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Why Vxdy G(x, y) specifications ? [G = Goal Formula]

@ Specifications describe wanted behavior for our Program.
@ Programs have inputs — x and outputs — y .
@ Therefore specifications are formulas Vx 3y G(x, y) where
@ G(x,y) is a formula describing the desired relationship between
the given input x and the desired output y .
@ Exists proof P of Vx 3y G(x, y) in some logical system S.
@ We want to be able to uniformly produce by an Algorithm a
program t which realizes the given specification, i.e.,
Vx G(x, t(x)) is provable in some (other) logical system S’.
@ Such Algorithms taking inputs P are Program Extraction
procedures and the term t is called extracted program.
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Classical versus Constructive proofs
Recall that P is a proof of Vx 3y G(x, y) in the logical system S |

@ G can be arbitrary only when S is constructive, otherwise ...
@ Constructive means intuitionistic plus Markov'’s Principle:
~=32Go(2) — F2Go(2) or 39z Gy(z) — FzGy(2)

—-Vz—
@ Only extraction techniques based on Gddel’s Dialectica

interpretation allow Markov’s Principle (as axiom) in S.

@ Refined A—translation first brings the Minimal Logic proof
[ minimal = intuitionistic \ L — F]of Vvx3%%y G(x,y) to
a corresponding intuitionistic proof of Vx 3y G(x, y)

@ Kreisel's Modified Realizability applies to the latter.

@ G can be a goal formula —i.e., more than quantifier-free .
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The term system — a lambda-variant of Goedel's T
0) All finite types generated from « and o by the rule o, 7 — (o7)
1) tt9, ££9, the selector If°7 7™ (usual if-then-else), equality =*+°

LTT)LT

2) 0* (zero), s* (successor) and Godel’s recursor RI(

3) And?® = A\p,q.lf, p g £f Imp9P° = \p,q.f, pgtt
n n
4) the n-selector f” of type 0...07...7 7, s.t. If! := If. and

— —1
B! = A\p1,. .., Pny Xngt, Xny -, X0 Mo oy (B]7 02 oL PrXngt X -2 X2) X4

W(ry,... I, thyq, b, ..., by) selects the first t; with i € 1, n for

which r; is false, if it exists, otherwise t,,1 —if all {r;}/_, are true

5) S =0, .opso L=YX{" ... X3"(SX1... Xn =0 t X1 ... Xn), 0 € {0, 1}
S =0 t:=at(s) < at(t), s=, t := at(= st) — extensionally defined
equality —\ at is the unique predicate symbol of WE—2, \
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The logical axioms and rules of system We—z (1/2)

0) AxIT: VZz1 [A(zy) — T2 A(22)] AXEFQ: L — A
ax37: Yz [A(z1) — 32 A(z)] | (Ex-Falso-Quodiibet)

Ax3™: 321 A(z4) NVZ[A(z2) — B] — B

Ax3 : Jz1 A(zy) A V2 [A(z2) — B] — B

1) Deduction from (arbitrary, undischarged) assumption: A+ A

ANB AAB A, B A A= B
2) N Ar s AT, -~
A B AANB B
VzA(z) _ Yz A(2) A(2)
3 | Vil Vol vea(z ) i ve(2)
A(t) A(t) VzA(z)

vC1(z): z does not occur free in any undischarged assumption
VCa(z, t) : no free variable of t gets quantified in A after substit.
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The logical axioms and rules of system WE—2z (2/2)

[A].../B
4) ——— —7T | particular set of instances of A discharged;
A— B

if at least two A get discharged (contraction) then m
restriction applies: “if A contains (at least) a positive universal or a
negative existential (regular) quantifier then A must not contain any
ncm quantifier (3, V) ” — case when we say that A is computationally
relevant (otherwise A is comput. irrelevant)

P Az) _
E— vj m and vCz(z,P) := zis not free in any of the ¢
VzA(2)
involved by V_ , in the proof P (Berger) and z is also not free in the

computationally relevant contraction formulas of P
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Extensionality/Compatibility and Induction rules
E,r:Vz°7,x7,y7. X =, ¥y — zx =, zy —must be forbidden

Ao COMPAT, — with the restriction that

all undischarged assumptions used

(%))
...
Q
~

in the proof of s =, t (here denoted Ag)
B(s) — B(t) are quantifier-free
0 0 IR, — equivalent to IA, IR in WE—2~
: : A(tt) N A(£fE) — Vp°A(p)
A(0) Vz(A(z) — A(sz2)) (Boolean Induction Axiom)
vz A(z) Rrxy0=;x xR
R.xy(sz)=-y(z,R-xyz) [
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Weakly extensional Arithmetics WE—2, WE—Z~, WE—Z ™
System WE—z~ obtained from wE—z by ignoring “ncm” quantifiers

0) Prime formulas decidable: + at(t) v —at(t) by definition of v

1) Exists unique bijective association of boolean terms to gfr formulas
Ao — ta, suchthat + Ay < at(ta,)

2) Case Distinction over qfr formulas:
= (A — A) A (FAg— A) — A
3) Disjunction Eliminationt— A]_, (Aj — B) — (Vi_;A; — B)

System wE—Z" obtained by adding to we—z the following:

AxMK : 39z Ay(2) — Iz Ao(2)
AxIBy i [VXAo(x) — Ty B(y)] — Fy[VxAo(x) — B(y)]
AxAC : Vx3yB(x,y) — 3YVxB(x, Y(x))
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Goedel’s functional “Dialectica” interpretation
0) A translation of proofs which includes a translation of formulas.

1) A(a) — AP = 3x Vy Ap(x; y; @) with aall free vars of formula A
2) Ap is qgfr for GOedel’s Dialectica, not necess for Light Dialectica

3) Recursive syntactic translation from proofs in Constructive
Arithmetic (or Classical Arithmetic, modulo the double-negation
translation) to proofs in Intuitionistic Arithmetic such that positive
occurrences of 9 and negative occurrences of ¥ in the proof’s
conclusion formula get actually realized by terms in Gédel's T.

4) Contraction Problem: choose between a number of realizers
according to a boolean term associated to the contraction formula;
Diller-Nahm: postpone all choices to the very end by collecting all
candidates and making a single final global choice;

Monotone (or Bounded) Dialectica: use a Howard (or Bezem)
majorant of the candidates =- extract majorants for the realizers.
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The Light Dialectica interpretation of formulas
AP = (Ap := A) for prime formulas A
(AAB)P = 3x,uVy,v [(AAB)p := Ap(X; y; @) A Bo(u; v; b) ]
(A= B)P = 3y, Uvx,v[(A— B)p =
Ap(x; Y(x,v)) — Bp(U(x); v)]
(3zA(z.))° = 37, xVy [(3zA(z.@)p(Z', x; y; @) := Ap(x; y: 7', 8) ]
(3zA(z,2))° = 3xVy [(3zA(z,8))p(x: y; @) := 3z Ap(x: ¥; Z,8)]
(VzA(z,2))° = 3XVZ,y [(VZA(z,2))p(X; 7, y: &) := Ap(X(2'): y: 7, )]
(VzA(z,2))° = 3xVy [(VzA(z,2))p(X; y; 8) =Yz Ap(x; y: Z,4)]

Here - — 1 is a mapping which assigns to every given variable z a
completely new variable Z* which has the same type of z.
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Exact realizer synthesis by the LD-interpretation

Extraction and Soundness Theorem: There exists an algorithm
which, given at input a proof P : {C'}7_, I~ A will produce at output
1) the tuples of terms T and {T;}],

2) the tuples of variables {x;}/ ; and y

3) the verifying proof

Po - {Ch(xi; Ti(x, ¥) Ly b Ap(T(x); y)
—where x := xy,...,X,. Moreover,

@ variables x and y are all completely new (not occur in P)

@ the free variables of T and {T;}7_, are among the free variables
of Aand {C'}7_, (“the free variable condition (FVC) for programs
extracted by the (L)D interpretation”)

[ = x, y not occur free in the extracted terms {T;}' ; and T ]
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Implication Introduction with Contraction

[A]l ... /B 1
————— =" n>1, z=Z,...,Z and X = Xpy2,...,Xm :
A— B

{Ao(z: Ti(z, x, y))}H  {Ch(Xis THZ X, Y)Y iz 1= Bo(T(2.X): ¥)

1) Same tuple z produced by n+ 1 < mdischarged instances of A
2) ncm-FC(A) = tuples {T,-}j?;q1 are all of length 0 or Ap is qfr

3) If {T;}™ non-null = their equalization is a must:

S =M,z y. W(tB[z; T,.. ., eB[z T, Tt (z, %, y), T, ..., T")
we can now cancell all {AD}7j1 by a single — in the verifying proof

{Ab(z:S(x. 2, Y} {Ch(X: Si(%. 2, Y)} pi2 - Bo(S(x.2):y)

{Ch(Xi: Si(X, 2, Y))} T py2 - Ap(2:S(x, 2.¥)) — Bo(S(x, 2): ¥)
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Computationally-redundant Contraction - an example
Warning: A and B are here the same as on the previous slide !!!

A A-B ,
=" | {Ch(x; Si(x",y" ) = Ap(S' (X))

B

{Co(x/': Si(x", 2, )M pyo b Ap(z:S(X", 2,)) — Bo(S(X”, 2); )

Ti

A,y Si(x,S(x", 8'(x),y)), if1 <i<n+1
A, y. Si(x", S'(x'), y) Jifn+1<i<m
T = & SX' S(X))
Extraction and Soundness Theorem:

{Ch(xi: Ti(x. Yy = Bo(T(x): y)
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Contraction involved by usual Induction Rule (worst)

We are given Pp: Cp A(0) and Ps: Cst+ Vz(A(z) — A(s2))

Cs
Cph Cp— (Cs— Al2)) : Ps
s Cs — A2) - Vz(A(2) — A(s2)) .
A(Z) A(z) — A(s2)

A(sz)
first cancell Cg (with contraction) and subsequently Cp, (without
contraction) to get Cp — (Cs — A(2)) - Cp — (Cs — A(s2)) —
0 = vz[(Cp — (Cs — A(2))) — Cp — (Cs — A(52))] =
by ()-premised Induction Rule that 0 - Vz(Cp — (Cs — A(2)))
from which we recover the usual conclusion Cp, C. - VzA(z)
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Clear-cut practical example - classical Fibonacci
MINLOG program extracted by Light Dialectica (after normalization)

[10]71 (Rnv— (e (0@1){[n1, PNN]ma(p)@(1 () + m2(P))} o)
Exactly the usual algorithm computing the n-th Fibonacci number.

[G, n ]7T1 WZ(RN:>N©(N@N)©(N©N)((O©O©O)©O@1 ){[ng, ,0] ["["(671'1 T (p)ﬂ'1 274 (p))
[f(G(sm1m1(p))m2memi(P))(G(S(ST1m1(P)))(m1memi(P) + m2memi(P))) L] tE]
(M2@m2(p))(m1(p))]|@mama(p)@mima(p) + mom2(p) 1) This by Gédel’s Dialectica

If-tests are only due to the Contraction formula, integrated in extracted program

The BBS Refined A-translation yields a more complex program:

[N Rno(nonon)—n ([NNR]f01)
(ImH,g" NN H ([p,qlH ([k,N1g!(k+1))) n ([k k)

— uses the type-2 functional HIN=N=N)=N " ithin the recursion
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Attempts to apply Light Dialectica - a negative result
Dickson-2-2 Lemma: “For any two functions f, g : IN — IN defined
within the set of natural numbers IN there exist indexes i < j such that
both f(i) < f(j) and g(i) < g(j)”

Classical proof within Minimal Arithmetic uses 3 times the Minimum
Principle (relative to unary predicate variable QN):

VAN=N 397Q(2) — 3I%x. (Vy. h(y) < h(x) — =Q(¥)) A Q(x)
Not possible to use an “ncm” version of 3%x in none of the 3 instances
of Minimum Principle ... but x is positive universal quantified in a

Contraction formula (thus computationally relevant) ... = ...
impossible to avoid any of the 3 contractions.

These contractions are involved by Induction and the realizing
program must contain 3 times Gddel’s recursor R; (as iterator).
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