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Abstract

We present a unified development of the call-by-
name and call-by-value big-step semantics for standard
evaluation, normalisation-by-evaluation, and stack-
based evaluation a la ZINC and Krivine’s Machine.
We show, in particular, i) how the normalisation-
by-evaluation theorem amounts to a natural refine-
ment of type soundness within the two-level frame-
work used to represent that particular technology, ii)
that normalisation-by-evaluation and stack-based eval-
uation seamlessly integrate, in the sense that their
combination conservatively extends both the originating
technologies in the same way that each of them con-
servatively extends standard evaluation, and, perhaps
most interestingly, i) that both call-by-name and call-
by-value mnormalisation-by-stack-based-evaluation can
be optimised to mot be subject to the normal ad-
ministrative overhead of evaluation deriving from the
use of closures, i.e., to be closure-free.  Related
to ii), we show that one type-soundness proof com-
bined with the conservative-extension results suffice
to establish type soundness for standard evaluation,
normalisation-by-evaluation, stack-based evaluation, as
well as their combination. In our development, we di-
rectly prove type soundness for normalisation-by—stack-
based-evaluation but we conjecture that it is possible to
improve the conservative-extension results to make it
suffice to prove type soundness of standard evaluation.

1 Introduction

When implementing a functional programming lan-
guage, a main obstacle to speedy execution is the lan-
guage’s higher-order nature that sees functions consid-
ered as first-class terms, for example in the A-calculus.

e ==z | \xe | ee
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As presented, functions may be passed as arguments
and, while computation obviously may be possible in
many places in most kinds of program, functions-as-
arguments means that computation needs in a func-
tional program, i.e., redexes, may in fact be newly cre-
ated essentially anywhere. If implemented naively, i.e.,
as reduction, computing with functions-as-arguments
would therefore be extremely expensive because we
would need to repeatedly and exhaustively search for
redexes to contract and, when one has been found, we
would need to exhaustively search for the places where
the argument should be substituted into. Instead of
implementing full reduction relations, it is therefore
standard to implement merely the evaluation part of
a reduction relation.

1.1 Evaluation

To evaluate means to only consider redexes at the
outermost level of a term, so to speak. Evaluation has
the dual benefits (i) of eliminating the need for redex-
searching because only pre-determined positions are
considered contractible and (ii) of postponing substi-
tutions — through the use of threaded environments, p
— until the target itself is being evaluated. The trade-
off is that terms, see e above, yield run-time values, r,
rather than terms, when evaluated.

k == (x,e,p)
t ou=lep]
r == k | error

We use k and t to range over closures and thunks, re-
spectively. Closures record an evaluation state that has
been aborted because an abstraction does not contain
any “outermost” redexes. Thunks record suspended
computations in a more general sense. The constant
error is used to account for attempted computation
that is not well-defined, i.e., a run-time error. For many
programming languages, run-time errors are unaccept-
able and types, see Figure 1, are frequently introduced
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Figure 1. Implicit simple typing for the \-calculus — o is a ground type, I'{z — 7} is the function T
extended with/shadowed by the mapping of = to 7.

p: VN — {t}

px)=1[e',p] eval"(e',p)=r

eval(z,p) =1 eval”(A\z.e, p) = (z,¢e, p)

eval”(e1,p) = (z,e,p')  eval”(e,p'{zr—e2, p]}) =7

eval”(e1 e, p) =T

z ¢ Dom(p) eval™(e1, p) = error

eval”(z, p) = error  eval”(ej e2, p) = error

Figure 2. Big-step semantics for CbN-evaluation

to prevent them. For example, it is customary, as we We also note that all errors are explicitly accounted for

do here, to prove a type soundness result that implies in the following sense.

that error cannot be yielded from well-typed starting

points because error itself is not typable. Proposition 2 (Quasi-totality) If, for s € {n,v},
When doing evaluation, more than one strategy for eval®(e, p) is undefined, the evaluation of e relative to

finding the next redex to contract is possible. For ex- p does not terminate.

ample, Figures 2 and 3 recall the big-step semantics
for call-by-name (CbN) and call-by-value (CbV) eval-

uation of the A-calculus, respectively. The main dif- in Figures 2 and 3.

ference between the two is their treatment of the ar- The proposition, in other words, rules out that eval®
gument in the application case, which results in the may be undefined because no rule can be applied to
indicated differences in their use of environments. For a particular combination of arguments, i.e., that un-
CbV, arguments are evaluated before being passed to caught error situations exist.

the applied function, which means that the environ-

ments, p, store closures, k. For CbN, arguments are 1.2 Stack-Based Evaluation

passed to functions as they are and environments thus
store thunks, t. With this, we can note that evaluation
will yield at most one result for a given term, environ-
ment pair.

Proof The case-splitting (over e and p) is exhaustive

Refining the standard notion of evaluation, we can
consider states of the form (e, p,d) with a term, e, to
be evaluated in the context of an environment, p, as

well as a stack, 4. The new feature, the stack, is used

Proposition 1 (Well-definedness) eval®(—,—) s

functional, for s € {n,v}. term that is being evaluated.

Proof The case-splitting (over e and p) is non-
overlapping in Figures 2 and 3. O ((eey)ea, p,0) = (e,p, 0 -as-ay)
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to maintain the application context (or spine) of the



plz) =k

p: VN — {k}

eval’(z,p) = k

eval’(Az.e, p) = (z, e, p)

eval’(e1,p) = (z,e,p') eval’(e2,p) =k eval’(e,p'{x—k}) =7

« ¢ Dom(p)

eval’(e1 e2,p) =71

(eval’(e1, p) = error) V (eval’(e2, p) = error)

eval?(z, p) = error

eval’ (e ez, p) = error

Figure 3. Big-step semantics for CbV-evaluation

The a;’s are the values denoted by the arguments, e;,
under p and an empty stack, and J - as - a1 is the stack
obtained by pushing on the values in the order they
are encountered, i.e., outermost-first. When the stack
is empty, the evaluation step for an abstraction remains
unchanged: a closure is built and returned. When the
stack is non-empty, however, evaluation can directly
bind the abstracted variable to the top element of the
stack, i.e., the last encountered argument.

(Ax.e,p,0-a) — (e, p{x—a},d)

In the non-empty stack case, several administrative
steps are thus avoided. Consider, for example, the fol-
lowing stack-based evaluation sequence.

((()\acl ./\,Tg.eo) 61) €2, P, 6)

—

((A\x1.\x2.€0) €1, 0,0 - a2)
(Ax1.Az2.0,p,0 - az - ay)
(Axz.eq, p{x1—a1},0 - az)
(

N
N
= (eo, pler—ar{wa—az},d)

Stack-free evaluation, on the other hand, will build,
return, and unpack (in close succession) the following
two closures: (x1, Aza.eq, p), (x2, €0, p{T1—0a1}), in ad-
dition to performing the work described above. While
not uniform, the additional overhead of maintaining a
stack is typically paid for by the lower administrative
overhead of closures and the reduction in backtracking
within the evaluation function, and stack-based evalua-
tion typically results in increased evaluation speed. We
will define stack-based evaluation formally in Section 3.

1.3 Normalisation by Evaluation

Normalisation by Evaluation (NbE) has, as the
name states, the effect of fully normalising terms.
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This should be contrasted with standard evaluation
technology that yields closures as results, rather than
(normal-formed) terms. NbE employs standard evalu-
ation machinery but, in addition, relies on a canonical
mechanism for supplying function-typed objects with
a generic argument that allows evaluation to continue
when it would otherwise stop. NbE works by distin-
guishing between “semantical” objects, which include
the terms we ultimately are interested in normalising,
and “syntactical” normal forms, which will be the com-
putation results.! For variables, we let 2 and y divide

VN

Wm ﬂMy = @
VN, UVN, = VN

And, for terms, we consider two levels in the following
sense.

e n= x| Ar.e | eQe
| d

¢ == Ay.c | body d
| e

d == y | dQc

The terms consist of a full, overlined copy of the A-
terms: e, the “semantics” as it were, and an under-
lined copy of “syntax”: ¢, which amounts to long
B(n)-normal forms, A€ # " at type 7 [1]. For con-
venience, we shall sometimes ignore the distinction
between the syntactic sorts ranged over by ¢ and d
(i.e., syntactic constructors and deconstructors, respec-
tively).

b == ¢ | d

1The terminology refers to a particular NbE application,
namely de-compilation.



As shown in [2], these terms lend themselves to a nat-
ural presentation of NbE when constrained by a corre-
sponding two-level type system enforcing that the over-
laps between the term-sorts ranged over by e, ¢, and d
are at ground type, see Figure 4.

eGKNbE sdef I ;O err
ceC ¥ FIM.Osc:T
deD <t FAN.T;ed:T
beB, &% beC UD,

The ground-type restriction on the body-construct
guarantees long G(n) normal formedness of the under-
lined level. The ground-type restrictions on d in e and
e in ¢ are what ultimately guarantee that we perform
normalisation as they prevent (higher-typed) closures
— that can contain outstanding inner computation —
from being first-class objects in a general sense. The
fact that we perform normalisation amounts to the
property that an underlined term contains no over-
lined syntax, i.e., that a term is equal to the underlined
embedding, L—_, of the standard A-term obtained by
stripping away all lining, || — ||

beB, <% beB Ab=1L|b]|u

LALOHS B(U)J — EijT

Proposition 3
The technology that ensures that the terms above can
be used for NbE are the following two functions, i.e.,
the canonical type-indexed coercers between the two
considered term levels.

Proposition 4 (Reify, Reflect) Defined as follows,
17 and T are total, computable functions on T and
they send well-typed terms to well-typed terms, as pre-
scribed.

17 KTNbE —C. (aka reify)
e = e
Immme = dyl™ (e@(lr,y)  (fory €FV(e))
1+ + D, — KTNbE (aka reflect)
Tod = d
Trmd = Xols, (d@(I72)  (for o € FV(d))

Proof |~ and T_ are defined by structural recursion
over the (well-founded) inductive data-type of 7, which
means that they are total, computable functions by
construction. The type-preservation property follows
by a straightforward rule induction in the definition of
|7 and T_. (I
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Informally speaking, reify and reflect wrap their
term arguments in a term context that is uniquely
determined by the type argument in such a way that
the result exists in the other term and typing level.
As defined, the term arguments to reify and reflect are
not changed, or even copied or discarded.

If we define "—"" to completely overline an ordinary
A-term, || — || to strip off all lining, ™ (Z) to denote (-
)closed terms, eval(—, —) to be evaluation, and L to be
the empty environment, we can describe the workings
of NbE as the commutation of the following diagram,
with the dashed arrow being (inferred) normalisation,
as guaranteed by the structure of the target domain.

R l‘l’l_ L

AT—>é

T

l” eval(—, 1) |
normahsatlon Y

Alons B(n)

The key to understanding the diagram lies in the fact
that evaluation, when constrained by 17 T="1 removes

any and all overlined objects from C -, as we shall see
in Section 4. Ultimately, this is so because there are
no closed, normal-formed terms of ground type and be-

x
cause all overlined content of a C_-term by construction
is closed and of ground type at the outermost.

1.4 The Big Picture

Having recalled most of the known technologies we
use, we rephrase the abstract’s item ii) in Figure 5, to
serve as our general roadmap.

2 Evaluation

This section introduces the basic formal framework
we employ in the paper. It will be done in the con-
text of the standard, stack-free evaluation mechanisms
for the A-calculus, see Figures 2 and 3. The core tech-
nical concepts we need are those of value typing and
soundness, from which we are able to conclude (mini-
mal) correctness fairly straightforwardly. We state the
soundness result for (standard) evaluation although, as
stated earlier, we shall not prove it in a stand-alone
manner. Instead, it will follow from our formal treat-
ment of NbSE, see Appendix B.

2.1 Value Typing

We saw that evaluation should be properly thought
of as computing on states rather than on terms. We
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Figure 4. Simple, two-level types for an NbE \-calculus — the left column types the “semantics”, the

right the “syntax”

therefore extend simple typing to environments and
their content: thunks and closures. In other words,
we define value typing (by a triple induction, anchored
in simple typing of terms).

Definition 5 Simple value typing, =", is defined in
Figure 6.

Writing f£> for the complement of =", we state an
immediate consequence of the definition.

Proposition 6 [£” error: T
2.2 Soundness

The main technical result we establish for the var-
ious evaluation mechanisms is (type) soundness. It
states an equivalent property to that of subject reduc-
tion for reduction relations, namely that types are pre-
served by computation. The result employs value typ-
ing, which, in fact, has been introduced for this exact
purpose. Soundness states that a well-typed term with
a correspondingly value-typed environment will result
in a similarly value-typed result, provided evaluation
terminates.?

2We stress that termination means that evaluation yields an
arbitrary run-time value, r. Insisting on the more restrictive
possibility that a closure, k, is yielded would prevent us from
obtaining any useful kind of correctness property from sound-
ness, see Theorem 8.
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Lemma 7 (Soundness) Let s € {n,v}, see Fig-
ures 2 and 3.

I>e:7AEPp:T A eval®(e,p) =7

|2
EXorr

Proof See Appendix B.1. O

Apart from functioning as a basic sanity check, the
lemma also plays a part in establishing correctness of
evaluation, as we shall see next.

2.3 Error-Freeness

The notion of correctness we concern ourselves with
is minimal in nature and addresses neither termination
nor preservation of afn-equivalence up to environment
actions (although these properties, of course, would be
relevant for separate reasons and, indeed, do hold). In-
stead, we focus narrowly on what we can derive from
soundness, namely that well-typed computation “does
not go wrong”. For the ensuing notions of evaluation,
we shall see that this notion of correctness becomes
gradually more interesting.

Theorem 8 (Error-Freeness) Let s € {n,v}, see
Figures 2 and 3.

l>e:7 = eval’(e, L) # error

Proof By Proposition 6 and Lemma 7. (]



Closure-free NbSE

1

Normalisation by
stack-based evaluation

e

S

Stack-based
evaluation

™

Normalisation by

Evaluation

Standard

evaluation

Figure 5. Normalisation by stack-based evaluation as a conservative extension, —, of stack-based
evaluation, Normalisation by Evaluation, and standard evaluation, plus the derivation, —, of closure-

free NbSE
E”p:T ! {
> le,p] i 7
E” (z,e,p): T

ey de Dom(p) = Dom(I") A
Vz € Dom(p). E” p(x) : ['(z)

it P EP )T ATDe: T

sl P EP p T ATD Aze: T

Figure 6. Simple value typing

The inequality in the theorem, #, is the comple-
ment of equality, which means that the result allows
for eval®(e, L) to be undefined. With the explicit,
non-value-typable error run-time value to compare
against, the above result implies that we can charac-
terise what correctness means in terms of the behaviour
of the evaluation functions.

Proposition 9 (Digest) Well-typed evaluation will

o yield a closure when applied to the function posi-
tion of an application (if it terminates) and, more
generally,

e not yield error from any sub-computation, and,
finally,

e bind any encountered variable in the associated en-
vironment.

Proof Theorem 8 juxtaposed with the rules that
generate and propagate error in Figures 2 and 3. [

3 Stack-Based Evaluation

In this section, we account for stack-based evalua-
tion in terms of the formal framework we outlined in
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the previous section. The definitions of the relevant
call-by-name and call-by-value big-step semantics are
recalled in Figures 7 and 8, respectively. It is inter-
esting to note that, as a result of the “optimisation”
of their use of closures, these two mechanisms have
one less error-rule each compared to the correspond-
ing mechanisms for standard evaluation, see Figures 2
and 3, respectively.

Proposition 10 (Well-definedness)

Seval®(—, —, —) is functional, for s € {n,v}.

Proof The case-splitting is non-overlapping in Fig-
ures 7 and 8. (]
Proposition 11 (Quasi-totality) I, for

s € {n,v}, Seval’(e,p,0) is undefined, the evalu-
ation of e relative to p and 0 does not terminate.

Proof
and 8.

The case-splitting is exhaustive in Figures 7
O

3.1 Type Theory

In order to address typing in the presence of a stack,
we note that the considered evaluation mechanism im-



p: VN — {t}

p(x) =[¢/,p']

0 n=¢e|d-t

Seval”(e',p',8) = r

Seval™(z, p,8) =1

Seval” (e, p{z+>t},0) =7

Seval” (Az.e, p,€) = (z, ¢, p)

Seval"(Az.e,p,é-t) =7

Sevaln(617p7 g [627p]) =r

Seval”(e1 ez, p,0) =1

« ¢ Dom(p)

Seval™ (z, p, §) = error

Figure 7. Big-step semantics for stack-based CbN-evaluation

p: VN — {k}

p(z) =k

p(.’E) = <$/, 6/7 pl>

0 n=c¢€ | d-k

Seval”(¢’, p'{z'+—k},6) = r

Seval’(z, p,e) =k

Seval’(z,p,0 - k) =r

Seval’(e, p{z+—k},0) =r

Seval”(Az.e, p, &) = (z, e, p)

Seval’(e2, p,e) = k Seval”(e1,p,d-k) =7

Seval’(Az.e,p,0 - k) =7

« ¢ Dom(p)

Seval”(e1 e2,p,0) =1

Seval®(ez, p, €) = error

Seval’(z, p, §) = error

Seval’(e1 ez, p, §) = error

Figure 8. Big-step semantics for stack-based CbV-evaluation

plements a sort of uncurrying that is not explicitly cap-
tured by the traditional type system for the A-calculus,
see Figure 1. Instead, we can introduce the obvious no-
tion of stack type, as a stack of types, see Figure 9: A,
as well as notation for the type of a function that can
be applied to a stack: A = 7. We write € for the empty
stack type, A -7 for the stack type obtained from A by
pushing 7 on the top, 7 as short-hand for ¢-7, AA’ for
the “stacking” of two stack types, and, finally, we use
A.i to denote the ith element of the stack type, e.g.,
(A-7).1 =7. We use ¢ to denote an actual stack with
essentially the same notation as for stack types. The
notation A = 7 is defined inductively over stack types
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as follows.

e=>7 =% 7

(A-m)=mn = 14 - (A=mn)

A term will be stack-typed relative to a (term) en-
vironment, I, and a stack type, A, resulting in typing
judgements of the following form, see Figure 9:

F'Ase:T

The above e is meant to produce a value of type T
when encountered in a context with arguments of type
A on the accompanying stack. When not all arguments
to a given function are supplied and the function it-
self is passed on as an argument, we pack the stack
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Ma—n}|A>e:n

NMe—71lle>z:T

T|A-me>er:m Dle>er:m

LA 71> Aze:m

Ile>e:A=rT

FAse:r

(code)

T|A>erex: 71

FA>e:r
(abs)

Fle>»e:A=r1

Figure 9. Simple stack-based typing

type into an ordinary function type with the use of the
(abs)-rule in Figure 9. In turn, the (code)-rule in the
figure is intended to be used to unpack an ordinary
function type to a stack type when a function that has
been supplied as (a higher-order) argument is about to
be applied. Intuitively, stack-typing is a concise way
of differentiating the dual roles of abstractions as first-
class objects: as code that can be executed and as code
that is treated as data. The preceding discussion, how-
ever, suggests that, from a technical perspective, the
use of stack types is inconsequential. In other words,
and more formally speaking, we have that stack-based
and simple typing are equivalent.

Lemma 12 See Figures 1 and 9.

'be:A=7 & T|A>e:T
Proof Straightforward rule inductions. O

The result implies that stack-based typing is a con-
servative extension of simple typing.

Corollary 13 See Figures 1 and 9.
F'be:7 & Te>e:T

As for value typing, we can straightforwardly adapt
Definition 5 to address stack types and to pertain to
stack-based typing more generally.

Definition 14 Stack-based value typing, =%, is de-
fined in Figure 10.

Proposition 15 ™ error:r

Unsurprisingly, perhaps, we have that also value
typing for the simple and the stack-based disciplines
coincide.

Lemma 16

(£ p:T & E®pil)
(F= lespl:7 = EZ[ep]:7)
(E" (z,e,p):7 & EP (z,e,p) :7)

A
A
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Proof  Straightforward triple rule inductions, using
Corollary 13. O

3.2 Operational Semantics

While it was straightforward to show that standard
and stack-based (value) typing coincide, it is a bit
more subtle to establish a connection between evalu-
ation with and without a stack. The required lemmas,
as it turns out, are the following two “continuation”
properties for stack-based evaluation in the cases of
computation failure and success, respectively.

Lemma 17 Let s € {n,v}, ¢f. Figures 7 and 8.

Seval®(e, p,d) = error = Seval®(e, p,§'d) = error

Proof By rule induction in Seval®. O

Lemma 18 Lets € {n,v} andletl® bet in case s =n
and k in case s = v.

Seval®(e, p,0) = (z, eg, po)

A Seval®(eg, po{z—1°},e) =7

I

Seval®(e, p,1%6) =r
Proof By rule induction in Seval®. The cases where
the stack is not e follow by trivial invocations of the
L.H.. The cases with £ can be simulated by the corre-

sponding rule with a non-empty stack, by assumption.
O

With these properties in place, we can show that

stack-based evaluation is, indeed, a conservative ex-
tension of standard, or stack-free, evaluation.

Lemma 19 Let s € {n,v}, ¢f. Figures 2, 3, 7, and
8.

eval’(e,p) =r = Seval’(e,p,e)=r
Proof By straightforward rule inductions in eval®,

using Lemmas 17 and 18 in the application cases. [
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Dom(p) = Dom(I") A

Vz € Dom(p). E® p(x) : ['(z)

8] = |A| AVie{1,...|8]}. EZ 6.i: A
A.EZp:T AT |e>e:T
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Figure 10. Stack-based value typing

We stress that the above property involves an r,
rather than just a k, which means that no errors are
introduced or overcome by the use of a stack (except
for any non-terminating cases). More generally speak-
ing, the lemma establishes that the considered stack
correctly implements evaluation’s argument-passing
mechanism. The converse implication in the lemma
also holds (and makes up half of the conservative-
extension property) but we shall not need it and, as
its proof requires the introduction of non-trivial for-
malism, we shall not pursue the matter.

3.3 Soundness and Error-Freeness

In analogy with standard evaluation, we can also
show that stack-based evaluation is sound and correct
in the limited sense of being error-free.

Lemma 20 (Soundness) Let s € {n,v}, see Fig-
ures 7 and 8.

FAs>e:TA E® p:T

AN E® §:A A Seval®(e, p,d) =7
3
E® T

Proof See Appendix B.2. a

Theorem 21 (Error-Freeness) Let s € {n,v}, see
Figures 7 and 8.

Lle>e:7 = Seval®(e, L,e) # error

Proof By Proposition 15 and Lemma 20. 0

Proposition 22 (Digest) Well-typed  stack-based

evaluation will
e not yield error from any sub-computation,

e bind any encountered variable in the associated en-
vironment, and

o return with an empty stack, when terminating.
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Proof For the first two properties, juxtapose The-
orem 21 with the rules that generate and propagate
error in Figures 7 and 8. For the last property, ob-
serve that the non error-yielding axioms in Figures 7
and 8 specify an empty stack and that the other non-
error rules merely yield as result something that was
yielded further up. ]

4 Normalisation by Evaluation

In this section, we briefly revisit Section 1.3 and [2]
to state the relevant formal results for NbE in the style
of the previous sections.

4.1 Type Theory

We first present the relevant notion of NbE value
typing, where we note that free (underlined) ys are fully
acceptable because, as syntax, they will be considered
immutable at the operational, i.e., overlined, level.

Definition 23 NbOFE wvalue typing, =™, is defined in
Figure 11.

Proposition 24 TII £™ error:7 A IT ™ errorr

Secondly, we show that also NbE typing is a conser-
vative extension of standard simple typing.

Lemma 25 See Figures 1 and 4.

I'be:r & Il le'tr
Proof By straightforward rule inductions. O

With this, we can show that NbE and standard value
typing are equivalent.

Lemma 26

(E>p:T & LE®TpID) A
(E5 [l ir & LE®[enmplin) A
(E® (zye,p):7 & LE®(z,"e,TpN 1)
Proof By straightforward triple rule inductions, us-
ing Lemma 25. (I
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MEY (z,e,p) 77 <% INIME® piD AT Azer

Figure 11. NbE value typing

eval®(y,p) =y

eval®(d, p) = d'
P

p is a function from VN, whose range is determined by the specific £

eval® (¢, p) = ¢

evaulg(c7 p)=c

eval® (\y.c, p) = Ay.¢

E(e,p) =q*

eval®(dQe,p) =d' @<

(eval?(d7 p) = error) V (cvaulg(c7 p) = error)

eval® (e, p) = ¢

ovalg(c7 p) = error

evalf(gy.c, p) = error

Ele,p) =k

eval® (d@c, p) = error

eval?(e, p) = error

Figure 12. Big-step semantics for syntactic pass-through to semantic evaluation £; formally speak-
ing, a renaming environment for ys is needed to avoid variable-capture (within p) in the abstraction

rule

4.2 Operational Semantics

The operational semantics of NbE is two-sorted to
reflect the two levels of terms we recounted in Sec-
tion 1.3.3 Evaluation of the underlined, or “syntacti-
cal”, level is basically the identity function as syntax,
naturally, is immutable as far as semantical evaluation
is concerned. Figure 12 presents the details.

Proposition 27 (Well-definedness) ev_alg(—, -)
is functional, provided & 1is.

Proof
figure.

The case-splitting is non-overlapping in the
O

Proposition 28 (Quasi-totality) If evalz(b, p) s
undefined, some invocation of £ does not terminate.

3Strictly speaking, the terms are three sorted, which means
that so is evaluation. However, we largely suppress the distinc-
tion between ¢ and d and consider just one syntactic sort, b.
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Proof
and each recursive call of eval® is on a proper sub-

The case-splitting is exhaustive in the figure

term of the case term (i.e, eval® is defined structural-
recursively, modulo £). O

Before leaving syntactic (pass-through) evaluation
we note that, in order to prevent capture of free y’s
occurring in the term environments, p, we must also
thread a renaming environment, o, to be used as fol-
lows.

eval®(y, p,0) = a(y)

eval® (e, p,o{yr>2}) = ¢ 2 fresh

eval®(\y.c, p, o) = Az.c/

We suppress the details here but stress that the use
of a renaming environment is necessary.*

4If renaming is not used, Azi.z1 (Az2.x1 (Az3.x;)) will
normalise-by-evaluation to a fixed term irrespective of whether



p: VN, — {t}

p(z) =€, p]

eval (¢, p)) =71

eval (z,p) =7

eval®™?! (d, p) = ¢°

eval ' (Az.e, p) = (z, €, p)

eval'(d, p) = ¢

eval(e1, p) = (z, €', p)

eval”(¢/, p'{wr=[ez, p]}) = 7

evaln(el Qeo, p)=T

z ¢ Dom(p)

eval ' (z, p) = error

eval ' (e1, p) € {d, error}

evaln(el Qeo, p) = error

Figure 13. The NbE“"N big-step semantics (for semantics)

p i VN — {w}

p(z) = w

evaleval (d, p) = e

eval (z,p) = w

oval’(e1,p) = (m,esp) oval’(ea, p) =w eval'(¢/, g/ {msw}) =

eval (Az.e, p) = (z, ¢, p)

eval (d, p) = ¢

eval’ (e1 Qey, p)=r

z ¢ Dom(p)

(eval’(e1, p) € {d, error}) V (eval’(ez,p) = error)

eval’ (z, p) = error

—
eval (e1 Qeg, p) = error

Figure 14. The NbE“"V big-step semantics (for semantics)

Unsurprisingly, the run-time values for the overlined
NbE big-step semantics, see Figures 13 and 14, include
underlined syntax as constants alongside closures:

q == b | error
w = k| d
r u= w | error

As seen, we retain r for semantic run-time values
and use ¢ for syntactic run-time values and ¢ when
we wish to disambiguate b and stress that we mean
d or error. For semantic run-time values, we use w
to denote well-defined values, i.e., what the call-by-
value big-step semantics stores in the environments.

x; is x2 or x3 — with thanks to A. Filinski.

(0]

The call-by-name big-step semantics still stores thunks.

Proposition 29 (Well-definedness) eval (—,—)
is functional, for s € {n,v}.

Proof Further to Proposition 27, we note that the
case-splitting is non-overlapping in each figure. 0

Proposition 30 (Quasi-totality) I, for
s € {n,v}, eval (e,p) is undefined, the evaluation of e
relative to p does not terminate.

Proof Further to Proposition 28, we note that the
case-splitting is exhaustive in each figure. O

The final result of this section is semantical conser-
vative extensivity (in the stronger form of equivalence)
over standard evaluation.



Lemma 31
{n,v}.
Proof By two straightforward rule inductions, in-
voking the definition of "—7 to show that the cases for
—S

eval that involve a d need not be considered. 0

Teval®(e,p)T = eval (Te™,7p7), for s €

4.3 Soundness and Error-Freeness

In analogy with the earlier evaluation mechanisms,
the results we have just presented allow us to state
soundness and minimal correctness of NbE. We trust
no further comments are necessary for the first three
results.

Lemma 32 (Soundness) Lets € {n,v}.
Dilleb:7r AILE® piT A ev_aleva1 (b,p) =q

I
ME®q: 7

A
Dyl err ATIE® pTD A eval (e,p) =7

U
OE®r:r

Proof See Appendix B.3. |
Theorem 33 (Error-Freeness) Let s € {n,v}.
Ll b7 = eval®™® (b, 1)+ error
N
Lills et = eval (e, L) # error
Proof By Proposition 24 and Lemma 32. O

Proposition 34 (Digest) Well-typed NVE will

o yield (underlined) syntax from (underlined) syn-
tax, when terminating,

e yield a closure when applied to the function posi-
tion of a semantical application (if the call termi-
nates) and, more generally,

e not yield error from any sub-computation, and,

finally,

e bind any encountered variables in the associated
environment.

As stated earlier, soundness can be used to establish
even more interesting results than the above notion
of correctness in the case of NbE. Specifically, it can
be used to establish that NbE eponymously performs
normalisation by evaluation.
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Theorem 35 (Normalisation by Evaluation)
Let s € {n,v}.

L>e:7 A ev_alevar (ITTew L)=gq

g € LALmE A

Proof The result is a special case of Theorem 49,
according to Lemma 45. O

If we had presented a direct proof of Lemma 32, we
could have noted that the b = e-case shows that no
overlined syntax can remain because a closure (as well
as error) cannot be yielded due to the ground-type
constraint, thus establishing Theorem 35. The details
of the argument are available in the combined proof of
Lemma 46 and Theorem 49 in Appendix A.

5 Normalisation by Stack-Based Eval-
uation

Having given detailed, stand-alone accounts of NbE
and stack-based evaluation, we will now combine them
as Normalisation by Stack-based Evaluation, NbSE.

This section contains very little explanatory text be-
cause the technical format we employ is known by now
and because, by construction, very few technical sub-
tleties are introduced relative to the previous two sec-
tions. We shall revisit the definitions in later sections,
to understand them better and to optimise them.

5.1 Type Theory

The new type system simply overlaps the two type
systems just considered. A typing judgement for a “se-
mantical” term, e, will thus be of the form T'|A; 1T t»
eT7 and, for a “syntactical” term, b, T'|e;TI t>> b: T
where I" and A are an environment and a stack for the
semantics, respectively, and II is an environment for
the syntax. Figure 15 gives the typing rules.

Lemma 36
NbSE/SE typing:

FNAse:7 & T|A;L»leltr

NbSE/NbE typing:
iOperr & Tglopeir) A
bt < Tlglloeb:T)

Proof By straightforward rule inductions. O



I : VN, — {7}

Me—7}HA e et

T|A - 7; 10 B Az.e T To

Tle;IIs»d:o

Dlg;II»do

NMe—7}e e zir

A= AT ¢

II: YN, —{r}

Dlg;I{y—7i} > c:

Tle;II e Ay.c: 11 — T2

Tle;IIsed:o

Tle; I s» body d : o

Tlg;II»eo

Dlg;Ii»e:o

Tg{y—T1} ey 7

DA -m;IIsper T Tlg et

DIA;TIp 1 @ep Ty

Tlg;lIspd:me— 71 Dlggllsee:m

Dg;lirerA=T

(code)

DA s»etr

Dlg;II s dQc: i

DA;IIs»etT
(abs)

P liperA=rT1

Figure 15. Simple, two-level types for NbSE

In the NbSE/NbE case, the first property is a con-
sequence of the following, more general equivalence re-
sult.

Lemma 37

Dillpe:A=7 & DA IpetT

Proof From Lemma 36, using the (code) and (abs)
rules of Figure 15. O

As we have seen, the results above carry over to
value typing.

Definition 38 NbSE value typing, =", is defined in
Figure 16.

Proposition 39 1II £ error: 7 A II £ error:
-

Lemma 40

NbSE/SE value typing:

(> p:T & LE®®Tp:)
(E>6:A & LE®T5TTA)
(F= lepl:7 & LEZ[e)TpTrT)
(F> @ep:r & LE (el )

>

7

NbSE/NbE value typing:

(IE®pT & IME®pID) A
MIE®bV:7 & HIE®b:T) A
IE®do & IEPdo) A
(ME*le,pltr & MEZ[eplir) A

(I E® (z,e,p) 7 & IE® (x,e,p)77)
Proof By simultaneous rule inductions, using
Lemma 36. g

5.2 Operational Semantics

The run-time values for evaluation in this system
are as follows.

q == b | error
w = k| d
r u= w | error

Big-step semantics See Figures 17 and 18 for the
details (and compare with Figures 7 and 8 for the orig-
inals).

Proposition 41 (Well-definedness)

Seval (=, —, —) is functional, for s € {n,v}.

Proof Further to Proposition 27, we note that the
case-splitting is non-overlapping in each figure. O



ME™ pil & { o ﬁ(élm(ﬁflﬂﬂﬁ p(z) ()
DE®6TA < | =|A|AVie{l,.. |6} TE™ 6iT A
OE®b:7 <% Ljgloeb:r
NE®dio % TE®d:o
HEZ [e,p]i7 <% FTINED pT AT|glIseelr
ME™ (z,e,p)77 <% IDIE™ pi0 AT|g e AzeTr

Figure 16. NbSE value typing

p: VN, —{t} du=c¢€|d-t

plx) =1[e',p'] Seval"(¢/,p',6) =7
Seval " (x,p,0) =

Seval (e, p{a—1t},6) =

Seval"(Az.e, p,e) = (x, e, p) Seval“(Az.e,p,d-t) =r

ialsevaln(ﬂﬂd(& Sevaln(eh p,0 - le2, p]) =71

Sevaln(el Q@ ea, p, 0)=r

p)=q"
Seval”(d, p,e) = ¢*

« ¢ Dom(p)

Seval ' (x,p,8) = error  Seval (d, p,6 - t) = error

Figure 17. The NbSEC"N big-step semantics (for semantics)

Proposition 42 (Quasi-totality) If, for Proof
s € {n,v}, Sevals(e, p,0) is undefined, the evalu-
ation of e relative to p and § does not terminate.

Proof Further to Proposition 28, we note that the

case-splitting is exhaustive in each figure. O

Conservative Extensivity Like for stack-based Lemma 45 Let s € {n,v}.

evaluation proper, we shall need “continuation”
lemmas for NbSE in order to prove conservative-
extensivity relative to the corresponding stack-free no-
tion of evaluation, viz. NbE.

Lemma 43 Let s € {n,v}, ¢f. Figures 2, 3, 7, and

NbSE/SE:

By a straightforward rule induction in
Seval® (e, p,0). As it turns out, a double induction, in-
volving also eval ™, is not necessary because the consid-
ered e cannot be a d (because a closure is yielded). O

SeValS(€7p7 5) —r = SeV&lS(re—l, V_p_|7 |—6—|) — I—'I"—‘

8. NbSE/NbE:

Seval (e, p,8) = error = Seval (e, p,8'8) = error _

Proof By a straightforward rule induction. O (ev—aleval (b,p)=q = ev—alSeval ==2) (b, p) = q)
A

Lemma 44 Lets € {n,v} andletl® bet in case s =n

and w in case s = v.

Seval’ (e, p,8) = (z, €0, po) A Seval (eo, po{z—15},e) =1

Seval’ (e, p,156) = r

(eval’(e,p) =r = Seval (e,p,e) =7)

Proof By rule inductions. For the NbSE/NbE case,
we proceed by a double rule induction, using Lem-
mas 43 and 44 for semantical application. O
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p : VN — {w}

p(x)

p(z) = (2 e, p')

0 u=¢ | d-w

Seval’ (e, p'{z' —w},8) = r

Seval (z, p,e) = w

Seval’ (z,p,8 - w) =

Seval’ (e, p{z—w},8) =1

Seval' (Az.e, p,e) = (z, e, p)

eval

Sevalv(f,f,s)(d

Seval'(Az.e,p,6 - w) =7

p)=q

Seval (ez, p,€) = w

Seval’(d, p,e) = ¢°

Seval’(e1,p,8 - w) =r

« ¢ Dom(p)

Seval” (ex @ ey, p,0)=r

p(z) =d

Seval (z, p, §) = error

Seval (z, p, 8 - w) = error

Seval’ (e2, p, ) = error

Seval’(d, p, 8 - w) = error

Seval’ (e1 Qes, p, §) = error

Figure 18. The NbSE“"V big-step semantics (for semantics)

5.3 Soundness, Error-Freeness, and NbSE

Lemma 46 (Soundness) Let s € {n,v}.

Dlgs e b7 AITEP pt T
/\ev_alSeval (—,—,E)(b7 p) =q

I
nMmEq:t
A

CA;TIsseir AITEP pIT
ATLEP® 57 A A Seval (e, p,8) =r

I

nmE»r:r

See Appendix A; the proof contains no sur-
O

Proof
prises.

Theorem 47 (Error-Freeness) Let s € {n,v}.

LligIseb:7 = ev_alseval (==9)(p, 1) # error
A

Lle;TIs» e = Seval (e, L) # error

Proof By Proposition 39 and Lemma 46. O
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Proposition 48 (Digest) Well-typed NbSE will

e never abandon a non-empty stack, even when re-
turning,

o yield (underlined) syntaxz from (underlined) syn-
tax, when terminating,

e bind any encountered variables in the associated
environment, and

e not yield error from any sub-computation.

Theorem 49 (NbSE) Let s € {n,v}.

L>e:7 A ev_alseVal (7’7’8)@7 Fel, 1)=gq
¢

g€ LA P

Proof See Appendix A; the proof piggybacks the
proof of Lemma 46. |

6 Closure-Freeness

With NbSE defined naively and proved correct in
the usual manner, we shall now look in more detail
at the beast we have created and, in particular, show
that the combination of NbE and stack technologies
uniquely allows us to optimise away the use of closures.



p: VN — {t}

p(z) =[e, p]

Sevalzf(e'7 p,8) = q°

0 n=¢e | d-t

Sevaly(z, p,6) = ¢°

eval™*Vs =9 (g, ) = g

Sevale (d, p,e) = q°

« ¢ Dom(p)

Sevalg (e, p{z—1},8) = ¢

Seval:f(Xx.e, p,0-t) = q°

Seval:f(eh P - [627 p]) = qd
SevalZf(el Qea,p,6) = qd

Seval ¢ (z, p, §) = error

Seval ¢ (d, p, & - t) = error

Seval ;(Az.e, p,€) = error

Figure 19. The (closure-free) NbSE "N big-step semantics (for semantics)

6.1 Call-by-Name without Closures

When using NbSE for normalisation, see Lemma 49,
all overlined CbN evaluation will natively take place
at ground type. To see this, observe that overlined
evaluation can only be initiated through the under-
lined level, i.e., at ground type (and with an empty
stack). In the case of an overlined application, CbN
evaluation will immediately address the function po-
sition, which strictly speaking means at higher type.
However, due to the presence of the stack, which is
extended with a thunk for the argument, the overall
type stays at ground type. In other words, we can
adapt naive NbSE to only consider ground-type run-
time states, see Figure 19, and, in the process, convert
Figure 17’s closure-building rule (abstraction, empty
stack) into an error-production rule that we do not
encounter with well-typed terms (at ground type).

Lemma 50 (Closure-Free Correctness)

Dlgs e b AITEP T
\IJ/ N n -~ 1n
eV_aISeval (—,—,e) (b7 p) :eV—alSGValcf(*yf,s) (b7 p)

A

A IIsrero NTEP pT ATEP6TA

I

Seval (e, p, 8) = Seval ¢ (e, p, 6)
Proof By two (separate) double rule inductions for
the left-to-right and right-to-left parts of the equalities.
All cases are straightforward I.H.-applications, except
for error-rules and the Sevauln(xgc.ap7 g)-case. These

follow, instead, by an unlisted result stating that the

scenarios in question violate the typing requirements.
O

Theorem 51 (Closure-Free CbN NbSE)
l>e:7 A ev_alsevalcf(_’_’a)(f Fel, 1) =gq

qge LALOHg 5(77)J

Proof By Proposition 4, Corollary 13/Lemma 25,
Lemma 36, Theorem 49, and Lemma 50. O

6.2 Call-by-Value without Closures

Unlike the situation with CbN, the CbV version of
NbSE does not natively restrict computation to ground
type. The difference lies in the evaluation of the argu-
ment position of an application for which no arguments
are contained on the stack that is being considered,
even if the argument term is of higher type. The rel-
evant details can be found in the application rule in
Figure 18, which (correctly) uses an empty stack, e,
for the evaluation of (the arbitrarily typed) es. The
question we are interested in now is whether we can
use a non-empty “speculative” stack instead of ¢ that
allows us to stay at ground type from an overall per-
spective.

As it turns out, forcing potentially higher-typed
semantical evaluation to be initiated at ground type
is straightforward in the present set-up. Provided
we know the type of the argument term, we can
namely evaluate it through a syntactic “NbE inter-
face”: eval (|7 es,p). Doing so will encapsulate es



by applications to reflected syntax, 1., yi, until reach-
ing ground type. This means that the actual overlined
evaluation of e we go on to perform will take place
with a stack that keeps the overall type ground. The
result of the computation is going to be a (fully) syn-
tactic long B(n)-normal form, c¢. However,

e ¢ cannot be used in place of ey because e; needs
to be applied to something semantical.

e We cannot use || ¢ || because ¢ may contain free
(syntactical) ys that we are not allowed to turn
into free (semantical) xs.

e We cannot use T, ¢ because the domain of T, is
D_ and reflecting a ¢ would ultimately break the
syntactic restrictions on the underlined level and,
with them, the results relying on those restrictions.

We will instead pursue a subtler approach that
takes advantage of the analytic properties of long 3(n)-
normal forms: any and all ground type sub-terms oc-
curs as a body.> We can, therefore, proceed as follows,
see Figure 20: traverse the term, c, recursively turning
the initial abstractions into semantical abstractions;
upon reaching a body decide whether the head-variable
is free in the overall term or not; if it is free, process
the body as syntax; if it is not free, process the body
as semantics.

Lemma 52 Let b € B, and let Sem be defined in
Figure 20.

llgsIIspb:7 = Ll s» Sem(b) T 7

Proof A straightforward double rule induction in
Synt™ and Sem™ . (|

Figure 21 shows the full definition of closure-free
CbV NbSE, where the application rule i) turns seman-
tical arguments into syntax before evaluation, to guar-
antee that semantical evaluation takes places only at
ground type, and ii) turns the syntactic result back
into semantical form before evaluation of the function
position. Lemma 52 guarantees that this is correct.

Theorem 53 (Closure-Free CbV NbSE)

Il>e:T A ev_alsevalcf(f’f’s)(lT Te, 1) =q?
I

gt € LAl B

5Note that, e.g., y1 @y2 actually amounts to y1 @ (body y2),
with y2 (of ground type) trivially occurring fully-applied in a
separate d.

Proof The result follows by the obvious adaptation
(and vast simplification from not considering closures,
value typing, etc.) of the proof in Appendix A, where
we use Lemma 52 for the required typing information
in the altered application case, rather than a direct
argument. (I

7 Conclusion

We have shown that stack-based evaluation (SE)
and normalisation by evaluation can be treated uni-
formly and that they combine cleanly as NbSE. At the
core of our presentation is a conservative-extension hi-
erarchy, Figure 5, reaching down to plain evaluation
that allows us to prove just one type-soundness result
and have it hold all the way down the hierarchy. In
addition, we note that the various NbE and NbSE the-
orems straightforwardly piggyback type soundness, in
part because of our two-level presentation of the con-
sidered language. Finally, we have shown that NbSE
can be optimised to become closure free.

The article is notationally heavy because ten (10)
different big-step semantics are defined, related, and
proved correct, but we have attempted to keep the
presentation conceptually simple. In particular, we
have used standard type-soundness issues and consider-
ations about ground typing to tie everything together.

Several issues deserve further consideration, includ-
ing the potential practical benefits of the closure-free
reduction in administrative overhead that NbSE
enables, the consequences of the fact that CbV NbSE
changes the standard CbV evaluation order by passing
fully normalised arguments into functions, rather than
closures with unevaluated bodies, and the potential
to strengthen the considered conservative-extension
results to allow type soundness to be pushed up,
rather than pulled down, the formalism hierarchy in
Figure 5. For a completed study like the one we have
presented, the main benefit of pushing soundness up a
conservative-extension hierarchy is to make the proof
development more modular. For more open-ended
investigations, pushing type soundness up is a means
to reuse proofs.

(All the defined evaluation functions are available
in ML implementation from the author. Other than
y-renaming, the implementations follow the given def-
initions literally.)

Acknowledgement We thank A.Ohori for discus-
sions about type soundness.



Sem(c)

Sem* (Ayi.c)
Sem® (body d)
Sem*(dQc)
Sem?® (y:)
Synt® (Ay;.c
Synt* (body d

)
)
Synt*(dQc)
Synt* (y:)
sldQd]
s[y]

Sem™ (c)

Az;.Sem® virTruel ()

{ Sem®(d) if ¢[d]
Synt®(d) otherwise

Sem® (d) @ Sem®(c)

Xy

Agi.SyntstveFaise) ()

{ Sem®(d) if ¢[d]
Synt®(d) otherwise

Synt* (d) @ Synt* (c)

Yi

sd]

s(y)

Figure 20. Converting open syntax to closed semantics (with open syntax inside it)

A Combined Proof of Lemma 46, The-
orem 49

The property we prove here relies on the obvious
notion of NbE value-typing of stacks, defined as follows
— it is readily seen to coincide with IT ™ § T A.

ME*6TA
sdef 5| =|A| AVie{l,...|0|} T E® 6iT A

More precisely, we prove the propety in Figure 22,
where 1) quantifications and conjunctions are in the
places they need to be for the proof to work and ii)
further to Lemmas 36, 37, and 40, we use > in place of
> because it follows the term structure closer, thereby
making a number of required arguments more direct.

We say ‘first conclusion’ to mean the first conjunct
in the inner-most conclusions and likewise for second.
We note that in order to establish the second conlusions
in the CbV case, value-typing of environments must be
extended with the clause (Vb.w = b = w € B)), for
each value, w, in the environments. The property is
respected because we only put yielded values in the
environment and they enjoy the required property by
I.LH. — we suppress the details.

Proof We consider arbitrary values for the outer-
most universal quantifications, assume the statements
about evaluation, and proceed by a double rule induc-
tion i ISevals(f,—,s) d Seval” /Seval’ .
ion in eval and Seval /Seval . The typi
cal case proceeds thus
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1. split the conjunction (inside one set of parenthe-
ses) and, for each conjunct,

2. consider arbitrary values for the universally quan-
tified T, I1, (A, )7,

3. assume the premises of the implication (inside two
sets of parentheses),

4. take note of the relevant sub-cases and their I.H.;
one of the sub-cases for the non-error case for

d@ec, e.g., is eval>®v (=9 (g p) = &’ and LH.:

DlIed:T ANIIE® pTD
v _
NE®d:r ANdeB;

v, IL 7.

5. show the premises of the I.H. for the particular
T/, II', 7" of the sub-case,

6. discharge the ILH., thereby concluding,
mE®d:7 ANdeB,,

7. use this to conclude, e.g., (I E® d'Qc : 7) A
(d@c € BY), as required.

e.g.,

Steps 1-4 are left implicit. We present the cases in
linearised form: the first typing-implication (conjunct
inside one set of parentheses) is established by the
first evaluation assumption and likewise for the second
typing-implication and evaluation assumption. First,

. eval’(—,—
we consider the cases for evalS (=9,




w = Az.m | d

plz) =d

o VN — {u} du=c¢c]d-u

p(z) = Az'.m

Sevaleg(m, L{z' —u},8) = ¢°

Seval s (z,p,6) =d

eval

Sevale(z, p, 0 - u) = ¢

Sevaleg (e, p{z—u}, ) = ¢*

SevalZf(Xavle7 p,0-u) = q°

Sevalzf(f,f,s) (

d,p) = q*

Sevale(d, p,€) = q°

evaISevalzf(—,— €) (

J/T 627p) =c Seval:f(elv P, - Sem(c)) =4q

d

Sevalsf(el Qea,p,6) = qd

Sevaly;(Az.e, p,€) = error

Sevaly¢(d, p, 6 - u) = error

x ¢ Dom(p)

p(x) = Axz.m

Sevalye(z, p, €) = error

plz) =d

Sevalos(x, p, 8 - u) = error

evalsovalcf(f’f’s)(ﬁ ea, p) = error

Seval¢(z, p, ) = error

Seval ¢ (e1 @ ea, p, 8) = error

Figure 21. The (closure-free) NbSES"V big-step semantics (for semantics)

Case

eval 5Vl G0y, p) = y

The (assumed) term-typing premise implies (by an
unstated lemma) that II(y) = 7 and therefore that
1:II o» y : 7, as required for the first conclusion.
The second conclusion holds by definition.

ialSevals(—,—,e)(c7 p) = ¢
Case

eval>®Val (59 (Aye, p) = Ay

D;I{y—Tmi}>c:m

is the only rule that could have
NIT e Ay.c: 1 — T2

resulted in the (assumed) term-typing premise
(further to an unstated lemma that abstractions
cannot be of ground type, 0). We thus have II{y+—
T} E® ¢ i and ¢ € B, by LH. (and two un-
stated weakening lemmas implying that TI{y+— 7 }
can be used instead of II in both premises). This
implies that we have L;TI{y+—7} t» ¢ : 72 and
both conclusions are now simple.

eval>eval (—=9) (g ) = @' evardeval (——e)(

Case

Dillsd:m— 1 Dillece:m Il eto
and

s dQce:my IiIIpe:o
are the only rules that could have resulted in
the (assumed) term-typing premise. In the lat-
Ll d o
s d o
the considered rule and only the former typing
rule could have preceded that (because of the
terms’ inductive structure). In other words, we

Dillsd:mo—7 Dillece:m
have . The L.H.
s dQce:my
for evaluation of d and ¢ can therefore have their
implications discharged and the desired conclu-
sions are straightforward.

ter case, only could have preceded

Seval® (e, p, &) = q°

cp)=c

ialSovals(—,—¢s)(d@cy P) — d/@c/

Case 5 :
ialSeval (—,—,s)(e7 p) = qd
IsIIreto
—— is the only rule that could have re-
I'IIpe:o

sulted in the (assumed) term-typing premise and



vb7e7p7($7(]77"

(evat>®Val (== (p, p) = q) A (Seval’(e, p,6) = 1)

Y

CIllsb:Tr ATLE® p=T

VLI, 7. U

A

VILIL A, 7.

OE®ri7 A (Vo.r=b = r€B))

ME®q:7 A qeB;

illper:A=T1
ANIE® prT ADE®GTA

Figure 22. Main type soundness result

we are straightforwardly done by I.H. (involving
Seval’) (and an unstated lemma that all r such
that II =" r T 0 are a b, i.e., that closures, k, can-
not be of ground type, o). For discharging the im-
plication of the I.H., note that stack-value-typing
holds trivially for e.

evalSeval (==2) (¢, p) = error

Case

eval®*Ve (=9 (ay ¢, p) = error

Part of the argument in the non-error case for
Ay.c, including discharge of the I.H., and Proposi-
tion 24 show that the assumptions are contradic-

The I.H. can be discharged by the definitional
meaning of IT =P [¢/,p'] T 7 and we are done
because r is also the finally yielded value.

Case

Seval" (Az.e, p,e) = (x, e, p)

The first conclusion holds by assumption, the sec-
ond holds trivially.

Seval” (e, p{z—1},8) =
Case :

Seval"(Az.e,p,6 - t) =1

tory.
. N Me—n}lern
(cLﬂseval (==8)(d, p) = error) V (MSeval (==& (e, p) = errol% — : is the only rule that could
Case L2l AzeTm — 7

evalSeval (=—9)(d@c, p) = error

have resulted in the (assumed) term-typing

Part of the argument in the non-error case for
dQ ¢, including discharge of the I.H., and Propo-
sition 24 show that the assumptions are contradic-
tory.

Seval®(e, p,e) = k

Case w
evalSeva (==¢) (e, p) = error

Part of the argument in the non-error case for
e, including the unstated lemma, shows that the
assumptions are contradictory.

. i
Next, we consider the cases for Seval .

p(x) =[e',p']  Seval'(e,p/,6) =r

Case
Seval"(z,p,8) = r
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premise and by definition of value-typing stacks,
we must have some A’ such that A = A’ - 71 .
We can directly discharge the IL.H. with I'{z —
71}, 11, A’, 75 and we are done because r is also the
finally yielded value.

OvaISeval (—,—,e) (d, P) _ qd

Case ——
Sevaln(d, p,€) = q®
IsIIed:o
—— is the only rule that could have re-
IIsdro

sulted in the (assumed) term-typing premise and
the I.H. can be discharged by the assumptions of
the case and we are done because ¢? is also the fi-
nally yielded value and because overlined and un-
derlined value-typing coincide at ground type, o.



Seval '(e1,p,6 - [e2,p]) =7
Case :

Sevaln(el Qea,p, &) =r

illsesimm—m llrey T

— is the only rule

Il e @Qes Ty

that could have resulted in the (assumed) term-
;I d:o

. I dro
cause e; @ ey cannot be a d). Rearranging the as-

sumptions allows is to discharge the I.LH. and we
are done because 7 is also the finally yielded value.

typing premise ( cannot be used be-

x ¢ Dom(p)

Seval  (z, p, §) = error '

Case

is the only rule that could
MNae—rhIatr

have resulted in the (assumed) term-typing
premise. The facts that x € Dom(I'{zx+ 7}) and
z ¢ Dom(p) are inconsistent with the assumption
that II E® p T T and we are trivially done.

Case — :
Seval (d, p,d - t) = error

IsIIed:o
s dro
sulted in the (assumed) term-typing premise. The
fact that we are considering a non-empty stack at
ground type, o, is inconsistent because of the as-

sumption that reads IT = (§-t) T ¢ and we are
trivially done.

is the only rule that could have re-

Finally, we consider the cases for Seval’ that dif-
fer from Seval .

plz) =w
Case

Seval (z, p,e) = w ’

We are straightforwardly done by definition of the
assumed II E® p 7 T’ (with the extension to the
relation discussed above).

p(x) = (o' e,p))  Seval'(e,p'{z' > w},8) =

Case

Seval’(z,p,6 - w) = r

The I.H. can be discharged by definition of the
assumed IT =" p 7 T, in the particular case of
x, with the obvious instantiations of the universal
quantifications, and we are done because r is also
the finally yielded value.

Seval’(e2,p,e) =w  Seval (e1,p,0-w) =r

Case

Seval’ (e1 Qey, p, d=r
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Seval " (e1,p,0 - [e2,p]) = r

Seval ' (e; @eg, p,8) = 7 ’
except that the considered typing rule is used to
first discharge the I.H. involving eq, with the con-
clusion of that used to help discharge the I.H. for
e1; we are then done because r is also the finally
yielded value.

Similar to the case for

plz) =d

Seval’ (z, p, 8 - w) = error '

Case

By construction of the type system and defini-
tion of the assumed II E® p T T, the type in
question is ground, o. We are therefore triv-
ially done by a similar argument to that used or

Seval ' (d, p,8 - t) = error

Seval’ (e2, p, §) = error
Case

Seval’(e1 @ ez, p, §) = error

Further to
Seval (eg, p,e) =w
Seval (e @eg, p,8) =1
we are trivially because the assumptions are
contradictory according to Proposition 24. O

thev case for

Seval (e1,p,0-w)=r

)

B Deriving Results from NbSE
B.1 Evaluation

We derive Lemma 7 from both Lemmas 32 and 20,
independently. We first assume the premises of the
former lemma:

F>e:7AEYp:T A eval’(e,p)=r

B.1.1 From Normalisation by Evaluation

By Lemmas 25, 26, and 31, we have

Dyl e Tr ALE® 1D Aeval (Tel,pT) =0

From Lemma 32, we can therefore conclude
LT

This implies that r # error and we are done by
Lemma 26.



B.1.2 From Stack-based Evaluation
From Corollary 13 and Lemmas 16 and 19, we have
Clesse:7A E® p:T A Seval®(e, p,e) =7

As we trivially have =™ ¢ : e, we can apply Lemma 20
to conclude

E®r.r

This implies that r # error and we are done by
Lemma 16.

B.2 Stack-based Evaluation

We derive Lemma 20 from Lemma 46. First, we
assume the premises of the former lemma.

TAse:7AE® p:T A E®6:AASeval®(e,p,6) =7

By Lemmas 36, 40, and 45, we therefore have

DIA;LssTeltr A LEP T
ALEPTETTA A Seval (Te?,p,767) = Tp™

By Lemma 46, we can conclude
LE®

This implies that » # error and we are done by
Lemma 40.

B.3 Normalisation by Evaluation

We derive Lemma 32 from Lemma 46.

B.3.1 Syntactic Soundness

First, we assume the premises pertaining to syntax:
D b:7 ATTE®pIT A ev_alms(b,p):q
By Lemmas 36, 40, and 45, we therefore have
Clg;Oseb:7 ALE® piT A ev_alms(b,p) =q
By Lemma 46, we can conclude
> q:7

This implies that ¢ # error and we are done by
Lemma 40.
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B.3.2 Semantic Soundness

Next, we assume the premises pertaining to semantics:
Dilserr ALE® pTD A eval (e,p) =7
By Lemmas 36, 40, and 45, we therefore have
Dle;se et A ITE piT A Seval (e,p,e) =7

As we trivially have II EP ¢
Lemma 46 to conclude

€, we can apply

OE*rir

This implies that r # error and we are done by
Lemma 40.
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