|nJect e=I'++[e]
E}SEE E§]|f ge'gl)e-|’)

vvhe’re'(e ") = eject |
enpty = []

Notice that inject and eject take linear time!

1.5.1 Amortized solution

Again represent the list as a pair of ligsr), but now when a list or » becomes empty, split the remaining
non-empty list evenly among the two néwndr lists.

— Deque2.hs —

nodul e Deque where

type Queue t = ([t],[t])

ush o euet ->t -> Queue t
Bop e %jeuet -> (t, Queue t)



inject :: Queue t ->1t -> Queue t
eject Sjeuet -> (t, Queue t)

ehpty eue t

push (1,r) e = (e:l,r)

pop (e:l,r) = (e (l,r))

0 1) =pop (1,1

pop E[] ) \%hgré '=r)everse (drop s r)

inject (I,r) e = (I,e:r)
ej ect gl,e' ) = (e, (1,1))

e] ect [n ect (I°,
v\}nere [’ F
[

enpty = ([].[])

Operations take amortized constant time. Follows fromlkiariant
Q) = [t =Irll, if Q= (I,7)

This again only holds for single threaded computations.

1.5.2 Incremental rebuilding

As for queues! Details left as an exercise!

1.6 Binomial Queues —Wuillemin ’'78
— Binomial.hs —

nodul e Bi noni al Q where
data Treet = Node t Int [Tree t]
type BinomalQt = [Tree t]

enpty Odt =>BinomalQt

is_empty . Odt => BinomalQt -> Bool

i nsert 0 Odt => BinomalQt ->t ->BinomalQt

mel d 0 Odt => BinomalQt ->BinomalQt -> BinomalQt
find mn 0 Odt = BinomalQt ->t

delete min:: Odt => BinomalQt -> BinomalQt

link (Node el r1 c1) (Node e2 r2 c2)
| el<e2 = Node el (rl1l +1) ((Node e2 r2 c2):cl)

| el>=e2 = Node e2 (r2 +1) ((Node el r1 cl):c2)
ins v = [V]
i ns Node el r1 cl1):1) (Node e2 r2 c2)
| r2<r1 = ((Node e2 r2 c2):(Node el r1 c1):1)
| ri==r2 =ins | (link (Node el r1 cl1l) (Node e2 r2 c2))
enpty = []
is_enpty g = null g
insert qe =ins q (Node e 0 [])
meld []

neld g %53
rreld(( de el rl cl):11) ((Node €2 r2 c2):12)

1

| ri<r2 = ((Node el rl cl):(meld 11 ((Node e2 r2 c2):12)))

| ri>r2 :((Node e2 r2 c2):(meld 12 ((Node el r1 cl1):11)))

| ri==r2 =ins (meld 11 12) (link (Node el rl1 cl1) (Node e2 r2 c2))
find_m:n“l\bdeer cg] = e . .
find_mn Node e r [) =nmine (find_mn )
delete nin g = neld | (reverse c)

where ((Node er c),!I) get mnq

get_m’n[(Nodeer c)] ((Node e r ¢),[1])



get_min ((Node er c):1)
| e<el = ((Node er c),l)
| e>=el = ((Node el r1 cl) ((Node e r c):11))
where (Node el r1 cl1,11) = get_nin |

1.7 Skew Binomail Queues — Brodal, Okasaki 1996
— SkewBQ.hs —

nodul e SkewBQ wher e
data Treet = Node t Int [Tree t] [t]

type SkewBQt = [Tree t]

empty : Odt => SkewBQ't

i s_enpty Odt => SkewBQt -> Boo

i nsert Odt ==t -> SkewBQt -> SkewBQ t

mel d Odt => SkewBQt -> SkewBQt -> SkewBQt
find _mn Odt => SkewBQt ->t

delete_nin Odt => SkewBQt -> SkewBQ t

[ink Odt => Treet -> Tree t -> Tree t
skew_| i nk Odt =>t ->Treet -> Treet -> Tree t
rank (Node _ r ) =

el ement (MMee____) = e

l[ink (Node el r1 c1 z1) (Node e2 r2 c2 z2)
| el<=e2 Node el (rl1 + 1) ((Node e2 r2 c2 z2):cl) z1

| el>e2 Node e2 (r2 + 1) ((Node el r1 cl z1):c2) z2
skew link e vl v2

| e3<=e = Node e3 r3 c3 (e:z3)

| e3> = Node e r3 c3 (e3:2z3)

where (Node €3 r3 ¢3 z3) = link vl v2
enpty = []

is_enpty g = null g

insert e (vil:v2:l)
| rank vli==rank v2 = ((skew_link e vl v2):1)
| otherwise = ((Node e O [] []):vl:v2:1])

insert el = ((Node e O[] []):1I)
s 1,5 Ly
ins (vi1:1) v2

| rank v1> rank v2
| rank vl==rank v2

(v2:vl:1)
ins | (link vl v2)

uni qi f =

un|g|f¥ E%'I)[L ins | v
nmel d unlque [] =

mel d_uni q

mel d_ un|que (vl Il) (v2:12)
| rank vi<rank v2 = (v1:(rmeld_unique |1 (v2:12)))
| rank vi>rank v2 (v2:(nmeld_unique 12 (v1:11)))
| otherw se ins (neld_unique 1 12) (link vl v2)
meld 11 12 = neld_unique (unigify 1'1) (uniqify |2)
find mn{v] = element v _ _
find_mn (v I) =mn (element v) (find_min |)
delete_nin g = fol dr |nsert (meld | (reverse c)) z
where (( Node ercz) = get_mnq
get_nmin Ev] (v 1)
get_mn (v:lI )
“element v< el ement vl
el enent v>= elenent vl
where (v1,11) = get_mnin |

(v, 1)
(vi,v:11)



1.8 Data structural bootstrapping — Brodal, Okasaki 1996

FindMin and Meld inO(1) time. Elements are pairs (item, skew-BQ), where the skewisBé¥er elementsnpt
items).

— BootSkew.hs —

nodul e SkewRoot where

i mport SkewBQ

data Boot Skewt = Enpty | Nonenpty (Elmt)
data Elmt = Elenent t (SkewBQ (Elmt))

instance Eq t => Eq (Elmt) where
(El enent el ql) == (Elenent e2 q2) = el == e2
instance Odt => Od Elmt% wher e

(Elemrent el gl) <= (Element e2 g2) el <= e2

enpty’ ;. Odt => Boot Skew t
| s_enpty’ . Odt => Boot Skew tSk- > Bool ok
- =t ->

FS t, Dl gg E => Eoot SE(G)\(I)\Itt _e\év Eoot SEg\(l)Vtt _e\év Eoot Skew t
f|nd_mn 2 Odt => BootSkewt ->
delete_nmn’ :: Ordt => BootSkewt -> Boot Skew t
empty’ = Enpty
is_enpty’ Enpty = True
is_enmpty’ (Nonempty ) = Fal se

insert’ e q mel d’ (Nonempty (El erment e enpty)) q

nmel d’ ErrEty q = q
nmel d’ =
nel d’ (Nonerrpty (EI enent el ql)) (Nonenpty (Element e2 g2))

| el <= e2 = Nonenpty (El ement el (insert (Element e2 q2) ql))

| el > e2 Nonenpty (El enent e2 (insert (Elenent el ql) g2))
find_mn (Nonenpty (Elenment e )) = e
delete_ mn’ (l\bnerrpty (Elemrent _ q))

| is_enpty q = Enpty

| otherwi se = Nonerrpty (Elenment el (neld ql q2))

where Element el g1 = find_min q
g2 = delete_nin g

2 Lecture 2

2.1 Lazy functional data structures

2.2 Example: Search trees

ListToTree converts a list of integers into a search tree tycarsive procedure like quicksort.
— SearchTree.hs —

nodul e Sear chTree where

data Tree t = Enpty | Node t (Tree t) (Tree t)

menber o Odt =1t -> Tree t -> Bool
[1stToTree :: Odt =>[t] -> Tree t

nmenber x Enpty = Fal se
menber x (Node e | r)
| x==e = True

| x<e = nenber x |
| x> = nenber x r
listToTree [] = Enpty
listToTree = Node e (I|stTOTree left) (listToTree right)
where (e:11) = |

| eft

[ x| x<-11, x<=e ]

10



Experiment shows that member on a subtree not yet build ieresige: 1) First random mebers are expensive, 2)

right =1 x| x<-11,

latter members become cheaper.

Intuitive: The firstt random queries are spread uniformly, i.e. all nodes in thpddgt levels are visited, but
thereafter the searches are in disjoint subtrees. Coseafing a node is proportional to the size of the subtree
rooted at the node (distributing the elements left-antitjigiotal cosO(t logn + nlogt), since

Top levels:n * log t
For each patht * n /¢
Searchest x logn

2.3 Example: Lazy list catenation

We consider the effect of lazy list catenation:

take n ([1..100] ++(reverse [101..200])
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2.4 Amortized analysis reviewed

2.5 Queues

Consider the following code for a queue implementation daserepresenting a queue by a left half and a right

half where thdeft part always is the largest

— Queued.hs —

nodul e Queue where
type Queue t = (Int,[t],Int,[t])

inject :: eue

pop S eue
adj ust :: Eﬁeue
enpty eue
size i Queue

t ->1t -> Queue t
t -> (t, Queue t)
:E -> eue t

t ->1Int

11




inject (sl,l,sr,r) e = adjust (sl,l,sr+1,e:r)
pop (sl,e:l,sr,r) = (e,adjust (sl-1,1,sr,r))

adj ust (sl,Il,sr,r)

| sl>=sr = (sl,l,sr,r)

| otherwise = (sl+sr,l++(reverser),0,[])
empty = (0,[],0,[])
size (sl,_,sr,_) =sl + sr

The crucial point is that ++ is performed in a lazy fashioa,,ithe expensive reverse operation is postponed until
all elements of has been removed from the queue.

Theorem The above implementation supports all operations in azegtconstant time.

2.6 Binomial queues

Analysis of the following code...
— Binomial.hs —

nodul e Bi noni al Q where
data Treet = Node t Int [Tree t]
type BinomalQt = [Tree t]

enpty Odt =>BinomalQt

is_enmpty . Odt => BinomalQt -> Bool

i nsert o Odt = BinomalQt ->t ->BinomalQt

neld 0 Odt => BinomalQt ->BinomalQt -> BinomalQt
find_mn 0 Odt == BinomalQt ->t

delete min:: Odt => BinonialQt -> BinomalQt

link (Node el r1 c1) (Node e2 r2 c2)
| el<e2 = Node el (rl1l +1) ((Node e2 r2 c2):cl)

| el>=e2 = Node e2 (r2 +1) ((Node el r1 cl):c2)
ins v = [V]
i ns Node el r1 cl1):1) (Node e2 r2 c2)

| r2<r1 = ((Node e2 r2 c2):(Node el r1 cl1):1)

| ri==r2 =ins | (link (Node el r1 cl1l) (Node e2 r2 c2))
enpty = []

is_empty g = null g
insert qe =ins q (Node e 0 [])

meld [] g =q
nmeld q [\% =q
neld ((Node el r1 c1):11) ((Node e2 r2 c2):12)
| ri<r2 = ((Node el rl1 cl):(meld 11 ((Node e2 r2 c2):12)))
| r1>r2 = ((Node e2 r2 c2):(meld 12 ((Node el rl1 cl):11)))
| ri==r2 =ins (meld 11 12) (link (Node el rl1 cl1) (Node e2 r2 c2))
find_m:nEENodeer cg] =e . .
find_mn Node e r c):l) =mn e (find_mn )
delete nin g = neld | (reverse c)
where ((Node er c),l) = get_nin q
get_min EENode er cg] = ((Node e r ¢),[])
get_nin Node e r c):1I)
| e<el = ((Node er c),l)
| e>=el = ((Node el r1 cl),((Node er c):11))
where (Node el r1 cl1,11) = get_nin |

12



3 Lecture 3

3.1 Catenable lists
3.2 Strict implementation

3.3 Lazy implementation
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