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Computer Science

Problem Hardware Program

public class Dijkstra {
static void run(int([][] g, int s) {
int n = g.length;
int[] dist = new int[u];
boolean[] used = new boolean[n];
Arrays.fill(dist, Integer.MAX_VALUE);
dist[s] = 0;
for (int i = @; i < n; i++) {
int u = -1;
for (int j = 0; j < n; j++)
10 9UsM0NadlBDc%0®® my if (lused[j] && (u == -1 || dist[j] < dist[u])) u = j;
: used[u] = true;
for (int v = @; v < n; v++)
if (glullv]l > @ && dist[u] + glul [u] < dist[v])
dist[v] = dist[u] + glul[v];

Practice

i

“Find quickest path from Aarhus to Klitmaller’

Abstract Problem Algorithm

DIIKSTRA(G, w, 5)

CPU 1 INITIALIZE-SINGLE-SOURCE(G. s)
Operations: +,-,*/,... 2 §=90
3 0=0G.V
4 while QO # 0
5 u = EXTRACT-MIN(Q)
6 S =S U{u
7 for each vertex v € G.Adj[u]
8 9 8 RELAX(u, v, w)




Computer Science

exponential: 2™ quadratic: n? log-linear : nlogn
linear: n
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g logarithmic: logn
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constant: 10
Input size n
Abstract Problem Mathematical model of computation Algorithm
DIKSTRA(G, w, s)
CPU 1 INITIALIZE-SINGLE-SOURCE(G. s)
Operations: +,-,*/,... 2 §=90
3 0=0G.V
: 4  while Q # 0
Read/write C‘GI/' 5 u = EXTRACT-MIN(Q)
6 S =85 U{ul
7 for each vertex v € G.Adj[u]
0 1 2 3 4 5 6 7 8 9 8 RELAX (1, v, w)
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Parallel Algorithms

Total time: Total time: Parallel time:
Smashed Potatoes Recipe 32 minutes 32 minutes 13 minutes

Ingredients Sequential (1 cook) Parallel (20 cooks)

 F . .
Y/ &7
v. v.

20x potatoes

peel: 1 min

Instructions
1. Peel
2. Boil ) :
3. Smash Peel: 20 min Boil: 10 min
Smash: 2 min
Boil:10 min

Smash: 2 min




Parallel Algorithms

Smashed Potatoes Recipe
Ingredients

20x potatoes
Instructions

1. Peel

2. Boil
3. Smash

Total time: Total time: Parallel time:
32 minutes 32 =2 47 minutes 13 2 9 minutes

Sequential (1 cook) Parallel (20 cooks)

Peel: 20 min

N Boil: 10 min
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Smash: 2 min
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. ’ peel: 1 min
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cut: 1 min

p % N Boil: 5 min

$ Smash: 2 min
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Ism ?

Why parallel
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hy parallellsm'?
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Why parallellsm'?

1. Necessary in a digital world which
produces data at massive scale

2. Supported by hardware
3. Increasing number of CPU cores
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Input:
values

Output:
matches

L

All Nearest Smaller Values (ANSV)

11 22 15 27 31 34 17 29 35
7 11 11 15 27 31 15 117 29
\ 15 14 17 17 17 14 14 14
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Previous Results

ANSYV algorithms Total time

Sequential 0(n)

Naive parallel O(nlogn)

Parallel time
0(n)

O(logn)

Implemented
Yes

Yes
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Previous Results

ANSYV algorithms Total time Parallel time
Sequential 0(n) 0(n)
Naive parallel O(nlogn) O(logn)
Optimal parallel
Berkman, Schieber & Vishkin 1993 O(TL) O(IOg Tl)
Heuristic parallel 0 (n tog) 0(log? n)

Blelloch, Shun & Zhao 2011-2014

Implemented

Yes

Yes
=Nec Yes

Yes

The All Nearest Smaller Values Problem Revisited

in Practice, Parallel and External Memory
Nodari Sitchinava and Rolf Svenning - SPAA24
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The External Memory Model

Motivated by the principles of spatial and temporal locality

CPU

Operations: +,-,*//,...

Read/write c‘el/v

Memory

Number of CPU operations

Complexity of sorting: O(NlogN)

CPU + Internal Memory M

—/I/'O: read/write block of B elements

External Memory

Number of I/Os

N N
0 <§ log% E)
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Persistent Data Structures _-

(A Time Machine for Data)

External Memory

Data Structure: Persistence:
Store data to support efficient update and query data (Driscoll et al. 1986)
Example: B-tree _ Insert(x) Search(x) Ephemeral  Partial persistence Full persistence
(by Bayer and McCreight 1972) Delete(x) Range(x,y) > -
V1
B-tree I

(Query & update)

- =

211 22 27 43 v

N— 1
/ \ Uy
0111347101214 120212324140 41 42 || 44 47 I

Output 24

“largest value smaller than 25” - \1;/
&6/ J

Search complexity proportional to height: [ Quew:md update ) | Upd:lte ]
O(logg N) 1/Os
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Persistent Data Structures

(A Time Machine for Data)

Can we develop more
efficient persistent B-trees?

23



Persistence

Persistence <~ Geometry

External Memory

= . version

Partial persistence \ Also worl_<s for sert(2)
DELETE(5) 14 1 o full persistence
DELETE(2) 13 + ° Delete(7)
INSERT(3) 12 1 Insert(6) Insert(5)
DELETE(7) 11 ¢ o 3) Delete(7)
DELETE(4) 10 + Insert(5)
INSERT(6) 91 I .
INSERT(4) 8 1 Insert(3)  Insert(6)
DELETE(3) 71 I @ o )
INSERT(3) 6 T f--&-----14------ -- 0 Range(2,8,vy) @)---4- _T —————— I --------
INSERT(5) 51 . ®)
DELETE(6) 4 (... Search(s,v,) Q
INSERT(7) S Rt EEE R P-»---v3={2,6,7} § F_I_m__ j
INSERT(6) 2 | 5 [
INSERT(Q) 1+ . 9 «o————]

ol & T

= value

123456789
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Partitioning the plane

1. Partition the plane into rectangles
storing R = 6(Blogg N) segments.

2. Answer queries by finding relevant
rectangles.

3. Rectangles storing 6(R) spanning
segments.

4. Updates trigger rectangle rebalancing  version

Highly non-trivial for full persistence

772 )
e } value
\"/ /A 77/,

25



Partitioning the plane

1. Partition the plane into rectangles
storing R = 6(Blogg N) segments.

2. Answer queries by finding relevant
rectangles.

3. Rectangles storing 6(R) spanning
segments.

4. Updates trigger rectangle rebalancing  version

For partial persistence only topmost
rectangles are updated

value
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Our Results

Query Update
Ephemeral
Bayer & McCreight 1972 O(loggN + K/B) 0 (loggN)
Brodal & Fagerberg 1 . B¢-tree (buffers)
2003 O(loggN, + K/B) 0 (\/—ElogBNv)
T ¢
Partial persistence f I I ‘ J i
Arge et al. .
Brodal, Rysgaard, Svenning 1 . ¢ 0 I
5005 0(loggN, + K/B) 0 (logsNy) I . : I

value

*fore = 0.5



Our Results

Query Update
Ephemeral
Bayer & McCreight 1972 O(loggN + K/B) 0 (loggN)
Brodal & Fagerberg 1 .
2003 O(loggN, + K/B) 0 (\/—ElogBNv)
Partial persistence
Arge et al.
5003 0(logsN, + K/B) 0(logsN,)
Brodal, Rysgaard, Svenning 1 .
5005 0(loggN, + K/B) 0 (logsNy)
Full Persistence
Lanka & Mays
roo1 0((logsN, + K/B) logg N,) 0(log3N,,)
Brogglﬁt al. O(loggN, + K/B) O(loggN,, + log, B)
Brodal, Rysgaard, Svennin
3093 9| 0(logsN, +K/B) 0(loggN,)

*fore = 0.5

version list

EHHHHHDHHH

|
|
! o
|
|
|
! L)
|
|
,—O

| T

= value

version

1 23456789

T T T‘

. S

T

f value
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Our Results

Query

Update

Ephemeral

Bayer & McCreight 1972

O(loggN + K/B)

0(loggN)

Brodal & Fagerberg
2003

O(loggN, + K/B)

0 (\/%logBNv)*

Partial persistence

Arge et al.
5003 0(loggN, + K/B) 0(logsN,)
Brodal, Rysgaard, Svenning 1 .
5005 0(loggN, + K/B) 0 (logsNy)
Full Persistence
Lanka & Mays
roo1 0((logsN, + K/B) logg N,) 0(log3N,,)
Brodal et al.
2014 O(loggN, + K/B) O(loggN,, + log, B)
Brodal, Rysgaard, Svennin
3093 9| 0(logsN, +K/B) 0(loggN,)

*fore = 0.5

Previous state-of-the-art adapted the general
transformation for persistence by Driscoll et al. 1986.

To improve, we embraced the geometric view of
persistence.
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Point Location

32

-trees.

value

Persistence < Point Location
Point location was used for persistent B
Also had to support updates to regions

version

Build a data structure supporting
Given point with (x,y) coordinates

find the region that contains it
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Convex Hull Peeling

Define the sensitivity o(u) of a point u to be how much
the area of the convex hull decreases when removing u.

Motivation: high sensitivity = outlier

Repeat n times:
Delete point with largest sensitivity

Previously explored in a similar setting:
— Eppstein et al. (1992): 0(n?logn + (n — k)3)
- Atanassov et al. (2009): 0(nlogn + (3¥)(3k)*n)
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Contiguous Art Gallery

Art Gallery Variants
Classical (interior guarding)
Boundary guarding

Contiguous Art Gallery

Practically feasible to solve
instances with > 2000 vertices.

NP < 3R € PSPACE

AR-complete (Abrahamsen et al. 2021)
AR-complete (stade 2025)

0(n®logn) (Biniaz et al. 2025)

Boundary

Contiguous
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