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Abstract. We present a model of Linear Abadi and Plotkin Logic for
parametricity [8] based on the operational semantics of LILY, a polymor-
phic linear lambda calculus endowed with an operational semantics [3].
We use it to formally prove definability of general recursive types in LILY
and to derive reasoning principles for the recursive types.

1 Introduction

The combination of parametric polymorphism and recursion on the level of
terms yields a type theory expressive enough to solve general recursive type
equations[19, 8]. However, as realized by Plotkin [19], for this combination to
give a consistent theory, the parametricity principle must be weakened, and so
he suggested studying a dual intuitionistic / linear type theory in combination
with parametric polymorphism, in which for example the parametricity principle
would apply to graphs of linear, but not intuitionistic maps.

Based on these ideas, in 2000 Bierman, Pitts, and Russo [3] presented the
programming language LILY, a polymorphic intuitionistic / linear lambda calcu-
lus endowed with an operational semantics. In their paper, they sketched how to
carry out Plotkin’s ideas in the operational setting. The formulation of the para-
metricity principle was based on the notion of T T-closed relations, and the idea
was to use the strong connection between these and ground contextual equiva-
lence, to show correctness of recursive type encodings up to ground contextual
equivalence. In their paper, however, only correctness of the encodings of sum
types was proved.

In recent work the first three authors [8,12] have presented an adaptation
of Abadi & Plotkin’s logic for parametricity [18] to PILLy, a polymorphic dual
intuitionistic / linear type theory with fixed points. The resulting logic — called
LAPL for Linear Abadi and Plotkin Logic — contains an axiomatized abstract
notion of admissible relations on which the formulation of the parametricity
principle is based. Admissible relations give the necessary weakening of the para-
metricity principle. In loc. cit. we showed in detail, following Plotkin’s sugges-
tions, that LAPL can be used to define a wide range of types, including general
nested recursive types. We also defined a sound and complete class of categorical
models for LAPL called LAPL-structures,

In this paper we present a concrete LAPL-structure constructed from the
operational semantics of LILY. This defines formally an interpretation of LAPL



into LILY, transferring the general results proved abstractly in LAPL to LILY.
The construction of the LAPL-structure involves showing that the T T-closed
relations define a notion of admissible relations.

This new model of LAPL based on the operational semantics of LILY is of
interest for the following reasons:

— It shows that our definition of LAPL in [8] is indeed a general one: In [8]
we presented a model based on admissible partial equivalence relations over
a universal model of the untyped lambda calculus and in [15] we presented
a model based on synthetic domain theory.

— The present model is simpler than our previous models mentioned above
in that it does not require any domain theory, realizability, or synthetic
domain theory. We hope this will make it more accessible. To make the
model accessible also for readers who are not that familiar with category
theory we deliberately choose to show not only the necessary categorical
properties required of an LAPL-structure but also sketch in more explicit
terms the interpretation of LAPL in our new model.

— The previous models mentioned above were constructed via a so-called para-
metric completion process, which roughly means that they were constructed
in two steps: first a simple non-parametric model was constructed and then
it was made parametric by filtering out all the non-parametric elements.
(See [12] for more on parametric completions.) The present model is the first
such! that is not based on a parametric completion process.

— It allows us to conclude that a wide range of types are definable up to
ground contextual equivalence in LILY, as claimed but not formally proved
in [3] (except for the simple case of finite coproducts). Hence our model can
be used to prove correct program transformations based on parametricity
for a language with general recursive types, an improvement over earlier
work [10], which only dealt with algebraic data types.

In fact, we also proved this LILY definability of types in [15] from the model
based on synthetic domain theory by combining it with an adequate denota-
tional semantics of LILY, but here we can do it by much simpler techniques.

— The model we present here is, to our knowledge, the first model of general
recursive types as formalized via algebraic compactness based on operational
semantics. Algebraic compactness is a categorical formulation of what it
means to solve recursive domain equations; it ensures that the solutions are
universal in an appropriate categorical sense, thus allowing for the derivation
of (mixed) inductive-coinductive reasoning principles, c.f. [16]. In earlier work
by the first author and Harper [4] a reasoning principle similar to the one
derived here was presented for a recursive type, but it only worked for a single
top-level recursive type. For other related work on operational models of
recursive types, e.g., [1,11], one may probably also establish useful reasoning
principles for the recursive types but as far as we know it has not been done
and, at any rate, it is pleasing that the reasoning principles presented here
are an immediate consequence of general results about LAPL-structures.

! Except for the syntactic one constructed to prove completeness of LAPL-structures.



The remainder of this paper is organized as follows.

In Section 2 we recall the notion of an LAPL structure. In Section 3 we
extend the LILY language with tensor types and associated terms. Moreover, we
extend the operational properties of LILY studied in [3] to the new language and
slightly generalize the results in [3] (to work for terms with free term and type
variables, e.g.) and include a few new ones needed for the model construction.
We have included tensor types, even though we in the end show that they are
definable using parametricity, because it eases the construction of the model.

In Section 4 we construct a PILLy-model from the operational semantics of
our extension of LILY. This is the first step in the construction of the LAPL-
structure. The next step in the construction is the logic fibration. The interpre-
tation of the logic is basically set theoretic, interpreting propositions on types,
for example, as subsets of sets of ground contextual equivalence classes of terms.
As mentioned, the T T-closed relations play the role of admissible relations in
LAPL, and thus need to satisfy certain closure properties. These are also estab-
lished in Section 4.

The last step in the construction of the LAPL-structure is the relational
interpretation of types. We show how the inductive definition of the interpre-
tation of LILY-types as L |-closed relations presented in [3] defines a relational
interpretation of types satisfying the requirements for LAPL-structures. Finally,
it is shown that the parametricity schema does indeed hold in the constructed
LAPL-structure.

In Section 5 we describe the interpretation of PILLy into the model we have
constructed out of the operational semantics of LILY.

Finally, in Section 6 we derive some consequences of parametricity for LILY,
and we conclude in Section 7.

2 LAPL-structures

The equational theory PILLy is a variant of DILL [2] extended with polymorphism
and fixed points given by a fixed point combinator of type [[a.(a — a) — «,
where in general we use 0 — 7 as notation for lo —o 7.

We start off by sketching the notion of LAPL-structure as described in [8].
Some readers may prefer to first look at the concrete LAPL-structure constructed
in Section 4 and the explicit description of the interpretation in Section 5 and
then refer back to this section later. LAPL-structures model a variant of Abadi
& Plotkin’s logic for parametricity [20,19] designed for reasoning about PILLy-.
Propositions in the logic exist in contexts of free type variables, free variables of
PILLy and free relational variables. The free relational variables may be relations
or admissible relations. Propositions are written as

alz:o | R:Rel(o,0'),S : AdmRel(T,7') - ¢ : Prop.

The vector « is a list of free type variables. We will not describe the logic in
details, but only mention a few main points. The variables x : o are treated
intuitionistically in the logic. We may reason about linear terms by for example



using variables of type ¢ — 7, but the reasoning about the terms is purely
intuitionistic.

The logic comes equipped with a notion of admissible relations, which is re-
quired to be closed under certain constructions. For example, equality relations
(relating equal elements of some type) are required to be admissible, and admis-
sible relations must be closed under reindexing along linear maps and universal
quantification.

For any type a F o(a) : Type with n free variables, and any n-vector
of admissible relations R : AdmRel(7,7’), we can form an admissible relation
o[R] : AdmRel(c(7),c(7’)). This is called the relational interpretation of o, and
it is important for reasoning about parametricity. For example we can express the
identity extension schema [21] as oeq,]| = €q, (), which we use as our definition
of parametricity.

A pre-LAPL-structure is a schema of categories and functors

Prop (1)

: &

LinType ¢ TypeC—I>Context

such that the diagram

Kind

is a model of PILLy [14] (a fibred version of a model of DILL [2], with generic
object {2 € Kind for p, simple products modeling polymorphism in p, and a
term modeling the fixed point combinator).

We further require that the fibration ¢ has fibred products and that I is a
faithful map preserving fibred products. The pair of fibrations (r, ¢) is an indexed
first-order logic fibration which has products and coproducts with respect to
projections = x 2 — = in Kind [5], meaning that each fibre of r over an object =
in Kind is a first-order logic fibration with structure preserved under reindexing,
and that the logic models quantification along the mentioned projections in
Kind.

Finally, there should exist a fibred functor U mapping pairs of types o, 7 in
the same fibre of LinType to an object U(c, 7) in Context acting as an object
of all relations from IG(o) to IG(7) in the logic of Prop.

A notion of admissible relations for a pre-LAPL-structure is a subfunctor V'
of U closed under the constructions for admissible relations in the logic.



A pre-LAPL-structure models Abadi & Plotkin’s logic for parametricity, ex-
cept for the relational interpretation of types. The contexts of the logic are mod-
eled in Context using U, V to model the sets of all relations and admissible
relations between types respectively. The propositions of the logic are modeled
in Prop.

From a pre-LAPL-structure with a notion of admissible relations one can
define a PILL model (a PILLy model that does not necessarily model Y))

r 3)

LinAdmRel _____ 1 _ AdmRelations

o~

AdmRelCtx

of admissible relations. There exists two maps of PILL-models dy, 1 from (3) to
(2) basically mapping a relation to its domain and codomain respectively. An
LAPL-structure is a pre-LAPL-structure with a notion of admissible relations
and a map of PILL-models J from (2) to (3) such that

800J2610J=id.

The functor J models the relational interpretation of types. It enables us to
talk about parametricity at all types in the model, not just the interpretations
of types in pure PILLy.

A parametric LAPL-structure is an LAPL-structure satisfying the iden-
tity extension schema in the internal logic. Moreover the extensionality schemes

Vo:o.f(z)=;g(x) D f=0—ryg
Va:Typeta=;ua Dt =[]ac U,

should hold and the model should have very strong equality. The latter means
that if two terms of PILLy are provably equal in the logic, then they are in fact
equal in the model.

Parametric LAPL-structures are interesting because we can reason about the
contained PILLy-model using parametricity. In particular, we can solve a large
class of domain equations in parametric LAPL-structures, and show that a large
class of endo-functors have initial algebras and final coalgebras. Here we present
these results in a restricted form, which is sufficient for the purposes of this
paper.

We distinguish between pure PILLy and other PILLy-theories with added
type-constants and term-constants, such as the internal languages of models of
PILLy. A type of pure PILLy a F o(«) : Type in which « occurs only positively
induces by standard constructions a functor, in the sense that there exists a term
of type

[[a,B.(a — B) = (o(a) — a(8))
preserving composition and identities. In the model o induces an endo-functor
[e] on LinType,, the fibre over the terminal object 1, which is the model of
the closed types.



For each such type there exists a closed type pa.o(a), and closed terms,

in:o(pa.o(a)) —o pa.o(a),

fold: T]B.(o(8) — B) — (na.o(a) — B)

such that for any algebra f : o(a) —o «, folda!f is a map of algebras from in to
f in the sense that

foao(folda!f) = (folda!f) o in.

Likewise there exists a closed type va.o(«) and closed terms,

out: va.o(a) — o(va.o(a)),

unfold : ] 5.(8 — o(B)) — (va.o(a) —o )

such that for any coalgebra g : o — o(«), unfoldalg is a map of coalgebras from
g to out.

Theorem 1 ([8]). Suppose o - o(a) is a type in pure PILLy in which o occurs
only positively. In any parametric LAPL-structure in is interpreted as an initial
algebra and out as a final coalgebra for o] : LinType,; — LinType;,.

The next proposition provides solutions to recursive domain equations.

Theorem 2 ([8]). Suppose o - o(a) : Type is a type in pure PlLLy (o may
appear both positively and negatively). There exists a closed type rec a.o(a) in
PILLy and terms

f:rec a.o(a) —o o(rec a.o(a)),

g :o(rec a.o(a)) —o rec a.o(a)

such that in any parametric LAPL-structure, f, g are interpreted as each others
1mnuverses.

We refer to [8,15] for further details, in particular for a formulation of the above
theorem for recursive types with parameters (as needed for nested recursive
types), which we omitted here for simplicity.

3 The LILY Language

We have extended the work in [3] in two main ways: The language has been
extended with tensor and all the definitions and theorems have been extended
to cover terms and types with free term and type variables.

The extension of the language was rather straightforward while the extension
to open terms and types required incorporation and adaptation of techniques
described in [17]. Among other things, it was necessary to define a frame stack
semantics and show a =;,-theorem.

For reasons of space we omit most of the details of this development; they can
be found in the accompanying technical report [9]. The main results of interest
here are that contextual equivalence can be described by an inductively defined



relation A, that this relation models the equational theory of PILLy and that it
satisfies a substitution property which turns out to correspond to the identity
extension schema in our model.

The language without unit and tensor is given in [3]. In LILY with tensor the
raw terms and types are defined by:

T u=a|lT—o7 |Var |7 |I|7®T
M:=a|x|Xa:7.M | MMy | Aa.M | M |
Ne=M:7)|let lz be My in My | % |
let beM1 inM2|M1®M2|
let a1 X ay be M1 in M2

The typing judgments from [3] have been extended with standard rules for * and
®. The full type system can be found in Appendix A.

As in [3], we have two dynamic semantics. One gives a call-by-value semantics
(Js) and one gives a call-by-name semantics ({,,).

Definition 1. Let |} denote either |5 or |,. We then define |s and |, as
evaluation relations given by:

V1 V2.

Aa:T. M Aa .M Aa.M || Aa.M
v le=M:7) | (a=M:T)
T YTML @ My || My @ M,

M|y Aa.M' M'[r/a]}V
appe: MtV
My (=M :T)
My[(let 'z be l(z = M :7) in M)/y| 4 V
let ly be My in My | V
My dsra: 7 M Myl V' M[V'/a] |V

rec:

Cyal’

MMy sV

‘ My p da:7.M  M[Ms/a] |,V

frame’ MMy |}, V
. My MV
unit: 5
let * be My in My |V
My Ny ® No  M3[Ni,Najay,as] 4 V
tensor:

let a1 ® ag be My in My | V

Again, the operational semantics has been extended to accommodate ®. The
tensor of two arbitrary terms constitute a value. We write £ |}, to mean Jv.E |},
v and let Typ denote the set of closed LILY types.

We will abbreviate let !z be I(x = M : 7) in M to fix  : 7.M as the
evaluation of this term is defined recursively and behaves like a fixed point. We
will also abbreviate a non-recursive thunk (x = M : 7), « ¢ fiv(M) to M.
These constructs then both look and behave like constructs of PILLy .



Definition 2 (Ground contextual equivalence). Given terms M, M’ such
that I'y Ao M T and I'y Ao M 27 we define I'; Aboq M =gnqg M’ 2 7 if and
only if for all closed types T € Typ and all contexts C such that §; ) -y C[M] :17’
and ;0 Fg C[M'] 17, we have C[M] U< C[M'] .

We now recall the notion of T T-closed relation [3].

Definition 3. For all closed types 7 € Typ, let Test(r) denote the set {Aa :
T.M|37 € Typ.0; 0 by Aa : .M : 7 —olr'}. For all closed types T,7" € Typ, let
Rel(7,7") =qet {r|7 C Term(r) x Term(7')}, and let Rel*(7,7") =qet {s|s C
Test(T) x Test(r")}.
Given r € Rel(r,7'), let T € Rel*(7,7'") be given by

rT =4t {V,V') | V(M, M) € VM Jps VM I}
Given s € Rel*(1,7'), let s7 € Rel(r,7') be given by

s" =qet {(M, M") | V(V,V') € sVM I V' M’ I}
Lemma 1. The operations (=)' forms a Galois connection between Rel(T,T')
and Rel*(t,7’).
As easy consequences hereof we get:
Lemma 2. The operator (=)' T is monotone (—; C —a = (—1) " C(—2)"7),
inflationary ((—) € (=)' ") and idempotent ((—)TT = (—)TTTT). The operator
(=)T is order reversing (—1 € —2 = (—1)" 2 (—2)7).
Thus we see that (—) T is a closure operation on relations, and we say that a
relation 7 is T T-closed if r =T 7.

We now define some operations on relations, which will be used to give a
relational interpretation of the LILY types. The definitions come from [3], except
for the case of ®, which, however, is as would be expected.

Given r; € Rel(ry,7]) and ro € Rel(1a,74), let 11 —o 19 € Rel(1y —o 12,7 —
74) be given by

{(M, M) | ¥(My, M]) € ri.(MM;, M'M}) € r5}.

Given a family (R(r) € Rel(r[o/a),7'[0'/d]) | 0,06" € Typ,r € Rel(o,0’)), we
define Vr.R(r) € Rel(Va.7,¥a/.7'") to be

{(M,M") | Vo,o’ € Typ,r € Rel(o,0").(Mo,M'c’) € R(r)}.
Given r € Rel(r,7'), let Ir € Rel(!7,!7") be given by

{{z=M:7),)(a'=M":7)) | (ixz:7.Mfixz':7".M') € r}.

Given r1 € Rel(m1,7]) and ro € Rel(2,75), let 11 ® 13 € Rel(T1 ® 12,7 ® 74) be
given by

{(My ® Ma), (M} @ My) | (M, My) € r1 A (Ma, M) € 2}

We now define relational interpretation A, of types 7.



Definition 4. For all LILY types T with free type variables o« = a, ..., oy, for
all 7,7 € Typ, v, such that r; € Rel(r;,7}), let

At Rel(ry, 7)) x -+ X Rel(tp, 7)) — Rel(t]|T/a], T[T /a])
be a function defined inductively on 7, by

=def Ti

A, (r/a)
A om (r/a) =qet A7, (7/at) — A, (r/a)
Avar (1)) =get V1. AL (r T T Ja, 7 /)
Az (r/ar) =qet (!AT(T/Q))TT
(/o) =aes {05, 9} 7
Ar on (r/a) =aet (Ar, (r/a) ® Ay, (r/a))TT

For closed LILY types T € Typ we write A, instead of A, (D)D) € Rel(r,T).

One can show that A, takes T T-closed relations to T T-closed relations.

The following proposition expresses that A satisfies a substitution property
corresponding to identity extension, since by Proposition 2 below we see that A
corresponds to ground contextual equivalence, that is, to our notion of equality.

Proposition 1. For all types 7,7 and type variables o, &’ such that ftv(r) C
{a,a'} and ftv(T’) C o we have:

Arprrja)(r/a) = Ar(r /o, Avi(r/a) /o).

Below we extend the A relation to terms with free variables. The definition
basically says that two open terms are related if they are related when we close
them by substituting related closed terms into them.

Definition 5 (Logical relation on open terms). Suppose I'; Ato M : 7 and

I Abg M2 T with free type variables aq, ..., qq, free intuitionistic variables
X1 Ty, Tm T and free linear variables ay : 71,...,ay : 7). We write
Iy AFMAM @ 7 (4)

if and only if, given any o, o', r, such that r; € Rel(o;,0}) and each r; is TT-

closed, given any N, N' such that (N;, N}) € A (r/a), and given any M, M’
such that, (M, M) € A (r/a), we have
(Mlo/a,N/z,M/a], M|’ Ja, N'Jx, M’ /a]) € A.(r/x). (5)

Note that the A to the right denotes the linear context whereas the A to the left
1s the relation that we are defining.

Proposition 2. We have

F;A}—OLM:gndM':T@F;AI—aMAM’:T



Using the above proposition and alternative characterizations of ground con-
textual equivalence one can show [9] that all the rules of the external equational
theory of PILLy [8] hold when equality is interpreted as contextual equivalence:

Lemma 3.

I''’Abq (Aa: T.M)N =gng M[N/a] : 7'
I'iAbg (AaM)o =gnqa Mo /a] : T[o/q]
IiAbgletlybel(x=N:7) in M

=gnd M[(fix x: 7.N)/y] : 7/
I'iAbglet « be s in M =gq M : 7
I AbgL let ag ® as be My ® My in Mg

=gnd Mg[Ml,Mg/al,ag] T
IN'Abgfixz:aM =gg M z not free in M
I'iAbo Yo(IM) =gna M/(Yo(IM)) : 0
' Ak let ly be (z =My : 1) in My

=gnd Mao[M,/y] : 7’ x not free in M

4 The LILY LAPL-structure

In this section we show how to construct an LAPL-structure from the operational
semantics of LILY. Thus we define specific categories LinType, Type, functors,
etc., and prove that they constitute an LAPL-structure.

We write @” for a1,...,q, (all distinct) and let Terms(c) denote the set of
ground contextual equivalence classes of closed LILY terms of type o.

The PILLy -model The base category Kind is defined as follows.
Definition 6 (Kind).

Objects: a"
Morphisms: 7" : @" —a™ if Vi€ {1,...,m}. @" F o;

Note, that we allow @’ as an object of Kind. The category Kind is clearly
cartesian.
The category LinType is defined as follows.

Definition 7 (LinType).

Objects: (@",0) such that @™+ o
Morphisms: (@™, [M]): (@",0) — (@™, 1), if [M] is a ground contextual
equivalence class of LILY-terms, such that
—w": a” —am in Kind
— —x:obgn M :7[@™/a™]
Note that an object (@",0) of LinType is a morphism a" — &' of Kind.

There is an obvious projection functor p : LinType — Kind given by
(@",0) —a™ and (@™, [M]) — @™.



Note that the fibre LinType,, over n has objects o the types @" - ¢ with n
free type variables and morphisms [M]: o — 7 are equivalence classes of terms
—;x: 0 kg M : 7. Composition is by substitution.

LinType — Kind is fibred symmetric monoidal closed, as required and
expected. We write out some of the SMCC structure for the fibre LinType,,.
The tensor is given by:

I=1
OCRXQT=0QRT
[M]®[N]=[let ®y be zin M ® N]

where —;x : o bgn M : o', —;y : Thgn N:7 and —;2 : 0 ® 7 bgn let 2 ®
ybezin MQN :0' @7'.
The closed structure, o — (—), is given by

O-—oT=0-—oT

o —o [M] = [Ax:o.(M[(fx)/y])]

where —;y: 7 kg M i7" and —; f : 0 —o 7 bgn Ax : 0. (M[(f2)/y]) : 0 — T'.
The category Type is defined as follows.

Definition 8 (Type).

Objects: (@",7°) such that Vi € {1,...,s}. @" F o;
Morphisms: (wm,mr) : (@",7°) — (@™, 7") such that
—w": a” —a™ in Kind
- Vie{l,...,r}. T:0° — ban M; : ;[@™/a™].

Note that objects here are sequences of types—this ensures that the fibration
q : Type — Kind given by the obvious projection functor has fibred finite
products.

The fibre Type,, over n has as objects sequences of types ° such that
Vi e {1,...,s}. @" F o; and morphisms mr : 0° — 7" are sequences of terms
such that Vi € {1,...,r}. T70°% — ban M; : 7.

The product in Type,, is given by concatenation, projections by intuitionistic
weakening, while the exponential 7° — 7" is Io” — TT, a simple adaptation of
the usual equation, o — 7 =lo — 7, to our case with lists of types.

We now define the adjunction F' 4 G. It is mostly given by the fact that
Type is almost the coKleisli category of the !-monad on LinType. Thus G is
almost a forgetful functor and F' is almost !.

The functor G : LinType — Type is defined on objects by (a”, o) +—
(@",0) and on morphisms by (@™, [M]) — (@™, [M]). Note that G is not the
identity on terms, as —;x : 0 bgn M : T[@™/&@™] is mapped to x : 05— Fgn M :
Tlw™ /™.

The functor F' : Type — LinType is defined on objects by (a”,5°) +—
(@",lo1 ® - - - ®los) and on morphisms by

(wm,mr) — @™, [let @; @ @;lo; be y inlet Tz be 27 in @;!M;]).

7



Note that (F o G)(o) =lo.
If we define ! = F' o G and calculate the resulting functor, we get

(o) =lo
I([M]) = [let !y be z in IM].

This defines a comonad on LinType with the following structure:
0y 1o —llo = [let ly be x in y] €r lo — o = [let ly be z in y].

Lemma 4. The fibrations p and q together with the adjunction F' 4 G constitute
a PILLy -model.

Pre-LAPL-structure The pre-LAPL-structure will be given by

Fam(Sub(Set)) (6)

: |

. -~ I
LinType 1 _ Type ——— Fam(Set)

N

Kind

Here the fibrations Fam(Sub(Set)) — Fam(Set) — Kind are the usual fi-
brations Fam(Sub(Set)) — Fam(Set) — Set reindexed along the functor
S : Kind — Set given on objects by @” — Typ" and on morphisms by "
(7" o[7" /"] ). This functor S tells us how to think of the objects of Kind in
terms of sets: n free type variables are thought of as all choices of n closed types.
The morphism @™ is thought of as the corresponding transformation of choices.
Explicitly, the fibre Fam(Set),, has objects (@", (4;);es(@n)), where each A; is
a set, and morphism (f)ies@m) : (@" (Ai)ies@m) — (@",(Bj)jes@n)) are
functions f; : A; — Bg@m)()-

The functor [ is given by “product of sets of terms”: I maps objects (a@",7°)
to (", (Terms(o([7"/@"]) x --- x Terms(o[7"/@"]))7ncs(@n)) and morphisms

(@™, [M]") to

—m (7. L an]® - T

@, (T e — M 2] Jenesian)-

I is product-preserving by definition and that it is faithful follows from LILY
extensionality (Section 3).

Lemma 5. The composite fibration Fam(Sub(Set)) — Fam(Set) — Kind is
a fibred first-order logic fibration with products with respect to projections in
Kind.

Proof. This follows from general results in [5] and is obvious since the logic is
just the standard logic of sets. ad



Lemma 6. The diagram (6) defines a pre-LAPL-structure.

Proof. All that is missing in this proof is the definition of the fibred functor U
mapping a pair of types in the same fibre to an object of all relations between
them. We define U by

U : LinType Xkinq LinType — Context = I (=)x1(=)

O

We write r C o X 7 to denote the fact that »r C Terms(o) x Terms(7) while
7 Cagm 0 X T denotes the fact that r Coxrand r=7r"".

Lemma 7. The subfunctor of U given by mapping (@™, o,7) to (@", ({r Cadm
S(a)(T") x S(1)(T")})=res(@n)) defines a notion of admissible relations for the
pre-LAPL-structure (6).

Proof. See Appendix B. O

As mentioned in the introduction, one of our aims with this paper is to show
that the notion of parametric LAPL-structures is a general notion of parametric
model. Lemma 7 is important in this respect, since it shows that the concrete
notion of T T-closed relations of the LILY model interprets the abstract notion of
admissible relations presented in the definition of parametric LAPL-structures.

Theorem 3. The pre-LAPL-structure (6) is an LAPL-structure.

Basically, what needs to be proved in Theorem 3 is that all types in the
model have a relational interpretation. But that is, of course, provided by the A
from Section 3. Thus the required J functor is given (explicit descriptions of the
abstractly defined categories AdmRelCtx and AdmRelations can be found
in appendix) by

Definition 9 (Jpgse : Kind — AdmRelCtx).

Objects: a" — (", @", (II}_1{r Cadm Ti X Titn})72ncTyp2n)
Morphisms: 7" — (¢™,7",
((Tl gAdm T1L X Tp4ly--+5Tn gAdm Tp X TQn) —

(Atfl (?n/an)v ceey Affm (Fn/an)))?z"eTyp“)
Definition 10 (Jroq : LinType — AdmRelations).

Objects: (@",0) — (JBase(@"), JBase(0))
Morphisms: (@™, [M]) — (Jpase(@™), [M], [M])

Since the relational interpretation of types in LAPL-structures is given by a
map of PILL-models, the proof of Theorem 3 also checks that the definitions of
A for the various type constructors (—o, ®,!) agrees with the abstractly defined
structure on LinAdmRel — AdmRelCtx. We include the proof for ® in
appendix.



Theorem 4. The LAPL-structure (6) is a parametric LAPL-structure, i.e., sat-
isfies identity extension, extensionality and very strong equality.

Proof. For identity extension, note that since contextual equivalence coincides
with the relation A, we can rewrite the required equation to

Aa[n/al,.‘.,‘rn/an] = J(O’)(AT“ B A‘rn) = AU[ATl/a17 ceey AT”/O[’”,L

which is the content of Proposition 1. Very strong equality and extensionality
follows from the same properties of the subobject fibration over Set. a

5 Interpretation

In this section we describe the interpretation of PILLy into the model we have
constructed out of the operational semantics of LILY.?

A PILLy kind context @ is interpreted as the object @" in Kind.

A PILLy type @™ | o with n free type variables is modeled as an object in
LinType in the fiber over a™:

[a™ ko] = (@™, 0),

which we abbreviate as:
[o] = 0.

These definitions look deceptively simple. To verify that this is indeed the inter-
pretation one obtains in the LILY LAPL-structure one must of course calculate
the interpretation of types in the LILY LAPL-structure, and then one quickly
sees that the interpretation is as shown above.

Type contexts are modeled by the tensor and comonad structure on LinType.
A context 1 : 01,...,&) 1 Op;A1 I T1, ..., Gy ¢ T is modeled as

No1] @ ... @MNo,] @[] @ ... @ [1m]

Thus we use tensor to concatenate contexts and we use ! to make the types in
the intuitionistic context behave intuitionistically. Of course the entire context
will be inside one fiber of LinType.

Terms with n free type variables are modeled as morphisms in LinType in
the fiber over a”.

Aterm & | I'; A t: o is modeled as a morphism

[t] : [ A] — [o]

2 Note that by the results in the preceding section, we already know that we have a
well-defined interpretation of PILLy — that is a direct consequence of the fact that
we have constructed an LAPL structure. Here we merely try to provide an intuitive
description of the resulting interpretation.



in LinType,,, that is, as a ground contextual equivalence class of LILY terms,
containing a representative M of the form

—z: (o] ® ... o] @[] ®...® [tm]) F= M : 0.

The inductive description of [¢] follows from [12,2]. For example,
[E| T4, A Ft®s:o® 7] is the equivalence class of the LILY term

—x: M@ AF let y®§® 6 = split z in [t](y® ) @ [s](y @ ),

where split is a term definable in LILY such that split x is a tensor product in
the obvious way.
Now consider the interpretation of formulas in context:

alz:o | R:Rel(o’,0"),S : AdmRel(7',7") - ¢ : Prop.

The interpretation of the above formula, abbreviated as simply [¢], is a family
of subsets, indexed by closed types 7:

[¢] < [I,co Terms(o[r/a])
X [lsrcqr oneen P(Terms(o’[T/a]) x Terms(o”[T/a]))
X e riern PTT(Terms(7'[T/a]) x Terms(7"'[1/a])),

where PTT denotes the function that yields the set of all T T-closed subsets. In
plain words, [¢] is a subset of ground contextual equivalence classes of terms of
types o, of relations (on ground contextual equivalence classes of terms) and of
T T-closed relations (on ground contextual equivalence classes of terms). Thus
it is a very natural interpretation.

The connectives and quantifiers are interpreted just as we ordinarily do in
sets. For example, the interpretation of conjunction [¢ A ¢'] is the intersection
of [¢] and [¢'].

The only remaining point to note is the interpretation of substitution of terms
into formulas: the interpretation of [¢[M/z]], is obtained as follows. As explained
above, the term M is interpreted as an equivalence class of LILY terms [M]
and hence it induces an obvious function, which works by substitution, between
sets of ground contextual equivalence classes of terms Terms(...) — Terms(...)
(formally, the function is obtained via the I functor and the adjunction F' 4 G).
That function is used to reindex the interpretation of ¢.

6 Consequences

We now consider a few consequences of Theorem 4.

Consider the category whose objects are the closed types of LILY and whose
morphisms from o to 7 are closed terms of type o —o 7 of LILY identified up to
ground contextual equivalence. We call this category Lily.

As always, type expressions a b o(a) in LILY for which « only appears
positively in ¢ induce endofunctors on Lily.



Theorem 5. All functors Lily — Lily induced by types o(«) in LILY have
initial algebras and final coalgebras and these are isomorphic.

Proof. This is a simple corollary of Theorems 1 and 4 once we observe that
LinType, is equivalent to Lily and that types in PILLy are simply interpreted
as the corresponding types in LILY. a

Likewise we have:

Theorem 6. For all types o b o(«) : Type of LILY (where o may appear both
positively and negatively), there exists a closed type T of LILY such that 7 and
o(7) are isomorphic as objects of Lily.

This way we get formal proofs of all the claimed isomorphisms in [3, Figure 1]
(loc. cit. only includes a formal proof of definability of coproducts).> Moreover,
it shows that our model can be used to prove correct program transformations
based on parametricity for a language with general recursive types, an improve-
ment over earlier work [10], which only dealt with algebraic data types.

Ezample 1. As an immediate corollary of the definability of ® types in PILLy [20,
7], and the observation that LinType, is equivalent to Lily, we get that in Lily,
the object o ® 7 is isomorphic to [[a.(c — 7 — «) —o «. Phrased in purely
operational semantics terms, it means that in LILY there are terms f and g, with
types f :0®7T = [[a(c o7 —oa) oaand g: [[Ja.(c o7 —a) o a —
o ® 7 such that the LILY terms corresponding to the composition of f and g are
ground contextually equivalent to the identity terms.

For general parametric LAPL-structures we may derive reasoning principles
for the definable inductive, coinductive, and recursive types [9]. The principles
look similar to the ones considered by Pitts [16] for classical domain theory. For
instance, we have the following principle for recursive types (cf. Theorem 2):

Theorem 7. Consider a type o(f3,) where 3 occurs only negatively and ~ oc-
curs only positively. Suppose Sy Cagm rec a.o(a,a) X rec a.o(a,a) is an ad-
missible relation and that S— C rec a.o(a, ) X rec a.o(a, @) is a relation. Then
the following rule holds:

(f,f):5-—0a(5,5)  (g,9):0(5-,5;) — 5y
S_ C rec a.o(a, ) C Sy

For the LILY LAPL-structure this theorem provides us with a mixed induction-
/coinduction principles for proving contextual equivalence of elements of recur-
sive types defined via parametric polymorphism in LILY.

Similar results were proved in operational semantics for a language with one
top-level recursive type in [4]. However, we want to stress that the definability
of recursive types in LAPL, Theorems 1 and 2, also works for recursive types
with parameters [8], as does the reasoning principles for the resulting types.

3 See [12] for the details of all the relevant proofs in LAPL.



Thus, without involving any form of classical or synthetic domain theory, but
just relying on purely operational semantics and general properties of LAPL-
structures, we have derived general reasoning principles for recursive types. We
are not aware of any other work where such general principles are derived directly
from operational semantics.*

7 Conclusion and Future Directions

We have constructed an LAPL-structure from the operational semantics of LILY
and used it to establish formally definability of a wide range of types in LILY.
Moreover, we have derived reasoning principles for definable inductive, coinduc-
tive, and recursive types.

In recent work, Mggelberg has investigated the application of LAPL in deno-
tational semantics [13]. In particular, he has shown how one may use any LAPL-
structure to define a denotational semantics of FPC. By studying the resulting
semantics of FPC in the LILY LAPL structure constructed here, we conjecture
that one may extend the semantics to a polymorphic version of FPC and show
it adequate with respect to the operational semantics of polymorphic FPC. In
operational terms the semantics amounts to a translation of polymorphic FPC
into LILY.

Future work also includes studying the interaction of parametric polymor-
phism with other effects than non-termination, in particular with references.
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We include this appendix for the benefit of the reviewers.

A Type System for LILY

We say a raw term M is well-typed and has type 7 if and only if there is a set
of type variables a;, an intuitionistic I" and linear A type environment such that
I'' A, o, 7, M are in the relation defined by the following rules.

fto(I,7) Caa 2 ¢ dom(I) ftv(I,7) Cx
Ne:10bFqx:71 INa:thqa:t
I'iAja:thq M7 a ¢ dom(A)
IAbgda:7M:7—7
DiA o My :m— 7 Ak My:7m dom(A;) Ndom(Ag) =0
AL Ay b MMy 2 7/
IN'AbFqo M7 aé¢aUfto(l,A) I'NAbg M :Yar  fto(r) Ca
'y Al AaM :Va.r I A M7 /al
Nz:m;0Fq M:7 x¢dom(I)
Nidbka(z=M: 7)1
A Fq Myl DT Asbo My: 7 x ¢ dom(I')  dom(A;) Ndom(As) =0

I' Ay, Ay b let !z be My in My = 7/

TiQbg 1
AV My T T3 Asbkg My i1 dom(A4A;) Ndom(As) =0
I'; A, Ao b let x be My in Mo @ 7
AT b My:my 154306 Ma 7 dom(A;) Ndom(Ay) =0
F;Al,AQ }_a M1®M2 L T1 ®’7’2
AL Fo My 11 Q@19 I A5,a1 : 1,00 i o b My i 0
dom(A;) Ndom(A2) =0  a1,a2 ¢ dom(A;) Udom(A2) a1 # ag
I'; A1, As g let ag @ as be My in My : o

B Admissible Relations

To justify that T T-closed relations can serve as a notion of admissible relations,
we must show that they enjoy the closure properties of Figure 4 in [8].

We have, however, since the mentioned publication been able to simplify the
set of axioms somewhat, and to showcase this, we use the closure properties of
Figure 4 in [6] instead. (We have shown the old set of axioms to hold.)

We refer to figure 4 in [6] and provide only a part of a formula to hint at
which construction we are debating:

R CAgm 0 X T:A free admissible relational variable is interpreted as the projec-
tion into the set of admissible relations. Thus at every point it returns the
admissible relation it receives as the last component of its input.



eq,: Equality is simply ground contextual equivalence, which is same as A,
which is T T-closed.

p(t z,u y): Assume p is TT-closed. We now wish to show p(tM,uN)
p" T(tM,uN). Writing out the two formulae, we get p(tM,uN)"" <

TT:>

Vi’ ol —olwy, g : 7 —olws.
(Vz' o' w' T p(t 2 uw') D e g w' )
DfMieg N

and p' " (tM,uN) <

Vf:o —olwy,g: T —olws.
(Vz:o,w:T.p(z,w) D fzlegwl)
D ftM) e guN) |

Assume the formula for p(tM,uN)TT and that f : 0 —olw;,g : T —olws
satisfy Vz : o,w : T.p(z,w) D f z < g w |. If we instantiate p(tM,uN)TT
with [/ = fot, ¢ =gowu, we get f(t M) y< g(u N) | as required.

p(x,y) A p'(z,y): Conjunction is modeled by intersection, so the following neat
argument applies: Assume p and p’ to be T T-closed. Since

pNp Cp and pnp Cp

we get
pT C(pnp)" and T cC(pnp)’
SO
ptup T clpnp)’
Thus

(pnp)TTCptupHTcp'T=p
and likewise (pNp)TT C p/,s0 (pNp)TT Cpnp'.
(z:7,y:0).p(y,x): Let p denote (x : 7,y : 0).p(y, z). Calculation now shows,
that pT T = pT 7. Thus

PTT(M,N)=p T (M,N)=p"T(N,M)
= p(N,M) = p(M,N)

where we obviously use, that p is T T-closed.
T:Writing out TT T (M, N) we get

Vf:o—olwy,g:7 —olws.
Vz:iow:T.T(z,w) D fzlegwl)
DfMisgN

Since T(z,w) holds in general, this is quickly shortened to

Vf:o0 —olwy,g: T —olws.
Vz:ow:t.fzlegwl) D f M gN |



which again (due to the very strong requirements on f and g) can be short-
ened to
Vf:0 —olwy,g: T —olwy. T

which is of course just the same as T.

¢ D p(z,y): If ¢ does not hold we get T. If ¢ does hold we get p which is
admissible.

Quantifications: All quantifications are proved the same way. We will do (Vx :
w.p)' T CVz:w.p'". Writing out the two formulae, we get (Vx : w.p) ' T (M, N) <

Vf:0 —olwy,g: T —olws.
Vz:ow:7.(Vo i w.p(z,w) D fz e gw )
DfMIsgN

and (Vz :w.p" ") (M,N) &

Vo w.

(Vf:0 —olwy,g: T —olws.
(Vz:o,w:T.pg(z,w) D fzle gwl)
SFM e g: N )

Take any T : o. Assume the formula for (Vz : w.p) T (M, N) and that
f o —olw,g: 7 —olw satisfy Vz : o,w : T.pr(z,w) D fz J& gw |
Then, as V& : w.p.(z,w) implies pr(z,w), we can plug f and g into (Va :
w.p) T(M,N), obtaining f M |l< g: N || as required.

P Cadm 0 XTAP CoxTAhp=p = p Cagm o X 17: We recall, that
p = p is short hand for Va : 0,y : 7.p(x,y) 3C p/'(z,y), which in our model
translates to actual equality among the relations p and p’. The statement is
then obvious.

C Relational Interpretation

If we write out the definition of AdmRelCtx and AdmRelations as prescribed
in Section 2 we get

Definition 11 (AdmRelCtx).

Objects: (@",a™, (Ai);cs@n+m)), where each A; is a set.
Morphisms:
@7, (fi)ies@nm)) :
(an’ am™, (Ai)iGS(E"‘*'m))
- (67‘768’ (Bj)jES(E"*S));

such that

- o a" —a in Kind

-7 @™ —a° in Kind

= fir Ay — BS(E’"X?S)(i)



Definition 12 (AdmRelations).

ObJects (@, @™, (Ai)ics@n+my, 0, T (fi)ics@ntmy), such that
— (@",0) is an object of LinType
— (@™, 7) is an object of LinType

- (a 7(fl)zES(a"+m)) :
@™ (A)ies@ntmy) — V(@™ o,7)

in Context, i.e
VFTT e S(@T™).Va € Asnim.

frntm (a)
C Adm
Morphisms:
(Era?sv (hi)iGS(E“Jr’")v [M]v [N]) :
(@™, @™, (Ai)ies@n+my, 0: T, (fi)ies@n+m))
— (@, @, (Bi)ies@r+s), W, ps (9i)ies@r++))

[ n+m/—n+m] X T[?n+m/an+m]

such that
- (i” [M]) : (a a) (@",w) in LinType
- (7, [N]): (@,7) — (@, p) in LinType

- Vie S(En ) hz : A’L — BS(ET,?S)(Z')
— Vie S{@m).Va € A,.

fila) € (V(@"**,[M],[N]); o g; o hi)(a)

as illustrated by the diagram:

A; ﬁ V(o,7)i C 2I(0)xI(7) o T
fl TW[M],[N])J- [M] L[N]
B —%V(wp),  co@de G

where wy ... w, are weakened versions of o1 ...0, Wry1 ... Wrts are weak-
ened versions of T ...7s and j = S(@",7%)(4).

Note that in the definition of objects o and 7 has been weakened before V' is
applied to them, and in the definition of morphisms the same has happened to
[M] and [N].

Lemma 8. J is a map of PILL models.

Proof. 1t is sufficient to show that J is a strong symmetric monoidal closed
functor which preserves the comonad structure on the nose [14]. Then J has an
extension to a map of PILL-models.

That the comonad structure is preserved on the nose is an easy consequence
of the very syntactic nature of our categories. That J is a strong SMC functor



is almost as easy. Only the constructs !, ® and I are not defined directly as J
applied to their non-relational counterparts.

For brevity, we only include the proof for tensor. Given p Ca4, 0 X 7 and
P Caam o' x 7', the tensor relation p ® p’ Cagm 0 ® 0’ X 7@ 7' is defined as

(x:0®d,y:7®7)Va, B, R Cagm a X S.

Vi:og—oT—oat :0 —o1 —f.(p—op — R)(t,t') D

R(let ' @ 2" be x in tz'x" let ¥y’ @ y” be y in t'y'y").
Thus, for given types o and 7 (in the same fiber) and given terms M : o ® 7 and
N : 0®7, we wish to compare the statement M J(oc®7) N with M J(o)®J(7) N.

The former is given by
M Asgr N

while the latter is given by
va7ﬂ7R gAdm a X /8
Vi:g—oT—oa,t 10’ — 7 —0 f.(p—p/ — R)(t,t') D
R(let 2’ ® 2" be M in tz'z” let ¥’ ® y”" be N in t'y'y"),
where 0 = o’ because J(o) is a relation on o. Likewise 7 = 7. If we assume
M A,%: N and introduce the following names
TIZAO'y TQZATy r3:R
My =M, M{=N
M3:—;a1 :a,angl—tal as
M =—;a) :0,ay: THt a) ab,
we know that (M, M) € (r; ®r5) T T and that
(A, AYery AN (B,B')er =
AAA N BAB =
R(t A B,t' A’ B')
(M3[A/a1, B/as], M4[A’ /ay, B'/d}]) € rs.
Thus a lemma in [9] applies, telling us that
(let a1 ® ag be My in Ms,let af ® ab, be M7 in M) € r3

0

R(let ' @ 2" be M int o’ z'',let ¥ ®y” be N int' ¢/ y")

Thus M J(o) ® J(7) N.
For the converse direction choose

a=0Q@T, [f=0QT
t=t'=Xr:0cXy:7xQy
R:Ao-®7—.

This gives
let 2’ @ 2" be M in 2’ ® 2 Asgr let ¥ @ y” be N in ¢ @4,
which quickly reduces to the required M A,g, N. a



