
List Order Maintenance
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Insert(D,I) Build data structure
Insert(x,y) Insert y after x
Order(x,y) Returns if x is to the left of y

Monotonic List Labeling
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Insert(x,y) Insert y after x
x y Each node an integer label

Relabel nodes on insertion
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Density Maintenance
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gap O(1)
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File

Insert(i,x) Insert x at postion i Shift elements on insertion
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Amortized O(log2 n) Density Maintenance
Threshold τ = 1/(2log n)
Level i node overflows if density > 1‐i∙τy
Insert redistribute lowest non‐overflowing ancestor
⇒ a child requires τ fraction insertions before next overflow

i d i i l l / O(l 2 )

level

⇒ amoritzed insertion cost = #levels ∙ 1 / τ = O(log2 n)
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Amortized O(log2 n) Density Maintenance
Threshold τ = 1/(2log n)
Level i node overflows if density > 1‐i∙τy
Insert redistribute lowest non‐overflowing ancestor
⇒ a child requires τ fraction insertions before next overflow

i d i i l l / O(l 2 )

⇒ List Order Maintenance

level

⇒ amoritzed insertion cost = #levels ∙ 1 / τ = O(log2 n)

redistribute
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Amortized O(log n) List Relabelings
Level i node overflows if density > (2/3)i

Insert redistribute lowest non‐overflowing ancestorg
⇒ ≤ log4/3 n levels ⇒ max label 2log4/3 n ≤ n2.41

⇒ a child requires 1/2 fraction insertions before next overflow
⇒ amoritzed insertion cost = #levels ∙ 3 = O(log n)

level

⇒ amoritzed insertion cost #levels  3  O(log n)

2/3 → 1/2 + ε implies max label n1+O(ε)
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Amortized O(log n) List Relabelings
[P Dietz D Sleator Two algorithms for maintaining order in a list ACM Conference on Theory of Computing 365 372 1987][P. Dietz, D. Sleator, Two algorithms for maintaining order in a list,  ACM Conference on Theory of Computing, 365‐372, 1987]

1 2 4 5 7 8 9 12 15 17 18 19 21 23

i       wi = 12 ‐ 8

2i        w2i = 18 ‐ 8

i = 1
while w2i ≤ 4 ∙ wi do2i i
i = i +1

Relabel uniformly ”2i area”

Only relabels to the right
Relabeling area k : w =Ω(k2)
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Relabeling area k : wk = Ω(k2)
Requires labels mod O(n2)



Monotonic List LabelingMonotonic List Labeling
O(log N) easy insertions

N0
0 32 48 56 64 256128 19260

x

N0

Insert(x,y) Label y = (left + right)/2
x y

⇒ Can perform log N insertions without relabeling
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Amortized O(1) List Order MaintenanceAmortized O(1) List Order Maintenance

Amorti ed O(log2 n)
top‐tree of size ≤ n/log2 n

1 2 4 5 7 8 9 11 12 15 17 18 19 21 23

Amortized O(log2 n) 
Density Maintenance

the list
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...

the list 0 8 16 0 4 12 0 5 15 0 2 14

two‐level bucket of degree [log n..2log n] and keys [0..n2]

Insertion
– create and label new leaf
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– split nodes of degree > 2log n and relabel with gap n
– insert in top tree
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– split nodes of degree > 2log n and relabel with gap n
– insert in top tree
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x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 xn...


