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Summary

Noise reduction in video is an important and challenging subject. One of the
important issues is that noise reduction should not destroy the sharpness of the
video frames. Furthermore, it should be possible to use the developed procedures
in real time - for obvious reasons.

The first part of this thesis presents new methods of noise reduction in video.
Video versions of the two dimensional steering kernel are developed. One of the
advantages of steering kernels is that edges are not blurred during the noise re-
duction process. Taking time asymmetry into account improves the performance
of the kernel. It is shown that the performance of the developed video kernels
is significantly better than that of the traditional two dimensional kernel. Auto-
matic procedures of determining optimal parameters for the steering kernels are
also developed.

In the second part of the thesis, the focus is on edge detection and image sharp-
ness. Singular value decomposition (SVD) of an image is used to develop a new
sharpness metric, SVD-G. In order to reduce the computational load, a local ver-
sion of the metric is suggested, the SVD-L metric. It is shown that there is a tight
relationship between the value of the developed objective metrics and subjective
sharpness judged by test subjects. Finally, new methods of edge detection are
developed in the thesis, based on detection of jumps in the intensity levels ob-
served along line scans. The methods are based on theory developed in financial
econometrics.
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Dansk resumé

Støj reduktion er en vigtig og nødvendig del af video-processering. Eftersom
skarphed er en af de vigtigste parametre for, hvordan folk opfatter video kvaliteten,
er det vigtigt, at fjernelse af støj ikke sker p̊a bekostning af skarphed. Endvidere
er det i sagens natur vigtig at det kan ske i real tid.

Første del af afhandlingen præsenterer nye metoder til fjernelse af støj i video.
To udgaver af den to-dimensionale steering kernel udvikles til brug i video. En
af fordelene ved steering kernels er at kanter ikke bliver uskarpe ved støjfjernelse.
Ved at indføre asymmetri i den temporale retning, forbedrer vi kernernes virkning
p̊a støjen. Det vises at de udviklede video kerner er markant bedre end de tradi-
tionelle to-dimensionale kerner. Automatiske metoder til at fastsl̊a de optimale
parametre til steering kernels bliver ogs̊a udviklet.

I den anden del af afhandlingen fokuseres der p̊a skarphed og kant detektion. Der
anvendes Singular value decomposition (SVD) p̊a et billede til at udvikle en ny
skarpheds metrik SVD-G. For at mindske den beregningsmæssige opgave foresl̊as
en lokal udgave, SVD-L metrikken. En tæt sammenhæng p̊avises mellem de
objektive skarphedsm̊al: SVD-L og SVD-G og indsamlede subjektive skarpheds
vurderinger fra testpersoner. Endelig udvikles nye metoder til kant detektion i
billeder. Disse metoder baserer sig p̊a bestemmelse af spring i intensiteter som
observeres i scan linier. Metoderne bygger p̊a teori udviklet i finansiel økonometri.
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1 Introduction

Below, a review of the main results of the thesis is given. The emphasis will
be on the principle ideas behind the developed methods and their performance
compared to existing methods. For a more detailed treatment, the reader is
referred to the attached Papers A-D.

2 Adaptive kernel filtering used in video

processing

In Paper A, three dimensional adaptive kernels to be used in noise reduction
in video are developed. The idea is to construct kernels, based on local gradient
information in the spatial as well as the temporal domain, that can handle abrupt
scene shifts in a satisfactory manner. The adaptability of the kernels ensures that
blurring over edges is minimized. As a consequence, not only improved noise
reduction with respect to the rooted mean squared error is obtained but also,
and most importantly, images with much sharper edges are produced.

The use of three dimensional filters for noise reduction in video is challenging
because an uncritical use of such filters can have the unwanted effect that sur-
rounding frames are too clearly visible. As a consequence, the video may appear
blurred or, at scene shift, heavy artifacts may be introduced when two scenes are
merged together.

As mentioned above, local gradient information is used in the construction of
the kernels. For a given local window the average gradient is calculated and the
actual kernel is then a deformation of an isotropic Gaussian kernel, determined
by the local gradient. Kernels of this type are called steering kernels [1].

Extending the two dimensional steering kernel to three dimensions introduces
some new challenges, since the temporal resolution cannot be compared to the
spatial resolution because of different scales. By governing the time direction by
a separate parameter, we construct in Paper A a video version of the steering
kernel. We restrict the kernel such that two of the three axes in the estimated
covariance structure of the anisotropic Gaussian distribution are parallel to the
spatial domain (the one from the original two dimensional steering kernel). The
third axis is then orthogonal to these and parallel to the temporal directional
plane, see Figure 2.1. The three dimensional kernel is constructed in this fashion
in order to maintain sharp edges within each frame and not in arbitrary directions
in the spatial/temporal space. This three dimensional version of the steering
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Figure 2.1: Illustration of the time symmetric three dimensional steering kernel, here using five
relatively identical frames. The third frame is the one on which filtering is performed. The
superimposed red ellipses represent level curves with same density of the kernel. It is obvious
that redistributing some of the kernel weight to surrounding frames may give a better estimate
in this case.

kernel is time symmetric since past and future are treated in a similar manner.
The kernel illustrated in Figure 2.1 is indeed time symmetric.

Figure 2.2: Illustration of the idea of a time asymmetric three dimensional steering kernel, here
using three relatively identical frames and a scene shift. The third frame is the one on which
filtering is performed. The superimposed red ellipses represent level curves with same density
of the kernel. It is obvious that redistributing some of the kernel weight to frame 1 and 2 will
give a better estimate, and that frame 4 and 5 should have a small weight (ideally zero weight).

At scene shifts, the gradients will typically be large and the symmetric three
dimensional steering kernel degrades into its two dimensional counterpart. Since
either past or future frames are likely to be similar to the present frame, it
is natural to modify the symmetric steering kernel such that time asymmetry
is taken into account, see Figure 2.2. This provides us with the flexibility to
separately exploit the redundancy in the past and future of a frame. The idea
is to calculate the gradients in both temporal directions (past and future) and
determine the temporal component of the kernel as a combination of the two
parts. An example involving a scene shift is shown in Figure 2.2. The resulting
kernel is called the time asymmetric three dimensional steering kernel.

2



We tested the proposed kernels in four different setups illustrating different as-
pects of the performance. The performance of the new three dimensional kernels
was compared with the performance of the traditional two dimensional steering
kernel.

For the first three tests, we used video sequences and added N(0,5) normal noise.
The three videos were, respectively, a static video sequence (Susie) with no camera
movement, as shown in Figure 2.3, a dynamic video sequence with camera motion
and a lot of movement from the persons in the scene (Football) and finally a
video sequence with multiple scene shifts, as shown in Figure 2.4. The final test
was performed on a real broadcasted video with analog noise originating from
transmission. In the first three tests, we investigated the performance of the
kernels by calculating the Rooted Mean Squared Error (RMSE). In the last test,
we used subjective image quality, because no uncorrupted source existed.

(a) (b)

(c) (d)

Figure 2.3: (a) Detail of frame number 7 of the ’Susie’ video sequence, with N(0, 5) noise
added. (b)- (d) The resulting frame after filtering with, (b) a steering kernel of size [5 × 5],
(c) a symmetric video steering kernel of size [5 × 5 × 3] and (d) an asymmetric video steering
kernel of size [5 × 5 × 3].

The tests showed that the performance of the proposed kernels was significantly
better that the two dimensional version even using only two surrounding frames
in the temporal domain. The improvement was most pronounced when dealing
with relatively static videos, where the gradients are small resulting in a wide
Gaussian kernel in the temporal direction, see Figure 2.3.

The asymmetric version is again better than the symmetric version, with a small
improvement within a scene but most pronounced at scene shifts where the sym-
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metric kernel, due to the above mentioned large gradients, turns into the two
dimensional version, see Figure 2.4. It is however important to have in mind

(a) (b) (c) (d) (e)
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Figure 2.4: (a)-(e) A single frame from each of the five subsequences in the third test. To the
scene, N(0, 5) noise was added and a filtering with the steering kernel and the two types of
video steering kernels was performed. The resulting RMSE of the filtering is presented in (f).
The vertical lines marks, where a scene shift occurs. The video kernels outperform the two
dimensional kernel. The time asymmetric kernel performs overall best and handles scene shift
better than the time symmetric.

that the ultimate goal of noise reduction is not to reduce RMSE, PSNR or other
statistical metrics. What we really are interested in is to improve the perceived
quality of the video. Future steps should therefore include a subjective perception
test in order to verify that filtering with our proposed kernels really contains a
quality improvement. Another important subject to deal with in future work is
the implementation of the proposed kernels in a color framework. This includes
the choice of color space.
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3 Optimal parameter estimation for

anisotropic kernel filtering in image processing

In Paper B we develop an automatic method for optimal parameter estimation in
filtering with primarily anisotropic Gaussian kernels to be used for noise reduction
in image and video processing. The proposed parameter estimation is based on
a simple model of image degradation and restoration when filtering images. The
aim has been to develop a fast and ideally also accurate method.

The challenges of using filtering methods for noise reduction in real time is that,
in order to obtain optimal performance, the width of the kernels need to adjust
not only to the noise level but also to the presented content. An image containing
many sharp edges should be filtered with a sharper Gaussian kernel than an image
with few edges to avoid blurring the details, thus decreasing the Peak Signal to
Noise Ratio (PSNR).

In Paper B, the case of filtering with an isotropic Gaussian kernel is first consid-
ered. The two dimensional noisy signal is modelled as

g(n, m) = f(n, m) + η(n, m),

n = 1, . . . , N, m = 1, . . . , M, where f is the noise free signal and the η(n, m)’s
are i.i.d. N(0, σ2

η). The filtered signal is denoted by wtg, where

wtg(n, m) =
∑

k

∑

l

wt(n, m)g(n − k, m − l)

and wt is the Gaussian filter kernel

wt(k, l) =
1

4πt
exp

(

−
k2 + l2

4t

)

.

The aim is to find t such that the mean squared error (MSE) between the filtered
signal and the true signal is minimized under the model described above. In
Paper B, the MSE is decomposed as follows

MSE = MSE(noise) + MSE(signal)

where MSE(noise) is the remaining noise in the filtered signal and MSE(signal)
is the blurring of the true signal, caused by the filtering. In Paper B, their
dependency on t is derived,

MSE(noise) ≈
σ2

η

8π
t−1
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and
MSE(signal) = at2,

where a is a positive constant, depending on the Laplacian of the true signal.

In Figure 3.1, the validity of these approximations is examined in a concrete
example. The approximations work well in the interesting region around the
optimal t. A similar approach has been used previously to sharpen images by
estimating the blurring of the image and then correct the blurred image for this
[2].
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Figure 3.1: The approximate MSE(noise), MSE(signal) and total MSE as a function of the
parameter t in the Gaussian filtering. The estimated optimal values of t is shown as a green
dot. For comparison, the true MSE is also shown together with the true optimal value of t (red
dot). Notice that the approximations work well around the optimal value.

The main challenge of Paper B is to find the optimal parameter for the anisotropic
Gaussian kernel, often referred to as the steering kernel. This is an adaptive kernel
that is based on local gradient information. The resulting kernel is a deformation
of an isotropic Gaussian kernel constructed such that smoothing is not performed
across edges but rather along them. Since the kernel adapts to the image content
we have to adjust the method mentioned above, because in the anisotopic case
a kernel is assigned to each pixel. As a consequence the parameter has to be
calculated for each pixel. The final parameter is then chosen to be the median of
all parameters to ensure robustness against extreme estimated parameters.

In Paper B we show how MSE(noise) can be estimated analytically in this more
involved situation. For the estimation of MSE(signal) we have developed an
anisotropic Laplacian operator.
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For the filtering with the isotropic kernel the suggested method performs almost
as good as manually found parameters at low noise levels. However for very
noisy images, the method is less accurate. The performance of the filtering with
an anisotropic kernel is more accurate because the anisotropic kernel does not
degrade the image as much even at lower noise levels as shown in Figure 3.2. By
visual inspection the method is almost indistinguishable from the results obtained
by empirically found parameters as shown in Figure 3.3.
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Figure 3.2: (a) The PSNR of 25 images after filtering with the empirically found parameters
at 5 different noise levels. They are plotted against the same data but now after filtering with
the optimal parameters predicted by the model. (b) Boxplot of the results of filtering with the
two sets of parameters. Notice that the performance of the model parameters is very close to
the empirically found parameters.

For the anisotropic case we have calculated an optimal parameter for each pixel.
This is of course time consuming. Accordingly, we experimented using the me-
dian of only a subset of the optimal parameters. Since the parameters are quite
clustered, using only a small randomly selected sample of 1 pct. of the pixels
gave the same result for the median.
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(a) (b) (c)

(d) (e) (f)

Figure 3.3: (a) Detail from original image, (b) with noise of 30 dB added, (c) isotropic Gaus-
sian filtered with empirically found parameter, (d) isotropic Gaussian filtered with the model
predicted parameter, (e) anisotropic Gaussian filtered with empirically found parameter and,
(f) anisotropic Gaussian filtered with the model predicted parameter.

4 Image sharpness assessment based on

singular value decomposition

Paper C describes the construction of a metric to assess the perceived sharp-
ness/blur of an image. The main idea is to use the distribution of the singular
values of the singular value decomposition (SVD) of an image, to predict the
perceived sharpness [3]. The metric is a so called no-reference metric, meaning
that the assessment is not related to an original uncorrupted image, but only
based on the actual image.

By combining the image of the singular vectors and singular values in an interval,
we can construct three images, covering the five pct. largest singular values, the
singular values from 5-50 pct., and the last 50 pct. An example is shown in Figure
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4.1. The decomposition of the image shows that the values related to sharpness
is not present in the first singular values. Here the main energy is focused, i.e.
the main image content is in a blurred form. The smallest singular values of the
image contains close to no image information and can therefore also be discarded.

(a) (b)

(c) (d)

Figure 4.1: (a) Detail from the original ’bike’ image, (b) the same image recreated by only
using the 5 pct. largest singular values and corresponding vectors, (c) using the singular values
between 5-50 pct. in magnitude and corresponding vectors and (d) using the 50 pct. smallest
singular values and corresponding vectors. We notice that the sharpness of the image is only
present at (c).

Of the remaining singular values, we observe that for sharp images the majority
of the singular values are clustered at high values, but as images get more blurred,
the majority of singular values clusters at lower values and is therefore primarily
noise and imprecision of the computer, see Figure 4.2.

We have in Paper C used this observation to construct a metric that reflects
this by taking the average of the logarithm of the singular values. We initially
transform the singular values with a logarithmic function to reduce the dominance
of the largest singular values. The use of logarithm can also be justified by
the often seen logarithmic relationship between physical measurements and the
perceived intensity, cf. the Weber-Fechner law [4]. We denote this sharpness
metric SVD-G, since it is based on the SVD of the complete image.
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Figure 4.2: (a) The distribution of the singular values for three different images (b)-(d) at
different degree of sharpness. We notice a very similar behavior of the distributions as the
images get more blurred.

Since the complexity of the SVD algorithm is O(min(nm2, mn2)), where n and
m are image width and height, we have in Paper C constructed a faster method,
which is based on the same key idea. We couple this with the knowledge that the
sharpness of the human visual system only covers 2 degrees of visual angle, also
known as the fovea. By initially dividing the image into blocks of approximately
this size, we calculate the SVD for each of these blocks. To avoid blocks with no
sharpness to clutter the results, we use a fast edge detection algorithm to omit the
blocks with no sharpness from the metric. We justify this by assuming that the
opinion about the perceived sharpness is formed by looking at blocks containing
edges. The final metric is then the mean of the sharpness in all blocks containing
edges. This metric is called SVD-L as it uses SVD in local blocks. In Figure 4.3,
the performance of both SVD-G and SVD-L is shown for a single image.

To evaluate the performance of the metrics, we have conducted a study among
21 subjects. They were asked to grade on a continuous scale the sharpness of
four different images under different conditions. The judgement was performed
by adjusting a slider. In order to avoid the common clustering at the markings
of the typically used 5 point scale, the scale was with markings only at ’very
unsharp ’and ’very sharp’. The continuous scale was then mapped to a scale
from 0 to 10 where 10 being the sharpest. Each subject was presented to each
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Figure 4.3: (a) The performance of the metrics at the same image at different levels of blur,
constructed by filtering with a Gaussian kernel with different σ, (b) detail from image with
no blur, (c) detail from image with Gaussian blur of σ = 1 and (d) detail from image with
Gaussian blur of σ = 4. Notice that both metrics are monotonically decreasing.

image for 10 seconds and then asked to score the sharpness. The images were all
from Full High Definition (1920 x 1080) or High Definition (1280 x 720) video
sequences presented in native resolution to avoid blur introduced by scaling in
the TV. The order of the images was determined by a balanced incomplete latin
square design, to handle learning and fatigue bias. The obtained sharpness scores
were averaged over all subjects, resulting in an Average Sharpness Rating (ASR)
for each image.

The performance of the SVD-G and SVD-L was, together with two other state-
of-the-art sharpness metrics, compared to the produced ASR. The competing
metrics were the Perceptual Blur (PB) by Marziliano [5] and the Just Noticable
Blur (JNB) metric by Ferzi [6]. The Pearson and Spearman correlation and the
Mean Absolute Error and Rooted Mean Squared Error were calculated as indica-
tions of the performance. The performance of the two metrics proposed in Paper
C are very similar with a slight edge to the faster SVD-L and both outscore the
NB and JNB in all four indicators. The Pearson correlation coefficient was 0.903
between SVD-L and ASR and 0.897 between SVD-G and ASR. The performance
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of SVD-L is shown in Figure 4.4.
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Figure 4.4: Comparison of the subjective ASR rating of sharpness with the objective SVD-
L metric of sharpness, developed in Paper C. A total of 21 subjects has taken part in this
investigation. The curve is obtained by fitting the data to a logistic function. The correlation
is here 0.903 (Pearson) and 0.850 (Spearman).

In Paper C we have constructed a metric for estimating sharpness of images.
The impact of sharpness in relation to the human visual system is much more
complex when motion is involved. This situation is complicated both on the
display technology side and the human visual system side. With regard to display
technology, sample hold techniques used in LCD screens play an important role.
In the human visual system, fundamental uncertainty about perceived motion is
important.

Future work with the metrics developed in Paper C will naturally include mod-
elling video sharpness in a SVD framework. Furthermore the importance of the
choice of the thresholds of the singular values should be investigated further.
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5 Edge detection in image processing, using

realized variance measures

Paper D concerns edge detection in image processing, using realized variance
measures. The key idea is to detect edges as jumps in the intensity level observed
along line scans. Detection of such jumps is a subtle matter that has been studied
in econometrics for years. A well-established asymptotic theory is available for
ultra-high frequent time series data from finance. The asymptotics has been
developed for the case where the distance between neighbour measurements goes
to zero. The challenge of Paper D is to investigate whether these methods coming
from econometrics can be modified such that they can be used with success in the
detection of edges in digital images. In this transition process from econometrics
to image processing, very recently developed finite sample corrections has played
an important role, cf. Mancini [7], Jacob [8], Corsi et al. [9] and references
therein. This is simply due to the fact that we cannot increase the resolution in
the image under study arbitrarily.

Realized variance measures relate to a discretely observed stochastic process Y =
{Yt : t ≥ 0}. Let the observations be denoted by Yiδ, i = 0, 1, . . .. Then, the
realized variance process at time t is simply

[Yδ]t =

⌊t/δ⌋
∑

j=1

y2
jδ,

where yiδ = Yiδ − Y(i−1)δ denotes the ith increment of Y and ⌊t/δ⌋ denotes the
integer part of t/δ. It can be shown that, for small δ, the realized variance
process can be approximated by the sum of a continuous process and a jump
process. By various methods (realized bipower variation, truncated realized vari-
ance, truncated bipower variation), it is possible to produce a separate estimate
of the continuous process and therefore the jump process can be singled out. The
methods based on truncated variance are expected to be the most powerful in
relation to edge detection since they take into account the finite resolution of
the image. In Figure 5.1 below, a traditional application of realized variance
measures in econometrics is shown.

In Paper D, the potential of these methods for edge detection in image processing
is investigated. The conclusion is that it is indeed possible to detect edges, using
the methods from analysis of econometric time series. Three examples are shown
in Figure 5.2 below.

A closer look at the ’Bike’ image in Figure 5.2 shows that the methods based on
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(a) IBM data.
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Figure 5.1: An example of testing for jumps in financial data. Here, (a) plots the logarithmic
asset price sampled every five minutes and the corresponding five minutes returns. (b) Shows
the results of combining the data into daily blocks of realized variances and realized bipower
variation (top row). The estimated jump part is the difference between the realized variance
and the realized bipower variation and is plotted together with test of whether the jumps are
significantly different from zero. The result is that we have located 12 days with jumps in the
price process.
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Figure 5.2: (First row): Original grey level images. (Second row): Result of edge detection
using bipower variation. (Third row): Edges found, using truncated realized variance. (Fourth
row): Edges found, using truncated bipower variation.

Figure 5.3: Detail of edge extraction of the ’Bike’ image, using, respectively, (left) bipower
variation, (middle) truncated realized variance and (right) truncated bipower variation. Notice
that the edges of the rim of the wheel in the last two images appear more connected and less
noisy.
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truncated variances are superior. For instance, when observing the rim of the
wheel we notice less noise and a more connected structure when using truncated
variances, see Figure 5.3.

Another important conclusion of the investigation is that jump detection seems to
work also in the case where the jump is estimated from remarkably short series of
observations. In Figure 5.2, the length of the series of observations upon which a
jump is estimated is as low as 3. This is in marked contrast to the usual situation
in applications within econometrics.

In econometrics, the emphasis is often on testing whether a particular jump is
significant or not. This issue seems less relevant in image processing since small
(although significant) jumps are not likely to be discovered by the viewer.
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ABSTRACT

In this paper we present a noise reduction filter for video processing. It is based on the recently proposed two
dimensional steering kernel, extended to three dimensions and further augmented to suit the spatial-temporal
domain of video processing. Two alternative filters are proposed - the time symmetric kernel and the time
asymmetric kernel. The first reduces the noise on single sequences, but to handle the problems at scene shift
the asymmetric kernel is introduced. The performance of both kernels is tested on simulated data and on a
real video sequence together with the original steering kernel. The proposed kernels improves significantly the
Rooted Mean Squared Error (RMSE) compared to the original steering kernel method on video material.

Keywords: Adaptive image filtering, Noise reduction, Kernel Methods, Video Processing.

Kernel methods are non-parametric methods of noise reduction. In relation to video it is a strength that the
methods are non-parametric since broadcasted material have various origins and qualities. Electronic interference
and flaws in the transmission and the digital image acquisition add noise to the image/video. Some programs
are sent digitally at high bit rates, others are sent as analog signals via cables. Some programs have been stored
on magnetic tapes for years and thereby degraded and some are sent directly. It seems impossible to construct
a single parametric model that can describe all the different types of material and noise. An additional benefit
of the kernel methods are that they have applications within noise reduction as well as within interpolation.

The transition to much larger screens, together with the transition from Catode Ray Tube technology (CRT)
to Liquid Crystal Displays (LCD) and similar digital screen technologies, makes noise appear much more dis-
turbing on a television set. It is therefore important that the noise is reduced to get the viewer the best perceived
experience possible. However other factors such as sharp edges are also important for the perceived video quality.
This is what makes the noise removal difficult because blurring reduces the noise but also removes the sharpness
of the edges. On the other hand edge enhancement techniques e.g. peaking enhances the noise. Another similar
problem is that texture and noise shares many of the same statistics e.g. a sandy beach or the leafs of a tree can
locally appear very random.

We will in section 1 first describe related work on kernel methods with special emphasis on the recently
proposed steering kernel method. In section 2 we extend this to the video domain, and augment it to handle
some of the difficulties in video. We present experiments on both video with simulated noise and real analog
noise in section 3 to compare and show the behavior of various methods considered. The application we have in
mind is television but the scope of kernel methods is much broader.

1. RELATED WORK

In recent years methods that utilizes non-static kernels, dynamic kernels, that adapt to the data, have been
proposed, see.1, 2 These kernels add flexibility to the performance as well as introduce new challenges.

Instead of just using the Euclidean distance to determine the weight of the observation at a given site we
may combine the Euclidean distance with other metrics. Examples of this, where the observed value also enters
into the computation of the weight are bilateral filter and steering kernels.

Further author information: (Send correspondence to Rasmus Engholm)
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1.1 Bilateral filter

The bilateral kernel has had a lot of support since the introduction in 19982 due to its edge preserving properties
combined with the appealing simplicity and intuitive construction. The bilateral filter is an attempt to build
a filter kernel that has the smoothing properties of the ordinary Gauss filter, and at the same time does not
smooth the edges.

The intuition is that sites with similar observations which are also located close to each other is from the same
structure and therefore can be assigned larger weights than sites with either different observations or location
far away from each other. The bilateral kernel is then a product of two kernels. In general any low pass kernel
can be used, but usually the Gaussian kernel is used.

This intuitive approach has received a lot of theoretical investigation tying it together with other edge
preserving filtering techniques such as anisotropic diffusion, robust estimation, weighted least squares3 and
adaptive smoothing.4, 5 Others have tried to speed up the performance.6–8 The algorithm has also found use
within computer graphics where it has been used to perform smoothing of 3D-meshes.9 The origin of the bilateral
filter is empirical, but it can be derived from the weighted least squares formulation, similar to 0-order local
regression.

On artificial examples the filter performs very satisfactory. However on natural images the result can be
cartoon-like, because within the areas defined by the edges, all fine details get blurred.

1.2 Steering kernels

Instead of using the difference in intensities to guide the filtering like the bilateral filter, thus indirectly using
gradient information, the intuition behind the steering kernel, introduced in1 is to directly use the gradient
information to construct the kernel. This means that the actual kernel will be a deformation of an ordinary
smoothing kernel (scaled, rotated, skewed). The steering kernel was introduced with a Gaussian kernel, but any
type of kernel could in principle be used. We should note that the original formulation suggest that the kernel
is used iteratively. However the optimal number of iterations remains unclear, why we here will only consider it
as a one pass filter.

As with the bilateral filter, the objective is to remove noise while preserving the edges. The shortcomings of
the bilateral filter described above appear partly because the kernel is designed directly from the observations
i.e. a single black pixel in a white neighborhood can be hard to smooth, since the intensity part of the kernel
will ensure that all weight will be put on the single observation under consideration.

The steering kernels are defined using the gradient information and performing principal component analysis,
to reduce all the gradients in a local window to the dominant orientation in that window. A kernel is then
calculated based on this orientation giving weights to the observations in the window such that most smoothing
is performed along edges and not across edges.

We let x0 denote the pixel in a local window at which we want to estimate the grey value. The sites of the
observations are indexed in a two dimensional grid (x1i, x2j), i = 1, . . . , n, j = 1 . . . , m, representing our pixels in
the local window. To each pair (x1i, x2j) we have a single associated observation, yij , giving the grey level value
in the image.

We consider a local window and define the gradient as

(∇y)(x1i, x2j) =

[

∂y

∂x1
(x1i, x2j),

∂y

∂x2
(x1i, x2j)

]

Since we are working on discrete values we must use a discrete differentiation operator.

We are interested in finding the dominant orientation of the structure in the local window of the image, so
that we do not smooth in that direction. On average we can consider the gradients to be orthogonal to the



dominant orientation. We do a PCA analysis on the gradients in the local window to find the dominant edge
orientation. The gradients of a local window is then reordered as an nm × 2 matrix:

G =

























(∇y)(x11, x21)
(∇y)(x11, x22)

...
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
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
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
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where each row specifies first the gradient in the horizontal and then in the vertical direction. The steering kernel
uses a simple estimate of the covariance structure of the gradients obtained by

Cx0
=

1

nm

∑

i,j

[

( ∂y
∂x1

)2 ∂y
∂x1

∂y
∂x2

∂y
∂x1

∂y
∂x2

( ∂y
∂x2

)2

]∣

∣

∣

∣

∣

(x1i,x2j)

=
1

nm
GT G.

This symmetric structure, Cx0
, of the gradients in a local window is then used to form the steering kernel.

The objective is to spread the kernel parallel to the edges, so the edges remain unblurred. Secondly if the
gradients in general are small we would assume that the differences originate from noise and need smoothing,
thus requiring a relatively flat kernel. On the other hand if the gradients in general are large we will assume that
it originates from structure and need less smoothing which calls for a steep kernel. Considering the eigenvectors
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∇
C

0
−1

x
0

C
0
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Figure 1. (a) Image with a red square that indicates the neighborhood being examined. (b) Contour ellipses of Cx0
and

Cx0

−1 superimposed onto the current neighborhood together with the estimated gradients.

of Cx0
, the first eigenvector is in the direction of largest variance, i.e. in the direction of on average largest

gradient. This structure is exactly the opposite of what we look for. We wish to rotate the structure and make
the largest eigenvalue orthogonal to the main gradient direction. This can be accomplished by inverting Cx0

.
Since the inverse of a symmetric matrix has the same eigenvectors but reciprocal eigenvalues, we obtain the
wanted structure, see Fig. 1.

Using this structure to construct a Gaussian kernel we arrive at the steering kernel

KS(x0,xw) = c · exp

(

−
(x0 − xw)T(Cx0

)(x0 − xw)

2σ2
s

,

)

where KS(x0,xw) is the weight associated to pixel xw in the local window, Cx0
is the structure of the gradients

for the local window centered around x0, and c is a normalizing constant. σs is the parameter governing the
basic level of smoothing, e.g. the steepness of the Gaussian kernel before it is deformed by Cx0

. Fig. 2 illustrates
the construction of a steering kernel.



(a) (b) (c)

Figure 2. Construction of the steering kernel based on the red dot in (a) in a 21 × 21 neighborhood. (b) The steering
kernel based on the structure of the gradients. (c) The result of filtering with the steering kernel.

2. STEERING KERNELS IN VIDEO

Applying steering kernels on video is an obvious extension. By having more frames we want to use the redundancy
of the video to get a better estimate of the pixel value. The redundancy occurs because in video, e.g. 50 frames
per second, are available. Of course the type of content determine how useful the surrounding frames are. If
a scene shift occurs we cannot use the information to get a better estimate. We propose firstly to extend the
idea of the steering kernel such that the kernel is three dimensional and secondly to introduce time asymmetric
kernels to handle the problems at scene shifts.

With grey level video we have a three dimensional site input (x1i, x2j , x3k), i = 1, . . . , n, j = 1 . . . , m, k =
1 . . . , l, where (x1i, x2j) indicates the spatial location of the site in the frame and x3k the frame number, i.e. the
temporal location of the site. The observation at site (x1i, x2j , x3k) is denoted yijk, representing the grey level
value.

2.1 Time symmetric kernel

Extending the steering kernel introduces some difficulties, since the temporal resolution can not be compared
to the spatial resolution because of different scales. By governing the time direction by a separate parameter,
we construct a video version of the steering kernel. We restrict the kernel such that two of the three axes in
the estimated covariance structure is parallel to the spatial domain (the one from the original steering kernel).
The third is then orthogonal to these and parallel to the temporal directional plane as shown on Fig. 3. This
is chosen because we wish to maintain sharp edges with respect to each frame and not in arbitrary directions in
the spatial/temporal space.

Figure 3. Illustration of the time symmetric kernel, here using five relatively identical frames. The third is the one on
which filtering is performed. The superimposed red ellipses represent level curves with same density of the kernel. It is
obvious that redistributing some of the kernel weight on surrounding frames in this case can give a better estimate.



We construct the matrix similar to the two dimensional case but augment the matrix to a 3×3 matrix. We
reuse the Cx0

unchanged but augment it with the variance of the gradient in the temporal direction.

It should be emphasized that we for the calculation of the temporal variance use all gradients in the temporal
direction in the considered block, whereas we only use the gradients in the the spatial directions from the central
frame. The resulting shape of the video kernel in the central frame is the same shape as in the 2 dimensional
case, but with smaller weight since some of the weight is transferred to the surrounding frames. The last entry
in the diagonal of our enlarged matrix is, up to a constant,

dx0
=

1

nml

n
∑

i=1

m
∑

j=1

l
∑

k=1

(

∂y

∂x3
(x1i, x2j , x3k)

)2

.

We can now define the covariance structure of the time symmetric kernel as

C̃x0
=

[

Cx0

σ2
s

0

0
dx0

σ2
t

]

,

where Cx0
is exactly as before. Since we want to be able to adjust the overall smoothing in the spatial and

temporal directions independently, we introduce a new parameter σt governing the temporal degree of smoothing.
We can now define the time symmetric steering kernel as

KTS(x0,xw) = c · exp

(

−
(x0 − xw)T(C̃x0

)(x0 − xw)

2

)

,

where w index the sites in the local block and c is the normalizing constant.

We notice that the kernel is locked to have one eigenvector parallel to the temporal direction, since there is
no correlation between the temporal and the spatial direction. Furthermore we notice that when experiencing
small temporal gradients, i.e. the content of the frame is relatively unchanged, the estimate of dx0

is going to
be relatively small. This will lead to a kernel stretching in the temporal direction giving more weight to the
surrounding frames. On the other hand if the temporal gradients are large, we will get a large estimate of dx0

,
resulting in a kernel shrinking in the temporal direction ultimately becoming the two dimensional steering kernel.

2.2 Time asymmetric kernel

Utilizing the surrounding frames as in the kernel described above improves noise reduction, however the per-
formance not satisfactory at scene shifts and at pan. Obviously at scene shifts the gradient in the temporal
direction is relatively large, resulting in a very flat kernel in the temporal direction, almost identical to the
two dimensional kernel. We therefore propose an alternative kernel construction, where the temporal direction
supports asymmetry. This provides us with more flexibility to exploit the redundancy in only one temporal
direction when entering/exiting a scene shift as illustrated in Fig. 4. For estimating the asymmetry kernel we
have to estimate the two parts of the kernel seperately. We therefore define the asymmetric kernel as

KTAS(x0,xw) = c · exp

(

−
(x0 − xw)T( ˜̃Cx0,xw

)(x0 − xw)

2

)

,

where

˜̃
Cx0,xw

=





Cx0

σ2
s

0

0
˜̃
dx0,xw

σ2
t



 .

Here ˜̃
dx0,xw

is determined as follows. Let k(xw) be the number of the frame in which xw lies. Let l
−

be the
number of frames in the local block around x0 before the frame in which x0 lies. Likewise, let l+ be the number



of frames after the frame in which x0 lies. Then,

˜̃
dx0,xw

=
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
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2

if k(xw) > k(x0)

(1)

By convention,
˜̃
dx0,xw

= 0 if xw and x0 belong to the same frame.

Figure 4. Illustration of the idea of the time asymmetric kernel, here using three relatively identical frames and a scene
shift. The third is the one on which filtering is performed. The superimposed red ellipses represent level curves with
same density of the kernel. It is obvious that redistributing some of the kernel weight to frame 1 and 2 will give a better
estimate, and that frame 4 and 5 should have a small or zero weight.

3. EXPERIMENTS

We tested the proposed kernels in four different setups illustrating the performance. We also examined the
performance of the regular two dimensional steering kernel for comparison. In the first three setups we used
sequences with added normal noise with N(0,5). The last test was done on a real broadcasted video with analog
noise originating from transmission. For the simulated data we optimized wrt. the Rooted Mean Squared Error
(RMSE). In the last example we used subjective image quality.

3.1 Single static sequence

In the first experiment, we used a standard sequence, Susie, representing a very static setting. We added noise
with N(0, 5). We compared the performance of the steering kernel of size [5 × 5] with the video steering kernel
of size [5 × 5 × 3] with respect to RMSE. For parameter estimation we used a frame in the middle of the
sequence to determine the steering kernel parameter. These parameters were also used in the video steering
kernels. We notice a significant improvement from the two dimensional kernel. The performance of the three
dimensional kernels with and without symmetry is similar. There is no clear winner. For this sequence, see Fig.
5, the perceptual quality appears much better for the video steering kernels than for the original two dimensional
steering kernel.

3.2 Single dynamic sequence

The setup of this experiment is identical to the previous. The used sequence, Football, represents a very dynamic
sequence with both camera and object movement. Adding movement makes the video steering kernels less
optimal, see Fig. 6. However, the performance is still constantly superior to the two dimensional kernel. The
variance of the video kernels performance is more pronounced than in the previous example shown in Fig.5. The
time asymmetric kernel is slightly better than the time symmetric kernel.



3.3 Sequences with scene shifts

We used another video consisting of five very different concatenated standard sequences, see Fig. 7. Those
were Table Tennis, a relative static scene with a noise like wall paper, Flower Garden a panoramic sequence
of small flowers, Susie, as mentioned before, Birdcage, a very static scene with a birdcage spinning slowly
around, and finally Mobcal, a panoramic video of mobile and calender. We added noise as before to investigate
the performance when encountering scene shift. The three dimensional kernels performed better than the two
dimensional kernels. The only exception is in the Flower Garden sequence where the performance of all three
are similar bad. We notice that the largest difference between the two dimensional and the three dimensional
kernels is obtained in sequences where the camera is relatively static and the background has a noise like texture,
e.g. Table Tennis. Comparing the time symmetric kernel and the time asymmetric kernel, we notice that in
general the asymmetric kernel performs better. Furthermore at scene shift indicated with a dashed vertical line
on Fig.7(f) the performance of the asymmetric kernel is superior to the symmetric kernel (most noticeable around
frame number 90).

3.4 Real video sequence

The final test was performed on a real video which had been broadcasted and grabbed and converted to digital
video. In Fig. 8 we only show a frame together the effect of the three different methods, since the original
sequence is unavailable. Each of the RGB-layers have been filtered separately. The parameter was chosen to
make the best visual filtering. On the filtered images Fig. 8(b), 8(c) and 8(d) we notice that the video kernels
appear most noise free.

4. CONCLUSION

In this paper we have extended the steering kernel to be used in video with added flexibility. The kernel has
been altered progressively to handle the difficulties concerning scene shift. This results in the introduction of a
constraint in the temporal direction and the introduction of asymmetric kernels. The proposed kernels improve
the performance with respect to minimizing the RMSE compared to the original steering kernel. Further work
with optimizing the choice of parameters needs to be performed. Finally it will be interesting to see how the
obtained RMSE results correlates with the perceived video quality.
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Figure 5. Detail of frame number 7 of (a) the original frame and (b) the frame with added noise with N(0, 5). The
resulting frame after filtering with the (c) steering kernel of size [5 × 5], (d) symmetric video steering kernel of size [5 ×
5 × 3] and (e) asymmetric video steering kernel of size [5 × 5 × 3] and (f) he frame by frame comparison of the RMSE
of the three methods.
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Figure 6. (a) A frame from the football sequence together with (b) the frame by frame comparison of the RMSE of the
three methods on the Football. The kernel sizes was like the Susie example.
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Figure 7. (a)-(e) A single frame from each of the five subsequences in this sequence. To the scene, noise was added with
N(0, 5) and a filtering with the steering kernel and the video steering kernels was performed. The resulting RMSE of
the filtering is presented in (f). The vertical lines marks, where a scene shift occurs. The video kernels outperforms the
two dimensional kernel. The time asymmetric kernel performs overall best and handles scene shift better than the time
symmetric.



(a) (b)

(c) (d)

Figure 8. (a) A frame from a real video sequence, (b) the result of the filtered frame with the two dimensional steering
kernel, (c) the time symmetric kernel and (d) time asymmetric kernel.
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Optimal parameter estimation for anisotropic kernel
filtering in image processing

Rasmus Engholm and Henrik Karstoft

Abstract—In this paper we develop a method for esti-
mating optimal parameters for filtering with isotropic and
anisotropic Gaussian kernels to be used in noise reduction
in video and image processing. We start by considering
the ordinary isotropic Gauss filtering and extend this to
edge adaptive kernels. We compare the performance of the
proposed methods of estimating optimal parameters with
empirically found optimal parameters. The comparison of
the performance on noise reduction is based on Peak Signal
to Noise Ratio (PSNR) together with the visual result of the
filtering. It is concluded the our method of calculating opti-
mal parameters performs as well as the empirically found
optimal parameters. Finally a subsampling technique is
proposed which increases the speed of the method based
on adaptive kernels.

Index Terms—Anisotropic kernel filtering, optimal pa-
rameters, noise reduction.

I. INTRODUCTION

Much work within image and video processing fo-
cuses on analog noise reduction. Elaborate schemes
have been developed that perform very well. Recent
advances in adaptive nonlinear filtering techniques aims
at combining a good overall noise reduction with respect
to mean squared error with edge preserving abilities that
are very important for a good perceptual image quality
[1]. Anisotropic diffusion [2] and bilateral filtering [3]
and more recently, steering kernels [4], [5] are examples
of such methods. However these techniques requires
parameter tuning to perform well. This is often done
empirically, but in order for the algorithms to work in a
practical situation, e.g. in noise reduction of an incoming
video stream, the parameters have to be estimated and
adjusted in an automatic way. In reality the omission of
this part of the process leads in many situation to the
use of a single static parameter, thereby not utilizing the
full potential of these algorithms.

In this paper we derive a method to automatically
determine a parameter in the proximity of the optimal
parameter used in ordinary isotropic filtering, e.g. Gauss
filtering, based on a simple model of the signal and the
noise. We then carry this result over to be used in the
directional filtering algorithm based on steering kernels,

introduced in [4]. In order to increase the performance
a simple sampling scheme is presented for the adaptive
filtering.

Finally we compare the performance of the model esti-
mated parameters with that of empirically found optimal
parameters. We focus on a realistic setting with respect
to noise levels, viz. PSNR levels of 20-40 dB, and the
real time aspect of filtering on a video stream of frames,
thereby disregarding iterative schemes as suggested in
[4].

II. A MODEL OF IMAGE RESTORATION AND

DEGRADATION

Let f(n,m), n = 1, . . . , N,m = 1, . . . ,M be a 2
dimensional signal andη the noise withη ∼ N(0, Iσ2

η)
and i.i.d. We define:

wg(n,m) =

∞
∑

k=−∞

∞
∑

l=−∞

wt(k, l)g(n−k,m−l) = wt∗g,

where
g(n,m) = f(n,m) + η(n,m)

and the Gaussian filter kernel is defined as

wt(k, l) =
1

4πt
exp−

(k2+l2)

4t , (1)

that is g is the noisy signal wheref is the signal
component andη the noise component. We define the
filtered signalwg as the discrete convolution ofg with
a Gaussian kernelwt, see Figure 1. The parametert

controls the width of the bell shaped kernel.

f
+

g
w

wg

η

Fig. 1. Illustration of the signal path, withf being the clean signal,
η the additive noise resulting in the noisy signal,g. The filtering is
done withw, resulting ingw.

On average the estimate of the noisy signalg should
be the signalf , since the noise is expected to have zero
mean, the variance of the noisy signal is equal to the



2

variance of the noise. The estimate of the filtered noisy
signal is then

E[wg(n,m)] =

∞
∑

k=−∞

∞
∑

l=−∞

wt(k, l)f(n − k,m − l)

= wt ∗ f.

We now define the image degradation as the estimate
of the squared difference between the filtered noisy
signal and the true signal inN observations in a block,
i.e. the mean squared error (MSE):

e = E[

N
∑

n=1

(wg(n) − f(n))2]

=

N
∑

n=1

E[(wg(n) − wf(n))2 + (wf(n) − f(n))2

+ 2(wg(n) − wf(n))(wf(n) − f(n))]

=

N
∑

n=1

E[(wg(n) − E[wg(n)])2]

+

N
∑

n=1

(wf(n) − f(n))2. (2)

We see that the MSE is the sum of two terms, where
the first only depends on the variance of the noise, and
the other only stems from the signal. The latter is the
squared difference between the filtered signal and the
signal. We want to minimize the residuale, which is the
trade-off between how much noise can we eliminate (the
first term), while not destroying the signal (the second
term).

III. I SOTROPICGAUSSIAN FILTERING

The variance of the filtered noisy signal,wg, is then,
for the two dimensional Gaussian filtering, equal to:

σ2
wg =

∞
∑

k=−∞

∞
∑

l=−∞

(wt(k, l))2σ2
η

≃ 1

8πt
σ2

η . (3)

The relationship between filtering with a Gaussian
kernel as the solution to the heat equation is well known
and used for simple deblurring when the amount of
blurring is limited [6], [7]. If the diffusion process is
determined by

∆u =
∂u

∂t
, (4)

then in a two dimensional setting letu(x, y) = f(x, y) to
time t = 0. After time t the diffusion ofu is equivalent

to folding f with the Gaussian kernel,h,

h(x, y, t) =
1

4πt
exp−(x2+y2)/4t . (5)

Using this we turn towards the Gaussian filtering off ,
wtf . We assume that for smallt, that is for small amount
of blurring, we can approximate the blurring with the
first two terms of the Taylor series. We then get,

wtf ≃ f + t
∂wtf

∂t

∣

∣

∣

∣

t=0

. (6)

Using the heat equation, 4 can be expressed as

wtf ≃ f + t∆f. (7)

That is, we approximate the blurring of the original
signal with the sum of the signal and the Laplacian of
the signal scaled by thet parameter.

A. Approximating the optimalt

Returning to the error estimate, we now have an
estimation of the noise reduction and an approximation
of the signal distortion,wtf . If we insert these results
into the expression ofe, we find

e ≃ N

8πt
σ2

η + t2‖∆f‖2
F

=
Nσ2

η

8π
t−1 + ‖∆f‖2

F t2, (8)

where‖∆f‖F is the squared value of allN values of the
Laplacian or the Frobenius norm of the Laplacian. Since
we wish to minimize the error, we find the minimum by
determining the first derivative,

∂e

∂t
=

−Nσ2
η

8π
t−2 + ‖∆f‖2

F 2t, (9)

and setting this to zero gives us the minimum at

t =

(

1

‖∆f‖2
F

N

16π
σ2

η

)1/3

. (10)

This expression is easy to calculate. However, since
the method is applied to images, where the original
signalf is unknown, we need to estimate the Laplacian
of the signal. Since we require an estimate of the noise,
we use that‖∆g‖2

F = ‖∆f‖2
F + ‖∆η‖2

F . This is only
true if f and η are orthogonal, but sinceη is normal
distributed with zero mean this is the case.

We observe that a relatively large Laplacian off

results in a relatively smallt, i.e. a smaller degree of
blurring. This is not surprising since a large Laplacian
implies a lot of edges and blurring the edges results in
a large MSE around the edges.
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x1i

x2j
f(x1i, x2j) = yij

Fig. 2. The naming of the pixels

IV. A NISOTROPICGAUSSIAN FILTERING

Having found an expression for the optimal regular
Gauss filtering with an isotropic kernel, we have not
taken the explicit preservation of edges into account. Us-
ing a recently proposed edge adaptive filter, the steering
kernel, we now wish to find the optimal parameter for
this filtering method.

A. Steering kernels

The intuition behind the steering kernel, introduced
in [4], is to directly use the gradient information to
construct the kernel. This means that the actual kernel
will be a deformation of an ordinary Gaussian kernel
(scaled, rotated, skewed). We should here note that the
original formulation suggests that the kernel is used
iteratively. However the optimal number of iterations
remains unclear, why we here will only consider it as a
one pass filter. The steering kernels are defined using the
gradient information in a principal component analysis,
to reduce all the gradients in a local window to the
dominant orientation in that window. A kernel is then
calculated based on this orientation giving weights to
the observations in the window such that smoothing is
performed mainly along edges rather than across edges.

We let x0 be the pixel in a local window at which
we want to estimate the gray value. The sites of the
observations are indexed in a two dimensional grid
(x1i, x2j), i = 1, . . . , n, j = 1 . . . ,m, representing the
pixels in the local window. To each pair(x1i, x2j) we
have associated a single observationyij, giving the grey
level value at this site.

We consider the local window and define the gradient
as

(∇y)(x1i, x2j) =

[

∂y

∂x1
(x1i, x2j),

∂y

∂x2
(x1i, x2j)

]

.

We are interested in finding the dominant orientation
of the structure in the local window of the image, so
that we do not smooth across that direction. On average
we can consider the gradients to be orthogonal to the
dominant orientation. We perform a PCA analysis on
the gradients in the local window to find the dominant
edge orientation. The gradients of the local window is
then reordered as annm × 2 matrix:

G =

























(∇y)(x11, x21)
(∇y)(x11, x22)

...
(∇y)(x11, x2m)
(∇y)(x12, x21)

...
(∇y)(x1n, x2m)

























,

where each row specifies first the gradient in the hor-
izontal and then in the vertical direction. The steering
kernel uses a simple estimate of the covariance structure
of the gradients obtained by

Cx0
=

1

nm

∑

i,j

[

( ∂y
∂x1

)2 ∂y
∂x1

∂y
∂x2

∂y
∂x1

∂y
∂x2

( ∂y
∂x2

)2

]
∣

∣

∣

∣

∣

(x1i,x2j)

=
1

nm
GT G.

This symmetric structure,Cx0
, of the gradients in a

local window is then used to form the steering kernel.
The objective is to spread the kernel parallel to the
edges, so the edges remain unblurred. Secondly if the
gradients in general are small we would assume that
the differences originates from noise and the needed
smoothing thus requires a relatively flat kernel. On the
other hand if the gradients in general are large we will
assume that it originates from structure and less smooth-
ing is needed which calls for a steep kernel. Considering

(a)

 

 
∇
C

0
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x
0

C
0

(b)

Fig. 3. (a) Image with a red square that indicates the neighborhood
being examined. (b) Contour ellipses ofCx0 and Cx0

−1 superim-
posed onto the current neighborhood together with the estimated
gradients.
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the eigenvectors ofCx0
, the first eigenvector is in the

direction of largest variance, i.e. in the direction of the
on average largest gradient. This structure is exactly the
opposite of what we look for. We wish to rotate the
structure such that the eigenvector corresponding to the
largest eigenvalue is orthogonal to the main gradient
direction. This can be accomplished by invertingCx0

.
Since the inverse of a symmetric matrix, has the same
eigenvectors but reciprocal eigenvalues, we obtain the
wanted structure, see Fig. 3.
Using this structure to construct a Gaussian kernel we
arrive at the steering kernel

ws(x0, xw) = K exp

(

−(x0 − xw)T (Cx0
)(x0 − xw)

4ts

)

(11)

with the normalizing constantK given by,

K =
1

4πts | Cx0
|−1/2

.

In 11, ws(x0, xw) is then the weight associated to pixel
xw in the local window,Cx0

is the structure of the
gradients for the local window centered aroundx0 andts
is the parameter governing the basic level of smoothing
i.e. the steepness of the Gaussian kernel before it is
deformed byCx0

. We will in the following denote the
eigenvalues ofCx0

by λ1 andλ2 with the first being the
largest eigenvalue and corresponding eigenvectorsv1 and
v2.

The important question of howts is chosen in a
suitable way to minimize the MSE has to the best of
our knowledge not been investigated before.

B. Approximating optimalts

Since we are no longer working with a constant kernel
size for the entire image, we have to find a strategy for
determining the parameterts of the steering kernel. The
objective is still to minimize the MSE. We use a bottom-
up approach determining the optimalts locally for all
pixels. We then use a suitable statistic to find an estimate
of a global parameter.

By using anisotropic kernels we first calculate the
variance of the filtered noisy signal in the same way
as in the isotropic case. We find

σ2
wg =

∞
∑

k=−∞

∞
∑

l=−∞

(ws(k, l))2σ2
η

≃ 1

8πt
√

λ1λ2
σ2

η . (12)

Not surprisingly we get a similar result as in the isotropic
case, only scaled with

√
λ1λ2. For filtering of the signal

f with the steering kernel, we again use the heat equa-
tion. However, we have to modify the Laplacian term,
such that it is able to model the effect of the steering
kernel i.e. less blurring over edges. We will denote this
anisotropic Laplacian∆C . Assuming that the main axis
of our Gaussian kernel is along the axis of the coordinate
system, we find that

∂

∂t
w(x, y, t) =

(

∂2

∂x2
+

∂2

∂y2

)

w(x, y, t).

Expressingx(u, v) andy(u, v) we have that

(

x

y

)

= Cx0

(

u

v

)

,

where isCx0
is the2×2 matrix that performs the rotation

and the scaling of the kernel. It can be shown that:

∂2w

∂(u, v)
= CT

x0

∂2w

∂(x, y)
Cx0

.

which leads to
(

∂2

∂x2
+

∂2

∂y2

)

w = Trace(C
(T )−1
X0

∂w

∂(u, v)
C−1

X0
).

SinceCx0
is symmetric it can be diagonalized asCx0

=
V ΛV −1, whereV contains the eigenvectors as columns
andΛ the eigenvalues in the diagonal. Wi find

(

∂2

∂x2
+

∂2

∂y2

)

w = Trace

(

V Λ−1V T ∂w

∂(u, v)
V Λ−1V T

)

= Trace

(

Λ−2V T ∂w

∂(u, v)
V

)

= λ−2
1 vt

1

∂w

∂(u, v)
v1 + λ−2

2 vt
2

∂w

∂(u, v)
v2.

This is the anisotropic Laplacian to be used in the
estimate of the error

∆Cf =

(

λ−2
1 vt

1

∂w

∂(u, v)
v1 + λ−2

2 vt
2

∂w

∂(u, v)
v2

)

. (13)

Using 12 and 13 we obtain an estimate of the error and
we find the minima as in the isotropic case,

t =

(

1

‖∆Cf‖2
F

1

16π
√

λ1λ2
σ2

η

)1/3

.

As mentioned above the parameterts is calculated for
each pixel. We chose the single optimalts to be the
median. The median was preferred to the mean because
a few of thets’s for numerical reasons were very large.
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(a) (b) (c) (d)

Fig. 4. (a) The original image together with (b) the image with added noise of 40 dB, (c) 30 dB and (d)20 dB, respectively.

C. Improving performance with subsampling

Calculating optimalts values for all pixels is a tedious
task so reducing the number of calculations is of course
always relevant in a real time setting like video playback.
To reduce the computational load we tested the change
in performance when subsampling the pixels and basing
the global optimalts on this sample. We compared the
full image with respectively 50, 15, 5, 1 % of randomly
selected pixels from the image. Figure 5 shows the

0 0.02 0.04 0.06 0.08 0.1 0.12
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

t−value

 

 
100%
50%
15%
5%
1%

Fig. 5. Distributions of thets’s for image number 1 (one of
the images on the Kodak image CD shown in Figure 6) with an
input noise level of 20 dB, with respectively no subsamplingand
subsampling of 50, 15, 5 and 1 % of the original image pixels.

distributions of thets’s when subsamling. The changes
of the distribution are very small until the observations
are reduced to 1%. Thus by pixel subsampling we can
decrease the calculation time significantly.

V. RESULTS

We have used a setting for realistic noise levels
ranging from a PSNR of 20-40 dB on images normalized
to values between 0 and 1. The noise is additive Gaussian
noise. The filtering is performed in the luminance chan-
nel. Figure 4 shows the impact of noise at three different
levels. A PSNR of 40 is hardly noticeable while a PSNR
of 20 causes severe damage due to noise.

A data set of 24 very different images was used, see
Figure 6, covering a broad range of motives of e.g.
nature, artificial constructions, humans, etc. All images
were768 × 512 pixels.

A. Isotropic Gaussian filtering

For each image, we added Gaussian noise and filtered
it. We found the optimal parameter manually for each im-
age at each noise level. These parameters were compared
with the optimal parameters obtained from the model
An example is shown in Figure 7. To illustrate we have
plotted the progression of the error as a function of the
parameter together with error predicted by the model.
Furthermore we have added the noise and signal error
part as a function of parameter.

Figure 8 shows the resulting PSNR of filtering with the
empirically found parameters plotted against the result
of filtering with the optimal parameters predicted by
the model. The performance is almost identical for high
PSNR input. However, for the input with PSNR of 20
dB, we notice that the empirically found parameters
performs better. This can be explained by looking at
Figure 9, where the empirically found parameters are
plotted against the model predicted parameters. Here
we observe that the model predicted parameters starts
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Fig. 6. The images from the Kodak image CD, covering a broad range of objects.
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Fig. 7. Resulting MSE of filtering an image with added noise ata
PSNR of 25. As the curve drops, the reduction of noise dominates
the blurring of the original image, at the optimal value, therate of
the degradation equals that of the noise reduction. After this point
the degradation of the image dominates.

to diverge from the empirically found as the PSNR
decreases. This is however not surprising, since we
assumed the model to be most precise for small degrees
of blurring. Finally the average performance of the model
predicted parameters over all images is compared with
that of the the empirically found parameters as shown
in table VI. The performance of the model predicted
parameters is close to the empirically found.

B. Anisotropic Gaussian filtering

The same procedure as above was followed. Again
we compared the empirically results with the theoretical
results obtained from the model. Figure 10 shows the

PSNR of the empirical found parameters plotted against
the resulting PSNR of filtering with the optimal pa-
rameters predicted by the model. Here the results are
again very close to the empirically found also at the
PSNR level of 20 dB. In Figure 11 the empirically
found parameters are plotted against the model predicted
parameters. In contrast to the isotropic case above the
model predicted parameters does not differ from the
empirically found at the low PSNR levels. Finally the
average performance of the model predicted parameters
over all images is compared with that of the the empiri-
cally found parameters as shown in table VI. We notice
that the model predicted parameters performs almost
identical to the empirically found parameters.

Figure 12 shows a detail from image 23 with and
without noise with a PSNR of 30 dB, and the result of the
optimal filtering with both model predicted and empiri-
cally found parameter for both isotropic and anisotropic
filtering. No significant difference is seen between the
performance of the model predicted parameters and
the empirically found. On a side note we notice the
superiority of the anisotropic Gauss filtering compared
to the ordinary isotropic Gauss filtering.

VI. CONCLUSION AND FUTURE WORKS

In this paper we have proposed a simple model for
noise degradation and restoration with filtering. This
is used for estimating optimal parameters for kernel
filtering. We have extended the to the setting of adap-
tive kernels. For this purpose we have introduced an
anisotropic Laplacian operator to model the degradation
of edges.

The results of the methods for ordinary Gauss filtering
performs satisfactory to a certain noise level, PSNR
levels between 25-40. The model predicted parameters
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Fig. 8. The PSNR of filtering with the empirical found optimal
parameter, plotted against the result of filtering with the optimal
parameters predicted by the model.
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Fig. 9. the empirically found parameter plotted against themodel
predicted parameter.

show a very high correlation with the empirically
found parameters. At very high noise levels (below a
PSNR of 25 dB) the predicted values are less correlated.

The results obtained in the anisotropic case are very
similar to the ones obtained in the isotropic case.
The adaptivity makes the improvement in PSNR levels
more pronounced. Furthermore, the visual quality using
anisotropic kernel is much more convincing than the
value expressed in the PSNR metric Accordingly, the
method is of great relevance to video processing. The
performance of both methods is of course very dependent
on a reliable estimate of the noise.
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Fig. 10. The PSNR of the empirical found parameters but plotted
against the result of filtering with the optimal parameters predicted
by the model.
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Fig. 11. the empirically found parameter plotted against the model
predicted parameter.

The results also show that frames from videos with the
same noise level, may require very different parameter
settings in order to minimize the error. An important
point is therefore that it is not sufficient to only use the
noise level as input to these noise removal algorithms,
as is often practiced. Features from the actual frame or
image should also be included in some way.
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model predicted parameter.
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Abstract

A precise estimate of the perceived sharpness is important when evaluating the preprocessing steps needed
for improving image and video quality. In this paper we present a sharpness metric based on Singular Value
Decomposition (SVD) of an image. A local faster variant is then derived inspired by the human visual
system that divides the image into blocks. We test the proposed metric against results from a perceptual
study where 21 subjects rated their subjective perception of sharpness on images with various degree of
sharpness with and without color.

We find a very high correlation between the proposed two metrics and the subjective ratings. The
performance of the proposed metrics is superior to the performance of two other state-of-the-art sharpness
metrics.

Keywords: Sharpness, metric, SVD, Perception, Luminance.

1. Introduction

Perceived sharpness plays a very important role when observers form their opinion about the quality of
an image or a video sequence [1]. Digital video is a very inhomogeneous quantity where you, within the
same program, can experience high resolution quality video and very lossy and low resolution video in e.g.
a news program. Therefore it is of utmost importance that a reliable measure of the sharpness is available
when processing video and image.

Blurring of video can be introduced at the image formation stage, by being out of focus, but other
steps such as compression where the DCT transformation and subsequent quantification of the resulting
coefficients as used in MPEG encoding are also a source of blurring. Another source of blurring is upscaling
of a frame to fit the screen resolution which also leads to interpolation and loss of sharpness.

To compensate for this, some sharpness enhancement is typically performed in a postprocessing step with
various sharpness enhancement methods, before an image frame is presented on the screen. An important
example is peaking which is ubiquitous in modern televisions. Sharpness enhancement is however a difficult
process to control, because enhancing the sharpness too much not only amplifies the present noise but also
introduces new artifacts that degrade the perceived quality. A good estimator of the initial sharpness is
therefore important in order to control the amount of sharpness enhancement to be used in order to obtain
the best perceived quality.

Different sharpness metrics have in recent years been proposed. These metrics can be divided into two
groups: full-reference metrics e.g. [2, 3], and no-reference metrics e.g. [4–6]. Many of the full reference
sharpness metrics in the literature is aimed at photography, and are mainly focused on the luminance
contribution. For photography the objective often is to adjust the parameters e.g. aperture size, shutter
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time etc. to capture the sharpest image. This is obviously a full reference setup, where two settings on the
camera can be compared and a strategy can be chosen to arrive at the sharpest image. This is very different
from the situation we experience when we try to estimate the sharpness of a broadcasted sequence. Hardly
ever do we here have an uncorrupted source to refer to with respect to sharpness. This is why the metric of
interest for our purpose need to be a no-reference metric.

In this paper we introduce a no-reference sharpness metric based on the singular values of the singular
value decomposition of the image. We show that there is a high correlation with the perceived sharpness
found in a study among 21 test subjects.

The remaining part of this paper is organized as follows. In section 2 we give an overview of the theory of
Singular Value Decomposition and the role it plays as a tool in image analysis. Furthermore we investigate
the distribution of the singular values as the blurring increases. Section 3 describes the two proposed metrics
based on SVD, while section 4 introduces the experimental setup of the perception study together with the
results of the proposed metric and compares it with other state of the art metrics. Section 5 concludes with
a discussion of the obtained results together with plans for future research.

2. Theory

Singular Value Decomposition (SVD) plays a vital role in numerous problems in linear algebra, e.g. in
the soution of ill posed linear problems, least square problems [7], etc. In image analysis it has also found
uses in many different fields e.g. watermarking [8], [9], image compression [10], noise reduction [11] and
deblurring of images [12] as well as dimension reduction in face recognition [13] and similar detection type
applications.

If A denotes an image with non-negative pixel values, then we can decomposed A into three matrices
such that A = USV T , where U and V are orthogonal, satisfying UT U = I and V T V = I and S is a
diagonal matrix with nonnegative elements. The columns of U and V are called respectively left and right
singular vectors and are denoted ui and vi. The values in the diagonal of S are called the singular values
and are denoted σi. The values in the diagonal of S are by convention ordered in decreasing order. The
decomposition can therefore be formulated as

A =

N
∑

i=1

σiuiv
T
i , (1)

where N is the smallest of the dimensions of the image.
SVD of an image can be compared to the 2-dimensional Fourier transform (FT), but while FT uses

a fixed set of basis vectors built on sinus and cosinus, SVD finds the best possible basis vectors for the
particular image, in the sense that the energy is put into as few components as possible. This is very similar
to principal component analysis (PCA), the difference is that PCA is based on the covariance matrix and
assumes a symmetric matrix. On the other hand, SVD does not impose these restrictions on the structure
of the matrix, which makes it suited to be applied directly on images.

2.1. Rank reduction effect on sharpness

Matrix approximation or rank reduction can be used to compress the image [7]. By using only a subset
of the k largest singular values, we can make an approximation of the image A by

Aapprox =
k

∑

i=1

σiuiv
T
i . (2)

Adding more components gets us closer to our image, ending with a perfect reconstruction when all singular
values are included.

After rank reduction, important objects of an image may be reconstructed so they are recognizable to
the viewer, even with very low rank. However, using low rank results in loss of some of the details of natural
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images, and as a consequence natural images need far higher rank to regain the sharpness. In Figure 1 we
show a detail from an image with 512 singular values (b), and the reconstruction using only 5 pct. (c) and 50
pct. (d) of the singular values and associated singular vectors. With 5 pct. the image is hardly recognizable,
disregarding the artefacts, and at best must be considered very blurred. With 50 pct. the sharpness appears
to be almost completely reconstructed. In Figure 1 we also show the reconstructed image based on the 5-50
pct. largest (e) and the 50 pct. smallest singular values (f). Here we notice that the sharpness and details
are clearly present in the mid range whereas the largest 5 pct. and smallest 50 pct. do not contain any
visual sharpness.

(a) (b) (c)

(d) (e) (f)

Figure 1: (a) Original ’bike’ image with 512 non-zero singular values, (b) detail from ’bike’ image, (c) reconstruction using
the 5 pct. largest singular values and associated vectors, (d) reconstruction using the 50 pct. largest singular values, (e)
reconstruction using the singular values from 5-50 pct. in magnitude, (f) reconstruction of the image using the singular values
of the 50 pct. smallest singular values.

Most of the image energy is packed in the largest singular values, while the fine details and noise, which
can be hard to distinguish, are associated with the smaller singular values. The image energy is therefore
not a very good indicator of sharpness. If we want to use the singular values as a measure of sharpness we
have to combine them in a clever way.

2.2. Blur effect on singular values

As mentioned above the image processing often introduces blurring of the image at some stage. During
a blurring process for natural image we would expect to see a transition from having relatively much of the
energy spread out on many singular values to having most of the energy at the largest singular values, since
the largest eigenvalues typically represent low frequent content. We therefore have a decay of the rest of the
singular values.

In Figure 2, we plot the singular values of an image together with the singular values of the same image
folded with a Gaussian kernel with a variance of 0.8 and 2.4. The magnitude of the singular values are
plotted on a logarithmic scale to moderate the dominant appearance of the largest singular value. We notice
that the blurring decreases the values and gives a steeper slope.
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Figure 2: (a) Original unblurred image with 500 non-zero singular values, (b) the same image with moderate blurring (σ = 0.8),
(c) the same image with heavy blur (σ = 2.4), and (d) the logarithmically transformed singular values plotted in descending
order for the three different cases of blur.

Comparing three very different images and performing the same blurring as above, we noticed a similar
tendency and observed a very similar pattern for the images, even though the content of the images appeared
very different, see Figure 3. Looking at the distribution of the transformed singular values, we see that
the images that are treated with the same degree of blur, have a very similar distribution and that the
distributions at different degrees of blur have a different shape. The unblurred images have a single steep
peak with quite high values. The moderately blurred images are not as steep and have a large proportion
of the values at lower values. The heavily blurred image have a relatively flat distribution with a peak in
the lowest range of the singular values.

3. Proposed sharpness metric

Using the observations above we propose a metric that aims at capturing the sharpness of the image.
We extract the singular values of an image and then perform a logarithmic transformation. The logarithmic
transformation is used to remove the dominance of the few largest singular values. The tendency is that
sharp images have the majority of the singular values at relatively high level, whereas more blurred images
have the majority of the singular values clustered together at a much lower level. A simple measure is then
the average value of the log transformed singular values.
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Figure 3: (a) Image with primarily manmade content, (b) image with natural content, (c) image with both natural and
manmade content, (d) the logarithmically transformed singular values plotted in descending order for the three different image
and three different degrees of blur, (e) a histogram of the transformed singular values from (d).

3.1. Considering a subset of the singular values

Since the sharpness can be reproduced using the 5-50 pct. largest singular values of an image, excluding
the lowest 50 pct. and the largest 5 pct. of the singular values should result in a good performance of a
sharpness metric. The exclusion of the 5 pct. largest values is motivated by the fact that they have very
low correlation with the perceived sharpness. The smallest singular values of the image contain close to no
image information and can therefore also be discarded. The metric based on the image is then

SV D - G =
1

U − l + 1

U
∑

i=l

log σi (3)

where l denotes the index of the singular value starting at the 5th percentile and U is the index of the
median.

3.2. Faster metric

Since the complexity of singular values decomposition grows as O(min(nm2, mn2)) for an m× n image,
making a full SVD of the entire frame is very time consuming. Therefore we propose an alternative metric
based on SVD performed on the local patches with edge content. The image is initially divided into regions
of the same size as the part of human sharpness vision with the highest spatial resolution, called the
foveal region. We assume that the perception of sharpness is formed here. Since the foveal region is only
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approximately α = 2◦, the area covered can be approximated with a square block with side length

P = 2 tan
(α

2

π

180

)

dr, (4)

where d is the distance to the screen in cm and r the resolution of the screen in pixels/cm. For a 32” screen
with Full High Definition resolution 1080 × 1920 we get a block size of 142 × 142 pixels when sitting in
a distance of 150 cm from the screen. For each block we perform an edge filter e.g. Canny or similar to
exclude blocks with few or no edges. This is done because we assume that regions with few or no edges
do not influence the perception of sharpness. For each of the remaining blocks we conduct an SVD and
calculate the metric as above in the global case. The final metric is then the average over all blocks with
edge content

SV D - L =
1

N

N
∑

i=1

SV D -Gi (5)

where N is the number of blocks with edge content and SV D -Gi is the value of the global metric based on
the ith block. We have excluded blocks where less than 1 pct. of the pixels was edge pixels.

Figure 4 shows the performance of the two metrics on the ’bike’ image as a function of the blurring
parameter of a Gaussian convolution. Both metrics show monotonicity.
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Figure 4: (a) The performance of the two proposed metrics SVD-G and SVD-L as the blurring of the ’bike’ image increases.
(b) Detail from the bike image filtered with light blur (a Gaussian kernel with σ=1.) (c) Detail from the bike image filtered
with heavy blur (a Gaussian kernel with σ=4.)

4. Results

To validate our metric we have set up an experiment to measure the subjective perception of sharpness
on a human test panel.
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4.1. Methodology

Twenty one subjects were asked to rate the sharpness of the four different images shown in Figure 5. The
images were distorted with different amount of blur from zero blur to images being blurred with a Gaussian
kernel with STD of 0.8, 1.6 and 2.4. The material presented was images of size 1080× 1920 and 720× 1280,
equivalent to Full High definition and High Definition on a television. The presented images had the same
pixel ratio (pixels/cm), to avoid interpolation artefacts when upscaling. All images were presented in both
color and grey tones.

(a) (b)

(c) (d)

Figure 5: The color version of the images used in the test: (a) a running crowd, (b) a golfer, (c) mobile and calendar, and (d)
a panoramic flight image over Stockholm.

For the test subjects to be able to discriminate sharpness the viewing distance was 1.5 meters from a 32
inch Beovision7 television (LCD based). The distance was chosen to make the pixel size comparable to that
of the recommended ITU 510.11 standard for standard definition (SD) material [14]. The television was set
to ’PC mode’ to circumvent any image processing (peaking, dynamic contrast etc.). The chosen distance
resulted in the fovea covering approximately 142 pixels to be used in the SVD-L metric.

The sharpness scoring of the subjects was done on a continuous scale with only labels of ’very unsharp’
and ’very sharp’. This was done to avoid the usual clustering effect around labels. The slider used to report
sharpness was set randomly before the presentation of each image. Before the actual experiment a short
training session was made, presenting the subject to the range of the parameters in the experiment (color,
blur). To aviod bias due to learning and fatigue effects we used an incomplete balanced latin square design
in the experiment. For each setting the scoring was averaged over the number of subjects resulting in an
Average Sharpness Rating (ASR).

To measure the correlation between the proposed metrics and the ASR, we used the suggestions of
the VQEG report [15] for comparing different quality metrics. Here nonlinear regression1 is suggested to

1The function nls from R was used to perform the nonlinear fitting
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transform the set of metrics to a set of predicted ASR values, which can be compared with the actual ASR
values obtained from the subjective tests. The fitting function was:

ASRp =
b1

1 + exp(−b2(metric − b3))
(6)

where ASRp is the predicted average sharpness rating based on the result of the proposed metric.
From the transformed results we calculate the Pearson correlation coefficient, to measure the accuracy

of the metrics, Spearman correlation to measure the monotonicity of the metrics and rooted mean squared
error and mean absolute error to measure the consistency of the metrics.

4.2. Performance of metric

The performance of the two proposed metrics was compared with the performance of two other state of
the art sharpness metrics. One of the state of the art metrics, proposed by Marziliano et al. [3], locates edges
in the luminance channel and for every edge point measures the distance between the neighboring extrema
in each horizontal line. This distance is defined as the edge width, and the value of the metric is the average
of all edge widths. The more blurred the image is the wider the edges. This is a commonly used metric due
to simplicity and speed. The other state of the art metric used in the comparison is a more complex and
novel method by Ferzli et al. [4]. A similar methodology involving edge width is used, but furthermore the
notion of just noticeable blur (JNB) is used in a probability summation model. This metric also performs
a subdivision of the image into blocks based on the human visual system.

The two proposed metrics are plotted against the average sharpness rating of the color images in Figure
6. The superimposed red line is the result of the non linear regression. The calculated correlations and the
errors are presented in Table 1 for the proposed metrics and the state of the art metrics evaluated on the
color images. In Table 2 similar results are presented for the corresponding gray level images.
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Figure 6: The average sharpness rating (ASR) plotted as a function of (a) SVD-G and (b) SVD-L. The red curve is the non
linear regression fitted to the data points.

Table 1 and 2 show that the performance of the proposed metrics are quite similar and that the SVD-L
performs slightly better than the SVD-G. Both metrics obtain a very high correlation around 0.9 and both
metrics perform better that the Perceptual Blur and the Just Noticeable Blur metric. When comparing the
performance of the metrics with and without color, we notice that all metrics performs better on gray level
images. This is not surprising, since only the luminance is used to estimate the sharpness.

8



Table 1: Comparison of the performance of the proposed metrics, SVD-G and SVD-L, and the Perceptual Blur metric (PB)
and the Just Noticeable Blur metric (JNB), relative to the Average Sharpness Rating of the test subjects. The subjective
rating is here done using the the color images.

Sharpness Metrics

Pearson Spearman RMSE MAE
SVD-G 0.897 0.803 0.996 0.758
SVD-L 0.903 0.850 0.969 0.799

PB 0.769 0.791 1.638 1.283
JNB 0.692 0.685 1.639 1.273

Table 2: Comparison of the performance of the proposed metrics, SVD-G and SVD-L, and the Perceptual Blur metric (PB)
and the Just Noticeable Blur metric (JNB) relative to the Average Sharpness Rating of the test subjects. The subjective rating
is here done on the gray level images.

Sharpness Metrics

Pearson Spearman RMSE MAE
SVD-G 0.917 0.835 0.898 0.671
SVD-L 0.923 0.889 0.868 0.705

PB 0.800 0.824 1.601 1.270
JNB 0.713 0.747 1.580 1.260

5. Discussion

We have presented a new sharpness metric based on SVD. We have shown that the distribution of singular
values of a grey level image can be used to estimate the perceived sharpness of the image. The metrics have
a very high correlation with the ASR and outperforms the other sharpness metrics it was tested against.

The correlation between the proposed metrics and the ASR is marginally higher when using the gray level
image instead of the color images. This might be expected since the metrics are only using the luminance
channel. It calls for further investigations and the possibility of utilizing the information in the chroma
bands to get an even higher correlation with the subjective data.

This is the first step towards a metric to predict the sharpness of video. Another very challenging task
is the inclusion of motion vectors in this framework together with the different characteristics of different
display types. These are tasks that needs to be explored further in future work.
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Edge detection in image processing
using realised variance measures
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Abstract

Edge detection is one of the key problems in image processing. We relate the prob-
lem of detecting edges in images to the problem of detecting jumps/breaks in time series
data. Realised measures originating from financial econometrics are used for developing
a methodology for edge detection in image processing. Untilnow realised measures have
mainly been used in the analysis of ultra–high frequent timeseries data from finance. Since
line scans do not have the high-frequent nature of finance data various finite sample cor-
rections of realised measures are used in the analysis of theline scans. Finally, we discuss
extensions of the methods to two dimensions.

1 Introduction

Edge detection is an essential part of image processing. It plays a vital role in connection with
segmention tasks where detection of edges is often the first step in a chain of processing steps.

Human vision has proven to perform very well as an edge detector, cf. e.g. Marr & Hildreth
(1980). In contrast to this, computer-based detection of edges is only a trivial task under optimal
conditions. The usual situation is that blurring due to imperfect image acquisition conditions
(lenses and focus) and noise introduced in the acquisition and transmission stage makes it very
difficult to distinguish between noise and a non-predominant edge.

Edge detection usually consists of a convolution with a small kernel to find edge candidates. This
can be done by finding gradients (first order methods) or the Laplacian (second order methods).

∗Thiele Centre of Applied Mathematics in Natural Science, University of Aarhus, Denmark
†Engineering College of Aarhus, Denmark
‡Bang & Olufsen a/s, Struer, Denmark
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The most common methods are first order methods, cf. e.g. Sobel & Feldman (1968) and Canny
(1986). First order methods are very fast because they only involve a simple convolution with
a discrete approximation of a differentiation operator in typically the horizontal and vertical di-
rections. The Canny filter consists furthermore of a smoothing step to reduce noise prior to the
convolution and a subsequent step where the edge candidatesare connected. All edge detec-
tion methods depend on threshold limits, where a pixel is considered an edge candidate if the
value associated with the output of the gradient step is equal or above the threshold limit. The
introduction of a threshold limit introduces an arbitrary element in the edge detection procedure.

In the present paper we use realised measures from financial econometrics in the development
of a methodology of edge detection. In Section 2, we give an overview of the theory of realised
measures and exemplify its use by the analysis of a concrete financial time series while Section 3
contains a study of how these measures perform in image processing. Section 4 discusses various
possible alternative estimators and plans for future research.

2 Overview on realised variance measures

The problem of detecting breaks or jumps in time series has been studied extensively, in particular
in series relating to financial econometrics. The latter area has mainly focused on the question of
how to estimate, test and filter out jumps in high frequency financial data. In the following, we
will review these methods and discuss how they can be adaptedfor use in image processing.

2.1 General modelling framework

The general theory can be formulated in continuous time for fairly general stochastic processes,
namely for so-called Itô semimartingales, cf. Jacod & Shiryaev (2003) and Jacod (2008). Be-
low, we give an informal exposition of the theory, using the notation from Barndorff-Nielsen &
Shephard (2006).

Let Y = {Yt : t ≥ 0} be such a stochastic process. Thequadratic variation processis defined by

[Y]t = lim
n→∞

n−1

∑
j=0

(Yj+1
n t −Yj

nt)
2.

It can be shown that
[Y]t = [Y]ct +[Y]dt ,

where[Y]ct denotes the continuous part of the quadratic variation while

[Y]dt = ∑
0≤u≤t

∆Y2
u
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denotes the discontinuous/jump part of the quadratic variation. Here,∆Yt = Yt −Yt− is the jump
of Y at timet.

Usually, we do not observe the stochastic processY in continuous time, but only at discrete time
points. Let us assume that the processY is observed at discrete timesiδ for i = 0,1, . . . ,⌊T/δ⌋
for someT > 0 andδ > 0. Here,⌊x⌋ denotes the integer part ofx. In the following, we will
always chooset ∈ [0,T]. Furthermore, we will letyiδ = Yiδ −Y(i−1)δ denote theith increment of
Y.

2.2 The realised variance process

The quadratic variation process can be estimated using therealised variance process, defined by

[Yδ ]t =
⌊t/δ⌋
∑
j=1

y2
jδ .

It can be shown, cf. e.g. Jacod (2008), that

[Yδ ]t → [Y]t = [Y]ct +[Y]dt , asδ → 0.

Where In order to disentangle the continuous part of the quadratic variation from the jump part,
the concept of a realised variance process has been extendedin two directions: towardsrealised
bipower variationand towardstruncated realised variance. Both concepts will be briefly pre-
sented in the following.

2.3 The realised bipower variation process

The concept ofrealised bipower variation, as defined by Barndorff-Nielsen & Shephard (2004,
2006), can be used for estimating the continuous part of the quadratic variation, see Barndorff-
Nielsen et al. (2006), Jacod (2006) and Woerner (2006). The continuous part is the quantity of
main interest in financial econometrics whereas jumps are usually refered to as rare events which
happen due to macro economic announcements or other more global events.

The realised bipower variation is defined by

{Yδ}[1,1]
t = µ−2

1

⌊t/δ⌋
∑
j=2

|y( j−1)δ ||y jδ |,

where
µ1 = E|U | =

√
2/
√

π ≈ 0.79788,
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andU ∼ N(0,1). It can be shown that

lim
δ→0

{Yδ}[1,1]
t = [Y]ct .

Hence, the jump part of the quadratic variation process can be estimated by

[Yδ ]t −{Yδ}[1,1]
t for smallδ . (1)

The intuitive reason why realised bipower variation is related to the continuous part of the
quadratic variation process is the following. If there was one jump in one interval of time of
lengthδ the probability that another jump occurs right in the subsequent time interval is basi-
cally zero. So, when one studies realised bipower variationrather than realised variance where
y2

jδ is replaced by|y( j−1)δ ||y jδ |, then the impact of a jump is much lower. In fact the size of
the jump is not squared, but multiplied by a smallery jδ which is likely not to be due to a jump.
And the same intuition holds when one extends bipower to tripower, quadpower or various other
multipower statistics. It is also possible to assess the quality of the estimation by constructing
confidence bounds based on the asymptotic theory developed in Jacod (2006).

In contrast to the situation in financial econometrics, we are in this paper interested in estimating
jumps and use such estimation in the detection of edges in images. This is done by combining
the realised variance with the realised bipower variation as shown in (1).

2.4 Truncated realised variance

Alternatively to the bipower variation, one can use truncation techniques for estimating the con-
tinuous part of the quadratic variation process. Such methods have been studied by Mancini
(2001, 2006) and Jacod (2008). In particular, we have

⌊t/δ⌋
∑
j=1

y2
jδ 1I{|y jδ |≤γδ α} → [Y]ct asδ → 0,

whereγ > 0 is a constant andα ∈
(

0, 1
2

)

.

The intuition behind this truncation technique is straightforward. If an incrementy jδ is larger
than a certain threshold, then this increment may be regarded as a jump and hence ignored when
computing the realised variance. The threshold has to be chosen according to some regularity
conditions, depending on the interval lengthδ for the asymptotic theory to work. Similarly to
the results on realised bipower variation, there is also an asymptotic theory for truncated realised
variance which makes this possible, cf. Jacod (2008).
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2.5 Truncated bipower variation

Some recent research by Corsi et al. (2009) suggests that combining the ideas of bipower vari-
ation and threshold estimators improves the estimation results in finite samples significantly.
Truncated bipower variation (TBPV) is defined as follows. Let θ > 0 be the threshold which is
usually assumed to depend on the interval lengthδ , i.e.θ = θδ with

lim
δ→0

θδ = 0, lim
δ→0

δ log(1/δ )

θδ
= 0. (2)

The truncated bipower variation is defined by

〈Yδ 〉
[1,1]
t = µ−2

1

⌊t/δ⌋
∑
j=2

∣

∣y jδ
∣

∣

∣

∣y( j−1)δ
∣

∣1I{|y jδ |2≤θδ }1I{|y( j−1)δ |2≤θδ }.

One can then show that

〈Yδ 〉[1,1]
t → [Y]ct asδ → 0.

Simulation studies by Corsi et al. (2009) show that truncated bipower variation seems to perform
better in finite samples than realised bipower variation or truncated realised variance alone.

Clearly, the question is how to choose the threshold. In the case of high frequency financial data
there are methods for choosing a sensible threshold, see Corsi et al. (2009). However, since such
methods depend crucially on the existence of ultra high frequent data, which we do not have
in image processing, we cannot use those methods. In Section3 below we simply choose the
threshold in an ad hoc manner.

2.6 Testing for jumps

The question of testing for jumps has been studied by Barndorff-Nielsen & Shephard (2004,
2006), Aı̈t-Sahalia & Jacod (2009) and Veraart (2010). The main idea is to use the realised
variance for estimating the whole quadratic variation and to use a jump robust statistic such as
realised bipower variation or truncated realised variancefor estimating the continuous part of the
quadratic variation. Clearly, the difference of these two statistics can then be used as a consistent
estimator of the jump part of the quadratic variation. And, in fact, one can do even more. In
addition to just estimating the jump part of the quadratic variation consistently, one can formally
test for jumps since the joint distribution of realised variance and realised bipower variation or
truncated realised variance, respectively, are well–known, see Barndorff-Nielsen & Shephard
(2006) and Aı̈t-Sahalia & Jacod (2009).
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In particular, one can show that, under the assumption that there are no jumps in[0, t] and with
ρ = (π2/4)+π −5 = 0.6090, the statistic

Zt =
δ−1/2([Yδ ]t −{Yδ}[1,1]

t )
√

ρµ−4
1 {Yδ}

[1,1,1,1]
t

(3)

is asymptotic normally distributed asδ → 0 with mean 0 and variance 1. Here,

{Yδ}[1,1,1,1]
t = δ−1

[t/δ ]

∑
j=4

|y( j−3)δ ||y( j−2)δ ||y( j−1)δ ||y jδ |.

A test for jumps in[0, t] can therefore be performed by computing the critical regionassociated
with the above asymptotic distribution. In particular, if the test statisticZt takes higher, positive
values than the corresponding 95% percentile of the standard normal distribution, we reject the
null hypothesis ofY not having jumps in[0, t].

2.7 Empirical illustration

Before we turn to applications of the theory on realised variance measures to image processes,
we show how the theory is usually used in financial econometrics. The illustration concerns some
high frequency IBM quote data from the WRDS data base which have been cleaned according
to the procedure described in Hansen & Lunde (2006a,b).

First of all, we provide a plot of the logarithmic asset prices sampled every five minutes (δ= 5
min) and the corresponding five minute returnsy jδ , see Figure 1(a).

In a next step, we compute the daily realised variances and the daily realised bipower variations.
In order to do that, we divide the time series of 5 minute data into daily blocks and compute the
realised variance and realised bipower variation within each block and repeat the procedure for
every day. Hence, we obtain time series of daily realised variances and realised bipower varia-
tions. When we look at the corresponding plots in Figure 1(b), we see that there is in particular
one period in the middle of the sample where both realised variance and realised bipower vari-
ation take fairly high values in consecutive days. This factis referred to asvolatility clustersin
the financial literature. Next, we plot the difference of realised variance and realised bipower for
each day. As previously described, this leads to a time series of the estimated jump part of the
quadratic variation. We can clearly spot some days, where the difference between the two statis-
tics seems to be ‘big’. Finally, we check whether these differences are significantly larger than
zero. In order to do that, we scale the difference of the realised variance and realised bipower
variation by the square root of the estimated asymptotic variance (according to the limit theory
derived in Barndorff-Nielsen & Shephard (2006), see (3)) and compare it to the critical value of
the standard normal distribution. Over all, we find that there are 12 days (out of 62), where we
reject the null hypothesis of not having a jump component in the price process.
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(a) IBM data.
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(b) Realised variation measures and jump test.

Figure 1: Testing for jumps in financial data.
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3 Applying realised measures in image processing

To illustrate how realised variation measures can be used inedge detection in digital images, we
initially analyzed the 512×768 image shown in Figure 2.
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Figure 2: (left) A three component color image with a blue horizontal line superimposed, indicating the location of
the scan line considered below. (right) The levels of the red, green and blue component in the scan line, respectively.

In a first examination, the associated grey-level image has been analyzed, cf. Figure 3. In Figure
4, the result of analyzing a particular scan line (number 134, indicated by blue in Figure 3) is
shown. In the upper row of Figure 4, the raw dataYjδ and the first order differences (returns)y jδ
are shown. The remaining part of the figure is based on dividing the scan line under analysis into
50 non-overlapping blocks with 15 observations in each. Themiddle row of Figure 4 shows the
realised variance and the realised bipower variation, while the bottom row shows the difference
between the two latter quantities and the normalised difference (the test statisticZt).

Figure 3: (left) The associated grey-level image with a bluehorizontal line (line 134) superimposed, indicating the
location of the scan line analyzed in Figure 4.

The two large differences in block 29 and 40 occur at the locations in the image where we enter
and leave the parrot to the right in Figures 2 and 3(left). Theresults of testing whether the jumps
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Figure 4: Analysis of the scan line from Figure 3.

are significantly different from zero (lower right corner ofFigure 4) are less clear. Additional
differences originating from the left part of the scan (the green leaves in the original color image)
appear also to be significantly different from zero.

This result calls for further examinations. One important point is here that the test statisticZt is
not exactly normally distributed but asymptotically normal asδ → 0. Simulations in Barndorff-
Nielsen & Shephard (2006) indicate that more than 15 observations are needed in order to trust
the asymptotics. In the present spatial context, we may compensate for this by also analyzing the
columns or, more generally, use the information in a spatialneighborhood of a particular pixel.
New asymptotic developments are needed for this purpose.

Quite another point is that in an imaging context it might be more interesting simply to estimate
the sizes of the jumps rather than testing whether they are significantly different from zero. A
small (although significant) jump is not likely to be discovered by the viewer.

In Figure 5 we illustrate the use of bipower variation on the entire image by processing all
horizontal lines in the image in the same way. We illustrate this with block size of 15, 5 and 2.
The figure shows those blocks for which the estimated jump (realised variance minus realised
bipower variation) is larger than 0.003. It is noteworthy that a block size of 2 works so well.
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Figure 5: Estimated jumps larger than a global threshold of 0.003 are shown as white. The jumps are based on
horizontal line scans with a block size of 15, 5 and 2 respectively from left to right. The estimation of jumps uses
realised bipower variation.

Figure 6 shows a similar investigation of a 512×768 image where again the estimation of the
jump component is based on horizontal line scans. The block size is here reduced to 2 pixels
to get a higher resolution. The lower right part of Figure 6 shows those blocks for which the
estimated jump (realised variance minus realised bipower variation) is larger than 0.003. Note
that part of the wing of the plane in the right part of the imageis not reconstructed very well.
This is not surprising since horizontal scan lines are not well suited to detect horizontal edges.

Figure 6: (top left) The original grey level image. (top middle) The raw returns of the image calculated horizontally.
(top right) The realized variance calculated horizontally, dark indicates high values. (bottom left) The bipower
variation calculated horizontally. The power is 2 and the interval size is 2 (dark indicates high values). (bottom
middle) The jump component, realized variance-bipower vaiation (dark indicates high values). (bottom right) The
thresholded jump component (white is edges).

For comparison, Figure 7 shows the analysis of the plane image, now with the use of truncated
realised variance (γδ α = 0.05) instead of realised bipower variation. We notice a rather big
difference between the bipower term, Figure 6 (bottom left)and the truncated realised variance
term, Figure 7 (left). We notice that the latter appears muchmore noisy, because the largest
values have been excluded in this term, putting more emphasis on the noise.
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Figure 7: Reconstruction of edges in the plane image, using truncated realised variance withγ = 0.05, instead
of realised bipower variation. (left) Truncated realised variance. (middle) Jump component (QV- TRV). (right)
Thresholded truncated realised variance. Those blocks forwhich the estimated jump is larger than 0.003 are shown
as white.

In Figure 8, the performance of the edge detection methods based on, respectively, realised
bipower variation, truncated realised variance and truncated bipower variation are compared for
three different images. Although the performance of the methods is similar, some differences
between the realised bipower variation on one hand and truncated realised variance and truncated
bipower on the other can be observed. This finding is further exemplified in Figure 9, showing
a detail from the bike image in the first column of Figure 8. We notice that the use of realised
bipower variation results in an edge detection which appears much noisier. In particular at the
rim of the wheel, we observe that realised bipower variationdoes not perform as well as the two
methods based on truncation e.g. the rim contains holes, in contrast to unbroken edges when
using truncation methods. This is because the truncation methods exclude the largest values in
the continuous term, which makes them appear more clear whenwe estimate the jump term. The
two truncation methods are almost identical in performance.
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Figure 8: (First row): Original grey level images. (Second row): Result of edge detection using bipower variation.
(Third row): Edges found, using truncated realised variance. (Fourth row): Edges found, using truncated bipower
variation.

Figure 9: Detail of edge extraction using respectively (left) bipower variation, (middle) truncated realised variance
and (right) truncated bipower variation. Notice that the edges of the rim of the wheel in the last two images appear
more connected and less noisy.
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4 Various improvements and alternative estimators

4.1 Combining horizontal and vertical line scans

As described earlier, using only horizontal line scans is not sufficient for detecting horizontal
edges. An obvious solution is to combine horizontal and vertical line scans. As mentioned above
the resolution decreases in the observed direction, so combining the two directions is not straight
forward. A solution could be to increase the resolution after the edge detection, using up-scaling
techniques.

4.2 Local as opposed to global thresholds

Studying the resulting edges as appearing in Figure 6 we notice that the lower part of the image
contains a lot of small edges from the grass. This is not in accordance with what we perceive,
since the grass should appear as a homogeneous surface. Using a single global threshold to detect
edges is obvious not ideal. A threshold function adapting tothe variability of the surroundings
could be a way to improve the performance.

4.3 Sliding bipower variation

Since the jump component is defined for an interval, we have todecrease the resolution to locate
jumps in intervals. In order to maintain the precision an idea is to use sliding intervals, such
that the resolution an be regained. However this is only relevant if the frequency of the jumps is
larger than the window size, an assumption that makes the application rather limited.

4.4 Spatial realised variance

So far, we have used methods based on one–dimensional data inorder to search for edges.
Clearly, a natural extension would be to study realised variation measures based on spatial incre-
ments. In this case, our process is indexed by two coordinatesY = {Ys,t : s, t ≥ 0}. The discrete
observations areYiδ , jδ . A spatial increment can be defined as

yiδ , jδ = Yiδ , jδ −Y(i−1)δ , jδ −Yiδ ,( j−1)δ +Y(i−1)δ ,( j−1)δ .

A spatial version of realised variance has been studied by Guyon (1987). Corresponding spatial
versions of realised bipower variation and truncated realised variance remain still to be devel-
oped.
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5 Conclusion

We have shown that realised variance measures can indeed detect edges. In this paper we have
presented three different variations of this theme this. Webelieve that the fast computation and
the ability of the methods to work with different resolutionwill be useful in computing an initial
edge-map to guide a further process in e.g. vision tasks and avoid using more computational
heavy methods on regions that are not of interest. After thisinitial edge detection a more com-
putational demanding algorithm such as the Canny edge detection can be used in subregions to
enhance the edges. Furthermore the foundation on theoreticwork within a different field can
hopefully be inspirational for others.
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per.

Jacod, J. (2008), ‘Asymptotic properties of realized powervariations and related functionals of
semimartingales’,Stochastic Processes and their Applications118(4), 517–559.

Jacod, J. & Shiryaev, A. N. (2003),Limit Theorems for Stochastic Processes, second edn,
Springer, Berlin.

Mancini, C. (2001), ‘Disentangling the jumps of the diffusion in a geometric jumping brownian
motion’, Giornale dell Istituto Italiano degli AttuariLXIV, 19–47.

Mancini, C. (2006), Estimating the integrated volatility in stochastic volatility models with Lévy
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gales’,Econometric Theory. Forthcoming.

Woerner, J. H. C. (2006), Power and multipower variation: inference for high frequency data,in
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